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ON COPRODUCTS OF RECTANGULAR BANDS 
H. E . SCHEIBLICH 

ABSTRACT. For rectangular bands X and Y, a characteriza­
tion is given of the coproduct of X and Y in the category of 
rectangular bands and in the category of all bands. A charac­
terization is also given of the coproduct of X and Y amalgamat­
ing a subband U. 

1. Introduction. A semigroup is a band provided x2 = x for all x, 
and a band is rectangular provided xz = xyz for all x, y, and z. A band 
X is rectangular if and only if X is the direct product of a left zero 
semigroup L and a right zero semigroup R[2, Theorem 4.1.5], The 
main structure theorem for bands is that every band is a semilattice 
of rectangular bands [1]. More specifically, for a band B, Green's 
relation Ï& is a congruence on B, B/£> is a semilattice, and each So­
dass is a rectangular band [2, Corollary 7.4.7]. 

When Xi9 X2 are bands, the coproduct (free product) of Xx and X2 

in the category !B of all bands is defined to be a band W and a pair 
of homomorphisms it : Xt~* W(t = 1, 2) with the mapping property 
that for each band B and each pair of homomorphisms Tt : Xt —» 
B(t = 1, 2), there exists a unique homomorphism 0 : W—> B such that 
0° if = Tt(t = 1, 2). When Xx and X2 are rectangular bands, the 
coproduct in the category of rectangular bands (rectangular band co-
product) would be defined by simply replacing band with rectangular 
band in the definition above. 

This note will give a characterization of the band coproduct and 
rectangular band coproduct of two rectangular bands X and Y. The 
coproduct of X and Y amalgamating a subband U will also be char­
acterized. 

2. The Rectangular Band Coproduct. 

LEMMA 2.1. Let X = L X R and Y = P X Ç be rectangular bands 
and let a : X —> Y be a homomorphism. Then a = (a^ a2) for some 
homomorphisms «! : L —• P and a2 : Y -* Q. 

PROOF. Let JLi9 l2 €E L, let rl9 r2G. R and suppose that a(£1? rx) 
= (Pi> 9i)> Q<&2> H) = (?2> 92)- Now if £j = l2, then (p2, q2) = 
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o(£2, r2) = a(£1? r2) = a[(li9 rjfa, r2)] = a ^ , fi)o(£2, r2) = (p1? 9 ^ 
(P2> 92) = (Pi> 92) so that pi = p2. Dually, if rì = r2 then qx = qf2. 
Thus, there exist ax: L^> P and 02 : R -* Ç such that a(£, r) = 
(c*i(£), 02(f)) for all (Jt, f) G L X R Also, c^ is a homomorphism since 
both L, F are left zero semigroups and similarly, 0% is a homomorphism. 

PROPOSITION 2.1. Le£ X = L X R and Y = P X Ç fe rectangular 
bands. Then the rectangular band Z = (L U P) X (R U Q) is a rec­
tangular band coproduct ofX and Y. 

PROOF. First, in the statement of the theorem, L U P is to be under­
stood to be the disjoint union of the sets L and P. Similarly, R U Q is 
a disjoint union. Now let ix : X—> Z and i2 : Y—• Z be the inclusion 
homomorphisns. Let K = A X B be a rectangular band and let a : X 
-» K and ß : Y—» K be homomorphisms. By Lemma 2.1, both a and ß 
factor into product maps, say a = (a1? a2) and ß = (/Sx, j82). Define 
0x : L U P-> A by ^(x) = a^x) if x E L and ^(x) = ßi(x) if x G P. 
Dually, define 02 : R U Ç-> B. Now define (9 : Z-> Kby 6 = (01? 02). 
It follows that $ is a homomorphism, that 6 ° ix = a and 6° i2 = ß, 
and that 0 is the only such homomorphism since t'i(X) U i2(Y) is a 
generating set for Z. 

3. The Band Coproduct. Let X = L X R and Y = P X Q be rec­
tangular bands, and consider the coproduct W of X and Y in the 
category !B of bands. Since each band is a semilattice of rectangular 
bands, the coproduct W will consist of X, Y, and one additional rec­
tangular band, say Z = G X H, in which each product of an element 
of X with an element of Y must lie. Thus, the problem of finding W 
is just the problem of finding G and H and then describing the multi­
plication between X, Y, and Z. 

Suppose that x = (Jt, r) G L X R = X and y = (p, 9) G P X Ç = Y. 
The ./-class of xy will depend on the ./-class of x, which is indexed by 
r, and the element y = (p, 9). Thus, the ./-class of xy could be denoted 
G X (r, p, 9), from which (r, p, 9) G H. So, R X P X Ç C ff and by 
considering t/x it follows that Ç X LX R C H . By repeating the same 
argument for ^-classes, it follows that LXRXP, PXQXLCG. 
Note that this characterization of the £ and J? classes of xy says that 

(3.1) xy = (£> r)(p, 9) = [ (£, r, p), (r, p, 9)] . 

Define the sets G, H by 

G = (L X R X P) U (P X Ç X L), 
and 

H = (R X P X Ç) U (Q X L X R). 
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An element [(£, r, p), (r\ p', q')] €= G X H may be factored as 
(£, r)(p, q')(Z,r')(p',q' ). To check this, [ (£, r)(p, q ')][(£, r ' )(p ',q')] = 
[(l,r,p),(r,p,q')] [(i,,r',p'),(r'>P',q')] = [(£,r,p), (r',p',g')] by 
therectangularityofG X H. A factorization table follows. 

{(t,,r,p),{r>,p',q')] = (£, r)(p, </')(£, r')(p', 9') 

(32) [(l,r,p),(q',l',r')] - (£,r)(p, 9')(£',»•') 

[(p,9,£))(r')p',<7')] = (pW)(£,r')(p',9') 

[(p,<7,£),(9',£\r')] = {p,q){l,r'){p,q'){l',r'). 

When x G X and z £ Z , then xzXz since X > Z in the semilattice 
structure. Thus, x must induce an action on the left component of z. 
The factorization just given (3.2) will dictate the action of L X Ron 
z. for example, (£", r")[(p, q, I), (r', p', q')] = (£", r")[(p, q)(H, r') 
(P'>q')] = [(*"> n(p, q)] [%r')(p',q')] = [(£", r", p), (r'Yp, 9)] 
[(l,r',p'),(r',p',q')] = [($,",r",p),(r',p',q')] so that (£",r")(p,9,£) 
= (£", r", p). A table of the actions of L X fl, P X Q on G, H follows. 

(LX R):(LX RX P)-»(LX fix P) (£', r')(£, r,p) = (£',r,p) 

(LX B):(PX ÇX L)-*(LX RX P) (£', r')(p, 9,£) = (£',r',p) 

( P X Ç ) : ( L X R X P)->(P X Ç> X L) (p',q')(l,r,p) = (p%9',£) 

3 (P X Ç) : (P X Ç X L)->(P X Q X L) (p',q')(p,q,l) = (p',q,l) 

(fl X P X Ç>) : (L X fl)-(Ç> X L X fl)(r,p,<?)(£',r') = (9,£',r') 

( Ç X L X R ) ; ( L X R)-*(Ç X LX R)(<7,£,r)(£', r') = (</,£, r') 

(fl X P X Q) : (P X Ç)->(R X P X Q)(r,p,q)(p',q')'= (r,p,q') 

(Q X L X R) : (P X Ç ) - ( f l X P X Q)(q,i,r)(p',q') = (r ,p \ g ' ) . 

THEOREM 3.1. Let X, Y, Z fee the rectangular bands described above. 
Define multiplication between X and Y using (3.1), and define multi­
plication between X, Y, and Z using (3.3). 

(a, b)(c, d) = [ (a, b, c), (b, c, d)] 

(a,b)[(c,d,e),(f,g,h)] = [(a,b)(c,d,e),(f,g,h)} 

[ (c, d, e), (/, g, h)] (a, b) = [ (c, d, e), (f, g, h)(a, &)]. 

Then W = XÖ YU Z is a coproduct of X and Y in the category S 
ofbands. 

PROOF. TO see that the multiplication in W is associative, an appeal 
will be made to Petrich's theorem [3, Theorem 1] characterizing all 
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bands. Since the underlying semilattice of W is to have only three 
points, it will be enough to check condition (ii) of that theorem. This 
check amounts to showing that if (£', r') G L X R and (p ' , q') G 
P X Ç), then the composition of the two left actions on G induced by 
(£', r ' ) , (p ' , 9 ' ) reduce to a constant map, and similarly for the right 
compositions. Indeed, 

(IL',r')(p',q')(!l>r,p)= (l',r')(p',q',l)= (l',r',p'), 

and 

( £ ' , r ' ) ( p ' , 9 ' ) ( p , 9 , £ ) = ( J l ' , r / ) ( p ' , 9 ^ ) = ( Ä / , r / , p / ) . 

To check that W i s a coproduct of X and Y, let B be a band and 
let 61 : X—• B and 02

 : Y—> B be homomorphisms. Define 0 : W —* B 
by 0 | X = Oi, 0 | Y = 02 and then 0(Z) is dictated by the factorization 
schedule (3.2). For example, 0[(£, r, p), (r ' , p ', q ')] = 0x(Jl, r)ß2(p, q ') 
0x(£,r ' )02(p ' ,9 ') . 

To verify that 0 is a homomorphism, it must be checked that ß(aß) 
= ß(a)ß(ß) for all possible choices of a,0. Taking advantage of the 
symmetry in the definitions of multiplication, it is easy to see that it is 
sufficient to check (a) a G X, ß G Y, (b) a G X, ß G Z, and (c)a, ß. G 
Z. Since most of the arguments are similar, only one will be presented 
here. Free use will be made of band properties in B. In particular 
note that 0i(X) is contained in some rectangular subband of B. 
Thus, both 0j(Jl, r)$2(p, q) and 0j(£', rf)62{p',qf) belong to the same 
rectangular subband of B. 

Suppose that a = (£", r") G X and ß= [(p, 9, £), (r ' , p ' , q')] G Z. 
Then 0(o0) = 6[{l",r"){V,q9ll{r',V',q')] = 0 [ ( r , r " , p ) , ( r ' , p ' , 9 ' ) ] 
= el(l",r")e2{'p,q')el(l",r')e2{p',q'). On the other hand, ß(a)ß(ß) 
= 0 ( r , r")0[(p, g, *), (r ' , p ' , 9')] = 0 x ( r , r")fla(p, 9 ) ^ 1 ^ ^)Ö 2(p ' , 9) 
= *i(*", r")02(p, 9)[02(p, 9 ' ) 0 x ( r , r)]0!(£, r ' )0 2 (p ' , 9 ' ) = 
^ i ( r , r " ) 0 2 ( p , 9 ' ) ö i ( r , f ' ) 0 2 ( p ' , 9 ' ) . 

Thus, 0 is a homomorphism of W into B such that 01 X = 01? and 
0 IY = 02 and 0 is the only such since X U Y generates W. 

REMARK 3.2. The result just proved does not immediately extend 
to more than two rectangular bands. If X{ is rectangular (i = 1, 2, 3), 
then it is true that l i ?=1 X* = (Ji f=1 X j J l X3. However, I I f=1 X* 
is not rectangular and so the result just proved cannot be reapplied. 
Also, finding (II f=1 X^ IL X3 does not reduce to finding the co-
product of X3 with each of the three subrectangular bands of II i=i X .̂ 

4. An Amalgamation Theorem. Again, let X = L X R and Y = 
P X Q be rectangular bands. Let U = S X T be a rectangular band 
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and let a : U -+ X and ß : 17—> Y be injective homomorphisms. The 
band coproduct of X and Y amalgamating U is defined to be Wlp 
where W is the band coproduct of X and Y and p is the congruence on 
W generated by p0 = {(a(u), ß{u)) : u E: U}. The next theorem will 
characterize Wlp. 

THEOREM 4.1. The band coproduct of X and Y amalgamating U is 
isomorphic to the rectangular band K= [(L U P ) - «x(S)] X 
[(RUQ)-a2(T)]. 

PROOF. Again, the unions U in the statement of the theorem and 
all unions in the proof are disjoint. Several cases arise as ai(S) = L 
or ^ ( S ) ^ L and similarly for fl, P, and Q. Accordingly, the proof will 
be split into several cases. All cases may easily be seen to fall into one 
of the following cases. 

I. a x ( S ) C L , « 2 ( r ) C R 

II. a i(S) = L, a2(T) C R; ßl(S) c p, ß2(S) = Q 

III. a i(S) = L, a2(r) § R, ßt(S) = P, j82(S) <= Q. 

In each case the proof will consist of showing that there are inverse 
homomorphisms 0 : Wlp-* Kand^ : K—> Wlp. 

Case I. ai(S) C L, a^T) g fl. 

To define 0 : Wlp-* K, first define r : L X R-* K by 

T /. Ì = /* if£ * <*i(s) T M = r if r * a2(r) 
l W W r 1 * ) if*GÄ1(S) ' 2 W W 2 - 1 W ifrGa2(T) 

and also let a : P X Ç>—• K be the inclusion homomorphism. Since W 
is the band coproduct of X and Y, there is a unique homomorphism 
0 : W -*Ksuch that0 | X = r and0 | Y = a. 

Now for u = (s, £) G U, then <f>(a(u)) = ra(w) = T((ai(«), a2(*))) 
= Oi(«), 02(0) = £(") = <K0(«O) = 0(0(w)). It follows that there is 
a homomorphism 0 : Wlp-* K such that 0 ° p̂7 = 0. 

Recall that W consists of 3 rectangular subbands; X, Y, and Z where 
XY C Z (Theorem 3.1). However, for u E U, then a(u) E X, 0(t*) E Y, 
but a(u)p = ß(u)p. It follows that Xp, Yp, and Zp all lie in the same 
rectangular subband of Wlp and hence that Wlp is itself rectangular. 

By Proposition 2.2, K is the rectangular band coproduct of [ L — 
*i(S)] X [fl - ote(T)] and P X Ç. Define / : [L - Ä1(S)] X [R -
oto(T)] -* W/p by /(£, r) = (£, t > and g : P X Ç>^ W/p by g(p, q) 
= (p, q)p. Then there is a homomorphism^ : K—> Wlp such that 

¥ | [L - Ä1(S)] X [fl - a2(T)] = / a n d * | P X Ç = g. 
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To check that W and WO are identity maps, it will of course be 
sufficient to verify that W and ^ 0 are identity maps on a set of 
generators for K and Wlp respectively, i.e., for 

([L - ai(S)] X [R - a2(T)] ) U (P X Q) C K 

andfor(Xp)U(Yp)C W/p. 

That W is the identity is easy to see and will not be checked here. 
To check that V6 is the identity on (Xp) U (Yp), first let (A, r) G 

X with £ G L - ai(S), r = a2(*). Then ¥0[(fc, r)p] = <̂J>(£, r) = 
yT(£, r) = ^ &(*)) = ¥[(£, r'X^W, /32(f))] (where f ' E f l -
ofe(T) and s Ë S ) = * ( l , r ' W i W , &(*)) = *(*, r')»/3(*, *) = 
[(£, f > ] [0(s, *)p] = [(I, r')p] [(a(s, t))p] = (£, a*{t))p = (Jl, t>. TTie 
case that I = a^s) and rGR — az(T) is similar. The other two cases, 
(i) that l G L - ax(S), rER- a2(T) and (ii) that (£, r) G a(C7) are 
shorter and will not be checked here. 

Case II. a i(S) = U a2(T) § R;ßl(S) c . F j ^2(T) = ç . 

It will be shown that Wlp is isomorphic to P X R, which is sufficient 
sinceP X B s K , 

Let r : L X R-> P X R anda : P X Ç-» P X Rbe defined by 

Ti = /8 ia i _ 1 ,T 2 = IRJO*! = l F , a 2 = oaß2"1-

Let 0 : W ^ P X R be the homomorphism such that <£/L X R = T 
and </> | P X Ç = a. Further, for M = (s, e) G [7, then <MM) = 
raffi) = TfaW, ofc(t)) = OiW, <*(*)) = aQS^), ß2(t)) = aß(u) = 
<fiß(u). Thus, there is a homomorphism 0 : Wlp-* P X R such that 
0°p^ = <̂ . 

Choose (and fix) £0 G L; q0 G Ç), say qf0 = 02(«b). Defined : P X R 
—> W/p by ̂ (p, r) = (p, qo)p(&o> r)p- That^ is a homomorphism follows 
since Wlp is rectangular. 

Now for (p, r) G P X R, then W(p, r) = 0[(p, q0Wo, r)p] = 
*[(p> 9o)(*o> r)] = <Mp> </o>K*o, 0 = °(P> 9oM*o, r) = (p, «SATKÇO)) 

' 0 M r % ) > r) = (p> r) so that W> is the identity. For (Z,r)GLX R, 
then ¥0[(£, r)p] = ¥<£(£, r) = ¥r(£, r) = ^ Q S ^ r 1 ^ ) , r) = 
(ßxarW, qoWo> r)p = (0iarK*),i32(*o))p(£o, r)p = (£, a2(^0))p(Ä0, r)p 
= (£, r)p. Similarly, ^0[(p, q)p] = (p, qf)p and so W i s the identity 
on Xp U Yp. 

Case III. Ä1(S) = L, a2(T) C R; ̂ (S) = P, 02(T) g Q. 

In this case it will be shown that Wlp = L X [ ( H U Ç ) - a*(T)]. 
The argument in this case is similar to the two arguments just given. 
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Thus, the same notation will be adopted, but only the definitions of 
the maps will be given, leaving the various calculations to the reader. 

Define T : L X R-> L X [(R U Q) - a&(r)] and a : P X Ç - > 
L X [ ( R U Ç ) - o h ( T ) ] . 

f i = ! L <J\ = a ^ ! - 1 

i32a2~Hr) ifr E c*(T) ** Q' 

Then there is a homomorphism <f> : W-» L X [(R U Ç) - a2(T)] 
which restricts to r and a. Subsequently there is a homomorphism 0 
suchthat $° p% = 0. 

Defined : L X [ ( H U Ç ) - ^(T)] -» Wlpby 

*(£» r) = (£, f)p w h e n £ E L , r Ë R - a 2 ( T ) 

^(Ä, q) = (£, r0)p(p0, q)p when£ Œ L,q GQ where 

r0 G 02(T), 'o = a2(*o); Po = i3i(*o)-

It then follows that^ is a homomorphism and that^0, 6W are identity 
maps. 

REMARK. The band K of Theorem 4.1 is also the rectangular band 
coproduct of X and Y amalgamating U. The same proof works; just 
omit the paragraph showing that Wlp is rectangular. 
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