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PROJECTION METHODS FOR NONLINEAR
NODAL PROBLEMS
P. W. BATES AND G. B. GUSTAFSON *

Asstract. The work produces some degree-theoretic and
operator-theoretic tools for the study of projection methods
associated with nonlinear nodal problems. The numerical pro-
cedure is outlined for the case of sublinear and superlinear
nodal problems.

1. Introduction. This work investigates equations of the form
(L1) Y + flty(0),y' () = 0,0< t< 1,
with the boundary and nodal condition
(1.2)  y(0) = y(1) = 0, y has exactly n distinct zeros in (0, 1).

The objective is to prove existence of solutions to (1.1), (1.2) and
to approximate such solutions by solving finite dimensional preblems.

To accomplish the above task, the problem (1.1), (1.2) is converted to
a coupled pair of operator equations (Section 3) to which a projection
method is applied (Sections 10, 11). Existence of solutions to the
operator equations is demonstrated by fixed point techniques which
use topological degree (Section 4). In addition the method enables
one to deduce the existence of solutions to the “approximate equations”
resulting from the projection scheme and, further, to show conver-
gence of a sequence of solutions of the “approximate equations” to a
solution of the original operator equation.

The projection method employed is tailored to the nodal properties
of solutions. In addition, the method may be applied to the operator
equations without modification.

Equation (1.1) will be investigated for two general cases, (i) the
superlinear case, (Section 14), for example

(13) y"(t) + btsin®(1/)(1 + |y ())ly(t)ly(¢) = O,
' 0<t<]lwhere0=k=2anda,b>0,

(ii) the sublinear case, (Section 15), for example

y"(t) + btsin2(U)[1 = [y@)))ly@)*(ly " (O) + 1) + sin%y’(¢) + 1]
(1.4) y@)=0,lyt) =1,0<t< 1,

*The second author was supported by the U.S. Army under Grant Number
DAHC-04-74-G-0208.
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y"(t) + bt sin?(1/t)(sin%y'(t) + L)y(¢) = 0, |y(t)| = 1,0 < t < 1,
where —1<B8 <0< b < 4.

During the latter part of the 1950’s Nehari [11], [12], studied
the problem (1.1), (1.2) using variational techniques, minimizing a non-
linear functional over a certain class of admissible functions. The
conditions which he imposed upon the function f were rather spe-
cialized and many of his results are extended in this work. In the
decade which followed, very little progress was made, then a new
method of attack was introduced by P. Rabinowitz [1], [15], [16].
His technique was to write (1.1) as an integral equation, and to seek
solutions of the integral equation in the open set S,* C C([0, 1]) con-
sisting of functions positive near zero and having exactly n simple
zeros in (0,1). More recently, R. E. L. Turner [20], [21] has em-
ployed similar methods to extend the work of Rabinowitz. In the
Rabinowitz and Turner papers, nonlinear Sturm-Liouville problems
are studied and continua of solutions to (1.1), (1.2) are obtained. How-
ever, the growth conditions imposed on the nonlinear terms are some-
what special. Earlier papers by G. Pimbley [13], [14] investi-
gated (1.1), (1.2) from the bifurcation standpoint; many of Pimbley’s
results are extended in Turner [21].

The formulation of the existence problem used in this work is due to
G. B. Gustafson [2].

2. Preliminaries. This section gives the basic notation and defini-
tions used throughout.

The Banach spaces to be used are as follows:

C([a, b)), the space of continuous real-valued functions x on [a, b]
with norm ||x||,, = max{|x(t)| : a = ¢t = b}.

CY([a,b]) = {x € C([a,b]):x" € C([a,b])} withnorm |||x||,, =
I<lap + llx"[lap

L,([a, b]), 1 = p < =, the space of measurable functions given by
Ly([a, b)) = {x: |l = (12 s )0 < w },

L.([a, b]) = {x:|x| « = essential sup{|x(t) :a=t=b} < ©},
and L,Y([a, b]) = {x € AC([a, b]) :x’ € L,([a, b])} with norm |x||
= |x|lap + ||x'||»s AC([a, b]) is the linear space of absolutely continu-
ous functions on [a, b].

When the interval [a,b] = [0,1] the notation ||x||, = ||x|l,, will be
used, and E will denote either of the spaces C([0, 1]) and L,([0, 1])
when no confusion is possible.

The characteristic function Xz of the set E will be used in various
formulas, it is defined by Xg(t) = 1fort € E, = Ofor ¢ € E

We proceed to record some definitions. The following parallels
M. A. Krasnosel'skii [8].
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DEeFINITION 2.2. A subset K of a Banach space E is called a cone if
(i) Kisclosed in E,
(ii) x,y € K, &, 8 = 0 implies ax + By € K
(iii) x € K, —x € Kimpliesx = 0.
DeFiNiTION 2.3. An operator B: X — Y, X, Y Banach spaces, is
called completely continuous if it is both continuous and compact
(i.e., maps bounded sets into precompact sets).

It is worth noting that (1.1) is no less general than
(1) @ty (1)’ + flt,y(®)y'(H) = 0,a < t < b,

where —© < a < b < ® and ¢ is a continuous positive function. To
convert (2.1) to (1.1) see Hartman [4].

y"(t) = h(t),

y(a) = y(b) = 0.
Explicitly,
(t—a)b=s)(b—a)"Lt=s
(s—a)b—t)(b—a) Ls=t
One observes that 0 = G(t, s; a, b) = (b — a)/4, |Gy(t, s; a, b)] = 1 and

JEG(t, s; a, b)ds = (b — a)*8. These estimates will be used in sub-
sequent sections.

One observes that 0 = G(t, s; a, b) = (b — a)l4, |G(t, s; a, b)] = 1 and
JE G(t, s; a, b) ds = (b — a)?8. These estimates will be used in sub-
sequent sections.

22) Gt s;ab)=

3. Equivalent Operator Equations. The nonlinear nodal problem
will be converted to a pair of nonlinear operator equations acting in
a suitable space. The operators will be of the form B: T X K - K, F:
T X K — R", where K is the cone of nonnegative functions in a certain
Banach space of functions, E, and T is the open “tetrahedron” in R®
givenby T= {aER,a= (aj,ay *-",a,):0<a,<a,< ---<a,
<1}

To convert (1.1)-(1.2) to a cone-valued fixed-point problem in a
Banach space, the solution y is replaced by x = |y|, and on each
interval [a;, a;,,] between the zeros {a;} of y, the problem (1.1)-(1.2) is
inverted via Green’s function kernels. The result is an operator equa-
tion x = B(a, x). The transition from x back to y requires the identity
x'(a; +) + x'(a; —) = 0, which generates a finite-dimensional operator
equation F(a, x) = 0. The explicit assumptions, and formulas for B
and F, shall be given below.
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Consider the differential equation (1.1) with nodal conditions (1.2).
It shall be assumed that f:[0,1] X R> — R is continuous, that
yf(t,y,u) = Oforallt € [0,1] andy,u € R,and that f( -, y( - ),y'( *))
€ I,([0,1]) for some q > 1 whenever y € E. Finally, f(¢, y, u) =0
ifandonlyify =0, —ae.on0=t= 1

The nodal operator B will be defined on 0 = ¢t = 1 by

Bax))= 3 (-1 [ Glt,5 g arr)
(3.1) N )

* f(s, (= 1)'x(s), (—1)'x"(5)) dSX (a;,0,411(£)s
a=0anda,,, =1 fora=(a, -, a,) ET, x €K The formula
makes sense whenever x € K and x'(t) exists ¢ — a.e. on [0, 1].

The matching operator F will be defined by F = (F,, - - -, F,) where

(—1)-'Fa,x) = J‘a'i_ Gyai, s; ai_y, a;)

(32) *fls, (= 1) x(s), (= 1)~ 'x"(s)) ds

ai+1

- Giai, s; a5, ai4)

f(s —1)x(s), (= 1)'z"(s)) ds,
i=1"-",n

Since all integrands are in L;([0, 1]) we may take any of the integrals
above to be zero whenever the interval becomes degenerate.

Lemma 3.1. The coupled pair of operator equations
(3.3) B(a,x) = x, F(a,x) = 0,

for (a,x) €E T X K is equivalent to the nodal problem (1.1), (1.2) in
the following sense:
(i) If (a,x) € T X Kisa solution to (3.3), then

n

y(t) = X (= 1)x(tX a;.00011(t)

i=0

is a solution to (1.1), (1.2).
(ii) If y is a solution to (1 1), (1.2) with exactly n + 2 zeros
at0 =gy <a; < """ <a,<a,,, =1,then

(a,x) €T X K

is a solution to (3.3), where a = (a,, * - *, a,) and
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Proor. It suffices to prove that

Fian)= [ Gay s a1~ 1ifls, (~1)x(s)) ds

is continuous. The proof for F; — F; is similar.
Consider (a, %), (b,y) € T X K. Then

|Fi(a, x) — Fi(b, y)| = |Fi(a, x) — Fi(b, x)|
+ |Fib, x) — Fib, y)|
= |Hi s a D) (=1 )]«
+ | 2, x) — (b, y)| -
where ‘
Hys, a,b) = G{a;, $; @i, @i 1 X (a0, ) (5)
Gu(by, ; bi, b X, b, ) (8)

It is easily shown that H(s, a, b) >0 s — a.e. on [0,1] as b—a.
Further, |Hy(s, a, b)) = 1. By Lemma 6.2 and Lebesgue’s bounded con-
vergence Theorem, the right side of the preceding inequality tends to
zero as (b,y)— (a,x). The boundedness follows from Lemma 6.1.

7. Complete Continuity of B and F : (£, x, x') Dependence of f. The
introduction of x' dependence produces additional complications. The
first problem is to find a function space E in which derivatives may be
taken in some sense, the obvious choices being C!([0,1]) and
Lip,([0,1]). Unfortunately, the operators fail to be compact when
defined on these spaces. To overcome the difficulty we proceed as
follows.

Let E= {x € AC([0,1]):x" € L,([0,1])} where p > 1 and define
||x" "x"c + |x’ ||p The space E is a Banach space. Let K= {x

:%(t)= 0, 0= ¢t = 1}. Throughout this section the topology on
K w111 be that induced by E and T X K will have the product topol-
ogy. '
géoncerning assumptions of f, it will be assumed that the function

y, 2)—> f( -, y( z( +)) is continuous from E X L,([0,1]) into

q([O 1), 1<qg= p Further, this mapping shall take bounded sets
to bounded sets. Finally, yf(s, y, z) = 0 for all (s, y, z) € [0,1] X R

Define 3 : T X K— L, by

FHa, x) = 2 (=1)fC (=1x( ), (= 1" (* )Xasair -
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In the following lemmas || - ||c will denote the norm in E and || - ||,
thenormin L, 1=p = «.
LemMa 6.5. B: T X K — K is continuous.

Proor. The definition of B and the sign hypothesis on f make it
clear that the range of B lies in K. Now suppose that |a™ — a°| +
[xm — %o|lc— 0 as m — © where (a™,x,) ET X K for m=0, 1, 2,
. Then

1B(a™, xm) — G(a® xo)||c

1
+ ” jo A -, 8 am) [ Fa™, xm) — F(a® x0)] (s) ds

A

[} 1eCsam = o san) 9@ af|

C
=< |19, %) - ” [ltatsem— ot sa) ds”c
+ Lo 2, — 9@ x)l. + | 9@ ) — 9 )],

because | S(t, s; a™)| = 1/4. By Lemmas 6.2, 6.3 and 6.4 this term tends
to zeroas m — o,

LemMma 66. B: T X K — Kis completely continuous.

Proor. It remains to show B is compact. To this end, let A X H
C T X K be bounded and let (a,x) € A X H wherea = (a,, * * , a,).

I1B(a, x)]lc =

[} asa9E@ands|| =196
C

and Lemma 6.1 shows that B(A, H) is a uniformly bounded family in
K

Further, B(a, x)'(t) exists for each t & {a;}}_,. In fact, B(a, x)'(t)
= (=12 Gt, s @, ai))f(s, (—1)x(s))ds for all t € (a; a:41),
0=i=n.' Hence, D*B(a, x) exists on (0,1) and |D*B(a, x)(t)| =
sup{|Gi(t, s; @, a;1):0=i=n and t& {a;}7,,} | F@x)|-=
| #(a, x)| . By Lemma 6.1, the family of functions B(A, H) is a uni-
formly Lipschitz, hence equicontinuous, family in K. The Arzela-
Ascoli Theorem (see Royden [17]) applies to complete the proof.

Lemma 6.7. F: T X K — R* is continuous and maps bounded sets
to bounded sets.
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6. Complete Continuity of B and F: (t,x) — Dependence of f. In
order to apply the degree computations of preceding sections it is
necessary to verify that the nodal operator B and the matching operator
F are completely continuous.

Considered in this section is the special case where f does not
dependonx’.

Throughout, F = C([0, 1]), equipped with the topology of uniform
convergence, K= {x € E : x(t) = 0}, the cone of nonnegative func-
tions in E with the relative topology. The sets R" and T will have the
topology induced by the norm |a| = max{g;: 1 = i = n}, where a =
(a), -+, a,) € R*. The product space T X K w1ll have the product
topology If a € T, we will number its components a;, 1 =i=n,
g, =0anda,,., = 1.

It is assumed that the mapping x — f( -, x( - )) is continuous from E
into E, and further, this mapping takes bounded sets to bounded sets.
Finally, zf(t, z) 2 0 for almost all ¢t € [0,1],z € R.

The nodal operator B will be written in the form

B(a, x)(t) = f ; G(t, s; a) H(a, %)(s) ds
for all (z,x) € T X K, where

n
G(t’ 5 a) = 2 G(t, S5 a;, ai+l)x/(ai,ai+1)x(ai ait+1) (t’ S)’
i=0

fors, t $ {a; }?:o1
0, for sor t € {a;}}"y

and

3

Ha, x)(s) 2 = 1)f(s, (— 1)x(8)X{ai,ais1) (s) for s € [0, 1).

LemMa 6.1. 9 : T X K — L.([0, 1]) maps bounded sets to bounded
sets.

LemMma 6.2. 9(a, -): K — Lu([0, 1]) is continuous, uniformly in
a €T

LemMa 6.3. 9( -,x): T — L,([0, 1]) is continuous, uniformly for x
in bounded subsets of K.

LemMa 64. If |am —a°% — 0 as m — «, then ||G(t, *; a™) —
G(t, -; a%)|c — O uniformly int € [0,1].
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degree d(F( ,x( +)), T,0) is defined for any continuous mapping
x: T — K for which F(a, x(a)) # 0,a € 3T.

The purpose of this section is to give some geometric results which
insure that d(F( -, x( - )), T, 0) = 1 for a certain class of functions x.

DeriNITION 5.1. A function N :3S — R" is called an outer normal
to the bounded open set S C R" provided for some a* € S

(5.1) N(a) - (@ — a*) > Ofora € 3S
(5.2) SC (b ER":N(a) - (b — a)= 0} for eacha € 9S.

Define an outer normal to T in the following way. Let {e;}i-,
denote the standard unit vectors in R" and let e, = 0. Put

So={a€T:0=a, = -+ =4a;<aq,, forsomej,1 =j=n},

and define faces S, - - -, S, of T inductively by

i1
Si={a€oT:a_,<a;=a,\NUS,1=i=n

k=0
Then 9T is the disjoint union of the faces Sy, - - -, S,. Define
(5.3) N(a) = e — ¢x, fora ES, 1=k =n,
(5.4) N(a) = —e;fora € S satistying0 = a, = - - - = q; < gj,,.

LemmMa 5.2. The function N:9dT— R" given by (5.3)-(5.4) is an
outer normal to the convex open set T.

LemMa 5.3. Suppose x: T— K is continuous and that x(a)(t) = 0
if and only if t € {a;: 0= i = n + 1}, then the outer normal N given
by (5.3)-(5.4) and the operator F of section 3 satisfy

(5.5) N(a) - F(a, x(a)) < 0.

LemMa 5.4. Suppose x: T— K is continuous and that x(a)(t) = 0
ifand only ift € {a;: 0 = i = n + 1}, then the Brouwer degree

d(F( -,x( -)), T,0)=1.
Proor. For a* € T the homotopy given by
H(a,\) = (1 — \)(a@a — a*) — \F(a, x(a))

does not vanish for a €97, 0= A= 1. To see this consider N(a)
- H(a, \) and apply Lemmas 5.2 and 5.3.
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Proor oF THEoREM 4.1. In views of Lemmas 4.7 and 4.8 we may
again use the homotopy invariance property of Leray-Schauder degree,
this time using € as the homotopy parameter, 0 = € = €,. This gives

d(I — A, T X (Bg\B,),0) = d(I — Hy( -, -,0), T X (Bg\B,),0)
= d(I - H,( ", -,0), T X (B\B,),0)
= —d(—F(,k(-)),T,0).

The proof of Theorem 4.2 follows in a similar manner from the fol-
lowing lemmas, which are stated without proof.

LemMMa 4.9. Suppose that the nonsingularity condition and the
compression conditions (b) or (d) holds.
If (4.4) holds, then

d(I-H(", 0),TX B,0)=0.

Lemma 4.10. Suppose that the nonsingularity condition and (4.3)
hold, then for each € > 0 sufficiently small L( -, -, T) is fixed-point
free on o(T X Bg),0 = T= 1. Therefore,

d(I = L, ~0), T X Bg,0)=d(I = L( ", ,1), T X B, 0)
=d(I—H(" 0),TX B,0),
for each € > 0 sufficiently small.

LemMma 4.11. Let the nonsingularity condition, the smallness condi-
dition on k and the compression conditions (b) or (d) be in force.
If (4.3) and (4.4) are satisfied, then for some €; > 0 and 0 < € = €,,

d(I - He( ‘s '10)> T X (BR\Br)’ 0) = d(—F( ’k( : ))> T’ 0)'

Lemma 4.12. Suppose that the nonsingularity condition holds, to-
gether with (4.3) and (4.4), then A is fixed-point free on d(T X
(BR\Br))‘

Proor oF THEOREM 4.2. In view of lemmas 4.11 and 4.12 we may
use the homotopy invariance of degree with parameter € € [0, €,].
This gives

d(I— A, T X (Bg\B,),0) = d(I — Hy( -, -,0), T X (Bg\B,), 0)
= d(l - Hez( > '70)’ T X (BR\Br)a 0)
= d(—F(-k(-)),T,0).

5. Geometric Properties of F. It will be shown in sections 6 and 7
infra, that F: T X K — R" is continuous. It follows that the Brouwer
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Via,x,t) = (a + F*a, tk(a) + (1 — t)x), k(a)),
W(a, x,s) = (a + F(a, k(a)), sk(a)).

If V( -, -, t) has a fixed point (@, x) € (T X B,), then x = k(a) € K
and a €T by (iii). Further x = k(a) gives 0= F(a, tk(a)+
(1 — t)x) = F(a, k(a)), which contradicts the nonsingularity condition.

If W(-, -, s) has a fixed point (a, x) € (T X B,), then |x|| =
s||k(a)|| < r, by (iii), so a €T. Now F(a, k(a)) = 0 again contra-
dicts the nonsingularity condition.

By homotopy invariance of degree, we obtain the followjng:

dl-L(" 0),TXB,0)=d(I-V(-+0),TX B,0)

=dI-V(:1),TX B,0)
=d(I-W(- 1), T X B,0)
=d(I— W(-,-0),TX B,0)
=d((—F(,k(-)),I), T X B,,0)
=d(—F(,k(-)),T,0) -d(I, B, 0)
=d(—F( -,k(-)),T,0).

The preceding also establishes the following result:

LemMa 4.6. B, may be replaced by By in the preceding lemma.

LemMma 4.7. Assume the nonsingularity condmon the smallness con-
dition on k and the compression condmons (a) or (c). If (4.1) and (4.2)
hold, then for some e, > 0and0 < e =€,

d<1 —H(-0),TX (BR\Br)’O) = —d(—=F(-, k( - ), T, 0).

Proor. The result follows immediately from Lemmas 4.3, 4.4 and
4.5 once one has observed that

d(I - ( > >0) T X (BR\B) ) d(I - Hc( % .’0)7 T X BR’O)
—d(I-H("0),TX B,0),
by virtue of the excision property.

LemMma 4.8. Suppose that the nonsingularity condition holds, to-
gether with (4.1) and (4.2), then A is fixed-point free on o(T X (Bg\B,)).

),
Proor. Suppose A(a, x) = (a, x), then x = B*(g, x) € K and we have
x| 2 r >0, x= B(a,x), F(a,x) =0, and so a €T by (ii). But
a €T implies x| # r by (4.2) with A=1 and || 74 R by (4.1)
withA = 0.



576 P. W. BATES AND G. B. GUSTAFSON

which contradicts the compression condition (a). If the norm is not
monotone on K, then ||x — B(a, x)|| = (1 + €)||h(a)|| > ||h(a)]|, contra-
dicting the compression condition (c).

For each € > 0, define the completely continuous map L,: T X E
X [0,1] — R* X Kby

LJa,x,7) = (a + F*a,x), 7B*(a, x) + (1 — 7)k(a) + reh(a)).

LemMa 4.4. Suppose that the nonsingularity condition holds to-
gether with (4.2), then for each € > 0 sufficiently small the operator
L( -, -,7) is fixed-point free on (T X B,), for 0=7=1. Hence,

dl-L("-0,TXB,00=d(I—-L(","1),TXB,0)
=d(I—-H/",0),T X B,0).

Proor. If L(a, x, ) = (a, x) for some a € 3T, then since B*(a, x)
€ K we have x = (1 — 9)k(a) + Teh(a) and F(a, x) = 0. This con-
tradicts (ii).

Now suppose there exist sequences {J,}C [0, 1], {a,}C T,
{x,} C 3B, and {¢,} C R*,€,— 0 as n— =, satisfying L., (a,, X, T )
= (Gn, x,), n=1, 2, -+ Again, x, €K x,= 9,Ba, x,)+
(1 — 9,)k(a,) + Y.€e,h(a,) and F(a,, x,) =0,n=1,2, - - -. By com-
pactness of T, [0, 1], and the operator B, subsequences can be selected
(let us use the same numbering), {x,}, {a,} and {TJ,}, so that T,
- J €1[0,1], a,—>a €T and B(a,, x,) —y € Kas n— ©. Hence,
x,— 9, + (1 — T)k(a) = x € K as n— ®, by continuity of k and h.
Furthermore, by continuity of B and F,

x= YB(a,x)+ (1 - T)k(a), F(a,x) = 0.

Since {x,} € 0B,, ||x| = r. Now if a €T both T <1 and J =1
lead to contradictions of the nonsingularity condition, whereas if
a €T, (42) is violated. The invariance of degree under homotopy
and the fact that L( -, -, 1)= H( -, -, 0) now gives, for each € > 0
sufficiently small,
dI—-LJ(*0),TXB,00=d(I-L(" 1), TXB,0)
=d(I-H(" -0),TX B,0).
LemMa 4.5. Suppose that the nonsingularity condition and the
smallness condition on k holds, then
dl-LJ-, 00T X B,0)=d(—F(-,k(-)),T,0).

Proor. Define the completely continuous maps V, W: T X B, X
[0,1] — R* X Kby
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Then the following Leray-Schrauder degree identity holds:
d(I — A, T X (Bg\B,),0)= —d(—F( -,k( -)), T,0).

THEOREM 4.2. Suppose that the complete continuity condition, the
nonsingularity condition and the smallness condition on k are satisfied.
Suppose that the compression conditions (b) or (d) are satisfied.

Assume:

(4.3) If (a, y) ET X M, y=2B(a, y) + (1 — ANk(a),F(a, y)
= 0forsome\ € [0,1], then ||y|| # R.

If (a, y) €T X M, y = B(a, y) + Ah(a), F(a, y) = 0 for

(44) oo rZ 0 then lyll # r.

Then the following Leray-Schauder degree identity holds:
d(I — A, T X (Bg\B,),0) = d(—F( -, k( -)), T,0).

The proofs of these theorems will follow from a sequence of
lemmas. For each € > 0 define H,: T X E X [0, 1] - R" X K by

H/a,x,\) = (a + F*a, x), B¥a,x) + (A + €)h(a)).

Under the complete continuity condition, H, is completely continuous.
We shall assume that this condition holds throughout the remainder
of this section.

LemMma 4.3. Suppose that the nonsingularity condition and the com-
pression conditions (a) or (c) are satisfied. If (4.1) holds, then the
operator H/( -, -,\) is fixed point free on (T X Bg) for each \ €
[0, 1]. Therefore, d(I1 — H( *, *,0), T X Bg, 0)=d(I— H( -, *, 1),
T X By, 0)= 0.

Proor. Suppose H (a, x, A) = (a, x), then x = B*(a, x) + (A + €)h(a)
€K If a €9T, then x= (A + €)h(a), and F*(a, x) = F(a, x) =0
contradicts (ii). If @ € T and |jx|| = R, then x = B(a, x) + (A + €)h(a)
and F(a, x) = 0. This implies that A + € > 1 by (4.1). Thus if the
norm is monotone, then |x|= (A + €)|h(a)| > ||h(a)|| = R, by the
compression condition (a), a contradiction. If the norm is not mono-
tone, then |x — B(a, x)|| = (A + €)||h(a)|| > ||h(a)|| contradicting the
compression condition (c). This shows that H( -, -, A) is fixed-point free
on 8(T X Bg). Invariance of degree under homotopy gives d(I —
H(-, -,0), TX Bg,0)=d(I—H/ ", ,1), T X Bg, 0). Suppose, now
that d(I — H/( -, -, 1), T X Bg, 0) # 0, then for some (a, x) € T X Bp,
x = B¥a, x) + (1 + €)h(a) EK and F*(a, x) = F(a, x) = 0. If the
norm is monotone on K then R> |x| = (1 + €)|h(a)| > |h(a)]
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Let E be a real Banach space, K a cone in E, P: E — K any con-
tinuous extension of the identity on K, which maps E onto K. Let
M= {x EK:r= ||x| = R} where 0 < r < R, and let T be a bounded
open set in R".

Suppose the following maps are given:

B:TXK—->KF:TXK—->Rk:T>Kh:T—>K
Define:
B*:TX E > K by B*(a, x) = B(a, Px),
F*. TX E - R" by F*(a, x) = F(a, Px),
A:TX E - R*"X K by A(g,x) = (a + F*(a, x), B¥a, x)).

B, will denote the open ball of radius § in E about 0.
Further, assume that the following conditions are satisfied:
(i) The complete continuity condition: B and F are completely
continuous, h and k are continuous.
(ii) The nonsingularity condition: If x = B(g, x) # 0, or x = k(a),
;r x = th(a) for some 7> 0, (a, x) EIT X K, then F(z, x)
0.
(iii) The smallness condition on k: Fora € T,0 < ||k(a)|| < r.
(iv) The compression conditions: If || - || is monotone on K, then
. either
(a) |h@)| = R a ET,or
(b) [|h@)|=r,a ET.

If || - || is not monotone on K, then either

(c) sup{|x — B(a, x)|| : x EK, ||| = R, F(a, x) = 0} < ||h(a)|
fora€T

or

(d) sup{||lx — B(a, x)| : x EK, ||x| = r, F(a, x) = 0} < ||h(a)|
foraeT.

The following theorems are true:

TueoreM 4.1. Suppose that the complete continuity condition, the
nonsingularity condition and the smallness condition on k are satisfied.
Suppose that the compression conditions (a) or (c) are satisfied.

Assume:

If (a, y) €ET X M, y = B(a, y) + Ah(a), F(a, y) = 0 for
some \ € [0,1], then Iyl # R;

4.2) If (a, y) ET X M, y=AB(a, y) + (1 = Nk(a), F(a, y)
= 0forsome € [0,1], then ||y| # r.

(4.1)
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n

x(t) = SIgn(y 2 y(t a-‘+1]<t)'

Proor. Suppose (a,x) € T X K is a solution to (3.3), then B(a, x)
= x,and for t € [a;, a;,,],

)= (-1 [ “"'“al =) i, (= 1)als), (=1 () s
-1y [ B =M= B g g, (-1 (o) ds

0= i=n. Since the integrand of each integral belongs to L, C L,,
x(t) is differentiable almost everywhere on g; < t < g, , and its deriva-
tive agrees almost everywhere with a continuous function u(t). Re-
placing x'(t) by u(t) in the preceding equations shows x is twice con-
tinuously differentiable onq; < t < g;,, and

x'(t) = (= 1)f(t, (= 1x(8), (= 1)x' (1)), & < t < @y

This shows that y satisfies (1.1) on each subinterval (a;, a;,,),0 = i = n.
Since x(a;) = x(a;+;) = 0 and x(t) > 0 on (a;, a;,,), it follows that y
satisfies the nodal conditions (1.2). It might first appear that we have
demonstrated that y solves (1.1), (1.2). This is not the case, however.
It is conceivable that the right and left-hand derivatives of y do not
“match up” at the nodal points. The matching operator comes to the
rescue at this stage. The following is true:

_ryla+h) —yla) yla) —yla—h)q

hm h . ]
— 1V liem x(a; + h) — x(a;) x(a;) — x(a; — h) 1
= (71 i | h + h 1

= (—1)i-'Fa,x) = 0,1=i=n.

This completes the proof of (i). The proof of (ii) is similar.

4. Degree Computation. This section deals with abstract operator
equations in Banach spaces. The main results show that the Leray-
Schauder degrees of certain mappings relative to zero and appropriate
open sets are computable in terms of Brouwer degree. The computa-
tion enters as an essential step in the convergence proof for a projec-
tion method of Galerkin type; see section 9 infra.
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The function (g, x) is defined s — a.e. on [0, 1].

LemMma 7.1. The mapping 3 is continuous and maps bounded sets
to bounded sets.

Define B: T X K — K by B(a, x)(t) = I Et, s; a) Ha, x)(s) ds for
eacha = (a,, ' ' *,a,) € T and x € K, where

gt, 8; a) = 2 g(t’ S ai} ai+ l)X[ai,ﬂ.'+ 1)2 (t’ S)‘
i=0
Both & -, ';a)and Gy( -, *; @) lie in L.([0, 1] ?), their norms being 1/4
and 1, respectively. One can easily see that Bmaps T X Kinto K.
Lemma 72. If |a™ —a| + ||xn — x|c + [|xm' — %', >0 as m
— o, then ||B(a™, x,,) — B(a x)||c = 0 as m — o, where (a™, x™), (a, x)
eET X K form=1,2,

LemMma 7.3. B: T X K— Kis continuous.

Proor. In view of the previous lemma it suffices to show that
| B(a™ x.,)’ — B(a® x)'||,— 0, given |a™ — a% + ||x,, — x|, + [Jxn' —
x'||,— 0 as m — «. By Minkowski’s inequality,

|B(a™, x,)" — B(a% x)’|,

= ”J’ Gy - — & -+, 8;a%] F(a x) dS”,,
+ || fi iomemrotan x,) — oty as|
= (9@ 2| [ ], 16¢ s

l/q!
- Gl 500 ds] "I
P

+[ (@™, %) )g-

Again, the second term approaches zero as m— . Now if t &
(@™} meos Jm(®) =J0 | Gilt, s;am) — Gy(t, s; a®)|'ds exists, and
furthermore, Jm(t)—> 0 as m — » by Lebesgue’s dominated conver-
gence theorem. Clearly, J,.(t) =1 a.e. and so again by Lebesgue’s
dominated convergence theorem || J,||,— 0 as m — .

The lemmas which follow will establish the compactness of B.

LemMa 74. B: T X K — C([0, 1]) is completely continuous.
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Proor. Continuity has lzeen established, so it remains to prove com-
pactness. Let AX HC T X K be bounded and let (¢,x) € A X H,
then

Bl = || [, & smv@aoa||

1
= ?" S(a, x)||-
The right side of this inequality is uniformly bounded by some number
M > 0, by virtue of Lemma 7.1.

If(a,x) EAX H,a= (a, * ", a,), then

B(a,x)'(t) = (= 1)

Iai+l Gi(t, s; a;, ai+1)f(3, (= D)x(s), (—1)x’(s)) ds

a;

for almost all ¢t € (a;, a;,,) for 0 = i = n. The fact that the integrand
is in Ly([a;, a;y,]) implies that B(a,x) € AC*([a;, a;,,]) and that
B(a, x)' € C([a;, a;11] ), 0= i = n. Furthermore, D*B(a, x) exists on
(0,1) and |D*B(a, x)(t)| = || Fa, x)||; = || F(a, x)||, = 4M for all (a, x)
€ A X H. Hence, B(a, x) is Lipschitz with Lipschitz constant 4M for
all (a,x) € A X H. Since B(A, H) is a uniformly bounded equicon-
tinuous family in C([0,1]), it is precompact by the Arzela-Ascoli
Theorem.

LemMa 7.5. B: T X K— K is completely continuous.

Proor. Lemma 7.3 has established the continuity of B so it suffices
to show compactness.

Suppose {(a™, x,,)}m-; is a bounded sequence in T X K. By the
previous lemma we may assume that a subsequence has been selected
so that {B(a™, x,)}m-, converges to some g € C([0,1]). We may
also assume that {a™},_, converges to some a = (a,, - * *,a,) € T.

Let] = {i:0=i=nandag;,, — ¢;> 0},38 = min{a;,, — a;:i €I}
andCx = U, ¢; [a; + 8/k,a;,, — 8/k] fork = 1,2, - - -. Fixkandchoose
N, such that am™ $ C, for 0=i=n+1 for all m= N,. It was
shown in the proof of the previous lemma that {B(a™, ™)' }nzn,
is a uniformly bounded sequence in C(Cy). Also, for u, v € Cy, if
lu — v| < 28/k, then u, v € (a/", a},) for some i € and for all
m = N,. Therefore,
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|Blam, %) (@) = Bam %)@ = | [* Bl x,)"(s)ds |

= | f 9(a’",xm)(s)ds|

= |u — oY) F(a™, x,) o

Hence, {B(a™, %) }mzn, is a uniformly bounded equicontinuous
family in C(Cy) and has a uniformly convergent subsequence by the
Arzela-Ascoli Theorem. We construct a subsequence as follows: let
Sy = {B(a™ %)  }mzn, fork=1,2, - - -, and let T, be a subsequence
of §; which converges uniformly on C,. Proceeding inductively, sup-
pose that the subsequences T; have been chosen with T; converging
uniformly on C; fori =1, - - -, j; choose T;,, C T; N S;,, to be a sub-
sequence which converges uniformly on C;, ;.

Let us write T; = {B(a™, %, ;) ' }m-) foreachi = 1,2, - - -, and con-
sider the diagonal subsequence {B(a™™, x,, )" }m-1. It is clear from
the construction that this subsequence converges uniformly on com-
pact subsets of (0, 1)\{a;}{-, to a function g, € C((0, 1)\ {a;} i-1). A
further consequence of this convergence is that g,(¢) = g'(t) for t €
(0,1)\{a;} -, and hence, {B(a™™, X, ,)}m-1 converges to g in E.

We will now turn our attention to the matching operator F.

Define F: T X K— Rrby F = (Fy, - - -, F,) where

Fi(a; x) = J“:_l G,(a,-, S, ai—l’ ai) 9(0’ x)(s) ds
+ f::+lct(ai: 8; @;, a; 1) F(a, x)(s) ds

forx EK,a=(a; ' **,a,) ET.

LemMma 76. F is continuous and maps bounded sets to bounded
sets.

Proor. The proof is similar to that of Lemma 6.7 and will be
omitted. The essential difference between the proofs is that F(a, x)
QE L. in general, however, the fact that 9(a, x) € L, allows Holder’s
inequality to be used in conjunction with Lemma 7.1.

8. The Auxiliary Functions h and k. The theorems of section 4
made use of auxiliary functions h and k. Below, these functions are
constructed and some of their properties are given. In particular, the
construction makes it clear that h and k depend only upon the linear
differential operator and the nodal conditions.
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Leta = (a), - * , a,) € T and let c be a fixed positive parameter, to
be determined later.

DEerFiniTION 8.1. For 0 = t = 1, define

h(tsa,0) = 20 S, my(co di)(EWienay (8)

i=0
where

min{t — a,b — t} /(b — a)% if t € (a, D)

my(a, b)(t) = 0, otherwise

and ci=a; + (ai+l - a,-)/3, d,' = aq; + 2(a,~+1 - a,')/3.

The notation Ag; = a;,, — a; will be used. It is verified that
h( -; a, ¢) € C([0, 1]) with norm 3c¢c/m, m = min{Ag;:0=i=n,
Ag; > 0}. Further, Joh(t; a,c) dt = c(n + 1).

DerFiniTiOoN 8.2. For each ¢ > 0, define the operator h: T— K by
h(a)(t) = [§ ¢, s; a)h(s; a, c)ds, 0=t =1; where the kernel &
is defined in section 6.

Explicitly,

C(t - a,-)/4, a; =t= C;

c(t — a)l4 — 3c(t — ¢;))lAa2 c; =t = (a; + a;,.1)2
1) hay = 4 @~ 360 = c)lBat oS ¢S (@ + g

d(ai),l - t)/4 - 3C(d,- - t)/Aa'-Z, (a,- + a,-+1)/2 =t= d,'

c(@i, — W4, di St = ayyy,

fora;, =t=aq;,,,0=i=n.
In view of (8.1) and the definition of h some of the following lemmas
do not require proof.

Lemma 8.3. The function h(a) is continuous on [0,1] for each
a € T and h(a)(t) > Ofort € [0, 1] \{a;}i

LemMma 8.4. The function h(a) € C%([a;, a;,,] ) whenever a; < a;,,.
LemMma 8.5, Foreacha € T, ||h(a)|c = c/9.

Proor. Definitions 8.1, 8.2 and the representation (8.1) show that
h(a) is concave on each of the intervals [a;, a;,,], 0 = i = n, and that
the maximum occurs at (¢; — a;,,)/2 for some i, 0 =i = n. Now (8.1)
gives

h(a)((a; — ai41)/2) = cAa9 = clS.
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LemMa 86. Ifa € Tand t & {a;}7-,, |h(a)'(t) = c/4.

A consequence of Lemma 86 is that h(T) C K for each choice of
the Banach space E in sections 6, 7. Further, ||h(a)|| = 13 ¢/36 and
Ih@)'],, S ch

Let D+ and D~ represent the right and left-hand Dini derivative
operators, respectively.

Lemma 87. If a €T, then D*h(a)(a;) + D h(a)(a;) =0, 1=

=n

In order to show continuity of h: T— K a representation is given
which is more readily manipulated. Ifa = (a,, - - ,a,) € Tanda; < ¢,
s < a;,,, substitute u = (¢t — a@;)/Aa;, A = (a — a;)/Aa; into defini-
tion 8.2. This gives

ha)(t) = 6chai [ g(u ) dh 0 S ¢ = ayy,

(8.2) where g(p,A) = min{u(l — A),A(1 — p)} and
é(A) = min{3A — 1,2 — 3A}.

Remark 88. For A € [1/3, 23], 0=¢(A) =12 and 0= g(p, \) =
Y(p)=min{u, 1 — u}, 0= up=1. It follows that (8.2) can be used
even when q; = a;, ;.

LemMma 8.9. The function g satisfies |g(u,A) — g(p, M| = 2|lp — pyl
whenever u, u, A € [0,1].

Lemma 810. If6§>0anda—86<a'<a+8=t=b—-86<Db’
< b + §, then

|(t—al(b—a) = (t—a’)(b' — a')| <38min{(b — a)~!, (b’ —a’)"'}.
Furthermore, if § < (b — a)/6, then
2(b—a)<3(b’' —a')< 4(b— a).

Lemma 8.11. The function h : T— C([0, 1]) is continuous.

Proor. Using the notation developed above, suppose that |a — b|
<& and 68 <min{Ag;:0=i=n and Ag >0} where b=
(by, "+, b,) ET. Put Ab;= b;,, — b; and pu, = (¢t — b;)/Ab; when-
ever b;=t=b;,,. Let t € [0,1] be fixed. Then ¢t €E [a;a;,,] N

[b;, bj,] for some0 = i, j = n and by (8.2)
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2/3
Iha)(®) ~ HBXOI = Bellaa = Ab| [*° g(u, A1) dh

2/3 .
+ 85 [ g ) = gl NIg) ]
= c|Aa; — Abjlp + cAbymin{y () + Y1), 2l — pal )

by Remark 8.8 and Lemma 8.9. Consider the following possibilities:

Case 1. If t € [a;, a; + §), then Y(u)= pu= §/Aq; and Y(u)) =
25/Ab;. Hence

|h(a)(t) (b)(t)l = c[8(1 — AbjlAa;) + 8(AbjAa; + 2)] = 6¢3.
Ift € (a;,, — 8, a;,,], then the same estimate holds.

Case 2. If t € [a; + §, a;,, — 8], then t € (b;, b;,,), that is, j = i.
Lemma 8.10 gives

|h(a)(t) — h(b)(t)]| = c[|A,, — Abi| + Ab;2|p — p)|] = 8c.
It follows that ||h(a) — h(b)|c = 0 as § —> 0.
Lemma 8.12. The function h : T — K is continuous.

Proor. It has been shown in previous lemmas that h maps T into
K and that ||h(a) — h(b)||c— 0 as |a — b| — 0. This is sufficient if
E = C([0,1]) as in section 6 but if E= L,([0,1]) as in section 7,
then it remains to show that ||h(a)’ — h(b)'|,—>0asb—ain T. The
notation of the previous lemma will be used. Suppose that g; < t <
ity then

@) (0= S (a0 = o ([ gt )oa) )
= 6c j ?:Z 2.(1 Nb(A) d,
where
_ 1-Mnp<A
gl A) = { —AMp>A

Thus, if |a — b| < § and t € (a;, a;,,) N (b}, b;,,), then

k(@) () = hB)' O] = 6| [ T2 = £l 160
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[ a=x= =080 d w <

= 6¢
[ 1=x= =20, i < g

= 3clp — wl.
Casel. Ift € [a;,a; + 8) U (a;,, — 8, a;,,], then
|h(a)’(t) — h(b)' ()] = 3c|p — | = 3e.
Case 2. If t € [a; + 8, a;,, — 8], then t € (b;, b;,,) and |h(a)'(¢)
— h(b)'(t)] = 9c8/Aa;by Lemma 8.10.

Hence,
Iha) = hb)'[5 = [ 1ha)’ () = hb)" @)1 e
= 2(n + 1)8(3c)? + (9¢d)Pm!-»,

wherem = min{Ag;: 0 = i = n, Aq;} > 0. Therefore ||h(a)’ — h(b)’|,
—>0asd—0.

The function k will be the same as the function h but with a dif-
ferent value for the parameter c, again, to be determined later. To
avoid confusion, whenever we are dealing with the function k we will
call this parameter d.

9. Projection Methods. The idea behind a projection method is to
approximate the equation to be solved by another, simpler equation,
which usually reduces to a finite system of scalar equations.

Let E and F be real Banach spacesand N: DIN)C E - R(N)C F
a nonlinear operator. The projection method for the nonlinear equa-
tion Nx = 0 is as follows. Let {E,}, {F,} be two sequences of sub-
spaces of E and F, respectively, E,C D(N)C E, F,C F and let P,
be a linear projection of F onto F,,, i.e.,

P,2=P,P,F=F,
The projection method replaces Nx = 0 by the approximate equation
9.1) P.Nx,= 0,x, € E,.

In contrast to these usual projection methods, the one used in this
work is motivated by the pair of coupled operator equations

x = B(a, x),
(9:2) {0 = F(a, x),
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the second of which is already finite-dimensional. The idea is to re-
place the first equation by a finite-dimensional approximate equation.
Unfortunately, this leads us to define projections parameterized by the
variable a, hence it does not precisely fit the usual context of a projec-
tion method. However, it does seem reasonable to call it a projection
method, in view of the properties of the parameterized projection
operators.

The projection method used in this work considers a sequence
{En(@)}m= of subspaces of E and a sequence of projections

P,(a): E — E,(a),

defined for each @ € T. These projections will be constructed so as to
map the cone K of nonnegative functions back into itself.

The nonlinear system (9.2) will be replaced by the system of approxi-
mate equations

Xpm = Pp(a)B(a, x,,), X, € Ep(a),

(9:3) 0= F(a,xn),a €ET.

This system is finite-dimensional.

In contrast to standard methods, it seems that (9.3) cannot be
viewed as a projection scheme of the form (9.1). This is due primarily
to the intermixing of the variable a in the projections themselves.

10. The Projection Operators. A family of projection operators shall
be constructed, tailored to the problem at hand. Each of the projec-
tions will map E onto a finite-dimensional subspace where the corre-
sponding approximate equations may be solved using numerical
methods. It is shown that the identity is uniformly approximated by
these projections, and that the approximate equations (9.3) suitably
approximate (9.2) in the case of a nodal problem (3.3).

Let E= {x € AC([0,1]):x' € L,([0,1])} with norm |x| = |x||c
+ [l ]

For each a= (@), -, a,) ET and m= 2. Let I, (a) = {s;; =
g+ (@i—1h :1=i=m, 0=j=n} where h = (g, — q)lm
— 1). Notice that s, ; = a; = s,,;_) and that s, ; = g;ifa;,, = ;.

Define the projection P,(a): E — E by letting P,(a)x be the con-
tinuous function on [0, 1] which agrees with x at each point of I1,,(a)
and which is linear on I;; = [s;;, 8i1,,), 1S i=m—1,0=j=n.
We may write

Polap=3

x(si,j)ei,j + x(sm,n)em,n
i=1j

1 n
=0
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whose e, ; is the continuous function which satisfies: e; j(sx;) = 8;x8m .
and ¢; ; is linearoneach I , 1 = i, k=m, 0=m,0=m, 0= j,4 = n.
The operator P,,(a) is a projection from E onto the subspace E,,(a) =
span{e; ;: 1= i=m,0 = j = n}. The dimension of E,,(a)is (m — 1)(n
+ 1) + 1is a € T; it is strictly less if a € dT. The topology on E,(a)
is the topology induced by E.

Lemma 10.1. P, (a) is a bounded linear operator from E onto E,(a)
such that |P,(a)| = 1foralla E T,m = 2.

LemMma 10.2. If x € E is Lipschitz with constant M then ||P,(a)x
- x"c = M/2(m - 1).

Proor. Let t € [0, 1] be arbitrary. If t = 1, P, (a)x(t) = x(t); other-
wiset € I, ;forsomel = i=m — 1,0=j = n, and

|Pm(@)x(t) — x(t)| = |x(si;)[8i1,; — t]h; !
+ x(si 15[t — si) byt — x(2)|
= |x(siy) — 2O [si415 — )~
+ |x(sie1) — 2| [t — 8] h!
= 2M(Si4y — B)(E — s ;)h !
= MhJ2 = M2(m — 1).

Lemma 10.3. IfxEEzssuchthatx € AC( ,,j)forl< <m—1,
0<]<nandx"€L [o, 1])forsomel<q p, then ||(Pp(a)x)’ —
x|, = ||« [lo(m — 1)~ V', where 1/q + 1/q' = 1.

Proor. Let x by as above, then
[(Pm(a)x)” = x|,

22 K1) = xls X0y = 20 |7 ae] "

A
M=

‘ L"" ( J'h,jlx'(s) — x'(t)|hy~! ds)pdt] i
- m-1 Jm (j h;~! Ijt | " (w)| dul ds) dt] p
f!i,j ( h'jhf_l Ij: 19' du qu' "x""qd3>pdt] Up

IA
™M

A
v
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=[S 3] (]

i=1 j=0

myw-ds) ar |

Lij

m 1/p

==l

= [l [lahs " = |l=" lgl(m — 1)t

Lemma 104. Let y be Lipschitz on [0, 1] with constant M, and
suppose [a,b], [c,d] C [0,1].

Let  (t) = y(bA(t) + y(a)(1 — AM¢)) — y(d)p(t) — y(c)(1 — wu(t)),
where A(t) = (t — a)l(b — a) and w(t) = (t — c)l(d — c), then the fol-
lowing estimates hold for

A=max{|e(t)| : t € [a,b] N [c,d] }:

(i) A= max{min{|b — ¢|,|c — a|}, min{|b — d|, |d — a| }}2M
if [¢,d] C [a,b],

(i) A = max{min{|d — a|,|c — a|}, min{|b — d|, |b — ¢|}}2M
if [a, b] C [c,d],

(iii) A = max{min{|b — ¢|, |¢ — a|}, min{|b — d|, |b — c|}}2M
fa=c=b=d,

(iv) A = max{min{|d — 4|, |c — a|}, min{|b — d|, |d — a|}}2M
ifc=a=d=0b.

It will be shown below that if y € E is Lipschitz with constant M
and ifa* — a®in T as k— ® then ||P,(a*)y — P,(a")y|| - Oask — =
for each fixed m = 2. Let {J;}i-1 be an enumeration of the I ;s cor-
responding to I1,,(s) and {K;}£_, and enumeration of those correspond-
ing to II,,(a¥). We have suppressed the dependence of K; on k. It is
clear thate, B = (n + 1)(m — 1).

LemMa 105. Let a° a*ET and let &= min{b —a:a<b €&
I1,,(a®)}, where m = 2 is fixed. Suppose that |a* — a°| < §/4 and that
la, b) N [c,d) # @ where a,b are adjacent points in I,(a®) and
¢, d are adjacent points in I1,,(a*), then

> ﬁj L hyple’ dt ]
ij

i=1 j=0

max{min{|b — ¢|,|d — 4|, |c — al},
min{|lb — ¢|,|d — a|, |b — d|}} = |ak — a"|.

Proor. Since §,= |a* — a% < 8/4, the definition of § implies that
the 8;-neighborhoods of the points in II,(a°) are disjoint. Further,
each of these neighborhoods contains a point of I1,,(a*). In addition,
each of the points of I1,,(a*) lies in one of these neighborhoods.

(10.1)
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The proof is completed by examining each of five distinct cases
arising from eight possible locations of a, b, ¢, d. One deduces the
following:

if|d — a| > 8§, then |b — ¢| = 8, 0r|c — a| = &
if|b — ¢| > &,then |d — b| = 8, or |d — a| = &,
LemMma 10.8. Suppose that y € E is Lipschitz with constant M and

that a*, a° € T with |a* — a° < 8/4, & being defined in the previous
lemma, then »

|Pm(a¥)y — Pn(a)y|c = 2M|a* — a”, for eachm = 2.

Proor. Let t € [0, 1], then either ¢t = 1, in which case P,,(a*)y(t)
= P,(a%)y(t), or t E ;N K; for some 1=i=a 1=j=p. Write
Ji="la,b) and K; = [c,d), then |Pu(a¥)y(t) — Pn(aOy(t)] = I1(8)] =
A, for t € J; N K;, where we are using the notation of Lemma 10.4.
This lemma gives estimates for A with the four possible locations of
a,b,c and d under the restriction that [a,b] N [¢,d] # @. We
will combine these estimates with the result of Lemma 10.5 to reach
our conclusion.

If|b — c|, |d — a| > 8 = |ak — aY, then (10.1) implies that |c — 4,
|b — d| = 8, and so A = 2M §; in all cases. If |d — a| = &, then only
cases (i) and (iv) can occur; in case (i) this condition implies that
|c — a| = 8 and so A = 2M & in all possible cases. If |b — ¢| = &,
then only cases (i) and (iii) can occur; in case (i) this condition implies
that |b — d| = §; and so A = 2M §; in all possible cases.

LemMma 10.7. Under the assumptions of Lemma 10.6,

|(Pm(@*)y — Pm(a®)y)'[|, = 4M aBla* — a°|'r,
where a, B = (n + 1)(m — 1).
Proor. The notation is as above. Then for ¢t € [a, b] N [c, d]
I'(t)] = min{L,, Ly}

where
Ly = (ly®) — y(d)l + ly(c) = y(a))lb — al
+ ly(d) =y (b —a)~' = (d — o),
Ly, = |y(b) — y(alllb — a| + |y(d) — y(c)l/ld — cl.
Therefore,

|2’ () = 2M - min{(|b — d| + |c — a|)/|b — al, 1}.



594 P. W.BATES AND G. B. GUSTAFSON

Each set J; N K; is of the form [a,b) N [c, d), furthermore, one of
the following must occur: (i) [a,b] N [c,d] has length less than
|ax — a%; (i) |a — ¢l|, |b — d| < |a* — a"|.

Considering cases (i) and (ii) leads to the estimate

"Hlr dt = plgk — g9l
| ey 07 S (4MYla* — oo,

This inequality implies the conclusion.

Let B be as defined in section 3. If P is a continuous projection of
E onto K (for example Px = |x|) define B*(g, x) = B(a, Px).

_ Lemma 10.8. The function (a, x) — P,,(a)B*(a, x) is continuous from
T X E into K for eachm = 2.

Proor. Suppose (a*, x%) — (a%x% in T X E as k — . Then by
continuity of B, y* = B*(ak, x¥) — y°= B*(a% %), as k - ©. We
have

[ Pm(@®)y* = Pr(@®y?]| = [|P(@®)y* — yO)|
+ [|Pm(@¥)y® — Pn(a)y’|
= |ly* — y°|| + 2Mla* — % + 4MaBla* — |

by Lemmas 10.6 and 10.7. Here, M is a Lipschitz constant for y°, con-
structed as in the proof of Lemma 7.4.

LemMma 10.9. The function (g, x) — P,,(a)B*(a, x) is completely con-
tinuous from T X E into K for each m = 2.

Proor. This follows from compactness of B and Lemma 10.8.

LemMma 10.10. Let B be a subset of T X E such that there exists a
uniform Lipschitz constant M for B*(a, x) and a uniform bound M,
for ||B¥(a, x)"||q, (a, x) € B. Then

[Pm(a)B*(a, x) — B¥(a, )| = (M + My)/(m — 1)¥,
whereq > 1andl/g + 1/g' = 1.
In particular, P,(a)B*(a, x) uniformly approximates B*(a, x) on B.

Proor. Apply Lemmas 10.2 and 10.3 and the definition of the norm.

11. Convergence. This section uses the results of sections 10, 11 to
obtain existence of solutions to the finite-dimensional approximate
equations (9.3). Furthermore, the approximating operators are shown
to be collectively compact. The solutions of the approximate equa-
tions are shown to cluster to the solution of the nodal problem, in the
presence of uniqueness (theorem 11.4).
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Recall A:TX E — R*X K is given by A(g,x) = (a + F*(a,x),
B*(a,x)). Let us define A,,:TX E - R* X K by An(a,x)=(a +
F*(a, x), P,,(a)B*(a, x)) for each m = 2. Let QC QC T X (Bg\B,) be

open.

Tueorem 11.1. If the Leray-Schauder degree d(I — A, Q, 0) exists,
then, for m sufficiently large, so does d(I — A, Q, 0) and the two
degrees are equal. In particular, d(I — A, Q, 0) # 0 implies d(I — A,,,
Q,0) # 0 for all large m.

Proor. The operator A,, is completely continuous by virtue of
Lemma 10.9. Due to the computations of section 7, the hypotheses of
Lemma 10.10 are satisfied for any bounded subset B, therefore A,
uniformly approximates A on { as m — . The result follows from
basic theorems of Leray-Schauder degree.

CoroLLARY 11.2. Suppose that the fixed points of A are isolated and
that d(I — A, T X (Bg\B,),0) # 0. Then there exists a sequence
{#m;}5-1 C T X (Bg\B,) converging to a fixed point of A and such
thatAm,d’mj= ¢mj’j= 1.2, - -

Lemma 11.3. The family of operators {A,,}, 2o is collectively com-
pact.

Proor. Let {(a* x*)}%_, be a bounded sequence in T X E. By
taking subsequences, if necessary, assume that a* - a° € T, yp =
B*(a*, x*) — yo € E, and by = a* + F*(a*,x*) > b, ER" as k — «,
this being possible by the results in Section 7.

Let {m}%-,C N and consider the sequence {A,, (a* x*)}%_,.
It suffices to show that S = {Pn, (a*)B*(ak, x*)}%_, has a convergent
subsequence. If {m;}%_, is bounded, then S is bounded in a finite
dimensional space and possesses a convergent subsequence. If
{m} %=, is not bounded, then by taking a subsequence, if necessary,
we may assume that m; — © as k — . In this case

[Pmi @)yx — Yol = ||Pm, (@)yx — Pmy (a¥)yo|
+ 1P, @)yo — yol
= |lyx — yoll + 1P m, (@90 — yo-

Lemmas 10.2 and 10.3 complete the proof.
An immediate consequence of Lemma 11.3 is the following;:

TueoreM 11.4. If Q is a bounded set in T X E then p= {¢ € Q:
Ap = ¢ for some k} is precompact. In particular, if gy € Q is a fixed
point of A, unique in Q, then all sequences {¢}%-, C P satisfying

& = Ay converge to ¢,.
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11.5. Remark. The uniqueness in { of a fixed point of A does not
imply the uniqueness of fixed points of the operators {A,}. However,
the fixed-point sets K, = {¢ : ¢ = A,¢} are compact sets geometrically
close to the singleton {¢y} in the Hausdorff metric. In this sense, any
solution ¢ € K,, is a “good” approximation to ¢,, provided p is suf-
ficiently large.

A-priori estimates for the rate of convergence need to be developed.
This should be possible in the sublinear case, due to the more likely
possibility of uniqueness (i.e., K, is a singleton). Our progress on
these problems is presently too incomplete to report.

12. A-priori Bounds: The Superlinear Case. This section contains
several technical lemmas which give a-priori bounds for the solutions
to certain types of differential equations satisfying nodal properties.
These bounds are used to define open sets on which degree computa-
tions can be made.

Consider the differential equation

(12.1) y'(t)+ gt y(t),y'(t)=0,0<t< 1
Suppose that g has the form
(12.2) g(t,y, z) = f(t,y, z) + sign(y)q(t),

where f:[0,1] X R > R and q:[0,1] — [0, ) are continuous.
Further, assume that f satisfies

(12.3) flt.y, 2)ly = p()lyle,
tE [0,1], 2ER, |y| = Y, for some fixed @ Y >0, and p: [0,1]

— [0, ») is continuous and not identically zero on any interval of
length 3-Y(n + 1)~L In addition, f(t, y, z)y =0 for all (¢, y, 2) €
[0,1] X R2

If x is a continuous function on [a, b] let ||x|,, = max{|x(t)| :a = ¢
= b}. Define m(q,b)(t) = min{t —a, b — t}/(b —a). An imme-
diate consequence of the concavity of positive solutions of (12.1) is
the following:

LemMma 12.1. Suppose that y is a solution of (12.1) having a < b as
adjacent zeros, then

O = ||ly|lapm(a, b)(t),a = t= b,
and
min{ly’(a)l, ly'(®)|} Z |lyllap® — @) "
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LemMma 12.2. The function p satisfies

pr=inf { [ mla b <(tp(e)dt:b—a
23 n+1)L0=ae<b=1 } > 0.
Remark 12.3. If p(t)= p > 0 for 0= t = 1, then p*= p[3(n + 1)
(3 + a) - 22+ L,

LemMa 124. Let y be a solution of (12.1) having a < b as con-
secutive zeros. Letc=a+ (b— a)l3,d= Db — (b — a)l3. If\, is the
minimum eigenvalue of

u”(t) + Ap(tym(a, b)<(thu(t) = 0
(12.4) {u(c) =u(d)=0

then |y, » = max{3Y, Ao V2}.

Proor. Suppose that y(t)=0 for a=t=b. If |y|,, > 3Y then
by Lemma 12.1, y(t) = Y for ¢ = ¢t = d. Furthermore, if |ly|ls, > Ao,
then conditions (12.2) and (12.3) and Lemma 12.1 show that (12.4),
with A = X, is strictly majorized by (12.1) on (c, d). This contradicts
y not vanishing on (c, d), by Sturm’s comparison theorem.

For computational purposes the following is given:

LemMa 12.5. Using the notation of Lemma 12.4, if (b — a)=
(n+ 1)~ then

Xo = 3(n + 1)/p* = (Ro)~

Given p > 0 (p = 1, usually), define ¢ : [0, ®) X [0, %) — [0, ®)
by

o(r, t) = max{|f(s,y,2)| : 0=s=L3ly| = [z| =r+p Iyl =t + p}.

Let®,: [0, ©) — [0, ©) be defined by

o) = [ rlg(r, 1) dr.

Hereafter, we assume a Nagumo Condition: ¢ < [3, r[¢(r, t)] ~1 dr,
t = 0. This allows us to define¥ : [0, ©) — [0, ©) by

V(t) = &,~ Yt + B,(3¢t)).
LemMa 128. Ift= 0, then ¥ o ¥(t) = V() = ¢.
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Lemma 12.7. If y is a solution of (12.1) having b > c as adjacent
zeros in [0,1], and if q(t)=0 for t € [b,b+ (c — b)/3] N [¢c —
(c = b)I3, c], thenu = ||y||,. satisfies
(125)  max{|ly'(b)l, ly’'(c)|} = ®, (v + ®,(3u(c — b)~1)).

Proor. The inequality for y'(b) will be proved, the argument for
y'(c) is similar. Without loss of generality assume that y'(b) > 0. If
y'(b) = 3|ly|lp.(c — b)~", then (12.5) follows by the monotenicity of ®.

If y'(b) < 3||y|lp,.(c — b)~", then there exists a first value d € (b, b
+ (c — b)I3] such that y'(d) = 3|lylp.(c — b)~! (otherwise, y(t) =
Joy'(s)ds >3|ly|lpe (¢t — b)l(c — b), which fails at t=b+ (c
— b)[3). The following is valid:

N N L y"'(s) .
lylls.c = y(d) = fby (s)ds= Ib y (s)¢(y'(s),u)ds’

the last inequality is a consequence of the definition of ¢ and the
inequality y'(s) = 3|ly||»,.. s € [b, d]. Performing the change of vari-
ables t = y'(s) and integrating leads to
lylls.c = Puly (b)) — Puly’(d)).
Solving for y'(b) gives the desired result.
Remark 12.7. Since ® is increasing the right hand side of (12.5)
may be replaced by ¥(||y||s..(c — b)~Y).

Define R, = (n + 1)R,, R, being given by Lemma 12.5, and set
R, =¥Y(R)fori= 1.

THEOREM 12.8. Suppose that y is a solution of (12.1) having exactly
n+ 2 zeros at 0=¢y<a, < - <a,<a,,, =1 If q(t)=0 for
t€Utsy [a @i+ (aie) — a@)f3] U @iy — (ais) — @)I3, a;y,, then

”y“C é Rﬂ+l and "yl”C § Rﬂ+2-

Proor. For brevity put N; = ||y|laai+1 (@41 — @)~ Li=0,1, -+, n.
By Lemma 12.1,

(126) N, = Iy'(a.')l, Iy’(am)l = ¥(N,).

fori=0,1, -+, n.
Now for some j, 0=j=n, a;,; — ¢;= (n + 1)~1. It follows from
Lemmas 12.4, 12.5 and 12.6 that

N;=(n+ 1)Ry= R, =R,
Iy lojaj, = max{ly’(a;)l, ly'(aj. )|} = ¥(N)) = R,.
Equation (12.6) implies that
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Zvj—-lgl ( )|<R2andlvj+l Iy (_1+1 |—R2’

so

N2 = |y’ (g )| S ¥(Nj-) S¥(Ry) =
and

;+2 = Iy (aj+2)| <‘I’(N;+1) =Y¥(Ry) =

Continuing by induction (when permissible) one gets
Nj k= Iy (1 k+1)| = Rk+1

and

]+l Iy a]+1)| = R1+1

for k = jand i = n — j. The conclusion follows from the observations
that ||y]lsiais SN, 0= i=n, and |ly'|lc = max{ly’ (@) :0=i=n
+ 1}.

Using the notation of section 7, |yl = ||y + |ly'll, = Ras1 +
R, .5

To find a lower bound for the norm of a nontrivial solution of (12.1),
the following definition is made.

DEerFiNtTION 12.9. Definen : (0, ) — (0, ©) by

(12.7)n(r) = sup{f(t,y,z)ly : t € [0,1], |z]| = R,,,,0< |y| =

Tueorem 12.10. Suppose that y is a solution of (12.1), where f
satisfies (12.2), (12.3). Ifn(r) < 8/5and

| ; lq(8) dt < (8 — 5m(r))/10

for some r < Ry, then |ly| = yllc + lly'll, # .

Proor. Let a < b be consecutive zeros of y in [0, 1] such that for
some to € [a,b], |y(to)l = |lyllc. It can be assumed that y = 0 on
[a, b]. By Theorem 12.8 and definition 12.9, if ||y|| = r, then

lylle = y(to) = [ Gto,5: 4, L)L f(5,y(s). 4" () + q(9)] ds
b
= [" Glto.sia,b)[n(r) + q(s)] ds

=<r /8+j s) ds/d.
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Simﬂarly, ly'll, = |ly'llc = rnr)2 + Joq(s)ds. These inequalities
contradict ||ly| = r and the hypothesis.

REMARk 12.11. In the previous theorem the requirement that
Joq(t)dt < r(8 — 5n(r))/10 may be replaced by |qg|lc <r®8—5
n(r))I5.

13. A-priori Bounds: The Sublinear Case. Bounds for solutions of
(12.1) in the C!'-norm will be obtained in the setting where f is sub-
linear in y near  and satisfies certain other growth conditions. The
specific requirements are as follows:

Suppose that there exist Q > 0, Y, = 0 and r > 0 such that
(13.1) lfty, 2) = Q1 + z2)
forly| =Y,z €ER tE [0,1],

(13.2) y=sup{f(t,y,2)ly: |yl >Y,,zE R tE [0,1]} <8,

and

(13.3) Pt (y) = f(t.y, 2)ly

for 0<|y|=r, 2z ER, t € [0,1], where p: [0,1] — [0, ©) is con-
tinuous and positive off a set of measure zero, ¢ : [—r,r]\{0}—
[0, ) is continuous and ¢ (y) — + > asy — 0.

LemMma 13.1. If y is a solution of (12.1) having a < b as consecutive
zeros and if q(t)=0 on I= [a,a+ (b— a)l3] U [b — (b — a)/3, b]
and [a,a,] U [b,,b] C {t E1:|y(t) = Y, ly'(t)| > 0}, then

1+ (y' (@)= (Y,%(a — ay)* + 1)e2n
and
1+ (y'(b))*= (Y, 3(b — by)* + 1)e2M.
Proor. Suppose that y(t)= 0 on [a, b]. The first inequality will

be proved; all other cases are proved in a similar manner.
Fora=t= a,, |y(t)] = Y, and by (13.1),

o fhy®.) |~y By
YOZY' OG0+ (4 w)) Oa+ 0P

By integrating with a change of variables it follows that

a _ y'(ay) sds _ L 1+ (y'(a)>2
bEES L y'()dt= J'y’(a) o1 + 52) B 20 tn 1+ (y'(ay))?’

and

1+ (y'(a))*= (1 + (y'(ar))?)e*n.
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Finally, the concavity of y implies that
0=y'(a)) = y(a)l(a, — a) = Y\/(a, — a).

TueoreM 13.2. If y is a solution of (12.1), with f replaced by Af,
A € [0, 1], having a < b as consecutive zeros in [0, 1], and if q(t) = 0
on I={[a,a+ (b—a)3] U[b— (b—a)3,b], then |y|.,=R’,
where
R’ = max{3Y,, (8 — 7)~1(8(9Y,2 + 1)Qe2°": + 5||q|c)/9}

Proor. Agam assume that y(t)= 0 fora=t=b. Let ¢, € [a, b]
be such that y(¢) = |ly|l.» and suppose that |y|,»= 3Y,, then by
Lemma 12.1 there exist a; < b, € [a, b] such that y(a,) = y(b,) =
Y, and y' >0 on [a,a,], y' <0 on [b},b], and furthermore J=
[a,a,] U [b,b] C I 1t follows from Lemma 13.1 and condition
(13.1) and (13.2) that

Iyl = 9t0) = [* Glto, 5 0, BYAS(s, (), y"(5) + (o)) ds
= || Gltosia.b)00 + (457 ds

b,
+ L G(to, 5; @, b)y||yl|a,p ds

b—(b-a)3
+lglle [ Glt, 5; a, b) ds

a+(b—a)l3

= Q[Y/(a — a,)? + 1] 2N I"‘ G(to, s; a, b) ds

+QIYib — by + 1]e%0n [ : Glto, 5; a, b) ds

+ 7[lyllas/8 + 5llqllc/72.
The integrals [ G(to, s; a, b) ds and [}, G(to, s; @, b) ds are bounded
by (a — a,)*2 and b — b,)?%2, respectively, therefore
lyllas(X — ¥/8) = qY,%€2M: + 5|jq||c/72
+ Qe ((a — a)? + (b — by)?)2.
Recall that (a; — a), (b — b;) = (b — a)/3 = 1/3, hence, |y, =
It should be noted that the above proof does not depend on the

number of nodes of y in [0,1], nor does the bound depend upon
[a, b], except that it be contained in [0, 1]. Hence the following:
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CoroLLary 13.3. If y is a solution of (12.1), with f replaced by
Af, 0=\ = 1, with y(0) = y(1) = 0 and if support(q) lies in the union
of the middle thirds of the intervals between the nodes of y, then

lylc = R".

CoroLrary 13.4. If y and q are as above and if y has no more than
n distinct zeros in (0, 1), then

ly"llc = Rz

where R, ., is (n + 1)-fold composition of ¥ applied to (n + 1)R’,
V¥ being defined in Section 12 (see (13.1), (13.2)).

Proor. Proceeding as in section 12, Lemma 12.7 is still valid in
this case. Furthermore, Theorem 12.8 relied only upon ||y|,»(b — @)~}
having a bound independent of (b — a), for a < b some pair of conse-
cutive zeros of y. In this case, that bound is R'(n + 1).

Lemma 13.5. Consider the problem

(13.4) {“" + Ap(tyu = 0,t € (a, b)

u(a) = u(b) = 0.

If A\, is the minimum eigenvalue of (13.4) for a<b in (0,1)
with b—a=(n+1)"Y, then M\, <(n+1)p~! where p=
inf{ f2 m(a, b)*(s)p(s)ds:b—a= (n+ 1)1} > 0.

With the above lemma it is easy to obtain a lower bound for the
norm of nontrivial solutions of (12.1).

TueoreM 13.6. Suppose that y is a nontrivial solution of (12.1) with
y(0) = y(1) = 0 and having exactly n distinct zeros in (0,1). Let
r = r be such that Y(s) = (n + 1)/p forall 0 < s = 7, then

lyllc <7

Proor. Suppose that |ly||c = 7. Because of the nodal assumption on
y there exist a < b consecutive zeros of y such thatb — a= (n + 1)L
By conditions (12.3), (13.3)
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W) + (t, (t();) ’(t))u(t)= 0
y

majorizes

u’(t) + p(t)¥(y(®)u(t) =0
which, in turn, majorizes
u"(t) + p(t)(n + 1)p~'u(t) = 0
on (a,b), by the choice of #. The previous lemma together with

Sturm’s comparison theorem implies that y must vanish in (a, b), a con-
tradiction.

14. The Main Results for the Superlinear Case. This section shows
how certain superlinear ordinary differential equations with nodal
conditions can be handled with the results in earlier sections. Con-
sider the differential equation with nodal condition

(14.1) y'(0) + fly(thy' () = 0,0< £ <1,

(14.2) y(0) = y(1) = 0, y has exactly n distinct zeros in (0, 1).
The assumptions on f shall be as follows:

(14.3) f:10,1] X R X R — Ris continuous;

(14.4) yfit,y,z) = Oforallt € [0,1],y,2 € R;

(14.5)  The function (y, z) > f( -, y( * ), z( - )) is continuous
from LI([0, 1]) X L,([0, 1]) into L, ([0,1]) for
some ¢, 1 < g = p, and bounded sets are taken to
bounded sets;

(146) f(t,y,z) = Oifand only ify = 0,¢ — a.e. in [0, 1];

(14.7)  for some fixed @, Y > 0 and continuous function p :
[0, 1] — [0, ), f(t, y, 2)ly = p(t)ly|* for all t E
[0,1],z €ER, ly| = Y. Further, it is assumed that p
does not vanish on any interval of length (3n + 3)~L
Finally, f satisfies a Nagumo Condition (see section
12).

Consider the finite-dimensional nonlinear system
F(a,x) = 0,
P,.(a)B(a, x) = x,

where P,,(a) is the projection defined in section 10.

(14.8)
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Tueorem 14.1. Assume (14.3)-(14.7). Then for sufficiently large m,
system (14.8) has a solution (a™, x™) € T X Bg\B,. The sequence
{(a™, x™)} converges in the Hausdorff metric to the solution set of
(14.1), (14.2).

In order to prove Theorem 14.1, we prepare by verifying the hypo-
theses of Theorem 4.1.

The complete continuity condition holds by virtue of Sections 6, 7, 8.

The smallness condition on k holds because of Lemma 8.6 and our
freedom to choose the parameter d > 0 as small as we please, (recall
that k is, in fact, h with a different choice of the parameter, ¢ = d).
The number r > 0 will be given later and will not depend upon d.

If f(t, y, z) = f(t, y), then the space E = C([0,1]) and || - || is mono-
tone on the cone K. Furthermore, if a € T Ag; = (n + 1)~! for some
i, 0=i=n, and so by Lemma 8.5, ||h(a)| = ||h(a)|c = c/(9n + 9).
Hence, in this case the compression condition (a) will hold by choos-
ing c sufficiently large. The number R will be given later and will
not depend upon c.

If f does depend upon z, its third argument, then the space E =
L)([0,1]) and | - || is not monotone on the cone K. This causes no
problem, however, because sup{|x — B(a,x)|:xEK, |x|=
R, F(a, x)} < N, for some number N since B is completely continuous.
Furthermore,  ||h(a)| = ||h(a)|c + [|h(a)']|, = c/(9n + 9) + c/4 by
Lemma 8.5 and 8.6, hence the compression condition (c¢) will hold in
this case too, by choosing ¢ sufficiently large.

LemMma 14.2. The nonsingularity condition holds.

Proor. If a €9T and x € K are such that x= 7k(a) or x=
th(a), (these are equivalent for our definitions of h and k), for some
7> 0, then x(a)(t)= x(t) is zero precisely when t € {g;:0=i=
n + 1}. Lemma 5.3 shows that F(a, x) # 0.

If, on the other hand, x = B(a, x) # 0, then there exists an interval
(g, a;,,) which is nonempty and on which x(¢) > 0. Suppose that
F(a,x) = 0. Now

0= Fja,x) = (—1)~!

[ Gua 501, a)fts, (=1 1x(6), (= 1p=1x"(s)) ds

aj—1

+ (—1)i j T Gy 53 @, a5.40)f(s, (= Dx(s), (= 1)ix'(5)) ds,

9
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and since the latter integral is nonzero, neither is the former. Hence,
a;# a;_, and x(t) > 0 on (g;_,, a;) by concavity. Continuing by in-
duction, it is clear that if F(a,x) = O for all 1 = i = j, then a; # a;_,.
We may obtain the same conclusion for all j = i = n + 1 using induc-
tion, started by supposing that F;, ,(a, x) = 0. This implies thata € T,
a contradiction.

Let R=R,,; + R,,5 + 1 and r > 0 be such that 5(r) < 8/5, r <
R,.,, where R, ,,, R,,, and %(r) are given in section 12. Let M =
{x EK:r= |x| = R)}.

LemMa 143. If (a,y) ET X M, y = B(a,y) + Ah(a), F(a,y) =0,
for some X € [0,1], then lyll # R, that is, condition (4.1) holds.

Proor. By definition of B, F and by virtue of Lemma 8.6
if y= B(a,y) + Ah(a), F(a,y) =0, then the function u(t)=Y7_,
(—1)y(t)X (a,a,4,) (t) satisfies equation (12.1) where g(t) in (12.2) is
given by q(t) = Ah(t; a, ¢). Furthermore, u has exactly n + 2 simple
zerosat0 =gy < a, < - <a, < a,,; = 1. Theorem 12.8 shows that
Iyl = full < R

LemMma 144. If (a,y) ETX M, y=AB(a,y)+ (1 — Ak(a),
F(a,y) = 0, for some X € [0,1], then |y| # r, that is, condition
(4.2) holds.

Proor. It shall be assumed that d < r(8 — 57(r))/(10n + 10) so
that (1 — A)Jok(t;a,d)dt =d(n + 1) < r(8 — 57(r))/10. Now sup-
pose that y = AB(a,y) + (1 — A)k(a), F(a,y) = 0, then the function
u(t), defined as above, satisfies an equation of the type (12.1) where
f is replaced by Af and q by (1 — A)k(¢; @, d) in (12.2). Theorem 12.10,
with a slight modification to take into account the A coefficient of f,
gives the result.

Proor oF THEOREM 14.1. The results in section five, together with
Theorem 4.1 show that d(I — A, T X Bg\B,,0) # 0. By Theorem
11.1, the approximating operator A,, has a fixed point in T X Bg\B,
for all large m. This means that system (14.8) has a solution in
T X Bg\B, for all large m.

The proof is completed by appeal to section 11.

Remark 14.5. The finite dimensional nonlinear system (14.8) can
be written down explicitly, inasmuch as the operators involved are
directly obtainable from (14.1), (14.2).

In the presence of (local) uniqueness of solutions to (14.1), (14.2),
any sequence {(a™, x,,)} converges by virtue of Lemma 11.4 to the
unique solution of (14.1), (14.2).
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15. The Main Results for the Sublinear Case. Consider the nodal
problem

(15.1) y'(t) + flt,y(t),y'(t) =0,0<t<1,
(15.2) y(0) =y(1) =0, y has exactly n distinct zeros in
(0,1).
The assumptions on f are (14.3)-(14.6) renumbered as
(15.3) f:[0,1] X R X R — Ris continuous;
(15.4) yfity, z)é Oforallt € [O 1] Y,z €ER;
(15.5)  The function (y, z) = f( -, - )) is continuous

from L,Y([0,1]) x L([0, 1]) 1nto L,([0,1]) for
some g, 1< qg=p, and bounded sets are taken to
bounded sets;

(156)  f(t,y,z) = Oifand only ify = 0,¢ — a.e. on [0, 1];

The sublinear conditions on f contained in section 13 are also
assumed:

(15.7)  For some Q>0, Y;,=0 and r>0 |f(t,y,2)| =
Q1+ z)for|ly| =Y,,zE R tE [0,1];

(158) y=sup{f(t, y, 2)ly:lyl > Y, zER, tE [0,1]}
<8

(15.9)  there exists p: [0,1] = [0, ®) and ¢ : [—r, ]\ {0}
— [0, ©) continuous with §(y) —> © as y— 0, such
that p()y(y) = f(t,y,2)ly for 0<|y|=r, zER,
t € [0,1]. Further, it is assumed that p is positive
off a set of measure zero.

Let R=R' + R,,, + 1, R’ and R, being defined in section 13.
The R and r of Theorem 4.2 will be this R and the # of Theorem 13.6,
respectivelyand M = {x EK:7= x| = R}.

Consider the finite-dimensional nonlinear system

(15.10) {Pm(a)B(a x) = x.

Tueorem 15.1. Assume (15.3)-(15.9). Then for sufficiently large m,
system (15.10) has a solution (a™,x™) € T X Bi\B;. The sequence

{(a™, x™)} converges in the Hausdorff metric to the solution set of
(15.1), (15.2).
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To prove Theorem 15.1, we first satisfy the hypotheses of Theorem
4.2. The remainder of the proof is similar to that of Theorem 14.1.
In section 14 it was shown that the complete continuity condition,
the smallness condition on k, and the nonsingularity condition were
all satisfied (for the parameter d sufficiently small). The proofs did
not rely upon the growth of f and so these conditions are satisfied
in this situation also. Furthermore, the compression conditions (b) or
(d) may be satisfied as before, by choosing ¢ sufficiently large.

Lemma 15.2. If (a,y) ET X M, y = \B(a, y) + (1 = Mk(a), F(a, y)
= 0 for some \ € [0, 1] then ||y|| # R, that is, condition (4.3) holds.

Proor. If (a,y) ET X M, y=AB(a,y) + (1 — A)k(a), F(a,y) =0
for some A € [0, 1], then the function u(t) = >i_0 (—1)'y(t)X (4, 4,4 ,1(2)
satisfies equations (12.1), with f replaced by Af and gq
(1 = Mk(t; a,d) in (12.2). Furthermore, u(0) = u(1) = 0 and u has
exactly n distinct zeros in (0, 1). Corollaries 13.3 and 13.4 show that
Iyl = lul < &

LemMma 153. If (a,y) ET X M, y = B(a,y) + Ah(a), F(a,y) =
for some A Z 0 then ||y|| # 7, that is, condition (4.4) holds.

Proor. Apply Theorem 13.6 where q in (12.2) is replaced by
Ah(t; a, c).

Remark 15.4. The comments made at the end of section 14 con-
cerning the existence of solutions to the “approximate” equations (14.9)
and their convergence to solutions of the nodal problem, also apply
here.
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