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ON A. LAX’S CONDITION OF HYPERBOLICITY
M. MUNSTER

Asstract. We give an elementary proof of A. Lax’s condi-
tion of hyperbolicity for polynomials with constant coefficients
(see [3]). Our method is independent of Puiseux series. In a
second. paper, we shall show how this method can be adapted
to obtain other criteria of hyperbolicity, including Svensson’s
criterion (see [4]).

DeriniTiON. Let Py (k= 0, - - -, m) be a polynomial in n variables,
homogeneous of degree k and with constant coefficients.

The polynomial P= Y} 0 P,_x is said to be hyperbolic with
respect to N € R*\{0} if P,(N) # 0 and if there exists a constant ¢
such that

P(ix + vN) =
xrER,7€C

TueoreM (A. Lax [3]). Let P be hyperbolic with respect to N.
If, for xy in R", 7y is a root of P, (zxo + 7N) with multiplicity % €
[2, m], then, ~ro is a root of Pp_i(ixg + 7N) with multiplicity = ap
—kfork=0, a0 — 1

Conversely, zf n =2, if P satisfies the quoted condition and if P,
is hyperbolic with respect to N, then P is also hyperbolic with respect
to N.

}_, | RT| = c.

Proor. (a) Necessity. If P is hyperbolic with respect to N, we have,
for any aand ¢t > 0,

om P [ztxo (7+t'r0)N] —

a

m=k .j
S &S Tk D[P alise + TN)] )y = 0= | 7] = ca
k=0  j=0 J!

since R 7o = O(see [2] p. 90).

We shall prove the necessity by induction. For k = 0, it is true by
hypothesis. Let us suppose the condition is true for k < ko (1= ko
= ap — 1) and show that P,,_;, (ixo + 7oN) = 0.

By the inductive hypothesis we have
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(koE-l ygk + ﬁ "'Ek)MT—'jtm"k—i
k=0 Jj=oo—k k=ko j=0 J:

{ij [P —k(ixO + TN)] }T=1’o = 0= Iﬂfl é ca.

Choose a so that the coefficient of P,_; (ixy + 7oN) is equal to
that of

=107

—;% {D, [P,(ixo + 7N)] },

that is

1

&= T eo—kollke

After division of the equation by #™~=, the implication becomes

(¥ ¥

m m—k ’Tj
. + 2 )Tt%—j—k(ﬂdko)
k=0 j=oo—k k=k, j=0 ’ J*

(DI Py _i(izg + TN)] Jrmsy = 0= | R7| = cftio—Folko,

In this equation, each power of ¢ is = 0; it is = 0 only for (k, j)
= (0, ap) and (ko, 0).
Letting t — o, we get, by Hurwitz' theorem (see, for instance, [5]
p- 119),
T

ap!

{D,*[P,(ixy + TN)] },, + Pp_g,(ixo + 7oN) = 0

= Rr = 0.
If ay is > 2, this trivially implies P,,_j, (ixo + 7oN) = 0. If ap = 2
(thus kg = 1), it reads as follows:
2
%{D,Q[Pm(ixo + TN)] }rerg + Prm—1(ixo + 7oN) = 0=> R7 = 0,

so that

P,,,_l(ixo + T()N)
{D,%[P,(ixo + 7N)] },

(\"

0.

=10

This inequality is valid whenever 7, is a double root of P, (ixy + 7N);
so it remains true if we replace xo by —xo and 7o by —7,. But then,
the quotient is multiplied by —1 and P,,_,(ixo + 70N) = 0.

To show that each derivative of order = ay — ko — 1 of P,,_(ixo .
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+ 7N) is null at 7 = 7, it remains to use the well-known fact that
each derivative of P is hyperbolic with respect to N.
To be complete, let us recall the proof of this last fact: for x fixed

in R, if 7, (k=1, -+, p) denote the different roots of P(ix + 7N)
and o their multiplicity we have
D,P(ix + N) _ =§ R(T — 1)
sz+N)] 1“’“"1: k=lak|‘l'—"'k|2

and this expression is > 0 (< 0) for K7 > ¢ (< —c¢) if lcﬁfkl =ec

(b) Sufficiency. Suppose now, for n = 2, that P satisfies the quoted
conditions. We shall prove the existence of a constant K such that

P, _i(ix + 7N)
> Im-l\XT TN | < =1 ---
|7 21 = | e | SKG=1-m)
This implies, by the properties of homogeneity of P,,_s and P,,,
P, _k(zx + 7N) K
I Wiz +7N) | = lcRTI" for Rr 70,

so that
|P(ix + TN)| = 1 |P(ix + 7N)| # 0

for | R7| large enough.
Fix arbitrarily a point xo € R?linearly independent of N. If

x=Axo+ uN A\, »n €ER),
we have, for A 74 0,

P,,,_k(ix + TN) =_L P,,,_k(ixo + ('T ’/A)N)
P(ix + tN) Ak P, (ixg + (/MN)

with R’ = Rr.
If

P, (ixo + TN) = P,,(N) H (T — 1),

i=

then,

Pr_(ito + 7N) = f[ (r — 1)@Rs- Qufr),

where Q, is a polynomial of degree =m-—k-— 2 -1 (@ — k). There-
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fore,

T’
Pp_ilix +7N) 1 Qk( )
P,(ix + TN) \* P,,,(N (_ _ f,) nf{aj k) *

Let us first examine the case [A| = 1. There exist constants C *)
such that

_ Qk(z)
P T (2 = m)™¥

j=1

(k)

2 - f,)ﬁ 1= = inf(a, k).

Therefore, there exists a constant K; such that

Pp_ilix + 7N) I _ 11 5 cli
P.(ix + 7N) STt A

AN T T")

for | R7'| = |R7| Z 1, because R7; = OandB = k.

The case 0 < [A\| = 1 may be treated in the same way, starting from
the decomposition

| =x,

C(k)'
—7)°

=C*
P r inf(aj,k) + 2

The inequality is then proved for A # 0. For A =0, it is
obvious and the proof is complete.
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