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A CLASS OF MODELS FOR OPERATORS 
M . L. HOWARD 

ABSTRACT. A class of Hilbert space operators is defined and 
each member of the class is shown to be a model for a large 
class of operators. 

1. The purpose of this paper is to introduce a class of operator 
models. The symbols Ji, !J(, and c§ will be reserved for Hilbert spaces 
and !B( JÏ, !J() will denote the Banach space of (bounded linear) oper
ators from Ji into Ü{. An operator S in D( is called a model (see [1] ) 
for an operator A in J / provided there is a bicontinuous member <\> of 
B(ÖV, X) such that 4>A4>1 = S | 4>(Ji). In this case Lat A, the lattice of 
invariant subspaces of A, is isomorphic to Lat S | <f>(^), and if A and 
S are invertible then ^ A " 1 ^ " 1 = S_11 <fr(Jf), i.e., S _ 1 is a model for 
A - 1 . It is clear that if S is a model for A and V is a bicontinuous 
operator mapping Ü{ onto ^ t h e n VSV - 1 is also a model for A. 

2. Let | • | denote the norm on !B(Jf) and let D{ be the product 
space X " . H. If c is a nonnegative real number define the member 
Sc of B(9() as follows: if 0 ^ c ^ 1 let 

f xn+1 i f n ^ 0 
[Sc{xp}_».]„= _ . 

[ cxn+i if n < 0 

and if 1 â c let 

f cxn+1 if n e 0 

I xn + 1 l tn < 0 

Let (Do = {A: A belongs to B{Jf) and | A\ < 1}, if 0 < c < 1 let 
iOc = {A: A belongs to (D0, A is invertible, and | A ~ l \ < c~1} and if 

c > 1 let iDc = {A - 1 : A belongs to Oc-i }. Rota has proven in [1] 
that S0 is a model for each member of (D0. The following theorems 
indicate that the operators Sc? 0 < c < 1 or 1 < c, may be considered 
in place of S0 as an approach to the invariant subspace problem. 

THEOREM 1. If 0 < c < 1, then 
(a) Sc is a model for each member of Qc, and 
(b) Sc ~

l is a model for each member of Oc-1. 
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PROOF. Conslusion (b) follows from (a). To prove (a), suppose A 
belongs to Oc and define <f> from J / into Ü{ by 

f A»u ifn^O 

( c~nAnu if n < 0 

The function^ is linear, I c A - ^ l - IcA"1)2) + 1/(1 - | A\2) is a bound 
for <£, and since [<£u] 0 = u, 1 is a bound for <f>~1; hence 0 is a bicon-
tinuous operator. A simple computation shows that [QAu] n = 
[S^u]n,le.^A4>-1 ^ Sc\4>(Jf). 

THEOREM 2. If 1 < c, then (a) and (b) of theorem 1 hold true. 

PROOF. Define the unitary operator U in D{ by the formula [ Ux] n = 
x_n. A straightforward computation shows that [t/Scx]n = [ S ~}Y Ux] n, 
thus Sc = C/S'JjC/. Part (a) now follows from theorem 1, and (a) implies 
(b). 

THEOREM 3. Suppose A belongs to !B(Jf). Then 
(a) there is a number c, 0 < c < 1, and a member C of <DC such 

that Lat A = Lat C, and 
(b) there is a number d, 1 < d, and a member D of Qd such thai 

Lat A = Lat D. 

PROOF. We shall prove (a) only. If A = 0 let c = 1/3 and C = 1/2 
otherwise let C = (1/2)|1 - (1/2)|A|-iA)~x[ 1 - ( l ^ A l ^ A ] and lei 
c = (1/2)|C-1! -1 , and (a) follows. 

The lattices Lat Sc? c j& 0, may prove more approachable thar 
Lat S0. It is well known that S0

2 is unitarily equivalent to S0; a similai 
relationship fails to hold for Sc if c ^ 0 or 1. 
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