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SOME TOTALLY REAL SUBMANIFOLDS IN A 
QUATERNION PROJECTIVE SPACE 

CHORNG SHI HOUH 

0. Introduction. Let HP mbe the (real) 4ra-dimensional quaternion pro
jective space. On totally real submanifolds in HPm, [1] has established 
some fundamental concepts and formulas. In this paper we employ some 
techniques developed in [2] and [4] and prove the following theorem. 

THEOREM. Let HPm be the {real) Am-dimensional quaternion projective 
space of constant quaternion sectional curvature c > 0. Let N be an 
n-dimensional compact totally real minimal submanifold of HPm. If the 
sectional curvature y of N satisfies y ^ (n — l)c/4(2n — 1), then either 
N is totally geodesic in HPm or n = 2, m ^ 4 and N is the Veronese surface 
in HPm with positive constant curvature c/12. 

1. Preliminaries. Let HPm be a quaternion projective space with real 
dimension 4m. On HPm there exists a 3-dimensional vector space V of 
tensors of type (1.1) with local basis of almost Hermitian structure /, / , K 
such that 

(a) / / = - / / = K, JK= -KJ = /, KI = -IK = / , 
/2 = /2 = #2 = _ i -

(b) VXI = r(x)J - q(x)K, VXJ = -r(x)I + p(x)K, 

VXK = q(x)I -p(x)J 

for some functions p(x)9 q(x)9 r(x) on HPm, where V is the connection on 
HP™. 

Let X be a unit vector on HPm. Then X, IX, JX and KX form an or
thonormal frame. Let Q(X) be the 4 plane spanned by them. For X, Y 
on HPm, if Q(X) and Q(Y) are orthogonal, the plane 7c(X, Y) spanned by 
X and Y is called a totally real plane. Any 2-plane in some Q(X)\s called 
a quaternion plane. The sectional curvature of a quaternion plane % is 
called the quaternion sectional curvature of %. The quaternion sectional 
curvature of HPm is a constant c > 0. HPm is thus called a quaternion-
space-form. 

Let g be the Riemann metric on HPm. Then the curvature tensor R of 
HPm is given by [3]. 

Received by the editors on May 26,1978 
Copyright © 1980 Rocky Mountain Mahtematics Consortium 

509 



510 C. S. HOUH 

(1.1) R(X9 Y)Z = ^ {g(Y9 Z)X - g(X9 Z)Y + g(IY9 Z)IX 

- g(IX, Z)IY + 2g(X9 IY)IZ + g(JY9 Z)JX 

- g(JX9 Z)JY + 2g(X9 JY)JZ + g(KY9 Z)KX 

- g{KX9 Z)KY + 2g(X9 KY)KZ} 

Let N be an «-dimensional Riemannian manifold isometrically im
mersed in HPm. We call TV a totally real submanifold of HPm if each tangent 
2-plane of N is mapped by the immersion onto a totally real plane in HPm. 

Let V be the Riemannian connection on N, a be the second fundamental 
form of the immersion. o{X9 Y) =VXY -Vx Y for X, Ye TN9 the tangent 
space of N. For a normal vector f on TV, V x f = — A%X + Dx%, where 
— AçX and Dx% are tangential and normal components of Vxf. 

The mean curvature vector H is defined by H = trace o/n. N is minimal 
ifH = 0. We define V<j by 

<yxa) (Y9Z) = Dx(a(Y9 Z)) - a(VxY9 Z) - a{Y, VXZ)9 X9Y9Ze TN. 

Let R be the curvature tensor of N. Then the equation of Gauss is 

(1.2) g(R(X9 Y)Z9 W) = g(R(X9 Y)Z9 W) + g(a(X, W\ a(Y9 Z)) 

- g(o(X9 Z), a{Y9 W)\ X9 Y9 Z, We TN 

Assume that TV is a totally real submanifold of M. Then for any ortho
gonal vectors X, Y in TN9 Q(X) J_ Q(Y). We thus have g(X9 cpY) = 
g{(JjX9 Y) = 0 for <p9 (J) be /, J or K. (1.1) and (1.2) reduce to 

(1.1)' R(X9 Y)Z = c
4 {g(Y9 Z)X - g{X9 Z)Y}9 X9 Y9 Z e TN, 

and 

(1.2)' g(R(X9 Y)Z9 W) = ^ {g(Y9 Z)g(X9 W) - g(X9 Z)g(Y9 W)} 

+ g{a{Y9 Z), a(X9 W)) - g{o(X9 Z\ a(Y9 W)). 

Since N is totally real, if dim N = n, then n ^ m. Let p = 4m — n. We 
choose a local field of orthonormal frames 

eh ..., en9 en+h ..., em; ^ ( 1 ) = <pel9 ..., ^ ( w ) = <pen9 ..., ^ ( m ) = <pem; 

cp = I9 J or K. 

The following range of indices are to be used with p running through 
/, / and K. 

A9B9C9... = \9...9m9(p(\)9...9<p(m); Uj,k9... = 1,2, ...9n; 

a, ß, 7-,... =n + l,...,tfi,p(l), ...9(p(m); X9ju9v,... =/i + 1,..., w. 
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With respect to this frame field let the dual field be 

Û)\ ..., o)n, con+l, ...9œ
m

7ù)f>a), . . . , û ^ ( w \ p = I,JorK. 

Using g(<pei9 (pej) = 0 (/ ^ j) and condition (b) we have for cp = /, J or K, 

û)jW) = o)^\ coi = affi, Û>$(0 = <w?W). 

If we write coj = 2 ^7<^y>tnen w e n a v e 

(1.3) Afy = h% hfj = g(Aaeh ej), h$> = / # » = hff\ 

where Aa = ^ a . By the equation (1.2)' the sectional curvature K(X, 7) of 
iVTor a plane determined by orthonormal vectors X, 7 is given by 

K(X, Y) = g(R(X, Y)Y, X) = -J- + J ] {g(^aZ, J T ) ^ a y , 7) 

- gO^Z, 7)2}. 

As an immediate consequence of this relation we have the following 
characterization of totally real, totally geodesic minimal submanifolds. 

PROPOSITION. Let N be an n-dimensional totally real minimal submanifold 
in HPm. Then N is totally geodesic if and only if N is of constant curvature 
K = c/4. 

2. Proof of the theorem. In [2] the Laplacian of ||<j||2 was calculated for 
a minimal submanifold in a locally symmetric manifold, i.e., the following 
formula holds : 

(2.1) i - - jH |2 = |p f f | |8 + ZtriA.Ap - AßAaf - E(TrAaAßf 

+ LV&.pihfJ'k - RakßMMi + ZZijvtiMi + 2Rmh%ha
jk)-

If N is a totally real, minimal submanifold of HPm, the right side of (2.1) 
becomes (see [1]) 

(2.2) 1 J|H|2 = pa||2 + i ^ - StiOM, - -V«)2 + «H(tr ^ „ ) 2 

- ^F HI2 + T 2> ̂ « + (1 + a) 2 (*"«« 
+ R0klh?ih%l 

where a may be any real number. 
Let ai, -..<>an be the eigenvalues of Aa. Then we have 

S (Rijkjtirti + RijkiMfâ) = 4 - E f o - a,)2 i ^ . 
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Now we assume that the sectional curvature of N is greater than or equal 
to j . Then 

(2.3) 2 (Rt.JkJh%h«kl + Rijklh%h%) â ^Zicxi - a&y. 
i,j,k,l L i,k 

Since N is minimal J],- a,- = 0. Therefore 

2 (a, - akf = In tr ^ . 
< > * 

Let us take a so that a ^ - 1 . Then (2.2) yields 

(2.4) l j |H|» ^ 11̂ 12 + I ^ f L ^ t r ^ ^ - V«)2 + «E(tr^^)2 

- ^ Ikll2 + { £ tr 4« + o + «Hkll2-
Let S ^ = tr(AaAß) = Txhljhji' Then (5a/3) is a symmetric /? x p matrix 

and it can be diagonalized for a suitable choice of {ea}. Thus we may 
assume that tr AaAß = 0 for a ^ /3. In [2] there is an algebraic lemma 
which proved that 

tv(AaAß - AßAJ* ^ - 2(tr A$ (tr A$ 

and the equality holds for nonzero matrices Aa and Aß if and only if Aa 

and Aß can be transformed by an orthogonal matrix simultaneously into 
scalar multiples of Ä and B respectively where 

0 1 

1 0 

0 0 
, B = 

0 0 

Moreover, if Ah A2, A3 are symmetric n x n matrices such that 

- tr(AaAb - AbAaf = 2(tr A% (tr Af)9 1 ^ a, b ^ 3, a * b9 

then at least one of the matrices must be zero. 
Now from (2.4) we have 

(2.5) i - â\\af £ (a - 1) £ (tr A% (tr A$ + a% (tr A*p 

- ^ H 2 + -J-Str^co+o+^rHI2* 
for - 1 ^ a ^ 1. 

Since 
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£ (tr A*) (tr 4 ) + £ (tr A*f = ( £ tr Alf = ||*||« 

and 

SCtr^àlklV», 
by a straightforward calculation (2.5) yields 

l^lkll2 * { | - ( i - «)}H4 + {(» + *>r -^f}lkll2 

In particular putting a = 1 — l/n we obtain 

(2.6) 1 J|H|2 {̂(2n - l)r - ^pU} |H 2 + ^2>4<,, . 

Now we assume that the sectional curvature j- of N satisfies 7- ^ 
(« — 1) c/4(2n — 1). The right-hand side of (2.6) is non-negative. Thus by 
use of Hopfs lemma we obtain zf||tf-||2 = 0, and JJtr A2

(i) = 0. All the in
equality signs in this section turn into equalities. In particular we have 

- t r ( ^ - ApAaY = 2(tr A2) (tr A% a # ß. 

Thus at most two of the Aa's are non-zero. Without loss of generality we 
may assume that 

/0 1 „\ /l 0 

(2.7) \ 0 

If N is not totally geodesic in HPm, then \\a\\ ^ 0 and y = {n — l)c/4 
(2/z — 1). We are going to claim that n = 2. Assume that « > 2. Then for 
an 1 > 2, by use of (1.2)' and (2.7), we have K(ic(el9 et)) = i ? m , = c/4. 
Since TV is not totally geodesic, we may assume that An+2 =£ 0. For Aa = 
An+2, we have ax = b, a2 = - è, a, = 0 for / > 2. Thus (ax - a,)2 ^ 0 
for / > 2. Therefore from the equality of (2.3) we find 

*m< = r = (" - 1)^/4(2« - 1) < c/4. 

This is a contradiction. Hence n — 2. 

Since 2 tr A\{i) = 0, we have m > 2 and AT = c/12.. 
By (2.7) we have 

(^r1 = ^ 2 , Û>2+1 = aœ\ oit"2 = ÔÛ)1, co^2 

= - 6û)2, Û>? = 0, a = 3, ..., 4m, 1 = 1, 2. 
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Since all the inequalities become equalities in this section when K = 
c/\2,n = 2, we have 

where hfJk are given by 

h?Jk = 0 yields 

(2.8) dhfj = E h% co) + EK <Ü ~ E Mj co<$. 

In (2.8) setting a = 3, / = 1 and 7 = 2, we have a = const., setting a = 4, 
i = 7 = 1, we have Z> = const. Setting a = 3, i = j = 1 in (2.8), we have 
col = ( - 2a\b)co\. Setting a = 5, i = 1, j = 2 in (2.8), we obtain 
û>§ = 0, a = 5. Setting a = 5, / = 7 = 1 in (2.8), we obtain co% = 0, a = 4. 

Since S (tr /*2)2
 = n ^ ^ , We have a2 = Z>2 = c/12. Replacing e3 

by — <?3 and <?4 by — 6>4, if necessary, we may assume that —a = b = 
\ / c / 2 ^ 3 . The connection form (co^) of HP™ restricted to N is given 
by 

(2.9) 

0 

col 

bofi 

beo1 

0 

col 
0 

-bwl 

-beo2 

bo? 

bo1 

0 

-2col 

0 

- C - C Ü 1 

Zw2 

2CÜ2 

0 

0 ••• 0 ^ 

0 ••• 0 

0 ••• 0 

0 ••• 0 

0 , 

, b = T/C/2^/3 

From (2.9) we conclude that m ^ 4. Otherwise, m = 3 implies from (1.3) 
that 

- bœ2 = û>J = cüf1 = û>r2 = cox5 = 0, 

which is not true. 
The square length of the second fundamental from of TV in 7/P4 is 

||<7||2 = 2(a2 + b2) = c/3. 

On the other hand, the real 4-dimensional projective space RP4 with 
constant curvature c/4 is canonically immersed in HPA and, further, in 
HPm as a totally real, totally geodesic submanifold. In [2] it was proved 
that the Veronese surface is the only compact minimal immersion in TfcP4 

(and further canonically in HPA and in HPm) with ||<7||2 = c/3. This im
mersion of the Veronese surface in HPm has the connection form (2.9) 
which was proved in [2]. Hence our N is locally a Veronese surface. 
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