ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 13, Number 2, Spring 1983

TYPICALLY-REAL FUNCTIONS OF ORDER p
M. B. HOLLINGSWORTH AND D. J. WRIGHT

1. Introduction. A number of authors have considered generalizations of
Rogosinski’s class T [9] of typically-real functions. Primary attention has
been given to the class of functions fe€ H(B) (i.e., holomorphic in the unit
disk, B) which have real coefficients in their Taylor expansions about
zero and, for some positive integer p, satisfy one of the following two
conditions:

(I) f e H(B) and Im f changes sign exactly 2p times as z traverses 9B, and

(II) 3p € (0, 1) such that Im fchanges sign exactly 2p times as z traverses
|z| = r for each r € (p, 1).

Functions satisfying (I) or (II) have at most p zeros in B, counting
multiplicity. Robertson [7] showed that members, f, of this class which

have a zero of order p at z = 0 and normalizationf(z) = z? + ... may be
represented in the form

1 ) zZ 1 zZ
M fe) = 1-—22,,I:Ill—2zcoss,,+22u(z)’

where s, € R (the real numbers), k =1, ...,p — l,and ue H(B), Re u >
0. Extremal problems for the class have been studied by various authors,
including Goodman, Robertson, and Umezawa. In particular, the co-
efficient problem is treated in [3], [4], [10].

Conditions (I) and (II), however, are not completely satisfactory for
defining a class of functions to be called typically-real of order p. There
are functions of the form (1) which satisfy neither (I) nor (II). Moreover,
there are sequences in this class which converge (uniformly on compact
subsets of B) to limits which do not satisfy (I) or (II). Examples are given
in §5 of this paper.

In §2 we define an argument function for the boundary values of suit-
ably restricted members of H(B). We use this boundary argument to for-
mulate a less restrictive condition than (I) or (II) which generates a class,
T(p), of functions which we call typically-real of order p. Functions in
T(p) will be required to have exactly p zeros, counting multiplicity. We
show that T'(p) is characterized by a product representation like (1) which
accounts for zeros other than z = 0. Furthermore, T(p) is essentially
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closed in the topology of locally uniform convergence. More precisely,
if f, € T(p), f, — f, and f has p zeros in B, then f e T(p). We also show that
if fe T(p), then f’ has at most p—1 zeros in f~1(R) and, for each x € R,
f(z2) — x = 0 has at most p roots in R, counting multiplicity. These results
complement Hummel’s work [5] on weakly starlike multivalent functions.
The weakly starlike p-valent functions with real Taylor coefficients are
contained in 7(p).

Robertson [7] also studied functions satisfying (I) or (II) that do not
necessarily have real coefficients. He referred to such functions as being
starlike in the direction of the real axis. We consider this more general
situation first and treat T(p) as a special subclass.

2. Preliminaries. Suppose fe€ H(B) is of bounded Nevanlinna charac-

teristic (i.e., fe N) and has exactly p zeros in B, z,, ..., z,, repeated
according to multiplicity. Let
)
@ L) = log(f@)z* [] 96z, 2)
j=

where ¢(z, z;) = (z — z;)(1 — z;z)/z. Now, fe N if and only if Re Le
h1[2, p. 29]. Thus, Im L € A4 [2, p. 35], and consequently Le H4for q < 1.
Since ¢(e*, z;) = |e®* — z;|2 > 0, the boundary values of f\and of w =
z? exp(L(z)) have the same arguments. Thus, for almost all e R

3) A(t) = pt + lim Im L(re?)
r—1

serves as an argument for f(e'*). Note that

()] A(t + 27) = A(t) + 2pz

a.e. in R, and A4 € L0, 2z] for 0 < ¢ < 1. In order to recover f from A
it will be necessary to require that 4 € L1[0, 27], i.e., Im L e Al. Since
Re L e A1, this amounts to assuming L € H.. In that case, Im L is the
Poisson intergral of its boundary values and we have

. i 2z —it
Im L(rei?) = Im {ﬁj‘o 142 L4 - pt]dt},
and, for some ¢ € R,
_ 2 i (% 1+ ze _
® = ez [ gl el [T 14) ~ prlar}.

DErFINITION. If fis holomorphic and has a finite number of zeros in B
and if L € H., then we say that f has boundary argument 4 defined by
(3). Of course different branches of the logarithm in (2) generate different
boundary arguments. When clarity requires specific reference to f we shall
use the notation L; and 4.

LEMMA 1. Let f have boundary argument A and zeros zi, ..., z, If A
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is of bounded variation on [0, 27], then 3d € C (the complex numbers) such
that

6  f@) = dz ,]jl oz, zj)exp{—% _f z log(l — ze—ft)dA(t)}.

PrOOF. Writing (1 + ze—#)/(1 — ze=it) = 1 + (2/i)(dlog(l — ze~#*)/dt),
logl = 0,an integration by parts gives

i (&1 4+ ze
ﬁjo ————1 o [A(t) — ptldt

—ib -1 j' z” log(l — ze-)d[A(t) — pt],
where b = [§7[A(t) — ptldt/2n e R. Since [37 log(l — ze~#*)d(pt) =
2pz log 1 = 0, (6) follows from (5) with d = ec*®,

Hummel’s class, S,(p), of weakly starlike p-valent functions [5] has an
expected characterization in terms of the boundary argument.

LEMMA 2. Assume fe H(B) has exactly p zeros, zy, ..., z, in B. Then
fe€ S,(p) if and only if f has an increasing boundary argument.

PROOF. By [5, Theorem 1], f € S,(p) if and only if
Q 1@ = @ [ 4. 2.

where g(z) = a;z + - - - is a univalent starlike function. If fe S,(p), then
L{(z) = log[g(z)/z]* = pLy(z). Since Im L, € h~, we have Re L, € h2 and
L, € H? for ¢ < oo. Thus, f and g have boundary arguments satisfying
A; = pA,. Since A, is increasing, so is Ay On the other hand, if f has
increasing boundary argument A4, then by Lemma 1, fis of the form (7)
with

82) = dzexp{~ L [ logl ~ ze-atap), a8 =
Thus,

Re(zg ()/s(2) = Re{ " 1 E20 aa()ip) 2 0

ze*lt
and g is univalent starlike.

Conditions (I) and (II) involve changes of sign of Im f. Such a change
of sign corresponds to A, “crossing” an integer multiple of z. In the
remainder of this section we develop this notion of ““crossing”, which will
be used in our discussion of T(p).

DErINITION. Let 2 : R — R be measurable, r, a, b € R, with a < b, and
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let S(p) = (@ — 75, @) x (b, b + ), » > 0. We say that A crosses r in
[a, b] if A(x) = ra.e. in [a, b] and

essinf [A(x) — r][h(y) — r] <O

(%, Y)ES(
for all » > 0. If in addition 37 > 0 such that A(x) < ra.e. in (a—1, a)
and A(y) = ra.e.in (b, b + %), then & crosses r in the increasing direction.
A crossing in the decreasing direction is defined similarly. If a = b, we
say that A crosses r at x = a.

A function, 4, may cross more than one value at a given point. For ex-
ample, if 4 has a jump discontinuity at x = g, then at x = a A crosses each
r which lies strictly between h(a—) and A(a*).

LEMMA 3. Assume h: R — R is measurable, a, B, r € R, and a # B. If

® ess inf A(x) < r < ess sup A(x)

Ix—al<lp 1x—B1<n
for all > 0, then h crosses r in some interval between a and 8. If a <
B(> B), then the crossing is not in the decreasing (increasing) direction.

PROOF. Assume o <pf. We claim that 3 o' € [@, ) such that
ess inf,_,,,A(x) < rfor all > 0. The alternative is that for each y e
[e, B), () > O such that A(x) = r a.e. in (y — 5(»), ). The collection
{ly=46,yl:yela, B, 0 < & < y(»)} forms a Vitali cover of (a—z(), B)-
By Vitali’s Theorem, A(x) = ra.e.in (a — p(«), B), which is contrary to (8).
Similarly, 38" € (', f] such that ess supg < g4, (x) > r for all > 0. Let

a = sup{re[a’, f1: essinf h(x) < r for all y > 0}
t—<z<t
and

b = inf{t e [a, f']: ess sup h(x) > rfor all y > 0}.
t<zx<tt+p

For each 5 > 0,

ess inf A(x) < r < ess sup A(x) .
a—7<x<a b<x<bt+y

If a = b, then A crosses r at x = a. Suppose a < b and let y € (a, b). By

the definition of a, 3y(y) > 0 such that A(x) = ra.e. in (¥ — 7(»), )

By Vitali’s Theorem, A(x) = r a.e. in (a, b). Similarly, A(x) < r a.e. in

(a, b), so we conclude that 4 crosses r in [a, b]. The crossing is clearly not

in the decreasing direction. The case ¢ > § is treated similarly.

LEMMA 4. Let h: R — R be measurable,r, s, t € R, withr # t, and suppose
that s lies strictly between r and t. Assume h crosses r and t in the intervals
[a, b] and [c, d], respectively, and suppose b < c.

() If b < c, then h crosses s in an interval between b and c.
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(ii) If b = c and either [a, b] or [c, d] is non-degenerate, then h crosses
satx=b.

(iii) If a = b = ¢ = d and one crossing is in a given direction, then h
crosses s at x = a.

ProoF. We consider only certain representative cases. Assumer <
s < t and consider (i). If a = b, then by the definition of crossing,
ess inf|,_, ., h(x) < r<s for all > 0. If a < b, then ess infy_,, /()
=r < s forall 0 < y < b — a. Similarly, ess sup,_,,A(x) > s for all
» > 0, and so the conclusion follows from Lemma 3.

As for (ii), assume b=cand a< b. Foreach0 < p < b —a, h(x) =r
<sa.e. in (b — 7, b). Thus, since A crosses t at x = b, €s$ SUP;< <z, H(X)
> t > s for all > 0. It follows from the definition that 4 crosses s at
x=b.

For (iii), assume A crosses r in the increasing direction at x = a. Then
h(x) £r <s ae. in (@ — 5, a) for some 5 > 0, and the conclusion
follows from the definition of crossing.

3. The class T(p). Let Z denote the integers and assume pe Z, p = 1.
Suppose f€ H(B) has exactly p zeros in B and boundary argument A.
Given r € R, it follows from (4) that {t: A(¢) # r} has positive measure.
Assume m({t: A(t) > r}) > 0 and let F be a subset of {r: A(¢) > r} of
positive measure on which A4 is bounded, say by M. If for each t e F,
Iy(t) > 0 such that m(F () (t — 5(t), t + 5(2))) = 0, then by Vitali’s
Theorem m(F) = 0. Thus, 38€ F such that ess sup;, g, 4(¢) > r for
all » > 0. Let ne Z such that 2npz > M — r and let ¢ = 8 — 2nz. If
te F — 2nz, then by (4) A(t) = A(t + 2nx) — 2nap S M — 2nzp <'r.
Thus, ess inf},_, A4() < r for all 7 > 0, and by Lemma 3, 4 crosses r
in some interval between a and 8. We have shown that 4 crosses each
r € R at least once.

DEerFINITION. Let SR(p) denote the class of functions fe H(B) which
have exactly p zeros in B and have boundary arguments which cross each
value kz, k € Z, exactly once. Let T(p) denote the class of functions
Jf€ SR(p) whose Taylor coefficients about zero are real.

LemMMA 5. Let fe H(B) have boundary argument A and exactly p zeros.
The following are equivalent:
(@) f'e SR(p),
(ii) for each ke Z, if A crosses kx in [a, b], then A(t) = kx a.e. in
(b, +0) and A(t) £ kr a.e. in (— o0, a), and
(iii) each crossing by A of an integral multiple of 7 is in the increasing
direction.

PROOF. (i) = (ii). Assume A4 crosses kz in [a, b]. With either ¢ = a
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or ¢ = b we have ess sup,,_, ., A(t) > kx for all 77 > 0. Now, suppose
Ix € (b, +0) such that ess inf},_, ., A(t) < kz for ally > 0. LetneZ
such that d = ¢ + 2nx > x. By (4), ess sup, ;, A(t) = 2nzp +
€ss Supy,_ <, 4(t) > k= for all » > 0, so by Lemma 3, 4 crosses kz in
some interval between x and d. This is contrary to (i), so for each x e
(b, +0), Ip(x) > 0 such that A(¢) = kxz a.e. in |t — x| < 5(x). Another
application of Vitali’s Theorem gives A(t) = krx a.e. in (b, + o0). Similarly,
A(t) £ kr a.e. in (— o0, a).

That (ii) = (iii) is clear. Now, assume (iii) and suppose that for some
ke Z, A crosses kx in both [a, b] and [a@', b']. Since each crossing is in the
increasing direction, ess Sup,q, A(f) > kz and ess inf, ,_,KK,,,A(t)
< kx for all » > 0. Suppose a < a'. Since A(¢) = kxz a.e.in [a, b}, b < a'.
Then by Lemma 3, 4 crosses k r in some interval between b and a’ and
the crossing is not in the increasing direction. This is contrary to (iii),
so a = d'. Interchanging a and a’ we conclude a = &'. Similarly b = &',
so A crosses each kz, k € Z, in exactly one interval.

Suppose now that fe SR(p) and let [a,, b,] denote the unique interval
in which A crosses kz, k € Z. By Lemma 5, (ii), b, < a;,; for each k € Z.
Also, (4) implies [a,2p, byi2p] = [ar + 27, by + 27], k€ Z.

THEOREM 1. Let f'e H(B) have exactly p zeros, zy, .. ., z,, repeated ac-
cording to multiplicity. If f€ SR(p), then Ju e H(B) with Re u > 0, real
numbers Sg £ 51 X -+ = Spp < So + 2m, and d € C\{0} such that

©) 1@ =dr ] 1= [46 2@

If f is of the form (9) then of € SR(p), where |g| =1 and arg o =
—argd — (z + 1% s)/2.

PROOF. Assume f'€ SR(p) and let 5, = (a, + b;)/2, k € Z. Then {s,} is
an increasing sequence, and sy45, = 5, + 27. Define B: R — R as follows:
if 5, < S,41 and ¢ € (5, S311), let B(z) = (k + 1/2)z; at jump discontinui-
ties, s, assign the value [B(s}) + B(s;)]/2. Then Bis increasing on (— o0,
o). If ¢ is a point of continuity of B, i.e., s, < t < 5,41 for some k € Z,
then ¢ + 2z € (s, + 27, Sp41 + 27) = (Sp42ps Ser2p4+1)- Thus, B(t + 27) =
(k + 2p + 1/2)z = B(t) + 2pz, so B satisfies (4) a.e. in R. Referring to
the proof of Lemma 1, 3 d e C\{0} with arg d = [§*[B(t) — pt]dt/2x such
that

() = dzb n oz, z,,)exp{—_ j log(l — ze‘")a’B(t)}

has boundary argument B. Furthermore,
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2% . ag+2m .
j " Log(l — ze0dB() = j log(l — ze—4-)dB(t — ay)
ag

2p-1
=7 %} log(l — ze—#¥),
=0

so
b 2p—-1 .
g(z) = dz* jg 9z z) [T (/1 = ze7).

If u = f]g, then log ue H!, and by proper choice of branch, A(t) =
B(t) + lim,,;Im{log u(re*)} a.e. in R. If 5, < 5,47 then by Lemma 5,
(i), kx < A(t) = (k + 1)z a.e. in (s, 5441). Thus, by construction of B,
larg u(e?)] = |A(¢) — B(¢)| £ #/2 a.e. in R. By the Poisson integral
formula, Re u > 0, and thus f has the desired form.

Assume now that fis of the form (9). It suffices to consider the case
d = 1. Let F(z) = z?T[#5'(1 — ze™*#)~! and consider

2p—1 ]
AR) = pt — 3 arg(l — e-s)
k=0

If ke{0,...,2p — 1} and 5, < t < 5,43, then —27 < ¢ — 5; < 0 for
Jj=0,...,kand 0 <t —s5; <2z for j =k + 1, ...,2p. Choose the
branch of arg(l — &%) which has value (§ — z)/2 for —27z < § < 0 and
@+ m)/2for0 < § < 2zx. Thenfor s, <t <s,and 0k S 2p— 1,
we have

1 k IZEI
AF(t)=pt-——2—Z(t—s,~—7c)+—2— (t —s;+ 7)
7=0

J=k+1

(10)
=k+1—-pz+s,

where s = 3% 5,/2. Extending {5,}3* ! to {s;}> so that 5,5, = 5, + 27,
k € Z, (10) continues to hold when s, < t < 5,41, k €Z. For each k € Z,
Ap has a jump discontinuity at s,, and Ax(s;) — Ax(s;) = gz, where ¢
is the number of repetitions of the value s, in {5;}%,. Letg = e~i(stz/2),
Then A,r = Ap — s — =/2 is increasing on R, and if ¢ # s,, k € Z, then
A,p(t) is an odd multiple of z/2. Thus, for each / € Z, A,p crosses /z
at a unique point, say ¢, in {5,}%., and in fact, 4,5(t) < /7 — 7/2 a.e.
in (— o0, ¢) and 4,£(t) Z 7z + #/2 a.e. in (¢, + o). Finally, 4,4(t) =
A,r(t) + arg u(e) and |arg u(e”)] < =/2 a.e. in R, 50 A,[(t) < /x ae.
in (— o0, ¢)and 4,(t) 2 7z a.e. in (¢, + ). If 4,7 crosses 7z in [a, b],
then a < ¢ < b. By Lemma 5, (ii), of < SR(p).

THEOREM 2. Suppose f€ H(B) has exactly p zeros, zy, .. ., z,, repeated
according to multiplicity and real coefficients in its Taylor expansion about
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zero. Then f'e T(p) if and only if 3u € H(B) with Re u > 0, real numbers
0<s; -+ £5p9 =, and de R\{0} such that

1 p
an  f)=dy jzz I 1_zzc§ss,,+zz ,-Hl oz, z))u(z) .

=1

PRrOOF. Suppose f'e T(p). Since f(2) = f(z), z € B, the non-real zeros of
S occur in conjugate pairs. Thus, [[2, ¢(z, z;) is real-valued for ze
(=1, 1), and f(2)/z? [14, ¢z, z,) is of constant sign on (—1, 1). Assuming
the sign is positive, (otherwise consider — f) there is a branch of L with real
Taylor coefficients and hence a branch of A(t) = pt + lim,_,ImL(re?)
which satisfies A(0) = 0, A(x) = pw and A(—t) = — A(¢). Also, from (4),

(12) Alw +t) — pr = pr — Alw — 1)

a.e. in R. Let a = sup{y = 0: A(f) = 0 a.e. in [0, y]}. Since 4 is odd,
A crosses 0 in [—a, a] i.e., [ag, by] = [—a, a]. If b = inf{y < n: A(?) =
pr ae. in [y, ]}, then (12) implies that [a,, b,] = [b, 2z — b]. Finally,
for 1 £k = p — 1, A crosses kz in [a;, b;] < [0, z], and by (12), [azp—,
byp il = 2 — by, 2 — a]. Setting s, = (a; + b,)/2, we have 5y = 0,
Sp =T, S2pp =2 — Sp |l Sk =p—1,and

21 1 IR = 1
i (U —ze™™) — 1 — 22 32, (1 — ze™#)(1 — ze~7%—sv)
1 = 1

T 1 =22 4 (1 = 2zcos s, + z2)

As in the proof of Theorem 1 we conclude that fis of the form (11) for
some d € C\{0} with arg d = [¥[B(t) — pt]dt/2z. But A being odd implies
Bis odd, and B(t) — ptis periodic of period 2z, so arg d =0, i.e., de
R\{0}.

If fis given by (11), then f has the form (9) with 5, = 0, s, = #, and
Sopp = 2w — 8, 1 £ k < p — 1. From Theorem 2, ¢ f € SR(p), where
o = et and s = 1%15;/2 = wp — n/2. But gf = (—1)2fe SR(p)
implies f'e SR(p), and since f has real coefficients, fe T(p).

THEOREM 3. If f,e T(p), n = 1, 2, ..., f, = f locally uniformly in B,
and f has p zeros in B, then f e T(p).

PROOF. Suppose f has zeros z, ..., z,. By Hurwitz’s Theorem, we can
index the zeros z, y, ..., z, , of f, so that lim, ., z, ; =z, j =1, ...,
p. By Theorem 2, Ju, € H(B) with Re u, > 0, real numbers 0 < s, <

+ £ 8,1 = x, and d, e R\{0} such that f, has representation (11).
By adjusting d, we may assume #,(0) = 1. Extracting subsequences, if
necessary, we may assume that u, — u locally uniformly in B and that
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Smi = Sp k=1, 2, ..., p— 1. Furthermore, u(z) # 0, zeB, so {d,}T
is bounded, and we may assume d, — d # 0. Thus,

. z z p
f(@) =lim f,(z) = d 1 — 22 l!;-ll 1 — 2z cos s, + 22 ;—:[lgl’(z’ zj)u(z) ’

and by Theorem 2, f€ T(p).

Now, suppose f has exactly p zeros, z, .. ., z,, in B and real Taylor co-
efficients. Assume f satisfies condition (I) and let A(z) = f(2)/ I12-1¢(z, z,)
= ayz? + -, where a,c R\{0}. If ze 9B, then [[2J(z, z;) > 0, so
Im f(z) and Im A(z) have the same sign. Thus, A satisfies condition (I).
By Robertson’s work [8], 4/a, is of the form (1), and by Theorem 2,
fe I(p). If, instead, f satisfies (II), then Jp € (0, 1) such that f(rz) satisfies
() for p < r < 1, and by Theorem 3, fe T(p). We have established the
following result.

COROLLARY. Suppose f€ H(B) has exactly p zeros in B and real Taylor
coefficients. If f satisfies (1) or (I1), then fe T(p).

4, Valence and critical points on f~1(R). In the present section we prove
the following theorem.

THEOREM 4. If f e T(p), then

(i) for each xe€R, f(z) — x = 0 has at most p roots in B, counting
multiplicity, and

(ii) f' has at most p — 1 zeros in f~1 (R), counting multiplicity.

We begin by considering a dense subclass of T(p) consisting of certain
functions which are meromorphic on B. For such functions, g, we shall
view g~1(R) as a directed planar graph and obtain (i) and (ii) by counting
arguments. Conclusion (i) then follows for the full class, T(p), by Hurwitz’s
Theorem. To prove (ii) for T(p) we shall use a modification of the argu-
ment for the special subclass. The reader is referred to [1] for the graph
theoretic definitions and results which will be used.

DEerINITION. Let T,(p) denote the class of functions g e T(p) which
are meromorphic on B and for which g(z) ¢ R for z € 9B.

LeMMA 6. T,(p) is dense in T(p).
Proor. If fe T(p), then by Theorem 2,

_ z M z 4
@ =d1=— ,Lll 1 — 2z cos s, + 22 ,l:_[l 9z 2u(2)

where deR\{0},0 <s5; < -+ =5y =wm and Reu>0.For0<r<
1, let g(2) = f(@)u(rz)/u(z). Clearly g, — f as r - 1. By Theorem 2,
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g, € T(p). If z€ 0B and g,(zy) # oo, then g,(zy)/u(rzy) is pure imaginary,
but u(rzy) is not. Thus, g,(zo) ¢ R, and g, € T,(p).

To each g e T,(p) we associate a finite, directed, planar graph, G, in
the following fashion. The vertices of G are

V = {v e g(R): either g(v) = 0, g'(v) = 0, or v€ 9B} .

Each vin V' ) 0B is a pole of g. The edges of G are the components of
g IR)\V. If eis an edge of G, then g(e) = R\{0} and g’ has no zeros
on e. Thus, e may be so directed that |g(z)| is strictly increasing as z
traverses e from initial to terminal vertex. The number of edges for which
v is the initial or terminal vertex is denoted by d+(v) or §=(v) respectively.
The degree of v is 0(v) = 6t(v) + 0 (v). Let P=V (0B, Z =
{veV:ig(v) =0}, C= {veV:g'(v)=0} and Q= V\(P U C). Although
Z ) C may be non-empty, P, C and Q partition V. Q consists of simple
zeros of g.

LEMMA 7. Assume g e T,(p).
() If ve P, then 6*(v) = 0.
(ii) If v is a zero of order m of g, then §~(v) = 0 and 6(v) = 0t(v) = 2m.
(iii) If v € C is a critical point of order m, then 6(v) = 2(m + 1).
(iv) X po(v) = Xz0(v) = 2p.

PRrOOF. Items (i), (ii) and (iii) follow directly from local analysis. From
(i), (ii) and [1, p. 37] we have

;} o(v) = ZPI[5‘(V) -0t = Zzl[5+ () -6 = ; () =2p.

A directed graph is said to be pseudosymmetric if 6+(v) = 6=(v) for each
vertex, v. For the graph, G, of g e T,(p), 6t(v) = 0-(v) only if ve C\Z.
Each v € C\Z is the terminal vertex of some edge, e, and the initial vertex
of some other edge, ¢'. The initial vertex of e is either in Z of is the terminal
vertex of some other edge. Similarly, if the terminal vertex of e’ is not
in P, then it is the initial vertex of another edge. With a finite number
of such steps one constructs a simple path in G which begins at a zero of
g, ends at a pole of g, and along which |g]| is strictly increasing. Thus,
each component of G contains both a zero and a pole of g, and no com-
ponent of G is pseudosymmetric.

Let v,, vy, v, and v, denote the number of components, faces, edges
and vertices of G, respectively. By Euler’s formula [6, p. 48], 1 = v, —
Ve + YV, — V.

LeMMA 8. If g € T,(p) and x € R, then g(z) — x = 0 has at most p roots
in B, counting multiplicity. Furthermore, g' has at most p — y, zeros in
g (R), counting multiplicity.
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ProOF. From the remarks above, we may apply Theorem 3 — 5 in
[1, p. 37] to each component of G. We conclude that the number of
paths in a minimal covering of G (see [1, p. 34, 36]) is 33 [0T(v) — 0~ (V)] =
>:20(v) = 2p (by Lemma 7), and each path in such a covering joins a
vertex in Z to one in P. The edges are so directed that |g| is strictly in-
creasing along each of these paths, and local analysis at each v € Z shows
that g is positive on p of these paths and negative on the others. Thus,
if x € R\{0}, then there are at most p of these paths which contain a
root of g(z) — x = 0. Moreover, if 2z, is a multiple root of order m,
then exactly m of these paths pass through z,. This establishes the first
conclusion.

Suppose g’ has zeros {, ..., {, in g7(R) with multiplicities my, ...,
my, respectively. By Lemma 7, (iii), 6({;) = 2(m; + 1), 1 < j £ k. Also,
o(v) = 2 if ve Q. Thus,

) £
=1 y_2)y=-L -
Xm =5 ROE-2) =5 X (60)-2)
& - 26E0) - 2.
Now, 2y, = Lyo(v), [1, p. 9], and by Lemma 7, (iv), 2p = X, p0(v). Thus,

]

Sy = v, = v = SIDIO=1] = p + v, = v, — ZEO-1),
1 P
and by Euler’s formula,
(13) }k_‘,m,-=p—v,+[vf—l —;(B(v)—l)].
1

Each vertex, v, lies on the boundary of at most d(v) — 1 bounded faces
of G. If Fis a bounded face of G, then 9F | P # ¢, for otherwise,
ge H(F)and Im g = 0 on 9F would imply g is constant. Thus, the number
of bounded faces of G, i.e., vy — 1, is at most 3 ,(6(v) — 1), which to-
gether with (13) gives the desired conclusion.

ProOF OF THEOREM 4. As remarked earlier, (i) follows from Lemmas
6 and 8. As for (i), suppose vy, . . ., v, are zeros of /' in f~1(R) with orders
ny, ..., n, respectively. We shall show that }}{n, < p — 1. Let B(a, r) =
{z:|z — a| < r}. For 1 <i < 4 let B; = B(v,, r;), where r, is sufficiently
small that B; < B, the functions f* and f — f(v,) have no zeros in B)\{v,},
and B; N B; = ¢ for i #j. Let ¢ = dist (f(3B,), f(v)) and let ¢ =
min{e;: 1 £ i < 7}. By Lemma, 6,3ge T,,(p) such that |f(z) — g(2)| < &/2
forze U{B;. We may assume, by Hurwitz’s Theorem, that g’ has exactly
n; zeros in B; and that their images under g lie in B(f(v,), ¢/2), 1 Si < «
Let{y, - - -, {; denote the zeros of g’ in | J{B; with respective orders my, - - -,
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m,. Then X {n; = X %¥m;, and (ii) would follow directly from Lemma 8
ifjegi(R)foreach 1 <j < k. Suppose 1 < g <k, g({;)¢Rforl =
J = ¢, and g({;) € R otherwise. As in the proof of Lemma 8,

(19 Z’:]mj§i:m,- +p+v,—v,,—§(5(v)—l).

We shall enlarge the graph, G, of g so as to include {j, - - -, {, as vertices.
By the choice of ¢, f(z) — w = 0 has exactly n; + 1 roots in B; for each
we B(f(v), ), 1 i < 7. Since |f(z) — g(2)| < ¢/2 for ze0B;, g(z) —
w = 0 has exactly n; + 1 roots in B, for each we B(f(v)), ¢/2), 1 S i < 4
Suppose 1 < j < g and {; € B;. Let I'; be a Jordan curve in B(f(v)), ¢/2)
with initial point g({;) and terminal point w; € R\{0}. We may assume
that /" \{g(Z,)} contains no branch point of g and that (/" \{w;}) N R = ¢.
Corresponding to I"; under g there are Jordan curves 1;,,1 < s <m; + 1
in B; which have {; as initial point and are otherwise pairwise dis-
joint. If z; ; denotes the terminal point of 7;,, then z; € g I(R)\V and
(5 Mz;sP N g XR) = ¢,1 <5 <m; + 1. We may require also that
I';=T; when g() = g({,) and I'; | I'; = ¢ otherwise. Let G denote
the finite, planar graph whose vertices are

_ N\
V=V U{{1=5jsq}U{z;s12j<q1Ss=mj+ 1}

and whose edges are the components of
{E® UMl 1SjSg1Sssm+ DNV,

Each new vertex, z; ,, lies on an edge of G. The addition of a new vertex to
a previous edge increases the edge count by 1. There are 339(m; + 1) new
vertices, z;,;, and 3}9(m; + 1) edges r; ;. Thus, D, = v, + 239(m; + 1).
Since 9, = v, + q + X4(m; + 1), we have v, — v, = §, — D, — XIm;.
Thus, (14) becomes X im; < p + 9, — D, — L p(0(v) — 1), and Euler’s
formula, applied to G, yields

(15) };}m,- Sp—9.+ -1 —Zp:(a(v)— 1].

Let F be a bounded face of G. If 9F | P = ¢, then g(F) is a bounded
open set and ag(F) disconnects the plane. But ag(F) < g(oF), which is a
bounded subset of R |J (| J¢/';). The curves I';, 1 < j < g, were so chosen
that no bounded subset of R U (U{/";) disconnects the plane. Thus,
oF P # ¢ for each bounded face F of G. Also, the order in G of each
vertex in P is the same as that in G. As in the proof of Lemma 8, the
quantity in braces in (15) is nonpositive, and }¢m; < p — 9. = p — L.

5. Examples. The first example shows that T(p) properly contains the
class of functions satisfying (I) or (II). In the second example we show
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that each member of T,,(b) satisfies (II). It then follows from Lemma 6 and
Example 1 that sequences of functions satisfying (I) or (II) may converge
to a limit function which does not satisfy (I) or (II).

ExAMPLE 1. Assume p > 1. Let Q = B\K, where
K = {re?: (6] = 3z/2p,
125 r <13 U(U {2 alp < 101 < 3220)),

Zln+1

and let ¢ € H(B) be the univalent map of B onto @ satisfying ¢(0) = 0,
#'(0) > 0. Since Q is symmetric about R, g€ T(1). Let €%, 0 < a < 7,
be the point of 9B which corresponds to the prime end of the second
kind of Q in the upper half-plane, and let 3 be the unique number in («, 7)
such that ¢(e) = /2, If A, is the boundary argument for ¢ satisfying
A40) = 0, then Ay is strictly increasing on [0, &) U(B, z], w/p = Ayt) <
3z/2p for ¢ <t < B, and for each ke {l, ---, p — 1}, A, crosses kz/p
eactly once between 0 and z. Since 4, is odd and satisfies A4t + 27) =
Ay(t) + 2z, we conclude that A4 crosses each value kz/p, k € Z, exactly
once. If f = ¢? and 4y = pAg, then Ay crosses kz exactly once for each
k e Z, and consequently, fe T(p). Clearly, f¢ H(B). For each positive
N e Z there is an r e (0, 1) sufficiently near 1 that the image of |z| = r
under ¢ crosses the ray arg w = z/p more than N times. Thus, Im f
changes sign more than N times, and f does not satisfy (II).

EXAMPLE 2. Let g € T,,(p) and p € (0, 1) such that all edges of G except
those which terminate at a pole of g lie in |z] < p. By local analysis at
each v € P we may choose p so large that each edge which terminates at a
pole of g crosses |z| =r, p < r < 1, exactly once. By Lemma 7, (iv),
X p0(v) = 2p, so Im g changes sign 2p times on |z| =r, p < r < 1, and
g satisfies (II).
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