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DISFOCALITY AND NONOSCILLATORY SOLUTIONS OF
N-TH-ORDER DIFFERENTIAL EQUATIONS

W. J. KIM

In this paper we shall study various disfocality properties and their
consequences on solutions of the differential equation

(E) y® 4+ py =0,

where p is continuous and of constant sign on [a, o). Equation (E) is said
to be disfocal on an interval [ if, for every nontrivial solution y of (E), at
least one of the functions y, ', . .., y»D does not vanish on /. If equation
(E) is not disfocal on 7/, then there exists an integer k(1 < k <n — 1), a
pair of points b, c € I, b < ¢, and a nontrivial solution y of (E) such that &
of the functions y, y’, ..., y»D vanish at b and the remainingn — k
functions at ¢, i.e.,

yidb) =0,i =0,1, ...,k — 1,

1
M yide) =0,i=k,...,n — 1,

Osjo<pn< " <jas=sn—-L0=j,<jpn<- - <jpasSn-1L

Here, n — k is even or odd according as p < 0 or p > 0[10], which is the
well-known parity condition that every nontrivial solution of the problem
(E)-(1) must satisfy. Equation (E) is said to be (jy, ji, - - -5 Js1) — Ups « - -5
Jn—1) disfocal on an interval I if for every pair of pointsband cin I, b < c,
the only solution satisfying the conditions in (1) is the trivial solution;
furthermore, if j; =4, i=0,1, ..., n — 1, it is said to be k — (n — k)
disfocal, and this special case has been investigated by Nehari [10, 11, 12]
and Elias [2, 3, 4]. We shall say that equation (E) is eventually (jo, j1» - - -»
Jee1) — s - - -5 ju—1) disfocal on [a, o) if there exists a point b = a such
that (E) is (Jo, j1> - - -5 Je-1) — (g - - -5 Jn_1) disfocal on[b, o0). The concept
of eventual (jy, j1, --+> Jee1) — (s> ---» ju_1) disfocality is related to the
existence of nonoscillatory solutions satisfying a set of sign conditions as
shown in Lemma 2. On the other hand, Lemma 1 states that only certain
sets of sign conditions are admissible for nonoscillatory solutions of (E).
Since the admissible sign conditions strongly depend on the parity of n
and the sign of p, it is convenient to consider the following four cases:
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(i) neven, p > 0,
(ii)) n odd, p > O,
(iii) n even, p < O,
(iv)n odd, p < 0.
Equation (E) satisfying condition (i), for example, is denoted by (E));
(Ei), (E;;), and (E,,) are similarly defined.

LemMA 1. [8]. Let y be a nonoscillatory solution of (E) such thaty = 0 on
[b, ) for some b = a, and let p # 0 on [b;, o©) for every b; = a. Define
[C] to be the greatest integer less than or equal to C. If y is a solution of (E;)
or (E;,), there exists an integer j,0 =< j < [(n — 1)/2], such that

(@) y9 >0,i=0,1,...,2j

on [by, ) for some by, = b, and

3 (—1y+ly® > 0, i=2+1,...,n—-1,

on[b, ). If y is a solution of (E;)) or (E;;;), there exists an integer j,0 < j <
[n/2], such that

4 y9 >0, i=0,1,...,2/ -1,

on [by, ) for some by, = b, and

(5) (=1yy® >0, i=2,...,n—1,

on [b, ).

Following Kiguradze [6], we say that a nonoscillatory solution y of (E;)
or (E;,) belongs to class A4; if y or — y satisfies the inequalities (2) and (3),
0 =j = [(n — 1)/2]. Similarly, a nonoscillatory solution y of (E;)) or (E;;;)
is said to belong to class A; if y or — y satisfies the inequalities (4) and (5),
0 =j=[n2].

The parity condition [10] mentioned earlier for (E) is equivalent to the
condition

(P) (=1 p(x) < 0.

We shall henceforth assume (P) whenever (i, ..., ji—1) — (U -+ -5 Jue1)
disfocality is discussed. Note that equation (E)is trivially (jo, - . ., jee1) —
(jgs - - -5 Ju—1) disfocal unless (P) holds.

Our main result is Theorem 5, in which we determine the number of
solutions belonging to the class 4;. More specifically, we shall determine
the number of solutions in A; with the property that every nontrivial linear
combination of them again belongs to 4;. In Theorem 2 we prove that if
equation (E) is eventually (jg, . - -, je_1) — (g - - -5 Jn—1) disfocal on [a, o0),
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then j, =i, i=0,1, ..., n — 1. Preliminary results required for our
investigation are contained in Theorem 1 and Lemma 2.

THEOREM 1. Assume that equation (E) is (Jo, - - -5 Je—1) — s - - » Ju-1)
disfocal on an interval [b, c) for some b = a. Let u; = uy(x, s), 1 =1, 2,
...,n, b < s < ¢, be asolution of (E) satisfying the n — 1 boundary condi-

tions obtained from
uO(B) = i (b) = --- = ulir-V(b) = 0,
u(fh)(s) — ecees — u(jn—l)(s):(),

©)

when the condition on uYi-? is deleted, and normalized by

. J1— .
o ufi-0(b, s) = % u(x, oy = 1 ifl <k,

uli=D(s, s) = %u,(x,s)l,:s= (1)1 ifl >k,
Thenu,l = 1,2, ..., n, has the following properties:
u® > 0o0ru <0,i=0,1,...,n— 1,
®) sgnu{) = sgnuftV, i=0,1,...,k —1,
sgnuld = —sgnufit i=k, ...,n—1
on (b, s) forevery s,b < s < c.

Proor. Since(E)is (Go, .. -»Jz—1) — U - - .»Js—1)disfocal on [b, 5], u, is
uniquely determined by the boundary conditions (6) and (7). In fact,

7 6] .
ul(x; S) = le—m lfl é k,
® Wix, s)
u(x, s) = (1)1 el ifl > k,

Wl(jl—l) (S, s)

where W(x, s)is the n x n determinant formed from the array

»(x) ya(x) S X 65
yi70(b) y570(b) S ALl ()
y®)  yl) . yde(d)
yiv(s) y50(s) S A L(6))
y{jn—l)(s) yz(fn—l)(s) . y:/n—l)(s)

after deleting the row involving the j,_;-th derivative, i.e., the (/ + 1)-th
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row, and yy, ys, ..., y, are a fundamental set of solutions of (E). Since
Wi-0(b, s) # 0if ] £ kand WUi-V(s, s) # 0ifl > kforb < s < c, the
determinant W(x, s) cannot vanish identically on the x-interval [b, s],
s € (b, ¢). Moreover, it is easily seen from (9) that u{” (x, s) is a continuous
functionofs,j = 0,1,...,.n — 1,/ =1,2,...,n.

We assert that u{”, j = 0,1, ..., n — 1, cannot vanish on (b, s). If this
were not the case, u/™ for some m,0-< m < n — 1, would have a zero in
(b, 5). Recalling the boundary conditions satisfied by #, and repeatedly
applying Rolle’s theorem, if necessary, we conclude that u:-V has
an odd-order zero £ € (b, s), ie., ul/i-V (€, 5) = 0 and u{/'-V(& + ¢, 5)
uli-v (& — ¢, 5) < 0 for some sufficiently small ¢ > 0. Since u//-?(x, 5)
is a continuous function of s, its odd-order zero & is also a continuous func-
tion of 5. Move s towards b in a continuous manner. The odd-order zero
& cannot disappear from the interval (b, s) without crossing the boundary
point b or s as s approaches b. However, it cannot cross the boundary
point s[b] if I < k[l > k], for otherwise it would imply the existence of a
solution u/(x, s;) for some s; which violates the parity condition mentioned
earlier. On the other hand, the zero & cannot cross b[s] if / < k[/ > k]
because Equation (E) is (g, j1, - - -5 Jo—1) — Uss - - -5 Jn—1) disfocal on [b, ¢).
Therefore, the zero & of u/'-V must remain in the interval (b, s) until s
coincides with d. This means that we can construct a sequence of solutions
uf(x, s,), m = 1,2, ..., withs,, > bas m > oo and u/-9(§,, s,,) = 0
for some &,, € (b, s,,). Evidently, this sequence can be normalized in such a
way as to guarantee a nontrivial limit u,(x) = lim,,_., u(x, s,,) (e.g.,

Crznl + 0+ crznn =1, u,(x, sm) = Cpy)h + -+ + Cmnyn) with ul(b) =
ub) = --- = u"V(b) = 0. But this is absurd. Hence, u{?,j = 0,1, .. .,
n — 1, cannot vanish on (b, s).

The relation between the signs of u/”?, j=0,1, ..., n — 1, can be

determined from the boundary conditions satisfied by u,; for example,
the condition u{(b, s) = O implies that sgn u(b + ¢ s) =
sgn u™(b + e, s) for any sufficiently small ¢ > 0, while the condition
uf™(s, s) = 0 requires that sgn u{™(s — ¢, s) = —sgn u*™V(s — ¢, 5).
Since uf”, j =0, 1, ..., n — 1, does not vanish on (b, s) the above
relations must hold throughout the interval (b, s), that is,

sgn u{/)(x, s) = sgn ulitV(x, s), i=0,1,....,k—1,
(10) gn upd(x, s) gn uy; (x,5)

sgnui/d(x,s) = —sgnul/it(x,s), i=k,...,n—1,

x € (b, s), provided i # [ — 1. Now it only remains to show that (10) holds
evenfori=1-1,i.e.,

sgn u{/-9(x, s) = sgn uf-1(x, 5)if I < k

and
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sgn u{/-(x, 5) = —sgn uf/-(x, s) if [ > k.

For the case / = k, consider the number of sign changes in the sequence of
the n + 1 functions

, , , ,
(11) ufB=rt) (=) oy gy g, L w0,

Since u® = — pu,, there are n — k sign changesif p < Oandn — k + 1
sign changes if p > 0. Recalling the parity condition that n — k is even or
odd according as p < 0 or p > 0, we deduce that the total number of sign
changes in (11) is even regardless of the sign of coefficient p. Thus,
sgn u{/i-0 = sgn u{i-1™V if | < k. On the other hand, if / > k, the num-
ber of sign changes in sequence (11)is n —k — 1 if p <0 and n — k if
p > 0. Again from the parity condition, we conclude that the total number
of sign changes in sequence (11) is odd, i.e., sgn u{/i-V = —sgn y{/i-1*D
if / > k. This establishes (8) and completes the proof.

Suppose that equation (E) is (ji, - - -5 Je—1) — (s - - -» ju—1) desfocal on
[, ) for some b = a. Let {s,,} be a sequence of real numbers such that
s,, — 00 asm — o0, and put

W, 5,) = 3 Ay I=1,2,...omm=12 ...,
=1

where yy, ..., y,are a fundamental set of solutions of (E). Define

u(x, s, L 2
(12) v;(x, sm) = ”I( ?/2 = ZBlrm' Vis Z Blzmz =L
< A%m:) =1 =1

There exists a subsequence {v/(x, s,,)} which converges to a nontrivial
limit v,(x). If we denote the subsequence {v/(x, s,,)} again by {v(x, s,)}
for brevity,
vl(x) = lim vl(xa Sm)
m—oo

13)

M=

n
=2 B,y B:=11=12,...,n
=1

=1

||

Since u{/)(x, s,,) cannot vanish in (b, s,,) by Theorem 1, we have v/?(x) =
Oorvf’(x) £0,xe[b, ©),j=0,1, ..., n — 1, which implies that v/?
is monotone on [b, ®), j =0, 1, ..., n — 1. Also note that v{) cannot
vanish identically in any subinterval of [a, c0) because v, is a nontrivial
solution of (E). Hence, v{” cannot vanish at all in (b, o), i.e., v) > 0 or
v <0in(h, ©),j=0,1,...,n—1,1=1,2, ..., n. Moreover, since
vi(x, 5,), m = 1,2, ..., satisfies the sign conditions in (8) in (b, s,,), the
limit function v,(x) also satisfies the same sign conditions in(b, c0). We
summarize this result in the following lemma.
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LemMA 2. If equation (E) is eventually (jo, ..., juc1) = s -+ s Juo1)
disfocal on [a, ), the solution v, | = 1, 2, ..., n, defined in (13) has the
Sfollowing properties:

vib) =0,i=0,1,...,k—1,
where v{/i-0(b) = 0is deleted when | < k,
v >00rv® <0,i=0,1,...,n—1,
sgn v = sgn vVt i =0,1, ...,k — 1,
and sgn v = —sgnvUit =k, ...,n— 1,
in the interval (b, o).
From Lemma 1 and Lemma 2, we easily obtain the following result.

THEOREM 2. If equation (E) is eventually (jo, ..., Joc1) — Ups - -+ Ju—1)
disfocal on [a, ©), thenj; = i,i = 0,1, ...,n — L.

In view of the above theorem we only need to consider the case where
equation (E) is eventually k — (n — k) disfocal on [a, o). For this case,
we obtain the following statements from Lemma 2.

THEOREM 3. If equation (E) is eventually k — (n — k) disfocal on [a, ),
the solutionv,, 1 = 1,2, ..., n, defined in (13) has the following properties:

Vb)Y =0,i=0,1, ...,k — 1,
where v~V (b) = 0 is deleted when | < k,

v >0,i=0,1,...,k — 1,
(=1)#® >0,i=k,...,n—1,

on the interval (b, ©).

We turn to the problem of determining the number of solutions belong-
ing to class 4;. This problem has been studied by the author [8] under the
assumption that (E) is nonoscillatory on [a, o) (i.e., every nontrivial
solution has a finite number of zeros on [a, c0)). We shall determine the
maximum number, g(4;), of solutions y;, ..., y, belonging to 4; such that
every nontrivial linear combination of yy, ..., y, again belongs to 4;.
In Theorem 5 we prove, among other results, that g(4;) = 0or 2,j =0,
1, ..., (n — 2)/2, for (E;). For the proof of this result, it suffices to estab-
lish that g(4;) = 2 if 4, is nonempty. But the nonemptiness of 4; is tied
to disfocality: (E,) is k — (n — k) disfocal on [b, c0) if and only if A
is nonempty, provided (P) holds on [b, c0) (Cf. Theorem 3 and [4, Theorem
2]). Hence, all we need to prove is that (A4 ,) = 2if (E)isk — (n — k)
disfocal. This will be done by using the solutions v, and v, ; defined in (13).
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Evidently, for constants 4 and B,

Avk(x) + ka+1(x) = lim (Avk(xa sm) + ka+1(x’ Sm))

If (E) is k — (n — k) disfocal on [b, 00), in view of (12) and recalling the
definition of u/(x, s,,) in (6) with j; = i,i =0, 1, ..., n — 1, we see that
Y = Av(X, sp) + Bviia(x, s,) satisfies y(b) = y'(b) = --- = y*2(b) =0
= y&th(s ) = ... = y&=D(s,) for all m, A4, and B. For the solution y
we have the following theorem.

THeOREM 4. If (E) isk — (n — k) disfocal on[b, ¢), b = a, every nontrivial
solution y satisfying the n — 2 boundary conditions with b < s < c,

W) = y(B) = -+ = y+D(b) = 0,

14 yUtD(s) = ... = yp&n-D(s) = 0,

has the following properties:

@) If y*D(a) = y®(B) = O for some o, B € [b, s, then a > B.

(b) The functions y, y', ..., y*& D, &+ y® can have at most one
zero and y® at most two zeros on (b, s), counting multiplicities. Furthermore,
ify > Oon (b, s), then

yED < 0, p*td >0, ..., (=1)—kly=-D > Q,
on (b, 5).

Proor. Using (14) and Rolle’s theorem repeatedly, we can easily show
that (a) cannot hold if (b) does not hold. Hence, it suffices to prove (a).
When s is sufficiently close to b, y*~1> and y ‘¥’ cannot both vanish in (b, s).
If this were not the case, we could easily construct a nontrivial solution Y
with Y(b) = Y'(b) = -+ = Y@ V(b) = 0, which is absurd. Thus, (a)is
trivially satisfied if s is sufficiently close to b.

Define H = {t| every nontrivial solution of (E) satisfying (14) withs < ¢
has property (a)} and let d = sup H. The proof of the first part will be
complete if we can show that d = ¢. Assume the contrary: d < c. Let
{z,},d < ©,,n = 1,2, ..., beasequence of real numbers such that 7, — d
as n — oo. Since 7, ¢ H, there exists a nontrivial solution w, of (E) such
that

W) = Wib) = -+ = wiED(B) = 0 = wED(G,) = -+ = WP D(g,)
for some 7,,d < 0, < 7,, and
wiD(@,) = wi(6,) = 0

for some o, and B, b £ a, £ B, £ 0g,. Evidently, the sequence of solu-
tions {w,} may be so normalized as to guarantee a subsequence converging
to a nontrivial limit w. The limit w is a solution of (E) satisfying
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wb) = w®) = - = wkDB) =0=wktD(d) = ... = wr-D(q),
wD(@) = w®(p) = 0

forsome o, B, b Sa=psdIfb<a<dl[b<pf<d]thenf#d
[6 # a] by Theorem 1 since (E) is k — (n — k) disfocal on [b, d]. Therefore,
ifb<a<dorb< f<dtheneither(A)b<a<f<dor(B)b<a
= f3 < d. In case (A) we shall prove that g[«] cannot be an odd-order zero
of w®[w*-D], Define

yi(x) Ya(x) e PA)
n®) By
P B2 O T Sl (O BN sl ©)
(> GEEDZ @) @ . @]
W) p) L ()
W) O @)

where y;, ..., y, are a fundamental system of solutions of (E). The
determinant w(x; «, d) does not vanish identically because d*/dx*w(x;
o, d) |,—4 # 0 by Theorem 1 and w(x) = Kw(x; a, d) for some constant XK.
If 8 were an odd-order zero of w®, due to continuous dependence of
w(x; a, d) and its derivatives on d, there would exist ¢ > O and 8}, a« < §3;
< d — &, such that the solution wy(x) = w(x; a, d — ¢) would satisfy

Wl(b) = ... = Wl(k—Z)(b) =0= wl(k+1)(d_ 5) = ... = wl(n-l)(d_ 6),
wi(a) = wiP(gy) = 0.

But this contradicts the choice of d, and therefore, 3 cannot be an odd-
order zero of w® ., Similarly, we may prove that o cannot be an odd-order
zero of w1 _ Hence, if w* V(@) = w®(B) = 0,b <a<pf < d, thena
cannot be an odd-order zero of w%~1 and 8 cannot be an odd-order zero
of w®_ On the other hand, both « and 3 cannot be even-order zeros of
w%D and w®, respectively. If w*D(a) = w®(a) = 0 and w® () =
w*tD(B8) = 0, then w*+D(y) = 0 for some 7, a < y < B, that is, w*+D
has three distinct zeros on (b, d]. Again by a repeated application of Rolle’s
theorem, we conclude that w® = — pw has two distinct zeros on (b, d)
and eventually that w® has an odd-order zero between two distinct zeros
of w*~D_ But we showed earlier that this is impossible. Consequently,
case (A) b < @ < 8 < dcannot hold.

Incase (B) b < a = 8 < d, we may assume that w has at most one zero
on (b, d]. Furthermore, a as a zero of w*~D is a zero of order at most
3 and w®*-D has no other zeros on [b, d]—for, otherwise, we would again

(16)
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be led to the conclusion that there exists an odd-order zero of w between
two distinct zeros of w%~1, Hence, there are two possibilities:

D wt=D(q) = w®(q) = 0, wktD(q) # 0

(I0) WD (q) = w®(g) = wkt(g) = 0, w&(q) # 0.
If (I) holds, the double zero a: of w*~1> must separate into two simple zeros
of w=D as din w(x; a, d) defined by (15) moves toward b. But this requires
the existence of a solution satisfying (16), again contradicting the choice
of d. Assume that (II) holds. We shall prove that w(y) = 0 for some
re@, d).If k=n—1 (and p > 0), then 0 = w*D(a) = — pla)w(a)
yields w(a) = 0. If k £ n — 1,w > 0 on (b,d), and n — k is odd [even];

Wo-D(d) = wr-D(C) — j‘: pOw()ds,  Celb,d),

w@D(d) = 0, and p > O[p < 0] require that w0 >0 [w»D < 0] on
[b, d). Similarly,

AN woed(d) = wn(E) + jz wo=itD(0)d,  Ceb, d),

and w»2(d)=0,j = 2,3, ...,n—k — 1, require that (— 1)iw» < 0
[(=1D)w=2? > 0]in[b,d),j=2,3,...,n — k — 1. (This result proves
the second part of the theorem when w and d are replaced by y and s,
respectively.) In particular, for j =n — k — 1, w*tD < 0 on [b, d).
Therefore, (II) and the assumption that w > 0 on (b, d) are incompatible.

The only remaining possibility is that w has exactly one zero 7 € (b, d)
such that w > 0 on(b, 7) and w < 0 on (7, d) (take — w if necessary). We
shall show that this too is impossible. If n — k is odd [even], then p > 0
[p<0], ww = —pw < O[> O]on (b, y)and w™ > 0 [< 0] on(y, d). If
k =n—1,then p >0 and w»2(a) = wr(a) = w"(a) = 0 by (II);
thus, w(a) = 0,i.e.,,« = rand w2 > Oon (b, 7) U (7, d). Since w2 (y)
= 0,b < y < d, we must have w2 < 0 on [b, r), which in view of w(b)
= w(b) = : - = w»3(b) = 0 implies that w < 0 on (b,b + ¢) for some
¢ > 0. But this contradicts our assumption that w > O on (b,7). If k #
n— 1, then w1 (d) = 0 and either w»~D < 0 [> 0] on (b, d) or else there
exists ¢,_; € (b, d) such that w1 > 0[< 0] on(b, ¢,_;)and w1 < 0
[> 0] on(c,_;, d). The first alternative is impossible for it would again lead
to the conclusion that w%+D does not vanish on [b, d), contradicting (IT),
when (17) is used successively. If the second alternative holds, we may
repeat a similar argument using w**tP(d) = ... = w»2(d) = 0 and
prove successively that there exists c,_; € (b, d) such that (— 1)iw»=? < 0
[> 0] on (b, c,—;) and (—1)iw=»7 > 0[< O] on(c,—;d), j=2,3, ...,
n — k — 1. In particular, for j =n — k — 1, we have w*tD < 0 on
(b, ) and w*tD > 0 on (a, d). Hence, w® > 0 on [b, d], w®(a) =
wktD () = 0, w*+2 () # 0, and w® has no other zeros on [b, d], and this
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in turn implies that w*1 < 0 on[b, &), w*V(a) = 0, and w* D > 0
on (a, d]. Since w(b) = w' (b) = --- = wk2(h) = 0, the inequality
w%D < 0on [b,a) requires that w <0 on (b.b +¢) for somee > 0,
contrary to our assumption that w > 0 on (b, 7). Consequently, (II) cannot
hold and therefore (B) cannot hold. Hence, « ¢ (b, d) and § ¢ (b, d). But
bsa=pf=dandwemusthavea = bora =d,and 3 =borf =d.
Obviously, b = @ = 8 and a = 8 = d are impossible because they violate
the parity condition [10]. Since « < (8, we see that b = o and 8 = d. But
this means that (E) is not k — (rn — k) disfocal on [b, d], contrary to the
assumption d < c. This completes the proof.

We are now ready to determine the number of solutions belonging to
class A; in fact, we shall prove that g(dy.) = 2if (E)isk — (n — k)
disfocal on [b, o) for some b = a. Take the two solutions v, and v,
defined in (13). These solutions belong to Az by Theorem 3. However,
v, and v, ; may or may not be linearly independent. First assuming that v,
and v, are linearly independent, we shall establish that every nontrivial
linear combination belongs to A,.»;. Every nontrivial linear combination
of v, and v, is nonoscillatory on [b, o). This is because for constants
A and B,

Avk(x) + ka+l(x) = lim [Avk(x’ Sm) + ka+l(x, sm)]7

and w,, = Av(x, s,,) + Bvi(x, s,,) is subject to (b) of Theorem 4 in the
interval (b, s,,), m = 1, 2, ... Furthermore, no linear combination can
belong to A;, j > [k/2] (Cf. Remark following Theorem 5). In view of
Lemma 1, it suffices to prove that w = Av, + Bv,,; cannot belong to A4,
j < [k/2], for any constants A # 0 and B # 0. Suppose that we 4; for
some j < [k/2] and that w > 0 on [b;, c0) for some b; = b. Then w2 > 0,
w*D < 0, w® > 0, on [b;, ) by Lemma 1. Since w® = lim,, .., w$,
i=0,1,...,n — 1, we have for sufficiently large [, w#2 > 0, w/*D < 0,
wi® > 0 in some subinterval (&, 5) of (b, s;) N [b1, ). We also note that
wkD(b) = AvFD(b, 5,) # 0.If w1 (b) > 0, it is incompatible with the
inequalities w* ™ < 0 and w{® > 0in (&, 7); it is easily seen in this case
that wtD(a) = w®(B) = 0 for some a, f€ (b, s5,), @ < §3, contrary to
Theorem 4. On the other hand, if w*(b) < 0, we again obtain a con-
tradiction. Since w*?(b) = 0 and w{*2 > 0 and w/* < 0 on (¢, 7),
w1 must have at least two zeros on (b, s;). But this contradicts Theorem
4 and completes the proof that w € Ay, if v, and v, are linearly in-
dependent.

If v, and v,,; and linearly dependent, v, = Cv,;; for some constant C.
Since v, > 0and v,,; > 0on (b, ) by Theorem 3, the constant C must be
positive; hence it follows from (12) and (13) that C = 1. Consequently,
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Bk;'=Bk+l,i" i=1, 2, e ey n,
Bl!' = Iim Blmi’ l= k,k + 1.

m—o

(18)

Define a sequence {g,,} of solutions by

(19) & = V(X Sp) — Vis1(x, 8, m)/2 ,m=1,2, ...,

| £ Bini = Brram?|

and let w be the nontrivial limit of a converging subsequence {g,,.} which
we again denote by {g,} for brevity, i.e., g = lim,_.., g, We assert
that g and v, = lim,, .. v,41(%, 5,,) are linearly independent. In view
of (12), (13) and (19),

gm(x) = 21 CruiVis Cmi = . Bkmi—Bk+l.mi s :)1_=11,22, cees
= [gl(Bmi —Bk+l,mi)2] =h& o
and it suffices to show that
n
3 )i e < 1
Indeed,
n
Z (llm cml‘) (hm Blz+l mz> = lim Zl crmBk-H mi
i=1 \m—oo m—00 y=
” 172
. Z Bkmi BH-I, mi 1 . 1— Z Bkrm Bk+1, mi
= lim —— =L ~ = —lim =1 =0

n 172
"= (228 B Boviws| " 2

due to (18), i.e., g and v,,; are “orthogonal.” In any case, g and v, are
linearly independent.

Evidently, g is nonoscillatory on [, 00) because g = lim,,.., g, and
g, is subject to the conditions in (b) of Theorem 4 on the interval (b, s,,).
Furthermore, we shall show that g € Ay,;. Suppose that g € 4, for some
I, 2 = 1> [k/2], where A = [(n — 1)/2] for (E;) and (E;,) and A = [n/2]
for (E;;) and (E;;;). Then it follows from Lemma 1 thatg > 0,¢" > 0, .
g#? > 0,org<0,g <0, ...,8%?2 <0,on [y, ) for some 7 > b. If
Iis a finite subinterval of [y, oo) there exists N such that m > N implies

(20) gm > 0,8,>0,...,8%2 >0,
or

21 8n <0, g,<0, ..., g¥? <0,
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in I (b, s,), since g = lim,,_.,g®,i=0,1, ..., n— 1, uniformly in
any finite subinterval of [b, c0). In view of (6), (7), (12), and (19), we have

22) gn(b) = g,(b) = --- =gt P(b) = 0,8k V(b) > 0,
(23) g (sn) < 0,85 V(s,) = -+ = g (s,) = 0;

hence by Theorem 4, g,, can have at most one zero in (b, s,,). Due to
(22) there existse > 0 such that g,, > 0 in (b, b + ¢), and if g,, does not
vanish in (b, s,,), then g¥, i=k + 1, ..., n — 1, cannot have a zero
in (b, s,,) (for otherwise a repeated application of Rolle’s theorem leads
to the contradiction that g,, vanishes at some point of (b, s,,)). In addition
we deduce from (E) and (23) that

24 g < 0,g%? >0, ...,(sgnp)g® <0

in (b, s,,). However, the first two inequalities are incompatible with (20)
and with (21). If g,, has a zero in (b, s,,), &, < 0 in(s,, — &1, §,,) for some
&, > 0 because g,, > 0in (b, b + ¢) by (22) and g,, can have at most one
zero (counting multiplicities) in (b, s,,). Thus, in (s,, — &3, $,,) for some
&g > 0,

(25 ® < 0,g%, > 0,g82 <0,...,(sgnpgP >0,

where the first inequality follows from g{¥(s,,) < 0 in (23). If (20) holds,
g >0, gt > 0in I (b, s,,), while g < 0, g¥*D > 0 in (s,, — &3,
s,.) by (25). These four inequalities together imply that g{+1 has at least
two zeros in (b, s,,), contradicting Theorem 4. On the other hand, if (21)
holds we take g™V < 0, g{¥*® < 0 from (21) and gV > 0, g%+ < 0
from (25), and similarly conclude that g{+? has at least two zeros in
(b, s,,), again contradicting Theorem 4. Consequently, g¢ 4,, A = [ > [k/2].
Next we prove that g ¢ 4,0 < / < [k/2]. Assume that g € 4, for some /,
0 =1/ < [k/2). Then Lemma 1 requires that g%2 > 0, g¢ D < 0,
g® >0, or g2 < 0, gk D >0, g%® < 0, on [y, o) for some 5 > b,
accordingas g > 0 or g < 0 on [5, ©). Hence, as before, for any finite
subinterval J of [y, o) there exists N; such that m > N; implies

(26) g2 > 0,g¢ Y <0,8¥ >0,
or
27 g2 < 0,g% D > 0,8 <0,

inJ ) (b, 5,,). Choose m > N;. Due to (22), (23), and Theorem 4, g~
can have at most one zero in (b, s,,). If g% does not vanish in (b, s,,),
theng®,i= 0,1, ...,k — 1, cannot vanish in (b, s,,) and

(28) g€n>0,8,>0,..., g% >0
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in (b, s,,) by (22). But (26) as well as (27) is incompatible with (28). If
g% has a zero at { € (b, s,,), g% cannot vanish in (b, {) and

(29) g,>0,8,>0,...,g%D >0

in (b, ©). If (26) holds, g1 < 0,g% > 0inJ () (b, s,,); while g~V (b) >
0 by (22). These inequalities, however, require that g V(a) = g#(8) = 0
for some a, S € (b, s5,,) With a < $, contradicting Theorem 4. If, on the
other hand, (27) holds, we take two inequalities g2 < Oand g > 0
validin J ) (b, s,,) and two inequalities g2 > 0 and gl > 0 from
(29) which are valid in (b, {), and similarly conclude that g{~» must
have at least two zeros in (b, s,,). This also contradicts Theorem 4, and
completes the proof that g ¢ 4;,, 0 =< / < [k/2]. Since Lemma 1 states that
ge A, for some /, 0 £/ £ A, where A = [(n — 1)/2] for (E;) and (E;,)
and A = [n/2] for (E;)) and (E;;;), we deduce that g € A, .

Every nontrivial linear combination of g and v,,; belongs to A;;;.
The proof of this assertion is obtained when v, is replaced by g in the earlier
proof that every nontrivial linear combination of v, and v,,; belongs to
Aoy if v, and v, are linearly independent. Summarizing the results so

far obtained, we have that q(A4,.;) = 2 if equation (E) is k — (n — k)
" disfocal on [b, c©) for some b = a.

Now it only remains to show that A, cannot contain more than two
solutions of which every nontrivial linear combination again belongs to
App- The required proof is essentially the same as the proof of the
Theorem in [8]. For the sake of completeness, however, it will be pre-
sented here. Assume to the contrary that A, contains three solutions
Yy, Y,, and Y; such that every nontrivial linear combination of Y;, Y,
and Y; belongs to A;,,;. According to Lemma 2 in [8], we may assume
that Y3 > Y, > ¥; > 0 on [¢, o) for some ¢ = b and
Yy(x)

i ‘) = <j <
xll{.rol 46 o,l £j<k =<3

Let {,} be an increasing sequence of numbers such that 7; = ¢ and
7; — o0 as i — co. By virtue of Lemma 3 in [8] there exists for each i,
a solution

V1'=aiY1+‘8iYZ+TiY31 a3+/3?+7”?=1,

such that ¥; = 0 on [c, o0) and V«(Z,) = V() = 0 for some {; € (9;, ).
Put

lima; = @, lim §; = 8, lim y; = 7
(take subsequences if necessary). Then W(x) = a Y (x) + fYo(x) + 7Y3(x)
is a nonoscillatory solution belonging to class A;,,;. Since W = 0 in
[c, 0), we have
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(30) W>0 W >0,..., W&D >0

on [c;, o) for some ¢; = ¢ by Lemma 1. We remark that k£ is odd for

(E;) and (E,,) and even for (E;,) and (E;;)). Since lim,_,, V) = W, j =0,
1, ..., n, uniformly in any finite subinterval of [¢, 0), there exists a
number N such that i > N implies

31 V,.<f>(c1)>ﬂ'2’(ci>o, j=0,1, ... k-1

We may assume that 3; > ¢; for i > N. Since V; € Ay and V; = 0 in

[¢, o] for alli, V/® > 0 on [c, c0) by Lemma 1. This means that
V#ED(e)) £ V#(r), 7 €[y, ),

which may be combined with (31) to get

W *—D (cl)
2 b

(32) V#ED (7) > 7 € [¢1, ).

When this inequality is integrated from ¢; to x € [¢;, o) and (31) with
j = k — 2 substituted in the resulting expression, we obtain

—1) —2
vn () > P (g 4 P2,

If we repeat a similar procedure k — 2 times, we finally arrive at the
inequality

Vdx) > —%”——_I)I(Tc'l) (x—cp)F ! + V;(Z%Z)Z()c!l)(x_ c )24 -
© L W(e
— s x € [¢;, ).

However, this inequality cannot hold throughout the interval [¢;, o0).
In fact, for x = ; > 5; > ¢y(i > N), the left-hand side V(C;) = 0, while
the right-hand side is positive by (30). This contradiction proves that
q(Ayym) = 2if (E)is k — (n — k) disfocal and (P) holds on [b, ), b = a.
On the other hand, if (E) is not k — (n — k) disfocal, then A is empty
[4, Theorem 2], i.e., g(A2) = 0.

Since k is even for (E;;) and (E;;;), the class 4, of (E;;) and (E;;) is not
included in the above consideration. Likewise, the class A,;; of (E;;)
and (E;,) has to be considered separately. In this connection we have
q(4g) = 1 for (E;) and (Ey) and q(4,2) 2 1 for (E;y) and (Ey) [, 7.
Furthermore, employing a procedure similar to the one used to establish
the inequality ¢(A42;) < 2, we can prove that g(A4,,) < 1 [8]. Con-
sequently, q(A4,z) = 1 for (E;;) and (E;,). Thus we have proved the
following statements.
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THEOREM 5. For the equation (E), we have

qg(A4;)=00r2,j=0,1, ..., (n — 2)/2, for (E);

q(Ay)) = land q(4)) =0o0r2,j=1,2, ..., (n — 1)/2, for (Ey);

q(d)) = 1,9(A) =00r 2, j= 1,2, ..., (n — 2)/2, and q(4,,2) = 1
Sor (E;;)); and

q(Aj) = 0or 2’.] =01..., (n - 3)/2’ and q(A(n—-l)/Z) = lfOI' (Eiv)'

REMARK. If ue 4; and ve Ay, k = 1, then w = v + Cu € 4,4, for
any constant C.

For definiteness we consider (E;;;); proofs for the other cases are similar.
We may assume that # > 0 and v > 0 on [b, o) for some b = a, in which
case we have by Lemma 1 4 > 0, ' > 0, ..., u%D > 0on [b;, ©0)
for some b, = b and u@ > 0, yZ+D < 0, y@+2 >0, ..., u"D <0,
on [b, ®), and v > 0, v' > 0, ..., v&+2-D > 0, on [by, o0) and
p@H2D > 0, p@HZD < 0, p@+2D > 0, ... y@-D < 0, on[b, o).
IfC = 0,thznw > Oon[by;, o). If C < 0, then w@+2-D > Qon [b,, o0)
and w cannot be oscillatory. Hence, w is nonoscillatory for any constant
Cand we A4, for some [, 0 £/ < n/2, by Lemma 1. For 2i £/ £
2i + 2k — 2, v®(x) - o0 as x —» oo while |u®| is bounded on [b, ©0);
thus eventually w®(x) > 0 as x — 0. Similarly, y@+2:-D > (O and
monotonically increasing on [b;, c0) while ©@+2—1) < 0 and monotoni-
cally increasing. In fact, ¥@+2:-D(x) - 0 as x — oo. If this were not
the case, we could find a positive constant k£ such that y@+2-D < — k
on [b, ) and conclude by integration that u@+2t—2 is eventually
negative. However, this is impossible since »Z+2¢-2 > 0. Consequently,
w@+2-D(x) > O for sufficiently large x, and thereforew e A;,j = i + k.
To complete the proof, it suffices to show thatwe 4,, j < i+ k + 1.
Evidently, v@+2:+D < 0 and u@+2:+D) < 0 are monotonically increas-
ing, and we conclude as in the case of u@+2k—1 that v@+2k+D (x) — 0
and u@+2+D(x) - 0 as x — oo. This means that w@+2+D(x) - 0 as
x — o0. Moreover, w@+2+D and w@+2k+2 are eventually of constant
sign because w is a nonoscillatory solution of (E;;). Hence sgn w@i+2k+D
# sgn w@+2:+2) eventually, which implies we 4;,j < i + k + 1.

It is well-known that equation (E) is k — (n — k) disfocal if and only
if its adjoint equation is (n — k) — k disfocal [10, 12]. Therefore, the
self-adjoint equation

(34) y@m + py =0

is k — (n — k) disfocal if and only if it is (n — k) — k disfocal. Recalling
that Ay, is nonempty if and only if equation (E) is eventually &k —
(n — k) disfocal on [a, o] (provided (P) is assumed), we conclude from
Theorem 5 that
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(35) q(Aw) = ‘I(A[(n—k)/ZJ)

for (34), provided (P) holds on [a, o). If all the classes A4; are nonempty
for (E), then }3g(A4,) = n by Theorem 5 and (E) has a fundamental system
of solutions F = {y1, y2, ..., y,} such that every linear combination of
them is nonoscillatory, i.e., (E) is nonoscillatory. For example, we choose
for (Ei;;), ¥1 € Ao, y2;» V2j+1 € A; such that every nontrivial linear com-
bination of y,; and y,;;; belongs to 4;, j =1, 2, ..., (n — 2)/2, and
V4 € A,/2. This choice yields a desired system for (E;;) by the earlier re-
mark. Thus, one of the classes 4; must be empty if (E) is oscillatory. In
particular, if the equation

(36) y*+py=0,p>0,

is oscillatory on [a, o), either 4; or 4; must be empty. In view of (35),
we further deduce that both 4, and A4; are empty. But every nonoscillatory
solution of (36) belongs to 4y U A; by Lemma 1. Therefore, every solu-
tion of (36) is oscillatory if (36) is oscillatory. This result was obtained
earlier by Leighton and Nehari [9].

It is also known that if y» + py = 0, p < 0, is oscillatory on [a, o0),
it has three linearly independent oscillatory solutions [1]. The present
method enables us to extend the above results on the fourth-order equa-
tions to the higher-order equation (34) with m = 2. Consider the case
p > 0. If (34) is oscillatory, A, is empty for some odd k (recalling the
parity condition for (E;)). If, in addition, m is even, then [k/2] #
[2m — k)/2] for all odd k and q(A;27) = 9(A:@m_p)2) = O for at least
one k by (39), i.e, there are at least two distinct classes that are empty.
Suppose that 4;, ..., 4;,j1 <j: < --- < j,, are nonempty while the
other classes are empty. Then g(4;) = 2,i =1, 2, ..., r, by Theorem
5; let yp, 1, y2; € A;, be such that every nontrivial linear combination
again belongs to 4;,i=1, 2, ..., r. Evidently, y;, ..., y,, are linearly
independent and can be extended to a fundamental system y;, ..., Vs,
Yarils - - -» V- We may assume that y,,.4, ..., y, are oscillatory solu-
tions: If y; is nonoscillatory for some i, 2r + 1 < i < n, then y; € 4;, for
some s, | < s < r. Due to Theorem 5, there exist constants cy,_; and cy
such that y; — co,_1Va,_1 — CasVos either is oscillatory or else belongs
to 4;, for some [,/ < s.If it is oscillatory, we replace y; by y; — cz5-1 Y251
— 9,9, in the fundamental system. If it is nonoscillatory, we may repeat
a similar argument as many times as necessary and conclude that

2r
W; =), — Z CiYVji

j=1

is oscillatory for some constants ¢y, ..., cz,. Again, we may replace y; by
w; in the fundamental system. Since A, and A4z are empty,
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n — 2r 2 4 and (34) has at least four linearly independent oscillatory
solutions. The proof is similar if m is odd but m # k. However, if m = k,
then A = Ai@m-ws and the preceding argument only shows that
(34) has at least two linearly independent oscillatory solutions w; and wj.
If in addition A4, is empty, then there are at least two empty classes and
we may again conclude that (34) has at least four oscillatory solutions.
If A, is nonempty, let y;, y, € Ay be such that every nontrivial linear
combination of y; and y, again belongs to 4,. We assert that there exists
a nonzero constant K; such that y; — Kjw, is oscillatory on [a, c0). If this
were not true, f, = y; — sw; would be nonoscillatory for any constant .
Assume that y; > 0 on [b, o0). Since y, is a solution of (34) with p > 0
and belongs to the class 4y, y; > 0, )7 <0, yi" >0, ..., p2»D >0
on [b, o). For £ > 0 [< 0] we can find a sequence {p,;} of real numbers
with p; = 00 as i — oo such that wj(p,) > 0[< 0], i =1, 2, ..., because
w; is an oscillatory solution of (34). Hence, f;(p;) < O for all i and f;
cannot be positive throughout any interval of the form [c¢, o0); thus
/. € Ay for any constant . Choose K > 0 such that fx(§) = fx(y) = 0
for some £ and 5, b £ & < 9 < 00, and fx > 0 on (3, o). Then fx € 4,
and fx(n) # 0 by Lemma 1. Since fx > 0 on (y, ), fx(y) # 0 implies
Sfx(n) > 0; for this reason we may assume that fx < 0 on (&, 7). Let
K = sup G, where G = {«|f, = Oon [§, ]}. Evidently, G is nonempty,
K > K > 0, and there exists a point ¢ € (&, 5) such that fz(r) = fz(z) = 0
and fz > 0 on (z, 5]. Moreover, fz > 0 on [y, o) because K > K > 0.
Consequently, fzx(z) = fx(z) = 0, fx = 0 on [z, ) and fx € 4. But this
is contrary to Lemma 1 and proves that f;, = y; — Kjw, is oscillatory
for some constant K. In a similar manner we may prove that y, — Kow;
is oscillatory for some constant K,. We thus have four linearly independ-
ent oscillatory solutions w;, wy, y; — Kywy, and y, — Kow;.

Using essentially the same argument, we can prove that if (34) with
p < 0and m = 2 is oscillatory, it has at least 3 or 5 linearly independent
oscillatory solutions according as m is even or odd. Also if the odd-order
equation y@m+tD 4+ py =0, m 2 1, is oscillatory on [a, 00), it has at
least 2 or 3 linearly independent oscillatory solutions according as p < 0
orp > 0.
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