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ON CONTINUA OF PERIODIC SOLUTIONS FOR 
FUNCTIONAL DIFFERENTIAL EQUATIONS 

HEINZ O T T O PEITGEN* 

0. Introduction. Recently, certain arguments which originated in 
asymptotic fixed point theory have been used with remarkable success 
in the study of functional differential equations by G. S. Jones [10], 
S. N. Chow [3] and R. D. Nussbaum [14, 15, 16]. Our observations 
here are in this line and are directly motivated by results of Nussbaum 
in [ 14]. He considers differential-delay equations which can be 
transformed to the form x '(t) = —\f(x(t — 1)). 

Our approach here will be to obtain an abstract existence result 
providing a continuum of non-trivial solutions for a nonlinear eigen
value problem F(x, A) = x and apply it to obtain a continuum of non-
trivial periodic solutions for certain differential-delay equations. Our 
abstract theorem is based on a kind of asymptotic version of Kras-
nosel'skiï's results in [11,12] on expansions and compressions of a cone 
in a Banach space and this is due to G. Fournier and the author. The 
application then substantially relies on earlier work of E. M. Wright 
[20] and R. D. Nussbaum [14]. 

1. Preliminaries. We recall a few definitions and results which are 
essential for the abstract part of our considerations. We shall call a 
closed, convex subset F of a linear normed space a cone (with vertex 
0) provided x GP implies tx GP, £ = 0, and x GP, x ^ 0, implies 
-x $ F, If r G R+ = {t G R \t > 0} and X is either a cone or an 
infinite dimensional linear normed space then we fix the notation B(r) 
= {x G X | ||x|| < r}, S(r) = {x G X \ \\x\\ = r}. If X is a topological 
space and AUX, then cl A denotes the closure of A in X. A closed, 
connected subset of a topological space is called a continuum. Let 
X, Y be topological spaces and / :X—>Y then H*(X) denotes the 
singular homology of X with coefficients in the field of rational num
bers and f* : H*(X)—> H*(Y) denotes the induced homomorphism. In 
what follows an essential use will be made of the notion of the Lef-
schetz number in the generalized sense as given by J. Leray [13] 
and the fixed point index for metric ANR's developed by A. Granas in 
[8]. 

Let E be a graded vector space over the field of rational numbers, 
4> an endomorphism of degree zero and N(4>) = Un>o^er(<ï)n)- Then 
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4> is said to be a Leray endomorphism provided É = £/N(4>) is a 
graded vector space of finite type. In that case one defines Tr(4>) = 
trace (Ô), where <î> : É —» Ë is the induced endomorphism. The 
generalized Lefschetz number of4> is denoted by A(O) and is given by 
the formula 

A(*)= E(-l)qTr(«I»). 

A map / : X—> X is called a Lefschetz map provided f* : H#(X)—> 
H*(X) is a Leray endomorphism and in that case the generalized 
Lefschetz number off is given by A(f*) = A( / : X-» X). We note that 
if <I>: E—> E is weakly-nilpotent (i.e., for all e EL E there is n G N 
such that &n(e) = 0) then A(4>) = 0. A subset A of a topological space 
X is called an attractor for / : X -» X provided for all x G X 
cl (U n / n (^ ) ) H A ^ 0 . We say that / : X—> X is a map of compact 
attraction provided / is locally compact and has a compact attractor. 
For triples (X, f U) where X is a metric ANR, U is open in X such that 
f(x) j£ x for all x G d U and / : X —> X is a map of compact attraction 
one can define a fixed point index ind (X, f U) which satisfies the 
standard properties including the strong normalization property 
ind (X,f X) = A ( / : X—> X). This is carried through in [5] using 
earlier work of A. Granas [8] and G. Fournier [6]. 

Following F. E. Browder [1] we call a subset E C X, / : X-> X, 
ejective for / relative to U an open neighborhood of E provided for 
all x G V\E there is nx G N such that /**(*) $ U. We recall the 
following fundamental result from [ 5]. 

(1.1) LEMMA (cf. [5], corollary 4.4). Let X be a metric ANR, 
f : X —» X a map of compact attraction and E closed in X an ejective 
set for f relative to U such that f(x) j£ x for all x G dU and f(X\E) 
C X\£ . Then f : X\E —> X\E is of compact attraction and 

ind (X,f U) = A ( / : X-> X) - A ( / : X\E-> X\E). 

Finally, we recall that there are deformation retractions X—> X\B(r) 
and X—»clB(r). This is observed in [7] in case X is a cone and 
follows from J. Dugundji [4] in case X is an infinite dimensional 
linear normed space. 

2. A continuum of solutions for a nonlinear eigenvalue problem. 
We consider a nonlinear eigenvalue problem F(x, X) = x on some 
interval / C R where the operators F( -,A):X—»X satisfy certain 
asymptotic conditions studied in [7]. We formulate one possible set 
of conditions. Our result is directly motivated by a paper of R. E. L. 
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Turner [ 18], § 3. However, Turner substantially uses transversality 
arguments, i.e., differential topology, whereas we can bring everything 
back to elementary algebraic topological considerations and the 
Poincaré continuation method. 

(2.1) THEOREM. Let X be either a cone in a linear normed space or 
an infinite dimensional linear normed space, J C R an interval and 
F : X X / - » X a completely continuous operator. Let a,b GJ, a< b, 
and r, R : (a, &)—• R+ continuous such that for all X G (a, b) either 
r(X) < R(X) or r(X) > R(X). Assume that for all X G (a, b) 
(2.1.1) there ism EN such that Fw( -, X)(S(r(X))) C B(r(X)); 
(2.1.2) for all x G B(r(X)) there is nx G N such that Fn(x, X) G 

B(r(X)) whenever n ^ nx; 
(2.1.3) there is M E N sucfr tfwrt FM( -,X) (S(R(X))) C X\cl B(R(X)); 
(2.1.4) /or all x G X\cl B(R(X)) there is NXGN such that FN(x, X) 

G X\cl B(R(X)) whenever N ^ Nx. 
77ien for any e > 0 tfiere is a continuum C€ C S = {(x, X) G 
X X / | F(x, X) = x} suc/i that 

(2.1.5) (x,X) G C€ implies r(X) < ||x|| < R(X) — 'asymptotic expansion 
(resp. r(X) > ||x|| > R(X) — 'asymptotic compression) and 
X G [Ö H- €, fo — c] and 

(2.1.6) C€ /tas as ifs projection on the X-axis the interval [a + € , b - e ] . 

The proof splits into two parts. The first part is essentially con
tained in the author's paper with G. Fournier [7]. Therefore we only 
sketch a proof of part 1. However, we present a slightly different ver
sion from that in [7]. It is remarkable that here techniques must 
be applied which were first developed by J. Leray and A. Granas for 
the purpose of generalizing the Lefschetz fixed point theorem. 

The main ingredients for the proof of theorem (2.1) are: 
— the class of mappings which are of compact attraction and their 

generalized index theory (cf. [6], [8] and [5] ); 
— the notion and properties of Leray trace, Leray endomorphism and 

Lefschetz map (cf. [13] and [8]); 
— the notion of an ejective set and its index characterization (cf. [5] ); 
— the Whyburn — Lemma (cf. [ 19], Chap. 1, Theorem 9.3): 

Let Kbe a compact metric space and A and B disjoint, closed sub-
sets of K. Then either there exists a continuum C connecting A and B 
or there exist disjoint, closed subsets KA and KB such that A C KA, 
BCKBandK= KAU KB. 

PROOF OF THE THEOREM. Let U(X) = { x £ X | r(X) < ||x|| < R(X)} if 
r(X) < R(X), and U(X) = {x G X | r(X) > ||x|| > R(X)} ifr(X) > R(X). 
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Partì. One proves that 

taa(x,F(,x,,ÜW,= { - ; ; ^ < « « 
for all A G (a, fo). 

We sketch a proof and use the abbreviations F( -, X) = F, r(A) 
= r, R(k) = R for a fixed X G (a, b). If s represents one of the symbols 
r or R we let 0 5 be B(r), if s = r, and O, be X\cl B(fl), if 5 = R. To 
apply Lefschetz type arguments we define the following open sets in 
X (hence, ANR's): 

Ws = Ü F - (O,), s G {r, R}. 
i = ì 

From (2.1.1)-(2.1.4) it follows that cl Os C Ws and F(W,) C W,. 
We note that F :WS-+ Ws has no 'good' compactness properties. 
Therefore, fixed point theoretical arguments cannot be applied to this 
mapping. Let p r : X—» X\B(r) and pR • X—» cl B(R) denote deforma
tion retractions. Then we have that F° ps\Ws is homotopic to F\ws> 
Set ER = X\ WR and observe that ER is an ejective set for F ° pR 

relative to X\cl 0 R = B(R). Moreover, we have that F ° pR(X\ER) 
C X\£R . Thus, lemma (1.1) applies to show that F ° pR : W R -» WR 

is a mapping of compact attraction. 
One also shows that F° pr:Wr-*Wr is a mapping of compact 

attraction with compact attractor M = cl (F (S(r))). Thus, according 
to our remarks in the first section a generalized index theory is avail
able for F ° ps. Hence, the Lefschetz number in the generalized sense 
is defined and we have that A( F ° ps : Ws —» Ws) = ind (Ws, F ° 
Ps, Ws). Since (F ° ps\wH)* = (F|ws)*> we have A(F ° ps : W s-> W J 
= A(F : W,-> W,). Next, we calculate A(F : Ws-+ Ws), which now 
is well defined. We stress the point that this number only has an 
algebraic meaning and in general it will not be true that A(F : Ws-+ 
Ws) ^ 0 implies that F has a fixed point. The key for our computa
tion is the following diagram with exact rows: 

0 -* i*tf*(Os) -* H*(WS) -* H*(W,)/<*ff*(0.) -+ 0 

Î P* î F* f F* 

0 -» i*H*(Os) -+ H*(WS) -+ tf*(Ws)/i*H*(05)--> 0 

Once the commutativity is proved a generalization of the 'dimension 
formula of the form A(F*) = A(P*) + A(F*) holds. Since O« is con-
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nected and acyclic in H* we have that i : Os -» Ws induces an injec
tion i* : H*(Os)—> H*(WS). Using the facts that Os is acyclic, ps 

is a deformation retraction and that Os absorbs compact sets of Ws 

under (Fk ° ps) for suitable fcGN one shows that F*(i*tf*(Os)) 
C £|cH*(Os) and F * ) ^ ^ ) == ^* Thus> letting £* be the restriction 
of F* and JP* their quotient homomorphism, one has the commutativity 
of the diagram and A(J?*) = 1. Next, one observes that P* is weakly -
nilpotent Hence, A(F : Ws - • Ws) = A(F*) = A(£*) + A(F*) = 1 
- 1 - 0 = 1 . This purely algebraic computation provides us a fixed point 
result: 

ind (W„ F o Ps, Ws) = A(Fo p, : Ws-> Ws) = A(F : Ws^ Ws) = 1. 

Using that ER is ejective and applying lemma (1.1) we obtain 
ind (X, F, B(R)) = ind (X, F o pR, B(R)) = A(F ° pR : X ^ X) - A(F ° 
PR : WR-+ WR = 1 - 1 = 0. 

Now, if s = r, we obtain as a consequence of the properties of the 
fixed point index: ind (X, F, B(r)) = ind (X, F ° pr, B(r)) = ind(Wr> 

F o Pr> B(r)) = ind(Wr, F • pf, Wr) = A(F o Pr : Wr -» Wr) = 1. 

Finally, if r < R (i.e., asymptotic expansion), ind (X, F, U) = 
ind (X, F, B(H)) - ind (X, F, B(r)) = 0 - 1 = - 1 and, if r > R (i.e., 
asymptotic compression), ind (X, F, U) = ind (X, F, B(r)) — ind (X, F, 
B(fl))= 1 - 0 = -hi. 

Fart 2. We shall obtain a continuum of solutions by combining the 
Poincaré continuation method and the Whyburn — Lemma. This idea 
is very much analogous to the proof of Rabinowitz's global bifurcation 
theorem in [ 17]. Assume that r(k) < R(k) for all A G (a, b) and choose 
€ > 0. If ft is any subset in X X J we let ftx = {x G X | (x, A) G ft} 
be the A-section. We have the open set U = {(x, X) £ X X / | r(k) 
< ||*|| < R(X),XG/} i n X X / . Let K = {(x,k) EU\ a + e ^ k^ b 
— €} H S be the set of solutions in [7 with X G [a + €, b — e]. Since 
F is completely continuous it follows that K is compact in U C X X / . 
Now suppose that there is no continuum connecting A = Ka+€ X {Ö + €} 
with B = Kfe_€ X {b — e}. Then the Lemma of Whyburn implies that 
there exist disjoint compacta KAD A and KBD B such that K = KA 

U KB. Choose 11 bounded and open in X X / such that KA C ft, fì fi KB 

= 0 , ft C X X ( - 00, b - e) and ft C C7. Then F(x, k) ^ x for all 
(x, A) G d f t s u c h t h a t A è a + €. For r g 0 define ftr : X X / ^ X X R 
by /ir(x, A) = (F(JC, A), a 4- e + r) and observe that /ir(x, A) ^ (ac, A) 
for all (x9 A) G 5 ft. Thus, ind (X X R, hr, ft) = constant for all r ^ 0. 
For r large enough we clearly have hr(x, A) ^ (x, A) for all (x, A) G ft 
since ft is bounded. Thus, ind (X X R, hr> ft) = 0. However, as a con-
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sequence of the properties of the fixed point index we obtain the iden
tities ind (X X R, h0, O) = ind (XX {a + €}, h0, fì fi X X {a + e}) = 
ind (X, F(;a + e), iìa+€) = ind (X, F( -, a + e), t/fl+e), and it follows 
from part 1 that the last number equals — 1. This is a contradiction. 
The case of'asymptotic compression' is proved analogously. 

3. A continuum of periodic solutions for x'(t) = —kf(x(t — 1)). The 
following considerations are substantially based on earlier work of 
E. M. Wright [20] and R. D. Nussbaum [14]. As an example of 
an application of theorem (2.1) we wish to study the structure of the 
set of periodic solutions of the equations 

x'(t)= -kf(x(t- 1)), fort^O 

x(t) = <l>(t), for-l^f^O, 

where A varies in some interval / C R+. Our goal in this section is to 
place further conditions on / which guarantee as an application of 
theorem (2.1) that (3.1) has a continuum of nontrivial periodic solu
tions. 

Let C be the Banach space of continuous, real-valued functions <f> 
defined on the interval [ — 1,0]; the norm on C is the sup-norm. If 
\ £ R , 0 G C and / is continuous, it is clear that there exists a 
unique continuous, real-valued function x = x(t; <f>, k) defined for 
t^ - 1 and such that x(t) = <f>(t) for - l ^ t ^ O and x'(t) = 
-kf(x(t-l)) for t^O. We can therefore identify <f> G C with 
x( ;(f>9 k) and speak of periodic solutions in C. 

We have the following result. 

(3.2) THEOREM. Assume that f: R—» R is continuous, x • f(x) > 0 
for all x / 0, limx^o(/(x)/x) = a > 0, lim|X|_,oo(/(x)/x) = ß < « and 
0 < a = (7rl2)(ß-1) <b= (7r/2)(a~1) < oo. Then for any e > 0 there 
is a continuum Cfifnontrivial periodic solutions for (3.1) in C X (a,b). 
Furthermore, if (x, k) E C€ then x( —1) = 0 and x is monotonie in
creasing on [ — 1,0] and C€ has as its projection on the k-axis the inter
val [a + e, b — e ] . 

PROOF. TO reduce the problem of finding continua of solutions to a 
nonlinear eigenvalue problem of the form F(x, k) = x one considers 
the cone P = {<f> E C | <f>( - 1 ) = 0 and 0(^) ^<f>(t2) for all tly t2 such that 
f ! = t2} in C. If / denotes the interval (0, oo ) one defines a map 
F : P X / - • P as follows: If 0(0) > 0 and k G / let x(t; 0, X) be the cor
responding solution of (3.1). Define Zi = Zi(0, A) = inf{£ > 0 | x(f;0,A) 
= 0} and z2 = z2(0, A) = inf{£ > zx \ x(t; <f>, k) = 0}. If zx or z2 is 
infinite define F(0, X) = 0; and if zx and z2 are finite, define F(0, k){t) 
= x(z2 + 1 + *; 0, A) for - 1 g f ^ 0. Finally, define F(0, A) = 0. 

(3.1) 
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Now F is a completely continuous map from F X / to P. This is 
proved in [14, Lemma 2.7]. Moreover, if F((f>, X) = <f> for 0 ^ 0 , 
then x(t; <f>, X) is a nontrivial periodic solution of (3.1) of period z2(<k ^) 
+ 1. To prove that F defined as above satisfies the asymptotic con
ditions (2.1.1)-(2.1.4) for suitable functions r, R:(a,b)-*R+ one 
analyses the 'stability' of the solutions x(t; <f>, X). This is done explicitly 
for X fixed in [ 14, § 2]. Observe that for X G (a, b) it follows that 
Xß > ir 12 and Xa < 7r/2. Nussbaum shows that under these assumptions 
for X fixed there exist a constant r(X) > 0 and an integer Nx such 
that if 4> G P, \\4>\\ a f(X) and n è Nx(k) then || F»(£ X)|| < r(X). More
over, there exist a constant R(X) > r(X) and an integer N2(X) such that 
if <f> G P, ||4>|| ^ R(X) and n ^ 2V2(X) then || Fn(<f>, X)|| > R(X). To apply 
theorem (2.1) it remains to show that r and R can be chosen as con
tinuous functions of X G (a, b). Nussbaum's work in [14, §2] is 
based on the linearizations of (3.1) at '0' and 'oo\ To study the linear 
equations x'(t) = -y(k)x(t - 1) (either y(k) = kß > TTI2 or y(X) 
= Xa < 7T/2 for X G (a, b)) one considers the associated transcendental 
characteristic equation s + y(k) exp( — s) = 0. This equation has been 
studied in detail by E. M. Wright in [20]. An analysis of Nuss-
baum's elaborate estimates shows that in order to obtain R : {a, b) —> R+ 
as a continuous function it suffices to combine them with assertion 
(3.3.1) in the lemma below. To obtain r : (a, b)-± R+ as a continuous 
function one observes that by standard stability theory (cf. [2], 
[9] ) it suffices to have assertion (3.3.2) about the roots of s + 
y(k) exp( —s) = 0 in the lemma below. 

(3.3) LEMMA. 

(3.3.1) Let X be in (ITI2, d) and d > TTI2. Then for any e > 0 there 
exists a pair of continuous curves r1? r2 : [nl2 + e, d — e] —> R+ 
such that if s G C is a solution of s + k exp( — s) = 0, 0 < 
Im(s) < 77 and X G [TTI2 + €, d — e] then Re(s) = TX(X) and 
Im(s) = T2(X). 

(3.3.2) Let X be in (0, TT/2). Then for any e > 0 £foere existe a constant 
d€ > 0 suc/i £/ia£ if s Œ. C is a solution of s + X exp( —s) = 0 
andX G [e, TT/2 — *] tfien Re(s) < — d€. 

PROOF. From E. M. Wright [20, Theorem 5] we have the follow
ing results; If X > exp( — 1) then the roots of the equation s + 
X exp( — s) = 0 occur in conjugate complex pairs sp, ~sp and 

(3.3.3) sp = ap + itpy 2prr <tp< (2p + l>r, p = 0 ,1 , 2, 3, 

If 0 < X < exp( —1), the same is true except that SQ, SQ a r e replaced 
by a double root at s = — 1 for X = exp(— 1) and by two real roots s = 
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aó,o-0forX < exp( —1) and 

(3.3.4) 0 > a'0 > - 1 > log X > <r0. 

If X < 77\2 then every root has its real part negative. Moreover, <70 = 0 
for X = 7r/2 and <r0 > 0 for X > 7J72. Finally, we extract from Wright's 
results that <rp+l < ap for all X and all p ê O . 

Let g : R X C ^ C be the mapping g(X, s) = s + X exp( — s). 
To obtain assertion (3.3.1) one considers g on the open set (7r/2, d) X 
Xl9 where Xx = {s GC\ Re(s) > 0 and 0 < Im(s) < n} and applies 
the implicit function theorem for pairs (X0, s0) G (TTI2, d) X Xx such 
that s0 + X0 exp( — s0) = 0. Pasting local parametrizations together 
one obtains a continuous curve T : [ir/2 + e, d — e] —> C such that 
g(X, r(X)) = 0 and 0 < Im(r(X)) < ir and Re(r(X)) > 0. The assertion 
(3.3.1) is then obvious from the above. To obtain assertion (3.3.2) one 
considers g on the open sets (0, exp( — 1)) X X2 and (exp(—l),7r/2) X 
X3, where X2 = {s G C | Re(s) > - 1 } and X3 = {s G C | Re(s) < 0 
and 0 < Im(s) < n}. In both sets one applies the implicit function 
theorem for pairs (X0, s0) such that g(X0, s0) = 0. Pasting local param
etrizations together one obtains from (3.3.3) and (3.3.4) a continuous 
curve r : ([e, e x p ( - l ) - 8] U [ e x p ( - l ) + Ô,TT/2 - e] ) - • C for 
some 8 > 0 such that g(X, T(\)) = 0 and if s is any root for a fixed X 
then Re(s) ^ Re(r(X)) < 0. Clearly, limx_^xp(_1)r(X) = - 1 and there
fore T can be continuously extended to the entire interval [e, -n12 — e]. 
Assertion (3.3.2) is then obvious. 

ADDED IN PROOF. R. D. Nussbaum has pointed out to the author 
that his paper [ Global Bifurcation of Periodic Solutions of Some Autono
mous Functional Differential Equations, J. Math. Anal. Appi. 55 
(1976) 699-725] contains an argument for (3.2) based on abstract bifurca
tion theory. 
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