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THE MEHLER FOCK TRANSFORM OF DISTRIBUTIONS 
U. N. TTWARI AND J. N. PANDEY 

1. Introduction. The classical Mehler-Fock transformaton of a func
tion f(x) is defined by 

/ V ) = X ° ° / ( ^ - ( l / 2 ) + i r ( c h x ) s h x d x 

where P_(1/2)+iT(clix) is the Legendre function of first kind. Although 
the corresponding inversion formula 

f(x) = £" TÜi^rP_(im+iT(chx)f(r)dT 

was given by Mehler [7] in the year 1881 in a purely formal way, the 
research on this transformation has been rather slow due to the com
plex nature of this transformation. Fock [3] in the early forties estab
lished these formulas for a class of functions. Since the early sixties con
siderable interest has been shown in the use of this transformation in 
solving the boundary value problems in the mathematical theory of 
elasticity. The objective here is to extend this transformation to a class 
of distributions. 

The notation and terminology used here is that of Zemanian [15]. In 
the following I denotes the open interval (0, co). Spaces 3)(J) and 3)'(J) 
have their usual meaning. 

The Legendre function P_(1/2)+iT(clix) possesses the following well 
known properties [3, p. 254]. 

(i) | *WT(ch*) I <^fW s i , . so , 

-̂a/2)+ir(chÖ) = ( - ^ ) 1 / 2 {/„(TO) 

(2) 

+ £(«**-j)'iM>+---}. 
where Jn(r0) is the Bessel function of first kind [3, p. 253]. 

Using the asymptotic expansions of Bessel functions for large T > 0 
and fixed 6 > 0 in (2) it follows that 
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p-a/^w = (-db- )in [sin(TÖ + w/4) 

(3) -, 

+ c^e sin(rd _ w/4) + 0(1/T2) J 
This asymptotic expansion is uniform with respect to 6 on a compact 
subset of I. 

2. The testing function space Ma(i) and its dual. For a > 0, let Ç(t) 
be the function defined on / by 

S(t) = p, o < t < l 

= 1, l i l g o o . 

Let Ma(l) be die collection of all infinitely differentiable, complex val
ued functions <}>(t) defined on I such mat for every non-negative integer 
k 

Y*(4>)â SUP 
0<*<oo 

< oo; A* = [D2 + cothfD]*; D - 4 -

It can be shown that (yfc) is a separating collection of seminorms and 
MJT) is a sequentially complete locally convex topological vector space. 
Let M J J) denote the dual of MJJ). The restriction of / G M'J) to 
&J) is in^ ' ( / ) . 

For T ^ 0, ^_(i/2)+iT(cn^) ^ ^ « O an<^ *he operator A, satisfies the 
property 

(4) A,[P_(1/2)+iT(ch*)] = - ((1/4) + ^)P_(1/2)+iT(cht). 

3. The distributional Mehler-Fock transform. For / G M J J) and T 
> 0, define the distributional Mehler-Fock transformation /*(T) of / by 

(5) / » = </(*), P_(1/2)+lT(cht)>. 

Using convergence in MJJ), equation (4) and commutativity of At
k • 

d/dt we can establish the 

THEOREM 1. For f G MJJ) and r è 0 let f(r) be defined by (5). 
Then 

fTf{r) = ( /(*), £p_(1/2)+iT(cht) ^ [9, p. 60]. 
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LEMMA 2. Let f G Ma'(t). Then for a positive integer N, 

Jo ^^P_a / 2 ) + i T(chf)</(x), ^_(i/2)+ir(chac)> dr 

The proof follows from Riemman sum technique. 

For x and t G J and N > 0 let 

Gate *)â £ Tth7rrP_(1/2)+ir(chx)F_(1/2)+ir(chf)shf dr. 

Then by Fock's inversion theorem [11], p. 390], we obtain the 

LEMMA 3. For real numbers a and b satisfying 0 < a < b 

1 for x G (a, b) 

lim Ja G^t, x) dt = 0 for x $ [a, &]. 
iV-oo 

1 for x = a, b 

LEMMA 4. Lef <£(£) G J^(/) it>ifAi ite support contained in the interval 
[a, b]. Then 

in MJJ) as N —• oo. 

PROOF. Using integration by parts and relation (4) one can see that 

A* £ G^> *w) * = £ G^ x)<t>k(t)dt 

where <t>k(t) » A( *<J>(f). Thus in view of Lemma 3 

Urn ?(x)A * [ £ G^t, xM)dt - #*) 1 
N-+QO XL J 

=iim «*) r G^> *)w*) - •*(*)]*• 
# - • 0 0 

It is, therefore, reduced to proving that 

«x) J 6 G f̂c *)[*(*) - *(x)] dt - 0 

uniformly for all x as N —• oo where ¥(*) G ^(2) with its support con
tained in [a, b]. 
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For a fixed x ^ 26, where 0 < 8 < min (a/2, 1/2), we can write 

«*) fa G*(t> *)[*(') - *(*)] * 

y a x-S x+8 / 

= *1 + *2 + *3 

where 1^ i = 1, 2, 3 denotes corresponding integrals. 
For x E ( — co, a — 8] U [b + 5, co), Z2 is zero. Therefore 

|1, | £ sup mv)\ J C ' I G a f c x X f - x ) ! * 

^ sup |^(i|)| - sup \Gjfc «X* - *)l-
aSiiS6 a-(l/2)Aj?A6+(l/2) 

a-(l/2)A«A6+(l/2) 

Gj^t, x)(f — x) is uniformly bounded for N > 0 and for all x and all £ 
in the closed interval [a — (1/2), a + (1/2)]. Hence we can find a 
constant D > 0 and independent of Ô such that 

\h\ ^ DS. 

For a given c > 0 we can choose 8 < min (a/2, 1/2, e/D) to obtain 

(6) | J 2 | ^ f . 

Let L be an arbritary large number greater than b. Then, using the 
uniform boundedness of (t — x)GN{t9 x) for all N > 0 and for all x and 
all t in [28, L] together with the convergence of the integral. 

uniformly for all x G [5, fc — 5] as N —» oo, we get that 

(7) J 3 - O 

uniformly for all x ^ 2 8 as N —* co [9, p. 82]. Similarly 

uniformly for all x G(a, L] as N -* co. Jx vanishes identically for all x 
^ a. Moreover, ^(f) is of compact support in [a, 6]. Therefore for x > 
L > b we write 

*i = «*) X V * ) * * * XArth^-(i/2)+ir(chx)P_(1/2)+iT(ch^)dr. 

file:///Gjfc
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Let N0 be a sufficiently large but fixed number greater than one. Then, 
using (1), we have 

+ « * ) J T # * ) * J T rth^P_(1/2)+iT(clw)P_(1/2)+jT(chf)sh^T 

= « - ^ + *&r ^ ̂ )(shf)1/2df £ *" [' + °( ; )] 
x 2sin (XT + ^ j sin (*T + f ) d T +1 X̂  *"" [ 1 + °( - )] 

X cotht 2sin \XT +?-) sin (tr + ?-) dr+ 2 X*017™' I l + ° ( ~ ) 

x sin I XT + 2 ) ° ( ~ j ) d T [By equation (3)] 

= 0(*r"2) + Ci + Ç2 + Ç3 (say)-

Now, using integration by parts we have that 

\Qt\ S |0(c-*/2)|, x -*oo. 

Similarly,it can be shown that Ç>2 and Q3 are 0(xae~x/2)i where a ^ 0, 
as x —* oo. Therefore we can make 

(8) \It\ < e/2 

for all N > 0 by choosing x > L for sufficiently large L. 

Combining (6), (7) and (8) together, we have 

(9) lim sup \I\ < c uniformly for all x = 28. 

For 0 < x ^ 28, write 

= / i + / 2(»y)-
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First, we consider Jv Clearly Jt = 0 for 0 S x ^ 8, and for 8 < x < 
28 

U^x" S^lG^xìim-^ìdt 

^*" I*** |G»(tx)|A | £ nv)dv 

^8 sup W(V)\ £ + i \GJt, x)\ dt 
a<rj<b 

^ 8 sup | f (n)| £/2 \GJt, x)\ dt. 
a<ri<b 

Since the last integral is bounded uniformly for all x E (8, 25), we can 
find a positive constant C independent of c satisfying 

(10) | / 1 | S « c = « D ^ < | - | . 

Next, consider /2. Since 0 < x < 28 and 28 < min (a, 1), 

*b 

h = x" X GjfrxWfìdt. 

Therefore, 

+ ( f ) 1 / 2 *" J^ W1 /2^r | dr 

x j[* ^(f)(shf)1/2sin (rt-jjdt 

+ F" *" X*" ^)(sh*)1/2cothfcin ( *T - J ) dr 

yi~a f*b 

+ ^3T Ja #)(sh*)1/2 df I dr (A is a constant) 

^0(s«) + ft + ft + Ç3(say)-

Here, we have used the result (1) and the uniform asymptotic expansion 
(3) for p-(i/2>+ir(x) where T is large and x is small. Now using in
tegration by parts twice it can be shown that | f t | = 0(xa) as x —• 0 -h. 
Similarly, ft anc* @3 a r e ty*") a s * ~~*0 + • Therefore, 



MEHLER-FOCK TRANSFORM 407 

|/2| = 0(x«) a s x - 0 + . 

D« 

Combining (10) and (11) together, we have 

Combining (9) and (12) together, we have 

lim 7 = 0 uniformly for all x > 0. 

This completes the proof of the lemma. 

The following inversion theorem is a consequence of Theorem 1, 
Lemma 2 and Lemma 4. 

THEOREM 5. Let f E Ma'(I) and let /*(T) be the distributional Mehler-
Fock transformation off defined by (5). Then, for each <j> G D(I) 

( X * Tth7rrr(T)F_(1/2)+iT(cht)shtdT, «(*) ^ - (f, <D> 

a« N —• oo. 

The generalized classical Mehler-Fock transformation defined by 

can similarly be extended to distributions. But the extension to distribu
tions of the corresponding inversion formula defined by 

f{x) = ( - i r X M ^ ^ U / 2 > + i r ( c h x ) / m * ( T ) d T 

where P±{5/2)+4T(chÄ) are associated Legendre functions of first 
kind, offers considerable difficulty. For m = 0 this transform reduces to 
the case considered by us. It seems that with some restrictions on m the 
inversion theorem can be proved for distribution in a similar way. 
However, restrictions on m may destroy the usefulness of this transfor
mation. 
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