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DIRICHLET SEMIGROUPS ON BOUNDED DOMAINS
JAMES G. HOOTON!

ABSTRACT. Let I be a simply connected domain in R” with smooth
boundary and let d 2 = p(x)dx be a probability measure on /” such
that0 < ¢ < p(x) £ R < oo a.e.on /. Let a(x) be ann x nmatrix
valued function on /" which is uniformly bounded and which is
uniformly bounded below by 1 > 0. It is shown that the maximal
and minimal Dirichlet forms associated with a(x) and p(x) are
represented by self-adjoint operators, each of which generates a
hypercontractive semigroup.

1. Introduction. Suppose that du = p(x)dx is a probability measure on a
domain I" = R” and that for x € I, a(x) is a positive definite n x »n matrix.
We can define a sesquilinear form 4 on L%([", du) by specifying

h(u, v) = jVu S (@Vv)dx = Y] |, 8dx
by L=l p
for some suitably chosen domain of 4. If the boundary of [ is sufficiently
regular, if a and p satisfy certain boundedness conditions, and if the do-
main of 4 is chosen properly, then 4 will be a Dirichlet (i.e. closed Markov)
form, as defined by Beurling and Deny [2] and by Fukushima [5]. 4 is then
represented by a positive self-adjoint operator 4 which generates a sub-
Markov semigroup of operators {e~*4} on L%(I", dy). It follows that {e—*4}
is an L?-contractive semigroup as will be seen in §3.

In the case /" = R” and a(x) = p(x)I, there has been a great deal of
interest in the relationship between properties of the density p and hyper-
contractivity of the semigroup e—*4 (see, e.g., [3], [4], [6], [7], [11], [16] and
[17]). Conditions on p which have been shown to imply hypercontractivity
fall generally into two classes: (i) conditions which stipulate the decay of
p(x) for large |x|; (ii) conditions pertaining to the regularity of p.

For the semigroup e~*4 to be hypercontractive, it is in fact necessary that
the density p(x) decay in some uniform sense like e~'*'°. The regularity
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conditions, on the other hand, have arisen merely as a consequence of the
former methods of proof.

This article basically concerns itself with establishing hypercontractivity
of a semigroup corresponding to a Dirichlet form under the assumption
that the domain /" is bounded. With the absence of a need for decay con-
ditions, a more direct proof of hypercontractivity has been developed
without the necessity of regularity conditions on p. The theory is valid for
a fairly general class of strongly elliptic matrix valued functions a(x).

The standard means for establishing hypercontractivity of a Dirichlet
semigroup is to show that the logarithmic Sobolev inequality

‘[Iulzlnluldp < ch(u, w) + |lullfinfullz + oflul3
r

holds for all elements # of the form domain. It is shown in §5 that this
logarithmic Sobolev inequality holds if and only if the form domain can
be continously imbedded in the Orlicz space L2n L(I", dy).

It is then observed that for a proper choice of form core, and with cer-
tain conditions on [, x and a(x), the form domain is contained in the So-
bolev space W1,2([", du). If I' is bounded, then using the classical Sobolev
imbedding theorem, it follows that W1L2(I', dy) can be imbedded contin-
uously into L2(I", dy) for some p > 2; in turn L#(I", dy) can be imbedded
into L2In L(I", dy). Thus hypercontractivity of the Dirichlet semigroup is
proved without any reference to the regularity conditions which were
previously essential. This suggests that, for a probability measure x on an
unbounded domain /7, a possible means of obtaining hypercontractivity
results for a corresponding Dirichlet semigroup might consist of establish-
ing a relationship between properties of y and the existence of an imbed-
ding WLA(I', du) —» L2n L(I', dp). One would expect the rate of decay of
dy for large |x| to be of central importance.

In proving hypercontractivity without requiring any regularity of the
density p(x), it has been necessary to modify significantly the theory which
was set forth in §4 of [7]; the modified theory appears in §4 of this paper.
It is interesting to note that it has been possible to replace the former
proofs, which relied on a careful determination of the domain of the Diri-
chlet operator, with arguments requiring only a determination of the form
domain.

2. The Dirichlet form, Throughout this discourse we shall assume that
I’ is a simply connected domain in R*. We define a measure g on [I" by
specifying du = p(x) dx where p € L*(I') and p is locally bounded away
from zero on [', where [” denotes the closure of [” (i.e., for any compact
set K< I',p = ex > 0Oae. onK).

We denote by C5°(/") the set of all infinitely differentiable functions with



DIRICHLET SEMIGROUPS ON BOUNDED DOMAINS 285

compact support contained in I, and by C5°(I) the set of all functions
pxr where g € C3°(R”) and y, is the characteristic function of the set /.
9'(I") denotes the set of distributions on /.

For a non-negative integer k, and for 1 < p < oo, the Sobolev space
W', dy) is the set of all functions whose distributional derivatives of
order less than or equal to k are in L2(I", dy). W55(I',dy)is a Banach space
with respect to the norm

1/p
Il p.ap = ( 2 1Dul5,)

lal<k
where || lo, 4, = Il - |, 4, is the usual L? norm with respect to . We will
use the notation | - ||, , = |- ||, 5,4, When the meaning is clear. Note that

Cg(I') is contained in W 2(I', dy).

The Sobolev space W(I', dy)is defined to be the closure of Cg°(/") with
respect to the norm | - ||, 5, 4,- In general, W§2(I', dy) is a proper subspace
of Wea(I', dy) for k = 1.

We define WEA(I', dy) to be the set of all functions u such that ue
Whd(I',, dy) for all open sets I'; < I such that [, is compact.

ReMARKk. If /" is a bounded domain, then the norms |||, 5 4, and
Il Ile, p, ax are equivalent since we have 0 < s < p < [lp]l.c < c0a.e. on ['.
In this case, the spaces W#2(I', dy) and W#2([", dx) coincide; likewise the
spaces W§2(I', dyp) and WEA(I, dx) coincide. In the same manner, for all
domains " we have WEA(I', du) = WkH(I', dx); hence we will use the nota-
tion Wigd = WA, du).

We let now a(x) = (a,;,(x)) be an n x n matrix valued function defined
for x e I" which is locally strongly elliptic: i.e., for compact sets K < [,
there exists 65 > 0 such that for any » dimensional vector &,

Q) &-a(x)€ = Z; Eigjaz‘j(x) Z ok &
i, 7=
for almost all x € K. We then define a sesquilinear form
) h(u, v) = j-Vu-(aW) dx = i} UV, a;dx
Vi £, /=1

forallu, ve C3°(1_’2. We consider 7 as an unbounded form on # = L¥([’,
dp) and note that h is positive, i.e., A1) = h(u, u) = 0 for all u e CP(I).
Moreover, we have the following result.

PROPOSITION 2.1. 4 is closable. Denoting the closure of h by hy, we have the
domain of hy, denoted Dom(h,), contained in Wk2.

We define 4, to be the maximal Dirichlet form on [” corresponding to a
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and u. This definition and the proof of this proposition are derived from
the exposition on Markov symmetric forms given by M. Fukushima in [5].

PROOF OF PROPOSITION 2.1. Suppose u,e C(I'), u,—0 in # and
h(u, — u,)) —» 0. We first show that h(u,) — 0, thereby exhibiting that
h is closable.

For a compact set K = [, it follows from (1) that

Z (uk m)x, (ulz m)x, u(x) dx

L=l

[\%

ok 32 | 1y — u), 2 dx.
=1%

Hence (u,,),, converges in L, (/") fori = 1, ..., n. Since u,, » 0in 5, it
follows then that u,, — 0 in WE%(I"). Now it is not hard to show that a
subsequence of {u,}, which we will denote by {u, }, exists such that
(um,)x,- — Qa.e.on['fori = 1, ..., n. Hence by Fatou’s lemma, we have

ii(uk) = l]m< Z (uk um/)x,'(uk - um,)x,-) ai;(x) dx
r

i,j=1

< lim inf A(u, — Uy ).
/—00

It follows that A(u,) » Oas k — oo, and % is closable.

Now, for u € Dom(h;) there exists a sequence u, € C°(I') such that
u, > uin # and hy(y, — u,) — 0. It then follows as above that u, con-
verges to u in WLA(I).

ReEMARK. By placing more restrictive conditions on a(x) and 97" (the
boundary of /"), we can obtain a more precise determination of A;. For
example, if 9/ satisfies the segment property, defined in §4, and if there
exist constants 0 < A < / < oo such that Ap(x) |§]? < & ‘a(x)€ < Ap(x) 1€2
for all n dimensional vectors & and almost all x € [, then it can be shown
that Dom(h;) = WLX([I', dy)and that for u, v € Dom(hy), hy(u, v) = [pVu-
aVv dx. This follows from the fact that if 3/ satisfies the segment pro-
perty, then C5°(I") is dense in WL2([I", dy) (see, e.g., Theorem 3.18 in [1]).

We next consider /# defined by equation (2) with domain ¢ such that
Ce(I') = € = C(I7). h, considered as an unbounded form on #, is clos-
able: Ay is a closed extension of 4. The closure, denoted by 4, will be called
the Dirichlet form on /" corresponding to a(x), ¢ and €. For the remainder
of this paper, we shall use the term Dirichlet form exclusively to refer to
just such a form 4. In the particular case that € = C{(/"), we denote the
corresponding form by Ay, and call it the minimal Dirichlet form corre-
sponding to a and .

As in [5], we will say that a symmetric form ¢ is Markov if for any § > 0



DIRICHLET SEMIGROUPS ON BOUNDED DOMAINS 287

there exists a non-decreasing function ¢,(t), ¢ € R, which satisfies the fol-
lowing conditions.

() ps¢) =tfor0 =1 =1 |ps(1)) S tand — 0 S (t) £ 1 + 0 for
allteR,

(ii) If v € Dom(e), u real valued, then @;(u) € Dom(¢) and e(p;(w)) =
e (u).

Theorem 3.3. in [5] states that if a symmetric form ¢ is Markov and clos-
able, then the closure is Markov. Hence by considering for § >0, a C*
function gs(¢) satisfying (i) and also the property 0 < ¢;(¢) < 1 for all
t € R, it follows readily that each Dirichlet form defined above is Markov
(a similar statement is made in Example 1 of [5]).

The fact that a Dirichlet form is Markov will turn out to be very useful
in the LA-contractivity proof of the next section.

3. The Dirichlet Operator Semigroup. Given a Dirichlet form 4 cor-
responding to a(x), x and &, the representation theorem for closed
positive forms provides us with a positive self-adjoint operator 4 on
# = LXI', du) which represents h. Dom(4) = {u € Dom(%) such that
there exists w € o satisfying <w, v),, = A(u, v) for all v e Dom(h)},
where (-, -)>,, represents the inner product on ;. For such u, Au is
defined to be the corresponding w. We define A to be the Dirichlet operator
associated with h. In this section, we will show that A4 is the generator of
an L#-contractive semigroup. We begin with the following determination
of A.

PROPOSITION 3.1. Dom(4) < {u € Dom(h) such that (1/p) 1% ;—(u,, a;; %
e#}. For such u, we have

Au = — (1/p) 37 (u 4.,
#,7=1
PrOOF. Define, for all u € Dom(4), Tu = — X7 (u,.a;),,. Hence T
maps Dom(4) into 9'(I"), and for pe C§(I"), we have ¢, § € Dom(h), and

(T, b = 3 ju,,,. 0x,057 dx = ha, P)
z)

1,]—
= (Au, pdy, = £ Au po dx

where (-, -),s represents the pairing between a distribution and an
element of C3>(I"). Hence Tu = pAu in &’ so that Tu is a locally integrable
function. The proposition then follows.

REMARK. Note that for v € Dom(4), we have not determined that
each of the terms (1/p) (u,,a;;),, is in #, but only that their sum is.

ij/xj

REMARK. By placing more restrictive conditions on 97", a(x) and p(x),
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we can impose a greater degree of regularity on elements of Dom(A4). For
example, if 9" is smooth, a(x) e C(I") and p(x) € C(I"), then we can deduce
that Dom(A4) «¢ WZ2(I') using standard regularity theorems for elliptic
equations (see, e.g., [12]). It should be noted however that we are not in
a position to determine a core for A in the tenor of [4] or [7].

Remark. The different choices of the form core ¥ generally result in
entirely different Dirichlet operators A. For example, if 9/, a(x) and p(x)
are sufficiently regular, it is evident from the definition of A that elements
of the domain of the operator associated with the maximal form must
satisfy Neumann boundary conditions on 9/7; likewise, elements of the
domain of the operator associated with the minimal form must satisfy
Dirichlet conditions on 3/

Since the operator A is positive, it generates a contraction semigroup
of operators {e~*4},.; .., on #. It follows from Theorem 3.2 in [5] that
e~tA is weakly Markov foreach ¢ > 0.I.e.,forue #suchthat0 < u < 1
a.e. on/,we have 0 < e~*4y < 1 a.e. on ['. This is a stronger result than
the positivity preserving result in [7], which states that e~*4y = 0 a.e. on
I’ whenever u = Oa.e.on [

We will assume for the remainder of this paper that [, o(x) dx =1 so
that g is a probability measure on /.

We say that {4}, ., is L?-contractive, or that A generates an L?-
contractive semigroup, if the restriction to L2(I", du) of {e~*4}is a contrac-
tion semigroup for p > 2 and the closure in L2(/", dy) of {e~*4}is a con-
traction semigroup for p < 2.

THEOREM 3.2. Let A be the operator associated with a Dirichlet form h.
Then {e~'A}, oy is an LP-contractive semigroup which is strongly con-
tinuous for 1 < p < oo.

PrOOF. We need only make minor revisions in the proof of Theorem
X.55 in [13], which states that if S is a positive self-adjoint operator on
L2(R”, dy), p a probability measure, and if e~*S is positivity preserving
with e~t5(1) = 1, then e~*S is L#-contractive and moreover, the semigroup
is strongly continuous for 1 = p < .

The condition e~*4(1) = 1 is not generally satisfied, but the Markov
condition satisfied by e~*4 is an adequate substitute. If we take u € L2(],
dy) such that u = 0 a.e. on [, then

“e_tAu”l = <l, e~t4 u>d,u = <e—tAl’ u>dp
= <L way = lully.

The inequality follows from the fact that e—¢4 is Markov. The rest of this
proof is exactly like the proof of Theorem X.55 in [13].
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EXAMPLE. Suppose that /' = R”, a(x) = p(x)I, and ¥ = CF(R*) so that
h(u, v) = [ Vu-ﬁpdx with Dom(h) = WL2R*, dy). In this case,
Theorem 3.2 generalizes Theorem 3.5 in [7] which provides the same
result, assuming that p is continuous and that 4 has a predetermined
core.

4. Hypercontractivity. Suppose that /4 is either the minimal or maximal
Dirichlet form on a bounded domain /”. We will show in this section that
if the boundary o/ is sufficiently regular, and if the function a(x) satisfies
appropriate boundedness conditions, then the corresponding semigroup
of operators is hypercontractive if A satisfies a certain logarithmic Sobolev
inequality. We will say that an L?-contractive semigroup {e~*8},crg ) is
hypercontractive if there exist # > 0 and p > 2 such that e8|, , < oo,
where || -|,, , denotes the norm of an operator from L¢ to L~ (see, e.g.,
[13] for equivalent definitions of hypercontractivity).

We will assume in this section that /" satisfies the segment property:
For every point x € 9/ there exists an open set U and a nonzero vector
ysothat xeU and if ze['() U, then z + tye ' for 0 <t < 1. It is
then the case that C(I") is dense in Wa(I',dy) for ke Z+, 1 < p < ©
(a similar remark was made in §2).

We assume that y is a probability measure on /" where du = p(x)dx,
p as specified in §2. The following preliminary calculation is valid for a
bounded or unbounded domain /"

For2 < p < o0, wedefine g = p* = p/(p — 1) (sothat (1/p) + (1/q) =
1). For u € LXI', dy), we define

ululp=2 ifu(x) #0
u, = (sgn w)ulp~! u =
0 if u(x) = 0.

LEMMA 4.1. The map {(u) = u, is a continuous bijection of WH2(I", dy)
into Wha(I', dy). Fori =1, ...,nand ue WHLA(I', du), we have

(p = Dulp2u,, u(x) # 0
(3) (up)y, = 1 a.e.on J.
0 ,u(x) =0

Moreover, L maps We(I', dy) into WA, dp).

PRrOOF. Since { is a homeomorphism from L2([", dy)to La(I', dy), then
{: Wl? —» Wha is one-to-one. Also, that (3) holds for u e CP(I") was
established in the proof of Lemma 4.2 of [7].

We now establish (3) for arbitrary u € WL([', dy). For such a u, there
exists {u,} = Cg°(I') such that |lu, — ul|; »— 0, as mentioned above.
Since § is a homeomorphism from LA(J, dy) to L4(I", dy), we have ||(u,), —
uyll, = 0. Moreover, fori =1, ...,n,
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(@), — (p = D) lulP~2 u, |,
=(p-DI luklp—z((uk)x,- —u)l,
+ (P = DI(upl?=2 = ful?=2)u, |,
But

I a2 (), — w4

= qlukl" d,tz)p_w_l <j|(u,,)x‘. — u, dﬁ>1/‘° 1

— 0 as kK — oo since u, — u in Wht. Also,

a2 = Jul#2) e | g
= <Ilux'_|p dﬂ>l/ﬁ_1<j|”€_2 — yp-2|prp-2 dﬂ)p—Z/p—l_

It is a routine exercise now to show that a subsequence u4 % converges to
u?=2 in L#/ -2 (see, e.g., p. 76 of [15]). Using a standard distribution
theory argument, then, we obtain (3) fori =1, ..., n.

The continuity of { follows from the closed graph theorem. And if
ue Ce(I'), then u, e C§(I")(a similar calculation appears in the proof of
Lemma 4.2 of [7]). It follows by continuity that { maps W§-2(I",dy) into
Wga(I', dy). Hence the proof of Lemma 4.1 is complete.

In order to prove the main hypercontractivity results of this article,
it will be necessary to require that the domain " be bounded. It will be
convenient to meet that requirement at this point. We assume for the
remainder of this paper that /” is a bounded domain.

We now have du = p(x)dx where 0 < ¢ < p(x) £ R < © a.e.on [
As we remarked earlier, we then have Wh2(I', du) = Wh(I', dx), both
of which we will denote simply by W*?;similarly we have W§2(I', dy) =
W¢A(I, dx), both of which will be denoted W».

We also have a(x) strongly elliptic on /. Le., there exists A > 0 such
that &-a(x) & = 1| &2 for all n-dimensional vectors £ and almost all xe I
We assume in addition that for some A < oo, &-a(x) &€ £ A|&[2 for all
vectors & and for almost all x € I'. It follows then that a;,(x) € L=(/") for
Lj=1,...,n

Finally, for the remainder of this section we assume that either ¥ =
C(D)or ¢ = C(I"), denoting by h, the Dirichlet form corresponding to
C$(I") and by A, the Dirichlet form corresponding to C(I").

With the new restrictions on a(x), the following two conditions on a
sequence {u,} = Cg°(I') are equivalent:

(1) u, > uin L2 and hy(u, — u) - 0

(i) u, - u in W2,

In particular, we have Dom(h;) = W12 and Dom(hy) = W2
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It has been shown by L. Gross (Example 2 in [6]) that if the operator
corresponding to a Dirichlet form 4 generates a hypercontractive semi-
group, then # satisfies the following logarithmic Sobolev inequality:
there exist constants ¢ > 0 and 0 such that

@ j WP In |4l dy < ch() + Jul In ul + & Jul
r

for all ¥ e Dom(h). Our aim for the remainder of this section is to prove
the converse in the case that 4 is either the minimal or maximal dirichlet
form.

We now let 4 stand for either Ay or Ay; correspondingly € = C(I")
or C°(I"). We suppose that there exist ¢ > 0 and 6 such that (4) holds
for all u € ¢, and note that (4) extends immediately to all ¥ € Dom(h),
the proof being similar to proof of Lemma 4.3 in [7]. Moreover, we have
the following result.

LeMMa 4.2. For all real valued u € Dom(h) (| Wht, p > 2,

) 5 lul? In < 2 N LA

i 1]1

+ llulg In flul, + 7 flae-

ProOF. For real valued u € @, (5)follows by substituting |u|#/2 into (4)
and noting that

(ul??), (u|?'2),, = p2/(4(p — D)u,(up),, a.e.on [’

(a similar calculation appears in the proof of Lemma 4.2 of [7]).

% is dense in Dom(k) (| W1? in the norm | .||, , since & is dense in
Dom(#) in the norm | - ||}, and since the imbedding Wit— W2 is
continuous. Hence for real valued u € Dom(k) (| W1:? there exists {u,} =
%, u, real valued, such that |lu, — ull;, , — 0. According to Lemma 4.1,
then ||(wy), — uplly,; = 0. And since a;;€ L*(I")for i, j =1, ...,n, we
have

Z (uk)x,((uk) p)x Aij dx

7,7=1
- Z U, (uy)y;a,;dx as k — oo,
Hhi=l p
after which the lemma follows as in the proof of Lemma 4.4 of [7].
We will derive the main hypercontractivity result of this section as a

corollary to the following theorem, which is a direct consequence of
Theorem 1 and Corollary 2.1 of [6].
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THEOREM 4.3. Suppose that B generates a positivity preserving L?-con-
tractive semigroup on the spaces LA(M, dv), 1 < p < oo, where v is a pro-
bability measure on M. Suppose that c(p) and 1(p) are continuous functions

on [2, py) and that c(p) > 0 on [2, py) for some p; > 2. If for all p such that
2 £ p < pywe have

[t 01l dv < e(p) [ By dv + Jully Il + 7(p) Il
M M

Sor all non-negative u e Dom(B) (| LA(M, dv) such that Bu e LM, dv),
then {8}, oy is hypercontractive.

REMARK. It can routinely be shown that, for p > 2, {u € Dom(B)
L#(M, dy) such that Bu e LM, dy)}is the domain of the generator of the
restriction of {e~8} to LA(M, dy).

PROOF OF THEOREM 4.3. This proof is a simple variation of the proof of
Theorem 4.5 in [7]. We let p(¢) be the solution of the initial value problem
¢(p) (dp/dt) = p, p(0) = 2. There exists some interval [0, #y] on which p is
an increasing, continuously differentiable function and such that 2 < p(ty)
< p1. We set py = p(to). We then have P(t9) = [ r(p(s))ds < oo, and it
follows from Theorem 1 and Corollary 2.1 of [6] that [e~%B||, , < e?(t)
< 0. Hence {e~B} is hypercontractive.

For the proof of the next theorem, it will be necessary to assume that the
boundary of ["is of class C1: i.e., we assume that 9/" can be covered by a
finite number of n-dimensional neighborhoods U, such that each U, can
be mapped in a one-to-one way onto {y € R* such that [y| < 1}, with
U; " I'mapping onto {y € R”such that [y| < 1, y; > 0} and U; N oI
mapping onto {y € R” such that |y| < 1, y; =0}, by a mapping @, which
together with its inverse has continuous derivatives of order less than
or equal to one.

THEOREM 4.4. Suppose that I' is a bounded simply connected domain in
R* which is of class C'. Suppose that dy = p(x) dx is a probability measure
on [" such that 0 < ¢ < p(x) < R < oo a.e. on I', and that a(x) isann x n
matrix valued function such that &2 < & - a(x) & £ A|E|2 for all n-dimen-
sional vectors & and almost all x € I', where 0 < A, A < 0. Suppose that
either ¢ = C°(I" or ¢ = C(I') and that h is the Dirichlet form on I cor-
responding to y, a, and €. If h satisfies the logarithmic Sobolev inequality
(4) for all u € €, then the operator A associated with h generates a hypercon-
tractive semigroup.

Proor. For p > 2, we denote by 4, the generator of the restriction of
the semigroup {e~*4} to L?. To prove Theorem 4.4, it suffices, in view of
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Lemma 4.2 and Theorem 4.3, to exhibit an index p; > 2 such that for
22p<py

(6) jAu uy, dy = Zn: ju,i (up),, a;;dx
T L=l
for all u € Dom(4,).
Given the conditions on I", p(x) and a(x), it follows directly from The-
orem 1 in [10] that there exists p; > 2 such that for 2 < p < p;and we L?,
there exists a unique ¢» € W{-? such that

@) j'wvd/,e = }_‘_‘ g[}x v l.a,-j-dx
bV i,7=1

for all v e W}#", where p* = p/(p — 1). If ¢ = C°(I"), we let w = Au for
u € Dom(4,). Since (7) holds in particular for all v e W2, we must have
¢ = u by definition of the operator representation 4. Then (6) follows by
substituting v = u, € W§?" into (7).

It has similarly been shown that, given the conditions on /", p(x) and
a(x), there exists p; > 2 such that for 2 £ p < p; and w € L?, there exists
a unique ¢ € W1,? such that

®) J widy = 3 [ Voagde + §¢vdﬂ

ij=1
for all ve Wbt (see [8]). If ¢ = Ce(I'), we let w= Au + u for ue
Dom(4,). Since (8) holds for all v € W1:2 since A4 represents 4, and since

g = ) | fugeaidx + Ifg"d/z
£, 7=1 r
defines an inner product on W1,2, we must have ¢y = u. Then (6) follows by
substituting u, into (8); hence Theorem 4.4 follows.

ReMARK. Though Theorem 4.4 is adequate for the purposes of this
paper, it seems as if a similar result should hold for an unbounded domain
I' with sufficiently regular boundary. It can in fact be shown that Lemma
4.2 is valid for such a domain [ if there exist 0 < 1 < /A < oo such that
2o(x) |62 < & - a(x)E = Ap(x)€2 for all vectors & and almost all x e /.
Hence Theorem 4.4 can be generalized by producing duality theorems for
unbounded domains which are similar to the theorems for bounded do-
mains utilized in the proof of Theorem 4.4.

5. An Orlicz space imbedding. If the logarithmic Sobolev inequality (4)
holds for all u in the domain of a Dirichlet form 4, /4 as qualified in the
previous section, then we have an imbedding of the form domain into the
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Orlicz space L2 InL(I", dy). A converse to this statement will provide a
means for establishing hypercontractivity of the Dirichlet semigroup.

To define the Orlicz space, we first note that there exists a function B e
C?(0, c0) with the following properties.

(i) B(x) = x2Inxforx2lnx = 1,

(ii) B(x) = |x2In x| on [0, o),

(iii) B(0) = B’(0) = 0, and

(iv) B”"(0) = 0 on (0, o0),

If v is a probability measure on M, then the set of all measurable func-
tions u on M such that [, B(|u(x)|) dv < o is a Banach space with respect
to the norm |ul| = inf{r > O such that [, B(lu(x)|/r) dv < 1}. This space
is an Orlicz space (see, e.g., [1] for a general discussion of Orlicz spaces)
which will be denoted by L2nL(M, dv). We shall also use the somewhat
more appealing notation || - || ;2. = || - |5

ReEMARK. Given a second function B, satisfying (i)-(iv), the norms
|-l and | -|l5, are equivalent; hence the space LZnL(M, dy) is well
defined.

THEOREM 5.1. Suppose that v is a probability measure on M. Suppose that
¢ is a closed positive form on LA M, dv) with domain denoted Dom(g). Then
there exist constants ¢ > 0 and § such that

) A‘!‘Iulz In ful dv < ce(u) + ul§In |lullz + 0 [lul}

for all u e Dom(e) if and only if Dom(e) can be imbedded continuously in
L2nL(M, dy), where Dom(e) is viewed as a Banach space with respect to
the norm |ul, = (|ull3 + e())!"2.

ProOF. If u € Dom(e) and u satisfies (9), then certainly u € L2 InL(M,
dv); hence the imbedding exists. Continuity of the imbedding is an im-
mediate consequence of the closed graph theorem.

Suppose, conversely, that the imbedding, denoted by i, exists and is
continuous, with [illpomee), 2z = R < 0. (9) certainly holds for u = 0
for any contants c and §.

We consider then an element u of Dom(e) such that ||u], = 1 and
observe that [[ullpomey 2 1 and JJull 2z < (R + Dlullpme- We choose
a = 1so that |ull;z,, < @< (R + 1) |ullpome- Hence [yB(lul/a)dy < 1

fo(sye - oo § (fn(t

[24 a

so that
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f (o

e
On the other hand,
() gy < [ g
S (rues § o) s

a

where the first inqeuality follows from condition (ii) listed above. It fol-

lows that
Aj;|ulzln lul dv = azn_i‘( |u|> ln< |Z‘>dv

+ lw In ady < 262 + Ina < 3a?.

Hence we have

j' uzIn |ul dv < 302 < 3R + D |ullBonce
M
= 3(R + D2Ze(w) + [ullZ]

from whence it follows that (9) holds with ¢ = § = 3(R + 1)2 foru e
Dom(e) such that |ull, = 1. For u € Dom(e) such that |u|, = 3 >0,
we insert u/{ into the inequality (9) to obtain (9) for u with the same con-
stants ¢ and §. Thus Theorem 5.1 follows.

THEOREM 5.2. Suppose that I', i and o(x) satisfy the conditions of Theo-
rem 4.4 and that either ¥ = C(I")or € = C(I). If h is the Dirichlet form
on I' corresponding to u, a(x) and %, then the operator A associated with h
generates a hypercontractive semigroup.

Proot. The classical Sobolev imbedding theorem for a bounded domain
with smooth boundary provides us with a continuous imbedding of
Wl2into L? for some p > 2 (see, e.g.,[1]). Then since y is a finite measure,
we have a continuous imbedding of L? into the larger space L21n L.

Since in any case Dom(h) = W12, we have by composition a continu-
ous imbedding of Dom(#) into L2 In L. Thus the conditions of Theorem
5.1 are satisfied, so that the conditions of Theorem 4.4 are satisfied, from
whence Theorem 5.2 follows.

REMARK. In the case I' = R~ there is a great deal of evidence relating
hypercontractivity of a Dirichlet semigroup, existence of a logarithmic
Sobolev inequality (4), and decay of the corresponding measure dy =
p(x) dx for large |x|. One should therefore expect to be able to establish a
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direct relationship between continuity of the imbedding W1L,2(I', du) —
L2In I(I", dy) and decay of the measure du.

As a first step in this direction, this author has recently shown [9]
that in order for the imbedding W1.2(R”, p(x)dx) — L%R*, p(x)dx) to be
compact, it is necessary that p(x) decay faster than e~*'*! for all «, and suf-
ficient forp(x) to decay in a certain uniform sense like e~'*'“ for some a >
1 (local regularity of o(x) is not involved). This is significant in light of
the fact that, since y is a finite measure, continuity of the imbedding
WLAT, o(x)dx) — L2 InL(I", p(x)dx) implies compactness of the imbedding
WLAT, o(x)dx) — LA(I", p(x)dx) (see, e.g., [1]). One would expect, in light
of the evidence, to find a relationship between continuity of the im-
bedding W1L(I', p(x)dx) — LAnL(I", o(x)dx) and decay of p(x) in some
sense like e,

REMARK. An important consequence of the relationship between hyper-
contractivity of a Dirichlet semigroup and compactness of the imbedding
W12 - L2 is the following. Suppose that A represents a Dirichlet form A
on L%(I", d i) and that Dom(k) = WL,2(I',dy). Suppose that {e~*4} is hyper-
contractive. It follows from Theorem XIII. 64 in [14] that, since the imbed-
ding Dom(h) —» L%([I", dy) is compact, then L2(I", dy) has a complete
orthonormal basis {p,} = Dom(4) such that Ap, = u,p, wWith p; < pp <
+--and p, » oo asn — oo.
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