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Introduction. The purpose of this paper is to investigate the asymp-
totic relationship between solutions of the n-th order linear homogeneous
equation

0] Ly=0
and those of the perturbed equation
) L,y + B(x,y,),...,y® D) =0.

The results will involve certain smallness conditions on the function
B(x, y, ¥, ..., y» D) which will be made more precise in later sections.
In the first section we will consider the general case where L,y admits a
Mammana factorization [6]. In the second section we shall consider the
case where L,y is a constant coefficient operator. In the third section we
shall consider the specific operator L,y = y“. This section also contains
examples to show the results obtained here generalize those of Svec [7],
[8], and Belohorec [3].

I. Perturbed linear equations. Mammana [6] has shown that, under
certain conditions, an n-th order linear differential operator with leading
coeflicient one admits a factorization of the form

) LD = ([1® = 29))

where pi{x) = D[ln W;/W;4], 1 £j < n, and W; is the Wronskian
of the solutions &, &, ..., E{W, = 1) of (1). The solutions &, &, ...,
&, have the property that for every j, W; is different from zero, which
requires, in general, that the §; be complex and hence the 7,(x) will be
complex. Levin [5] has observed the interval on which this holds may be
half-line of the form [a, o0).
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844 T.L. SHERMAN AND D.E. BROWN

We shall assume this factorization (3) holds so that (2) takes the form

@ Ly =([1® - 201 = ~Bcx )

where y = (y, y', ..., y» D). For convenience we let L, = [[%_,(D — ),
I1<k=nandLy=11If z=LJy],0 £k <n — 1, then (4) becomes

© (1

J=k+

© = 7))l = — B, ).
1

Proceeding formally to solve (5) for a particular solution we find, using
variation of parameters,

© z = L) = | aix 0BG, S

where

g% ) = 3 (& we OO,

7=k+1

&, (j=k + 1, ..., n)aren — k independent solutions of ([T%=,+1(D — 73,))
] = 0, w, = W(&s k15 Ek, k25 - - -5 &k, ») and Wy ; is wy, with the (j — k)-th
column replaced by (0, O, ..., 0, 1).

If Kk =0, z=yand (6) becomes

0 y = j " g, DB, Y.

If 1 < k < n, then (6) can again be solved in the same way yielding
®) y = f:Gk(x, t)(j:” 2,(1, $)B(s, y)ds)dt forl <k <n—1
and

©) - - _f " G,(x, §)B(, )t for k = n

where
Gylx, 1) = ); L AOLLAON

¢, ; are k linearly independent solutions of L,[y] = 0, Wi(t) = W(¢,, 1,
...» @) and W, ;is W, with the j-th column replaced by (0, 0, .. ., 0, 1).

To show the expressions (7), (8), and (9) are indeed solutions of (4),
we first note that (07/0x")Gy(x, t) = XA [¢P0W, O/ Wi(t), 1 Sk <n,
hence (97/0x)Gy(x, x) =0, 0 < i < k—2 and (0¥ 1/ox*1)G(x, x) = 1.
Thus, using Leibniz’s formula,
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£ j Gy, t)( j g1, 5)BGs, y)ds)dt

= [ et 086 e + T2 66 0 [ gt 986, sl
Thus it follows that

L] 7616 0" ut 986, 5)ds)at | = [t 0BG, Py

t x

If k = n, we may use Leibniz’ rule to show that

6 08, it = Bx, 3) + |72 G, (x, 0BG, D

Thus it follows that L,[— [3G,(x, t)B(¢, §)dt] = —B(x, 7). For 0 < k <
n — 1 we have ([1], p. 443)

| e 0B = B + [T 2 gk, 0BG D
From these equations we see that

(11 @ = m)) [“autx 080, 92t | = ~ Bx, )

J=k+1

and so
L] [ G o et 986, )ds )t | = B ).
For convenience we define
1(x, BG)) = j' " eulx, DB, )t
1%(x, B(7)) = j; Gitx, j "8t B, pyds e, 1 < k < n—1,
13, BO) = = | G,(x, 0BG )

and

Ii(x, B(3) = L{IYx, B(?)), 0=k sn 1 =i<n
A =( 11 @ - WLOSksn-L ksl Sisn
]:

and

Lyl =yl =y,0 =k =n-1.
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Thus I%(x, B(»)) = —B(x, y), 0 < k < n, and we have shown that if y(x)
is a solution of y(x) = IY(x, B(7)),0 = k < n, then y(x) is a solution of (4).

In the following we shall suppose the Mammana factorization is valid
on the appropriate half-line (see [S]) and that the coefficients of the
homogeneous equation are continuous there.

THEOREM 1. Let B(x, ug, uy, .. ., U,_1) be continuous on D: a < x < 0,
—0 <u; <o, 0 <i<n—1. Let F(x) be continuous on [a, o) such
that |B(x, #)| £ F(x) for each (x, #)e D. Let ¢ be an arbitrary solution of
L[yl =0. ,

Then for all b = a, equation (4) has at least one solution y,(x) defined
at least on [b, ) satisfyjng :

&) yOb) = ¢P(1),0 =i s n-1,

and

8D Liyd = Lig) + o[ 7| LIG,x, 0| -Fyar ), 0 5 i < n—1.

Further, if for some k, 0 < k < n—1, [¥|g(x, t)|-F(t)dt < oo, t hen for
all b Zz a the equation (4) has at least one solution y,(x) defined at least on
[b, o) satisfying

(S/) y%’)(b) = ¢('.)(b), 0 é i é k_l’
s 1= L)+ o[ i o[ e 91 Foyas)ar )
0sisk-1,

S LD = Ligl + o[ ileutx, O Foyde ) k < i < n—1.
Proor. Consider the equations
(10%) Ly = LIJ] + Ii(x, B(3,),0 < i, k < n.

If y,(x) is a solution of (10%), then y,(x) is a solution of (10%), which is (2).
Thus it will suffice to show that (109) has a solution with the stated prop-
erties.

We set Ly, 1] = L[J] and use equations (10%) for the successive
approximations

Lt'[yk,m-H] = Lz[Sb] + I;;(x, B(j;k,m))s m = 1$ 23 3’ ey
0LZi,k=n

(113

Since L,[y; m41] is a linear combination of y{),,;, 0 < j < i, in which the
coefficient of y§), ., is 1, we can solve equations (113) for y$),., in terms
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of ¥, 0 <j<i-1, and p,,. Thus the successive approximations
P1.m are well defined.

Let N be the least integer such that N > b = aand set I, = [b, N + q],
g=0,1,2,.... We now show that the sequences {Ii(x, B(J,.)}sm1,
0 < i < n, are uniformly bounded on I, by some number D,. First we
observe that

foizaaicn, on(f et o1 Fepas)a,
0<i<k-1<n—1,

1) 11565 B 4 | 1Aleie, Ol F@dt, 0 5 ke < < n1,

[F1LiG,6x - Fin 0 s i s n-1,k =

F(x),0 <k =n,i=n.

Thus the right hand side of (12) is bounded by a continuous function
which is independent of m, and the left hand side can therefore be bounded
on I, by some number D, which is independent of m.

If the sequences {Ii(x, B(¥;,,))} are uniformly bounded on I, it can
be shown by induction on i that the sequences {y{",}, 0 < i < n, are
likewise uniformly bounded on each interval I, by some number B,
independent of m. To see this, first note that y, ,,.; = ¢ + IAx, B(Fy,m))-
Since ¢ is continuous on each I, and {IY(x, B(¥,,,))} is uniformly bounded
there, the result follows for i = 0. Suppose now that it is true for some
i—1 < n. Now L[y, 1] is a linear combination of y{), ., 0 < j < i,
in which the coefficient of y{?,.; is 1 and the coefficients of y§,.;, 0 <
j < i—1, call them &{(x), 0 £j < i—1, are continuous. Thus we may
write

. “ . )
|l = Zbléiyﬁ%ll + LN + (1 (x, By, m)I-
j——

Since the & and ¢ are continuous on /, and the sequence {/i(x, B(J;,.,))}
is uniformly bounded there, the assertion follows from the induction
assumption.

Since the sequences {y{’,}, 1 < i < n, are uniformly bounded on 7,
the sequences {y{’,}, 0 < i < n—1, are equicontinuous there. Hence
we can extract from these latter sequences subsequences {y§), ,,} which
converge uniformly on /; to a limit function y%. For the same reason we
can extract subsequences {y{’, ,,} of {¥{’%, .} which converge uniformly
on I; to a limit function which we may also call y; because it agrees with
¥} on I, since {y{’, ,.} is a subsequence of {»§), ,.}. Inductively, we extract
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subsequences {y%; , .} of {y%, ,.} which converge uniformly on 7,; to
a limit function which we may again call yi, since it agrees with the
limit of {y{, ,} on I,. This defines y; on [b, o). The diagonal sequence
{¥$21,4, ;}321 converges uniformly on every compact subinterval of [b, o)
to yf. It follows that yi = (di/dx))(»?), 0 < i < n—1 (see R.G. Bartle
[2], p. 217). We write »9 = y, and show that y, is the required solution.
We first consider the case in which 0 £ k < n—1. Now Bis continuous
on D so that lim;_,..B(x, §;_1., ;) = B(x, y;;) for all x € [b, c0). Moreover,
|B(x, 7| < F(x) for all x € [b, 00) and [¥|gu(x, t)|- F(t)dt < co. It now
follows from Lebesgue’s Dominated Convergence Theorem that for all
x €[b, )
130 Ly = }EQO{L.{SM + Ii(x, B(§j-1,6,))}
’ = LIg] + Ii(x, BG#), 0 S i < n—1,

whence y,(x) is a solution of (109) and thus of (4) also. If kK = n then,
without appeal to Lebesgue’s Theorem,

Li[yn] = }E—I»loloL‘[S&] + I;;(x’ B(}jf—l,n,i))}
= L{J] + I'(x, B(#,)), 0 =i < n—1,

(145)

so that y,(x) is a solution of (109) and thus of (4).

As for the properties (S) and (S’), we first observe that y,(b) = ¢(b),
since 1Y(b, B(3,)) =0, 1 < k < n. Then, since (D — p)[yi] = (D — 1)
[¢] + Ik (x, B(y,)) and Ii(b, B(3)) =0, 2 < k < n, it follows that y,(b) =
¢'(b). Likewise, since Ly[y,] = Lo[¢] + I%x, B(3:)) and I%b, B(y;)) = O,
3 < k < n, we have y,(b) = ¢"(b). Since the coefficient of y{) in L[y,
is not zero, this reasoning may be continued so long as (b, B(y,)) = 0,
namely for 0 £ i < k—1.

The proof is complete when we observe that, in view of equations
(14)), 0 <k <n, 0 £i £ n—1, properties (S7), (S} and (S3) follow
immediately from the inequality (12) with y, ,, replaced by y,.

Note that Theorem 1 offers an asymptotic comparison between solu-
tions of L,y + B(x, ) = 0 and those of L,y = 0.

II. Perturbed constant cofficient equations.

2.1. An integral condition for the nonlinear terms. In this section we
shall restrict L,y to the constant coefficient operator y™ + X;7_,a;y"
where the a; are complex constants. The solutions of the homogeneous
equation (1) are linear combinations of functions of the form {(x) =
xie*, where A is a root of the characteristic polynomial, r* + X 7_,a,r"~
and j is a non-negative integer less than the multiplicity of 2. We shall
refer to these solutions as standard form solutions. The Green’s function
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in this case can be written as a linear combination of such , evaluated at
the argument x — ¢ [4]. We shall begin by defining a partial order and
equivalence on these functions.

Let {; = xje* and {, = x*ef* be two such functions. Then, if (i)
Re(A — B) > 0 or (ii) Re(A — B) =0 and j—k < 0, we write {; < {p,
while if (iii)) Re(A — 8) < 0 or (iv) Re(A — B =0 and j—k > 0, we
write £; > ,. Finally, if Re(A — f) =0 and j—k = 0, we write {; = {,.
Then {; € {zmeans {; < {p or {; = (5.

Let F(¢) be a non-negative function and set I; = j°°|§1(x — |- F(t)dt
and I, = [?|l(x — 1)|-F(t)dt. If {; L s, then, if I, exists, so does I,
while if I; diverges, so does I,. If {; = {,, then I, exists if and only if I,
exists.

We will use the same notation here as in Theorem 1, except that,
because k will be uniquely determined, we drop the subscript k¥ from
the notation for some functions.

Order the n independent standard form solutions of L,[y] = 0 so that,
calling them ;, ; » {ip, | £ i < n—1. Thus, if [P|T(x — #)|- F(¢)dt
exists so does [P|l;1(x — 1)|-F(t)dt, 1 < i < n—1. Let n; and A; be
such that

L, = xmet* 1 < i £ n.

Note that .y, ..., {, are the standard form solutions of the equation
apl =(I1 @ = )1 =0.
=+l

This is so because, if

xtier® € {Chyg, - -5 Cals
then

T S TR 4 §
since
xmigh* » xmi—lehi,

DEFINITION 1. We define k& to be the smallest integer for which there
exist a non-negative integer N and real number ¢ such that both {,; £
xNeex and

4 j‘ * tNe~tF(1)dt < oo,
provided such a k exists. In this case, [*C(x — #)F(t)dt exists, where

k+1 =i
Denoting the k solutions of (T4—(D — 2))[y] = 0 by
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¢,-=x”‘el"”,l§i§_k,

we order the set {¢;, ..., ¢} so that if Re(d; — 4;) > 0, then i < j;
and if Re(A; — A;) = 0 and n; > nj, then i < j. Note that Re(c — 4;) =
0, 1 £ i £ k. Further, if Re(c — ;) =0, then Re(c — 4;) =0, 1 =
Jj = i, whileif Re(c — ;) > 0,then Re(c — 4;) > 0,i = j < k.

For k+1 i £ n, Re(c — 2;) £ 0. In this case, if Re(c — 4) =0,
then Re(c — ) =0, k+1 <j <i, while if Re(c — 4) <0, then
Re(c— 2) <0,i<j=n

Let m;;,(2) be the multiplicity of A as a root of [[%;,(r — 4;), 0 <
i < n—1. Then let m;; = maxg,—{m;+1(A)}. Thus if all the roots of
M7 (r — A;), the characteristic polynomial of L,, are real, then m;; =
m;1(c),0 £ i = n—1.

Suppose first that k < i < n—1. If Re(c — A;41) < O, then m;; = 0,
because no A with real part ¢ appears in the list {34, ..., 4,}, while if
Re(c — A;41) =0, then m;; = n;, + 1, because no A with real part

¢ can occur more times in the list {,4, ..., 4,} than 4,4, occurs.
Suppose now that 0 < i < k—1. If Re(c — A;41) > 0, then m;; =
M4y, because no A with real part ¢ occurs in the list {A;41, ..., 44}

Suppose, on the other hand, that Re(c — A,.;) = 0. Then A;.; appears
exactly m,,, times in the list {A,4, ..., 4,}, because some A with real
part ¢ appears m;; times in this list so that

xMk+11pAi 1% & xNec*,

Then m;;; = n;y; + 1 + m,; because no A with real part ¢ can occur
more times in the list {43, ..., 4,} than A,4; occurs. Thus we see that
for0 =i = n—1,if Re(c — A;41) = 0, then m;; = m;1(A;49)-

We now state three lemmas that we will find useful in estimating the
asymptotic size of the integrals I%. All three can be proved by induction
on n and N, integration by parts and 1’Hopital’s rule.

LEMMA 1. Let n and N be non-negative integers and oo and A complex
numbers. Let ‘

IV(x) = j: (x — t)m eAx—D tNeatdy,

Then, (@) if &« — A # 0, then JY(x) = Py(x)e** + Q,(x)e**, where Py(x)
and Q,(x) are polynomials of degree at most N and n, respectively, and
®) if « — A =0, then JY(x) = Py,,1(x)e** where Py, ,.1(x) is a poly-
nomial of degree N + n + 1.

LEMMA 2. Let n be a non-negative integer, N a positive integer and o
and A real numbers. Let
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IN(x) = j " ((x = Dyfim)ercDestds, b < 0.

Then (a) if @« — A > 0, then lim,_ . JY(x)/x Nea* = nl/(a — A", and
®)ifa — 2 =0, thenlim,_,.J1(x)/x"(log x)e** = 1.

LEMMA 3. Let n be a non-negative integer and let (A) be satisfied. Let
c and N be as in (A) and A a complex number. With F(t) the same as in (4),
put

T (%) = j‘” (x — )yrers— F(1)dr.

Then, (a) if Re(c — A) <0, then lim,_.J,(x)/x Nex =0, and (b) if
Re(c — D) =0andn £ N, thenlim,_,.J,(x)/x" Nex = 0.

We are now prepared to prove the following theorem.

THEOREM 2. Let B(x, ug, uy, - . ., u,_1) be continuous on D: a < x < o0,
-0 <u; <0, 0<in—1. Let F(x) be continuous on [a, o0) such
that |B(x, it)| < F(x) for each (x, #) € D. Let ¢, N and k be as in Defini-
tion 1, and we suppose such a k exists.

If ¢ is any solution of L,[y] = O, then for all b = a the equation (4) has
a solution y(x) defined at least on [b, o) satisfying

&) yOb) = 9 b),0 =i = k-1,
and, for each i for whichm;, = 0,0 £ i £ n—1,
() L{yl = L{g] + o(xNew),
while for each i for whichm;; # 0,0 < i < n—1,
(S2) Lyl = L] + o(xm+171~Nees).

ProoF. It follows from the definition of k that [|{(x — £)|- F(f)dr <
0, k+1 =i < n, so that [?|g,(x, y)|-F(¢)dt < o, whence the proof of
Theorem 1 applies. Thus it remains only to show validity of properties
(S) and (S,). Thus we must estimate the asymptotic size of the
L(x, B(x,7)),0 =i < n—1.

For this purpose, we will show by induction that a linear combination
of {Lil, ..., Lige} is a linear combination of {@;41, ..., @}, 0 <
i £ k — 1. The case i = 0 is trivial. Suppose now that it is true for some j,
0 <j<k—1, and let z be a linear combination of {L;ld], ...,
L;1[¢,)}. Then it follows from the induction hypothesis that z is a linear
combination of {(D — A D[@;l, - .., (D — A;4)[P]}- Since

(D = 2j+)lgjl = nj+1x"i+l‘leli+1x’
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it is now clear that z is a linear combination of {@;is, ..., @s}. This
completes the induction. In like manner, we may show that every linear
combination of {/4[Cs41), - - -, 74,1} is a linear combination of {{;44, .. .,
Chk<isn—1

It now follows that for k < i < n—1, Ii(x, B(x, §)) = [2/ilgi(x, 1)]
B(t, )dt is a linear combination of [PC(x — 1)B(t, y)dt,i+1 < j < n.
Thus it suffices to examine

Hyx) = jm |x — t|rieRe =D F(g)dt, i+1 < j < n.

According to Lemma 3 the largest, asymptotically, of the H;, i+1 =
j £ n,is Hyyy. If Re(c — A;41) < 0, then m;; = 0 and H;y; = o(x Ne¥)
by Lemma 3(a), while if Re (¢ — A;4;) =0, thenm;; =n.y +1 #0
and

His = o(xmivt-New)

by Lemma 3(b). From these asymptotic relations follow the asymptotic
relations of properties (S;) and (Sp) for k < i < n—1.

For 0 é i é k — 1’ I;;.(X, B(x’ j'))) = ngf[Gk()Q t)](j?ogk(t, S)B(S, ?)dS)dt
is a linear combination of [jgi(x — ¢)([3°C At — 5)B(s, p)ds)dt, where
i+l £j<kandk+1 £ s £ n. Thus it is enough to consider

H, (x) = J' (x — DHERMGDOH (Ndt, i+1 < j <k, k+1 < 7 < n.
b

Suppose first that Re(c — Az+1) < 0. If Re(c — A;47) = 0, then
eli+1x g xNe(:x’

regardless of N. But then A, is included in the list {A,4;, ..., 4,},

contradicting the assumption that Re(c — 'A,4;) <O0. Thus, if

Re(c — Az4+1) < 0,then Re(c — A;47) > 0Oand m;y; = 0for0 < i < k—1.
We will use this last statement to show that

x
x — tytie ReAitH (i
Hf,/(x) — jb( ) /( )dt
—N pcx x—NeRe(c—2j)x

lim

x—00 X

b

i+1Sjsk k+1s75n

If the numerator on the right hand side is bounded above, then the result
follows from the fact that Re(c — 4;) > 0. If the numerator is un-
bounded, then we may apply I'Hopital’s rule and induction on #;.

First, if n; = 0, then from I’Hépital’s rule we get

im ik _ i eRedjkH (x) =
xo00 X Necx x—00 x—NeRe(c—lj)x[Re(c - ll) - N/X] ’
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since H, = o(x Ne*), k+1 £ + £ n. The inductive step is a similar
application of I’'Hépital’s rule.

Suppose now that Re(c — A7) = 0. Then m,; = m,,; > 0 and we
must show that

x
li H;, /) .‘. b (x — tyre StH t)dt
m TN ReGeAx

oo xMi+1~1-Npcx = lim

i+l Sjsk,k+1=7<n

If Re(c — A;41) > 0, then Re(c — ;) > 0 and either the numerator is
bounded above and the result follows, or we may employ ’Hopital’s rule
in a proof by induction on #;, as in the previous case, using here the fact
that

H, = o(xmi+171"Neex),

If Re(c — A;41) =0, then m,; — 1 — N =0, To see this, first note
that m,.; — 1 — N < 0, since {,4; € xNec*. Suppose, then, that m;; —
1 — N £ — 1. It follows that m;,; < N so that

xmirighivix & xNecs

and A;4 is included at least m,; + 1 times in the list {A,14, ..., 4,}, 2
contradiction. Thus m,; — 1 — N =0and m;;; — 1 — N > 0. It is this
last fact which validates the use of I'Hopital’s rule in still another similar
inductive argument showing that here, too,

lim H;, (x)/xmi+171"Neex = (.
x—00

These arguments complete the proof of Theorem 2.

2.2. A bound for the nonlinear term and two examples. In Theorem 2, we
have assumed the existence of some solution { of L,[y] = 0 such that
{ « xNeex, The ¢ which satisfies this requirement may be much larger
than that required to satisfy (4). Also, if F(x) = xMe<’*, M a non-negative
integer and ¢’ a real number, Theorem 2 requires ¢’ — ¢ < 0, since
negative N is not allowed there, while it is desirable to have ¢’ — ¢ = 0.
Therefore, we shall study the case F(x) = xMec#, and include the additional
case k = n, in which {411, ..., {,} is empty. For this we require three
additional lemmas. All three use induction, Lemma 4 also using integra-
tion by parts and Lemma 5 using I’Hopital’s rule.

LEMMA 4. Let n and N be non-negative integers and a and A complex
numbers such that Re (o« — ) < 0. Then

JV(x) = jw (x — t)rers—OgNeatdt = Pp(x)ex*
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where Py(x) is a polynomial of degree N.

LEMMA 5. Let n be a non-negative integer and N a positive integer and
a and A complex numbers. Let

JN(x) = j “((x = 1)N)ersD eatdt,

Then, (a) if Re(a — A) < 0, then lim,_ . JY(x)/x Neex = —nlf(a — A)**],
and (b) if « — 2 =0, then for N = n+2, lim,_JY(x)/x"Ntleaz =
(=N = n — 2)!nlJ(N = 1)!

LEMMA 6. Let p be a non-negative integer. Then for 0 < q¢ < p there exist
numbers a, > 0 and b, such that [x? log x]? = x?~4q[ajJog x + b,). More-
over, [x?log x] #*D = a,/x.

With the {; ordered as before, and m,,; = 0, we can now prove the
following result.

THEOREM 3. Let B(x, ug, 4y, - . ., U,_1) be continuouson D:0 < a < x <
0, —00 < u; < 0, 0 <i < n—1. Suppose that for some integer M,
real number ¢ and positive constant cy, |B(x, #t)] < coxMee* for each (x, ) €
D. Let k be the smallest integer such that (., & x M~2ec* provided such
a k exists. If no such k exists, letk = n. Let m;1,0 < i < n—1, be defined
as before and let () be an arbitrary solution of L,[y] = 0.

Then for all b = a, equation (4) has a solution y(x) defined at least on
[b, o0) satisfying

() yob) = ¢9(0b),0 =i s k-1,

and, if M is negative and Re(c — A;47) = 0and0 < i < k—1, then
(63)) Lyl = L{g] + O(x™+1*M(log x)ec=),

while, if M is non-negative or Re(c — A;41) > 0or k < i < n, then
5 L) = Lig] + O(xmsriess),

PROOF. Because [yrM—2e~citMectdt < oo, the proof of Theorem 1
applies, as before, and the task is again reduced to estimating the asympto-
tic size of the Ii(x, B(x, 7)), 0 < i < n—1. We shall omit the details
involved in the remainder of the proof which, although somewhat in-
tricate, are similar to those used in the proof of Theorem 2.

We now give an example which shows that in Theorem 3 the right
hand sides of (S;) and (S,) are actually achieved.

Let n be a positive integer and suppose that M is an integer such that
MzZ0or —M=2n+1. Then M+n=1o0or M +n < —1 and the
function ¢, = xMtreXs|(M + 1)(M + 2) --- (M + n) is a solution of
the equation (D — A)"[y] = xMel* M 2 0or M < —n—1.
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If M is non-negative, then (S,) applies. If —M = n + 1,thenn — 1 <
—M-2 so that {; & xM2e% and k = 0. Thus (S;) applies again.
m;y, is the multiplicity of 4 as a root of (D — A)*#, thatis, m;;; = n — i.
Taking ¢ = 0, Theorem 3 predicts a solution y(x) satisfying (D — 2)[y] =
O(xN*riets), 0 < i < n—1, and ¢, clearly satisfies this prediction. Since
M +n>n-—1in case M is non-negative and M + n < —1 in case
—M = n + 1, it is not possible to improve the asymptotic estimates of
(D — Ai[y(x)] by adding to ¢, a solution of the homogeneous equation
D - Mz] =0.

Let us now suppose that # is a positive integer and suppose that M is
an integer such that 1 £ — M < n. It can be shown that

¢y = (= 1)y M lehsixntM Jog x/(— M — 1)}(n + M)!

is a solution of (D — A)"[y] = xMe**, —n < M < —1.

Again k is the smallest integer such that {,,; = x##1 elr & x~M~2elx,
But then n—k—1 = —M~—2, thatis, k = n + M + 1. Thus(S,) applies
for 0 < i < n + M while (S,) applies for n + M + 1 £i £ n. Again
my, = n — iand, if we take ¢y = 0, Theorem 3 predicts a solution y(x)
satisfying

(D = 'yl = O(x**¥~i(log x)e**), 0 < i < n + M,
and
D — Ayl = O(x*M~ieds), n + M + 1 £ i < n,

and ¢, clearly satisfies this prediction. Since (D — A)[y] contains a term
with factorlog x, 0 <i<n+ M,andsincen + M —i<0,n+ M +
1 £i < n it is not possible to improve the asymptotic estimates of
(D — A)[¥(x)] by adding to ¢, a solution of the homogeneous equation
D — H"z] = 0.

Next we give an example to show that in Theorem 3, Re 4;;; # ¢ cannot
be changed to A, # ¢. More specifically, we wish to exhibit an example
in which M is negative, Re(c — A;;) = 0, but ¢ — A;4; # 0, for some i,
0 < i £ k — 1, and yet (Sy) still does not hold.

Consider the equation

(D = (1 +))D — (1 — )] = (D? - 2D + 2)[y] = e sin ¢/z.

Since M = —1, we have xM~2¢cx = x~lex and k = 2. Then, taking
¢ = 0, the solution given by Theorem 3, which in this case is just the
solution given by the Method of Variation of Parameters, is y(x) =
—e* (#(sin ¢ sin(t — x)/t)dt. Because m; = 1 our goal is to show that
y(x) does not satisfy O(ex). If we choose b = 2z, then |y(2kz)| > (e?#7/2)
(1/3 + 1/4 + -+ + 1/2k), which completes the example.
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This example shows that for Re(c — A;4+1) = 0, 4,47 — ¢ # 0 we may
not use the criterion: Let k be the smallest integer so that {,,; & x~M~lec*
because here x~M~lecx = e, Thus according to this criterion k = 0 yet,
noting that Gy(x, ) = go(x, t), we see that [2go(x, 1)B(t)dt does not exist.

2.3. A linear nonhomogeneous equation. We have the following corollary
to the proof of Theorem 3.

COROLLARY 1. Let M be an integer and ¢ a real number, and consider
the equation

(E) L,[y] = xMecx.

Suppose that all the roots of the characteristic polynomial of L,[y] are real.
Let k be the smallest integer such that (.1 & x M~2¢%, provided such a k
exists. If no such k exists, letk = n. Let m; 1,0 < i < n — 1, be defined as
before.

Then for all b > 0 the equation (E) has a solution y(x) defined at least
on [b, o) satisfying

) yo@b) =0,0 sisk-1,
and, if M is negative and A;;; = cand0 < i < k—1, then

D) lim L,[y]/x™+"M(log x)ec* exists

and, if M is non-negative or A;1; < cork < i < n, then

(S2) lim L [y]/xmi+1rtMecx exists.
x—00

Proor. Here we are taking ¢ = 0 in Theorem 3. Since Re 4; = 4,,
1=j=<n, and |[x —t|" = + (x — t)*, t Z x, for any non-negative
integer n;, the limits established in the proof of Theorem 3 suffice for this
corollary.

If M is non-negative, then the result is well-known from the Method
of Undetermined Coefficients, even if either the roots of the characteristic
polynomial of L,[y] are not real or ¢ is not real.

IIL. The equation y™ + B(x,y,y’y...,p®D) = 0.

3.1. Two theorems of Svec and some examples. Let us consider the case
when L, [y] = D"[y] and take N = n — k' — 1. If we take ¢ = 0, then
m,, is just the multiplicity of 0 as a root of the characteristic polynomial
of the operator D*%, 0 < i < n — 1, namely n — i. Thus m;;; — 1 —
N=@m-i)—1—(@m—k"—1)=k'— i Further, k is the smallest
integer so that {,,; = x" %1 £ x"*~1go that k' = k, provided0 < k <
n — 1. Then we can obtain the following corollary to Theorem 2.
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COROLLARY 2. Let B(x, ug, 4y, . . ., U,_1) be continuouson D:a < x < oo,
-0 <uy; < 0,0 <i=<n— 1. Let F(x) be continuous on (a, ) so that
|B(x, #)] £ F(x) for each (x, &) € D and let k be the smallest integer such
that0 <k £n—1and jwt"‘k‘lF(t)dt < o0. Let ¢ be an arbitrary solution
of the homogeneous equation y™ = (.

Then for all b > a equation (4) has a solution y(x) defined at least on
[b, 0) satisfying

() yoO®b) = ¢ 0B),0=i k-1,
and
) YO@) = $O@) + o(x+),0 < i < n—1.

PRrOOF. Let us call the a of Theorem 2 by a’. Then given b > a, if we
take @’ = b, then Theorem 2 gives the result immediately.

Since ¢ is arbitrary and k is chosen as small as possible, this corollary
contains two results of Svec (Theorem 1 of [7] and Theorem 2 of [8]).

Corollary 2 guarantees one solution of (4) on [b, ) with properties
(S) and (S;), for each solution ¢y of L,[y] = 0. In fact, we may findn—k—1
solutions of (4), linearly independent on [b, c0) and satisfying properties
(S) and (S). To see this, define y;, k < j < n — 1, to be the result of using
the above approximations with ¢y = x7. Suppose now that some linear
combination of the y;, say y = Y72} c;y; is identically zero on [b, o0).
Then lim,_.y/x*1=c¢c,; so that ¢, ; =0. Considering, in turn
lim, ,.y/x/,j = n—2,n-3, ..., k, we conclude that all the c; are zero.

We now give an example which shows that Theorem 2 does not include
Theorem 3 and vice versa.

Consider the equation y® = x~2t¢, x = 1, |¢] < 1 (this was just to
avoid zero denominators in the following expressions). If ¢ # 0, then it is
easy to see that ¢, = x2%/(2 + ¢)(1 + e)e(—1 + ¢) is a solution satisfying

Di[g] =x2t|2 —i+e)l —i+¢e)---(=14+¢),0=5is4
If ¢ = 0, then ¢y = — x2log x/2! is a solution satisfying
Di[h]l = —x*7log x/(2 — i)!,i=0,1,2
and
Di[¢gy] = (—1)x24,i =3, 4.

Let us see now what kind of asymptotic estimates are offered by Theo-
rem 2 and 3 in each of the three cases ¢ < 0, ¢ = 0, and ¢ > 0. First
observe that m;,;, 0 < i < 3, is the multiplicity of 0 as a root of D*~,
namely 4 — i. Because ¢ = 0 is the best possible choice in either Theorem
2 or 3, we will confine ourselves to determining the best possible choices,
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given ¢ = 0, for N (in Theorem 2) and M (in Theorem 3) and the cor-
responding asymptotic estimates. For Theorem 2 we require a non-
negative integer N such that ﬁ° tN-2tedt < oo, while for Theorem 3 we
require an integer M such that |x~2*| < ¢oxM, x = 1, for some co. We
take ¢y = 0 throughout this example.

First suppose ¢ < 0. Then for Theorem 2, the best choice we can make
for N is N = 1. Since (S,) applies here, Theorem 2 predicts a solution y
satisfying Di[y] = o(x2~%), 0 £ i £ 3. On the other hand, for Theorem 3,
the best choice we can make for M is M = —2. Here k is the smallest
integer so that {;,.; = x3* « 1. Thus k = 3 and Theorem 3 predicts a
solution z satisfying Di[z] = O(x2~#log x), i = 0, 1, 2, and D[z] = O(x%™),
i = 3, 4. Thus in this case Theorem 2 provides the best asymptotic esti-
mates for 0 < i < 3.

Next suppose that ¢ = 0. Then the best choice for N in Theorem 2 is
N = 0. Again (S,) applies and Theorem 2 predicts a solution satisfying
Diy] =o(x3%), 0 <i < 3. However, we may still take M = —2 for
Theorem 2 so that k = 3 again and the prediction of Theorem 3, which is
the same as in the case ¢ < 0, is best this time.

Finally, suppose that ¢ > 0. Then we may again take N = 0 in Theorem
2, whose prediction is thus the same as in the case ¢ = 0. But for Theorem
3 the best possible choice for M in this case is M = — 1. Since there is no
k,0 < k < 3, so that {,; = x3* £ x71, we have k = 4 and Theorem 3
predicts a solution z satisfying Di[z] = O(x3~* log x), 0 < i < 3, and
DYyl = O(x™1). Hence, for 0 £ i £ 3 the estimates of Theorem 2 are
better in this case.

3.2. An integral condition with a monotone nonlinear term. The next
theorem, which draws upon techniques used by Belohorec ([3]), uses a
different condition on the function B(x, y, )/, ..., y»D). While it offers
a partial converse, we can no longer use an arbitrary solution of the
homogeneous equation as our initial approximation and we have no
knowledge of how large the left hand end-point of the solution’s interval
of existence might be.

We first require some preliminary definitions. We let Py(x), 0 £ k <
n — 1, denote a polynomial of degree at most k. If ¢;,0 < i < n—1, are
constants, then we let

Ek(x) = (c()xk’ clxk—lb ey Cp1 X, Cpy Cpt1s -+ o cn—l)
and if f(x) is a function with n—1 derivatives, then we let
) = (fx), £, -, foD(x)).

DEFINITION 2. Let B(x, ug, u, . . -,u,_;) be non-negativeon D: a £ x <
0, —0 < u; < 0, 0 <i<n-1, and monotone in each u, for each
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fixed x. For given constants ¢;, 0 < i < n—1, and polynomial P,(x) of
degree at most k, suppose there exists a by > 0 and an ¢ > 0 such that
for all x = by one of the following conditions is satisfied: If B is non-
decreasing in u;, then (¢; — e)x¥* 2 PP(x), 0L i<k ,and ¢c; — ¢ =
Pi(x) =0,k + 1 <i < n— 1, while if B is non-increasing in u;, then
(c;+ xS P(x), 0Si<k and ¢; + e S PP(x) =0, k +1=%
i < n—1. Then we say that ¢,(x) is eventually a bound for P,(x) with
respect to B because B(x, &) = B(x, p,) for all x = b,,.

We may, of course, interchange the roles of ¢,(x) and p,(x) to define the
notion that p,(x) is eventually a bound for ¢,(x) with respect to B. Speci-
fically, it suffices to interchange the words ‘‘non-decreasing’” and ‘‘non-
increasing’’ in Definition 2.

We now prove the following theorem.

THEOREM 4. Let B(x, ug, uy, .. ., U,_;) be continuous and non-negative in
D:ax< o, —w<u <o, 0<i=n—1, and monotone in u,,
0 < i £ n—1, for each fixed x. Let k be an integer such that0 < k < n—1
and let Py x) be a polynomial of degree at most k. Suppose there exist
numbers c;, 0 < i < n—1, such that ¢,(x) is eventually a bound for p,(x)
with respect to B and

(15) j " e 1B(t, 2,)dt < oo.
Then there exists a b* > a such that for all b =z b* the equation
(16) y® 4+ B(x,y, ¥, ..., y" D)y =0
has a solution y(x) defined at least on [b. o) satisfying
) yP0) = PP(b),0 =i < k-1,
and
(S Yix) = P(x) + o(x¥),0 i s n—1.

Conversely, if (16) has such a solution and p,(x) js eventually a bound for
¢.(x) with respect to B, then (15) holds.

ProOF. We first consider the equations
an Yi(x) = PP(x) + Ii(x, B(Gp), 0 S i S n,

and show that (179) has a solution ,(x) satisfying properties (S) and (S)).

Since ¢,(x) is eventually a bound for p,(x), there exists an ¢ > 0 and
by = 0 as required by Definition 2. Then, according to (15), there exists
a b* = b, such that for all b = b*

j ToiB(, E)dt S e/, kS isn— .
b
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Hence for b = b* and x = b

i B = @) [ (@ = =4k = i = Dbas

(18)
S (2,0 i k-1,
and
(19) [Ii(x, B@E)| < ¢/2,k Sis<n—1.
We set y@(x) = P{(x) and for m =1, 2, 3, ... we use equations

(173) for successive approximations y{),,,,(x),0 < i < n.

We now show inductively that B(x, ¥,,) < B(x, ¢;) for all x = b*.
Since y{)(x) = P{(x), 0 < i < n—1, the assertion is true for m = 0 by
hypothesis. Now suppose it is true for m = 0 and observe that y§,..,(x) =
PO) + Iix, BGsm).

By the induction assumption, B(x, ¢,) = B(x, y,.,,) for x = b* = b,.
Thus, from equations (18) and (19),

IE(x, B, Fan)| S (e/2)247,0 < i S k—1,
and
U, BG, Fam))| S ef2,k S i S n—1.

Thus, because ¢,(x) is eventually a bound for p,(x), we have for x = b* =
b, that if B is non-decreasing in u;, then

(c; — e/x* Z PA(x) + (e/2)x* Z plna(x), 0 S i S k,
and

¢ — ¢/2 Z PP(X) + ¢/2 Z yP,u(x), k+1 =i = n—1,
while if B is non-increasing in u;, then

(c; + e/2)x* < P(x) — (e/2)x* 7 < yfH,a(x), 0 S i Sk,
and

¢ + 62 = PP(x) — ¢/2 £ pfa(x), k+1 S i S n—1.

This suffices for the induction.

The remainder of the proof of the convergence of the successive ap-
proximations to a solution of (16) on [b, o) satisfying properties (S) is
the same as in Theorem 1, except that B(x, ¢é,) replaces F(x).

To show the properties (S;) it suffices to apply I’Hépital’s rule to the
ratio Ii(x, B(x, ¢,))/x¥*, and use condition (15).

Conversely, suppose that y,(x) is a solution of (16) with properties (S;)
on [b, o0). Although we shall omit the details it can be shown, by induc-
tion on j, that for 1 £ j < n—k, where0 £ k < n—1,
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@) 6 = P + |7 (G = 70 = DYBG, D), x 2 b,
Taking j = n — k in (20), we now obtain
@) W =ka+ [T = e — k= DYBG S

If p.(x) is eventually a bound for ¢,(x) with respect to B, then there exists
a b; = b* such that for all x = b; we have B(x, y;) = B(x, &;). Thus, for
allx > bjandall 4 = x

U:((bl — tyF1(n — k — D)B(, J‘),,)dt‘

A
> ” (by — 1y—+YY(n — k — YDB(t, &)dt I
(51

Since, by equation (21), the monotone increasing limit as 4 — oo exists
on the left, it also does on the right. It now follows that [~t"+"1B(t, ¢,)dt <
oo (see Apostol [1], p. 431), completing the proof of the theorem.

Note that in the converse portion of this theorem, having obtained
equation (21), we can, with the properties (S), obtain all of the equations
(17%), with y replaced by y,, since Py(x) + I¥(x, B(j,)) is the unique solu-
tion of z®(x) = k'a, + I%(x, B(5,)) satisfying z®(b) = P{(b), 0 < i <
k—1. Thus, y is a solution of (16) satisfying properties (S) and (S;) if
and only if y is a solution of y = Py(x) + I%x, B(3)).

Suppose the leading coefficient of P,(x) is a,. Then a necessary and
sufficient condition to assure that &,(x) is eventually a bound for j,(x)
with respect to B is that if B is non-decreasing in u;, then ¢; > k(k — 1)
oo (k—i+Da, 0Li<k, and ¢; >0, k+1 <i < n—1, while if
B is non-increasing in u;, then¢; < k(k — 1) ---(k —i + 1)a,, 0 =i =
k,and ¢; < 0, k+1 £ i < n—1. A necessary and sufficient condition to
ensure that j,(x) is eventually a bound for é,x) with respect to B is
obtained by interchanging the words ‘‘non-decreasing’” and ‘‘non-increas-
ing”’ in the preceding condition.

The function B needn’t be continuous on all of —0 < u; < 00,k < i
< n—1, since the initial and successive approximations are all bounded
above in absolute value. A finite interval suffices provided B(x, ¢,(x)) and
B(x, p,(x)) are defined.

Further, instead of requiring B to be non-negative and monotone in
each u;, we may postulate a function F(x, ug, u;, ..., u,;) such that
|B(x, w)| £ F(x, @) for each (x, ##) € D and impose on F all those condi-
tions that are imposed upon B(x, i) in Theorem 4.

We also have the following result.

COROLLARY 3. Let B(x, ug, uy, . . ., u,_1) be continuouson D:a < x < o0,
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—0 <u; < 0,0 =i=Zn—1.Let F(x) be condinuous on (a, o) so that
|B(x, #)] = F(x) for each (x, i) € D and let k be an integer such that 0 < k
< n—1 and [~t"*1F(t)dt < oo. Let Py(x) be a polynomial of degree at
most k.

Then for all b > a the equation (16) has a solution y,(x) defined at least
on [b, ) satisfying

(S) yOb) = POB), 0 < i < k—1,
and
Sp YO (x) = PAX) + o(xF),0 < i < n—1.

Conversely, if (16) has such a solution y,(x), then
4y j'“’ n—4-1B(z, 3)dt < oo.

Proor. The proof of the convergence of the successive approximations
to a solution of (16) on [b, c0) with properties (S) follows as in Theorem 1.
The proof of the properties (S;), which in Theorem 2 depended upon the
partial order £, follow here from the corresponding arguments presented
in Theorem 4, as does the proof of the partial converse.

Here the direct portion of the corollary also includes the two aforemen-
tioned theorems of Svec (Theorem 1 of [7] and Theorem 2 of [8]).
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