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ABSTRACT. The one-dimensional localization of waves in a non
linear dispersive medium has been investigated extensively. The sta
tionary solution is well known as the envelope soliton. For the 2-
and 3-dimensional localization, however, the stationary solutions 
have not been found except for some limited cases. 

In this paper, 2- and 3-dimensional localization of random phase 
waves is analyzed by using the wave kinetic equation which is de
rived from a model nonlinear wave equation (a nonlinear 
Schrödinger equation). For an arbitrary shape of the envelope pro
file, the stationary frequency spectrum of trapped waves is obtained 
by a method analogous to that used by Bernstein, Greene, and Krus-
kal for determining the trapped particle distribution. As an example 
the stationary envelope profile is given for Langmuir waves with an 
appropriate stationary spectrum. 

1. Introduction. Amplitude modulation instabilities have been in
vestigated for various strongly dispersive waves [1], for example, Lang
muir waves [2], electromagnetic waves [3], deep water waves [4], upper 
hybrid waves [5], and cyclotron waves [6]. Recently the nonlinear stage 
of these instabilities has been widely studied [7]. It is now recognized 
that the nonlinear Schrödinger equation describes these phenomena 
well. 

For one-dimensional amplitude modulation, the exact time evolution 
of nonlinear waves described by the nonlinear Schrödinger equation has 
been analyzed for coherent waves [8]. One-dimensional modulation of 
random phase waves (noncoherent waves) has also been investigated [9]. 
For 2- or 3-dimensional amplitude modulation, the final stage of the in
stabilities, or the stationary state, is not well understood for both cohe
rent and random phase waves. For instance, as a result of the 2- or 3-
dimensional modulation of coherent waves, it is expected that the local
ized wave shrinks indefinitely; the final state is not known. Saturated 
nonlinearity was introduced to construct a 3-dimensional envelope soli-
ton [10]. 

In this proceeding, we investigate the 2- and 3-dimensional local
ization of random phase waves. When the widths of the frequency 
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spectrum and the wave-number spectrum are broad enough compared 
with the characteristic wave number and/ or frequency of the amplitude 
modulation, the wave kinetic equation works well for studying the lo
calization. The system described by the wave kinetic equation is consid
ered to be ensemble of wave packets. Each wave packet behaves like a 
single particle and the spectral function corresponds to the phase space 
distribution function. Using the method found by Bernstein, Greene, 
and Kruskal [11] and developed by others [12], the exact trapped wave 
packet distribution function is constructed. The localized wave corre
sponds to the trapped wave packet. 

When the nonlinear term of the wave kinetic equation is given in 
terms of wave intensity, the spectral function is determined. If the non-
linearity does not depend on the envelope profile, the arbitrary enve
lope profile can be the solution of the wave kinetic equation. There
fore, the instability of the solution and/or the initial condition might 
determine the realizable envelope profile. When nonlinearity depends 
on the envelope profile, the envelope profile can be determined for a 
given stationary wave spectrum. 

In § 2, we derive the wave kinetic equation from the nonlinear wave 
equation. § 3 is devoted to calculating the stationary spectral function 
for the given nonlinearity. As an example, in § 4, we determine the 
profile of random-phase Langmuir waves or electromagnetic waves in a 
nonmagnetized plasma. 

2. Derivation of the Wave Equation. We will only consider strongly 
dispersive waves that have amplitude modulation instabilities. When the 
time scale of the amplitude modulation is much larger than one os
cillation period of the waves, the slowly varying complex amplitude 
can usually be described by the nonlinear Schrödinger equation: 

(1) < 1 A + ( ß±A± + ßn - A - ) A + N(\A\*)A = 0. 

Here we consider a scalar field for simplicity. The coordinate z is arbi
trary here but will be defined later. The complex amplitude A is re
lated to a real quantity by 

E(r, t) = A(r, t)ei(*<t + c.c. 

N(|A|2) in (1) is an appropriate function of |A|2 which depends on the 
wave and the medium. Since we are interested in modulationally un
stable waves, we only consider the case aß^ > 0 and a/})( > 0 [1], 
where a = dN/d\A\2\ÌAÌ2_0. Note that (1) is valid only when the higher 
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order derivative of A is negligible. The linear dispersion is then given 
by, 

(2) \k = ß±k±* + 0ny, 

where k is a wave number and A is expressed as 

(3) A(r, t) = 2 ^ i k , r - i X k * , 

Now, we consider the deviation from the dispersion relation due to 
nonlinear effects. When the wave number width of the fc-spectrum, 
|Ak|, is much larger than the inverse of the scale length of the ampli
tude modulation, |d/drln|^fc(r )|2| the wave intensity is approximately 
given by 

(4) |A(r, f)|2 = | 2 ^9e ikT-4X«^|2 ^ 2 |*fc(r, t)\2. 
k k 

Notice that the cross product terms in the right hand side of (4) can be 
ignored since the cross terms vanish after the summation over k due to 
phase mixing which comes from the phase factor eikr. In such a case, 
the nonlinear dispersion relation is: 

(5) \k = ßjcj + ft,*,2 - N(I(r, t)), 

(6) I(i, *) = | hMr, t)\\ 

within the WKB approximation. Using this dispersion relation, the 
equation of motion of a wave packet is given by: 

X{t): 

(7) 

We can then derive the wave kinetic equation 

where /(k, r, t) = |^Ä(r, t)\2 is the distribution function of random phase 
waves. It is shown in Appendix A that the wave kinetic equation (8) is 
valid for more general dispersion relations than (5) is. 

Also in Appendix A, (1) is derived directly under the condition: 

^ =2ß±k± + ßllkß 

9Afe *N(I(r, *)) 
3rx 3rx 

• *« — 
92V 

dz 
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(9) |AJfc| » fT H W 
In the following discussion, we use (8) to determine the spectral func
tion instead of the full wave equation (1). 

It is convenient in cylindrically symmetric systems to use cylindrical 
coordinates and the conjugate wave number. In such a case, the wave 
amplitude should be expressed by superposition of cylindrical waves: 

(io) A = 2 V( r > *)*fm
(1)(V)«i(mtf+fcjar)"ix^ 

k 

where Hm
(1)(fc/) is the Hankel function of the first kind. The dispersion 

relation (5) is rewritten as 

(ii) ** = i8x(*r2+ % ) +ßA2-m, 

m d 

and the kinetic equation then becomes 

(12) 

-% £ ]*'•« = * 
Here we assume that the distribution function is cylindrically symme
tric, 

/(k,r, t)=\^(T,t)H^\krr)\* and 

1 = | / ( U *)• 

Equations (11), (12), and (13) are our basic equations for the following 
discussions. 

3. Stationary Solutions with Cylindrical Symmetry. We consider the 
stationary solution of (12) on the moving frame with a velocity V along 
the z axis. The stationary equation is given by 

[ 20A I + (2ßih - v) A + £ m JL 
(14) + i^O (k'r' l ) = 0' 
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where £ = z — Vt. The general solution of (14) is an arbitrary function 
of the constants of motion. Since the effective potential, —N(I), is inde
pendent of 0, frequency (or energy) Xk and azimuthal wavenumber (or 
angular momentum) m are the constants of motion. Furthermore, kz be
comes constant when 7(k, r) does not depend on z. Therefore, the gener
al solution becomes 

(15) f = f(X,m,kz). 

Taking into account (13), we obtain the integral equation, 

(16) / = f d3k/[A(k, r, I), m]. 

The same type of equation as (16) has been solved for one dimension 
by Bernstein, Green, and Kruskal, and for 2 and 3 dimensions by Kato. 
When / does not depend on m, we can solve (16) by the same method 
[12]. From now on, we assume that / depends only on À and all the 
waves are trapped. The partially trapped solutions are not interesting 
since untrapped waves cause modulational instability and the solution 
may then become unstable [9]. A fully trapped solution is considered to 
be a localized envelope wave, since the boundary conditions, 
tinV-oo/W = 0 and l i m ^ ^ A ) = 0 are satisfied. The integral equation 
(13) is rewritten as, 

1 r\+ rkr+ rk,+ l= èr. L dx I - dkr X- dk* 
m _ 

2ß± 

[fr + N-ßttf + Vk,-ßJc*)] 
where 

(17) V=i *{-£*-+i <*-'A* + *> } 
fer± = [(X + V*/4ßH + N(I))/ß±?/2, 

V2 V 2 

X+ = — and X- = - N(I) - —— . 
4/*„ 48,, 

Carrying out the integration over kr and kx, we get 

1/2 

( = " IT 
(18) 

ß± \ßit2 

1/2 
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NzzO 

We can solve (16) easily with respect to f(X) to obtain, 

(19) f(\) = h±(x + w^e,,), 
where 

h (U) _ ^ x V i M r i àj_ 

(20) 

+ X"" dN - ^ - x{±(y + N)}-1/2] 

The plus sign corresponds to the case in which N(I)9 ß±, and ß{i > 0; 
the minus sign corresponds to the case in which N(I), ß±f and /}(| < 0. 
When we take into account only the lowest nonlinearity with respect 
to I, that is 

(21) N(I) = cd, 

the spectral function of the trapped wave then becomes 

(22) /(À) = A ÊA ^ | { ± ( A + V 2 / ^ , , ) } - ^ . 

Note that as long as the nonlinearity is given by (21), the envelope pro
file I(r, £) is arbitrary. 

4. Example: Envelope Profile for Langmuir Waves. In the previous 
section we determined the distribution function when the nonlinearity 
N(I) is given as a function of I. However, the functional of I, N(I), is 
usually different when a spatial profile of the envelope is different. 
When the distribution function (the frequency spectrum) is given and 
N(I) is given by means of (18), then the spatial profile may be deter
mined. 

Langmuir waves can be used as an example. For these waves, the 
dominant nonlinearity comes from the local density depletion due to 
the low frequency ponderomotive force of Langmuir waves, when the 
wave-particle interaction is excluded. In such a case, the parameters in 
(1) and (14) are given as follows: 

jSj. = j8„ = 3 V / 2 , N= -\òn/nQ 

1 = S^Je
 |£*12 and "o = " -

The relation between density depletion on and the intensity I is 
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v2 S - C*2A (1+Y+ VA)" 
(23) 

where h = 8n/n0 and cs is the acoustic velocity. Equation (23) is de
rived in Appendix B. To get an explicit profile of h and /, we assume 
that the linear relation between N and / is given by (21), i.e., the spec
tral function is given by (22) in the lowest order approximation with re
spect to N. 

First we consider a static case, that is, V = 0. When the dispersive 
effect [that is, the term proportional to A2n in (23)] is ignored, we get 
the relation, « = Te/2(Te + Tx); the profile is arbitrary. However, tak
ing into account the dispersive effect, we get 

(24) (1+T-i) * + V» ( l - è ) * = °-
Here we integrated (23) and used a boundary condition h —> 0 for 
r -*oo or z-*oo. When 1 -\-Ti/Te > 1/(2«) > 1 is satisfied, (24) be
comes 

(25) An = K2n, 

where 

(26) K
2 = kD

2 l + yr . - l /2q . 
V ' D 1/(2«) - 1 

The spherically symmetric solution is given by 

h = a s/l/p e~KP, 

where p2 = z2 + x2 + y2. Note that n has a singularity at p = 0, but 
the nonlinear terms which were neglected in (24) become important 
around p = 0. If the nonlinear terms are not neglected the singularity 
at p = 0 may be removed. Since \k\ < kD for Langmuir waves and the 
condition of (9) i.e., |Afc| » K must be satisfied, K < kD, i.e., 1/(2«) 
should be very close to 1 + TJTe. To determine the difference be
tween 1/(2«) and 1 + TJT& we probably have to take into account 
nonlinearity with respect to n in (23). 

Now, let us consider the case where an envelope moves with finite 
velocity along the z axis. Neglecting the dispersive term in (23), we get 
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17 i + ^ _ X ! _ J _ ) Jl 
LV ^ Te cs

2 2a I de 

1 T. 1 T V 2 

^ - > l + ^ r or — < 1 + i i _ -L-
2a Te 2a + Te cs

2 

we can rewrite (27) as 

L 3TJ2 r 3r 8r J 

where 

'•'K-5-i)/(^-i)-
A symmetric solution of (28) in the space (TJ, r) is given by 

(29) n = l/(f + TJ2)1/2. 

5. Concluding Remarks. We have derived 2- and 3-dimensional lo
calized envelopes of random phase waves, using the wave kinetic equa
tion. The wave kinetic equation is derived from the nonlinear 
Schrödinger equation as well as from the basic conservation law of 
quasiparticles. It was shown that unlike the case of an envelope soliton 
of a monochromatic wave, the shape of the envelope of random phase 
waves is arbitrary. 

There are several unsolved problems. They are the stability of the lo
calized envelope waves which are obtained and dissipation of the enve
lope waves in the process of their generation. There are two types of 
stability problems. The first type is related with the stability problem 
which is pertinent to the particular distribution function f(k, r). This 
stability problem arises even for one-dimensional solutions. In particu
lar, if one takes a monochromatic distribution function in k, i.e., 
f(k) = 8(k — k0), it can be shown [9] that a uniformly distribution of 
quasiparticles in the coordinate space, r, is always unstable. The dis
persion relation is given by Œ2 = — K2, for a small amplitude per
turbation of the form exp i(Kx — of). That is, there exists no stabiliza
tion effect in a large K limit. Even if 8(k — k0) is not the BGK solution 
obtained here, this fact has an interesting contrast to the case of the 
dispersion relation for a modulational instability of a coherent wave de
scribed by the nonlinear Schrödinger equation, which is given by 

(27) 

When 
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ß 2 = — K2 + K4. In the latter case, the modulation is stable for a large 
K value. One over the value of this critical K( = l) corresponds to the 
width of the envelope soliton. The monochromatic distribution function 
in k is not the solution of our case. Hence, there remains an immediate 
problem of the analysis of the stability of the distribution function ob
tained in this manuscript at least for a case of uniformly distributed 
waves in coordinate space. 

There is another class of instability problem. This is related with the 
indefinite shrinkage of the 2- or 3-dimensional localized envelopes 
which are known to occur in similar solitons obtained from the non
linear Schrödinger equation [7]. Because the original sets of equations 
are different in the coherent wave and the random wave cases, the ar
gument that applies to the case of the nonlinear Schrödinger equation 
does not immediately hold for the case of the envelope waves obtained 
here. However, we have not proved the stability of our solution with 
respect to the shrinkage into a line (2-d solution) or a point (3-d solu
tion). One physical process that can eliminate this difficulty is the satu
ration of the nonlinear effect as discussed by Kaw, et al. [10]. A unique 
aspect of the envelope waves obtained here may originate from the fact 
that the WKB approximation breaks down as the envelope size tends to 
shrink. We leave this problem also as an unsolved problem for future 
study. 

We now discuss the problem of dissipation of the solitons. As was 
pointed out in the derivation of the wave kinetic equation, the under
lying assumption of the equation is the conservation of quasiparticles. 
When the waves interact with discrete particles in the plasma, how
ever, they exchange energy with the particles and the conservation law 
breaks down. For example, Landau damping dissipates the number of 
quasiparticles. We point out that there are three important dissipation 
processes. One is the linear Landau damping of the wave which essen
tially cause a linear dissipation of the quasiparticle density, the second 
is the nonlinear Landau damping which conserves the total number of 
waves but shifts the spectrum nonlocally in fc-space. These dissipati ve 
processes should be considered when one solves the nonlinear 
Schrödinger equation using the inverse scattering technique, because if 
the dissipation rate is larger than the rate of production of solitons, the 
solution of the inverse scattering becomes invalid. One might assume 
that if the amplitude is large enough this problem may not occur be
cause the linear damping rate can arbitrarily be made smaller than the 
rate of the nonlinear development. However, there exists a third type 
of instability when the amplitude is made larger. This is the trapping of 
particles by the ponderomotive force. When the difference of a particle 
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velocity and the average group velocity of the waves becomes smaller 
than the square root of the ponderomotive potential, the particles are 
trapped by the ponderomotive potential and their trajectories cross. 
This trajectory crossing quickly thermalizes the wave energy and the 
particles are rapidly heated. This type of nonlinear damping of the 
wave is not included in either nonlinear Schrödinger equation or the 
wave kinetic equation. Therefore, when the amplitude is large, even if 
the nonlinear rate of change of the envelope becomes large, this non
linear dissipation also becomes effective and careful checking of such a 
nonlinear dissipative process is needed in studying the dynamic devel
opment of the envelope. 

ADDED IN PROOF. A method has been found for constructing the shape 
of the envelope solitons [15]. 

Appendix A. Here we derive the nonlinear wave kinetic equation 
from the basic conservation law of the quasiparticles and discuss the 
validity of the WKB approximation which serves as the basis of the 
quasiparticle concept. 

The quasiparticle density /(k, r, t) is conserved in the 6-dimensional 
phase space (k, r) in the absence of waveparticle interactions. The con
servation law can be written 

v ; dt dt 3r dt 3k di 
If the Hamiltonian H(k, r) describing the kinematics of the quasi
particles is known, the Hamilton's equation of motion becomes, 

dt 3H 

<A2> * = 8k" ' 

( A 3 ) dt ~~ 3r ~ 37 3r ' 

where I is defined in (6) and given by 

(A4) I(r, f) = § fdk. 

In the wave-kinematics, the Hamiltonian is the frequency to of the 
wave, which is given by the nonlinear dispersion relation, 

(A5) H = co[k, r, N(l)]. 

Substitution of (A2), (A3) and (A5) into (Al) gives 

3 / 3w 3 / 3w 31 3/ 
( A b ) ¥ + 3k 3r" ~ 31 3r" ' 3 k - 0 ' 
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Now, we present a direct derivation of the wave kinetic equation 
from the nonlinear Schrödinger equation and discuss the validity of the 
wave kinetic equation. Let us consider one wave packet with a certain 
wave number k. We can then write A as 

A = *Wr> *) e x P(* K •r - *V) 
(A7) r 

= exp(ik • r - i\kt) J dK^+K(t)eiK'r. 

Substituting (A7) into (1), we get 

[l h + {X« -ß^ + K^)2 

<A 8> -ßn(h + Kny}]tk+K 

+ 2 AWk+K-K' = 0. 

Multiplying by */>k__K£2iK r> taking the imaginary part and summing the 
resultant equation over K we have 

A /(k, r, t) + 2(/?xkx • V + fift, • V)/(k, r, t) 
(A9) 

+ A(k, r, t) = 0, 

where 

(AIO) A(k, r, t) = 2A,Im ( f f cKdK'^VK^^+K-K'«2"-'}^ 

and use is made of the following relation; 

/(k, r, t) = l ^ r , *)|2 

= J dK f dK'^+ìàU^K-Kyr 

(All) = J dm f dn^^Z^y™ 

= K J dn^k+n^/*_ne2mr; ** 

in which Afc means a characteristic fc-space volume occupied by the 
wave packet. When N(i, t) is a slowly varying function of r, i.e., 
NK, =£ 0 only for |K'| < |k|, equation (AIO) rewritten as, 
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(A12) 

A(k, r, t) = 2A,im [ J* dm f dn^k_n/2+IJ*_n/2_mNn 

y g2imr+inT 

= 2 Im f dnf(k - n / 2 , r, £)2Vne
inr 

= 2 Im ( /(k,r, t)N(i)+ | (V • tf(r, *)) d 

ak 

X /(k, r, t) + Ì 

^v-iv(r , *)• 4 / ( k ' r ' f ) ) -

It is easily shown that (A12) is valid when |8/9k ln|/(k, r, t)]]'1 ^ Afc 
(which is a width of the distribution function) is much larger than 
| V n\N(r, t)\\ (which is a characteristic wave number of imhomogeneity). 
From (A9) and (A12), we get (7). 

Appendix B: Derivation of the Relation Between Density Depletion 
and the Intensity of Langmuir Waves. The starting equations are the 
equations for ions; 

Rv p T 

(Bl) ™ = £ V * - ^- Vn{3 
v ' dt M Mrii l 

(B2) ^ + nx V v = 0; 

the pressure balance equation for electrons; 

T VP 
(B3) 0 = e V $ - ^ Vn - — r , 

and the Poisson equation; 

(B4) A$ = 47re(ne - n j . 

Here, 3> is an electrostatic potential, ni and ne are electron and ion 
densities, respectively. Pr is the ponderomotive potential, and T{ and Te 

are electron and ion temperatures respectively. Taking the time deriva
tive of (B2) and substituting (Bl) to eliminate v, we get the linear equa
tion 

(B5) tn>-n«eM A * - r J 7 ^ = °-
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Nonlinear terms with respect to density or potential fluctuation are 
negligible. From (B3) and (B4), we get 

(B6) ^ = v ( - Ä + ?-^)-
where kD is the Debye wave number and we again neglected nonlinear 
terms. Eliminating $ from (B5) and (B6), we get 

(B7) 

a 2 f i cs
2A { ( / + n) + Afl

2A(7 + n) 
dt2 

+ 5" ô 1 = 0, 
where n = 8njn0 i.e., normalized density fluctuation, 

XD = 1/ko, I = -^— = 2 f c | £"12 
D » n0Te %mn0Te 

(Ek is an electric field of a Langmuir wave), and the higher order terms 
with respect to XD

2 A were neglected. Finally, we assume the stationary 
state on the frame moving with a velocity V and get (23). 
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