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p-VALENT CLASSES RELATED TO FUNCTIONS OF
BOUNDED BOUNDARY ROTATION

E. M. SILVIA

AsstRacT. Let f(z) = 29+ ¥ 5_,..1a,2" be analytic in U:{z: |z|
<1}. We say f belongs to the class Vi*(p,q) (k= 2,|\| </2,

p = q) if fhas (p — 1) critical points in U and for r sufficiently close
tol,

11m I Re i (1 + -—L—f (rf:j) )}I

§ kpr  cosA.

For k = 2, we have the class of p-valent functions f for which zf' is
A-spiral-like in U. We obtain representation theorems for these
classes which lead to distortion and rotation theorems. For Vi (p, p)
bounds for |a,,,,| and |a,, .| are determined. These results are sharp.

1. Preliminaries. Let A, (¢ = 1) denote the class of functions
flz) =27+ Y »_,.1a,2" which are analyticin U : {z: |2| < 1;

For fE€ A,, we say that f belon s to the class ViA(p, g)(k= 2, |A| <
w/2, p an integer, p = q) if for r su mently closeto 1,

(1) j Re {1+ M}do—zm

and

2) . { e (1 + re’f e:'j”’ >}| de
= kpr cosA.

Condition (1) implies that f has (p — 1) critical points in U. From
(2) with k = 2, we can show that Vy)(p, q) is the class of p-valent
functions satisfying

Re{eix(1+ zf: >}>o (z EU),

i.e., the class of functions ffor which zf" is A-spiral-like in U. Forp = 1,
this class was introduced by Robertson [11].
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From Vi(p, q), many other interesting subclasses can be obtained.
For p=q=1,A=0, V,%1,1) is the class of functions of bounded
boundary rotation that was introduced by Lowner [7] and Paatero
[10]. For p = g = 1, V}*(1,1) is the class of functions investigated by
Moulis [8]. The class V,%(p, q) was recently studied by Leach [5].

Although the functions in the class ViA(p, q) need no longer have
bounded boundary rotation, they have other interesting properties. In
this paper, we initiate the investigation of some of these properties.
We begin our study by obtaining representation theorems for the
class ViX(p, q). Then we define a larger class, ®;*(p, ) which enables
us to obtain distortion and rotation theorems.

2. Representation Theorems for Vi*(p, q). We will need to use the
functions

(3) ;(Z, %) = [(l - Z/(xj)(]_ - Zijz)] e~ ikcos A

For A = 0,27%(2, a;) are the functions used by Bender [1], Goluzin
[2] and Hummel [4].

LemMa 1. Let f(z) = 29+ 3 5_q110,3" € ViM(p, q) have non-zero
critical points o, - - *, a,_,, counting multiplicities. If

@) F'@) = (plaf @21 1o @)

then F (z) e Vir(p, p).
Proor. Logarithmic differentiation of (4) leads to

_;"*<1+ zFL’((:))>=e"A (1+ E}%) + (p — q)er

p—q - — 22
— cosA Y (l-— e B )
i=1

o+ @z — (1+ |agf?)z
Forz = €%, 0 = 0 < 27, we have

@ — e’ -
R —4{ =0.
© © {aj + @e® — (1 + Iajlz)e“’}

From (5) and (6), it follows that

. zF"(z) ) o ( zf"(z) ) _

i _ = 1 1+ ———= zl = 1).
Re{ e*(1+ F(2) } Re{ e 7 }(l | )
Therefore, given € > 0 there exists 5, 0 < ry < 1 such that for ry <
r<l1,|z|=r,
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Jo | me {ee (00 5550 )} a0

= J'SWI Re {e"A (1+ ?f:'((:))>}| dé + e.

From (2), it follows that

i

s 17

Re {e"A <1+ ZTF,’;L—Z)—) )}I d@ = pkm cos + €.

Since € was arbitrary, this proves the lemma.
As a straightforward application of Lemma 1, we have the following
Representation Theorem.

TueoreM 1. Let f(z) = 29 + 3 5_4118,2" € ViA(p, q) have non-
zero critical points a,, * * *, a,_q counting multiplicities. Then

) £1&) = @PF '@ ] L a)
j=1
where F(z) € ViA(p, p).

Theorem 1 suggests that a closer examination of the classes Vi*(p, p)
would supply more information about Vi*(p, q) (p > q).

Our next goal is to obtain a representation theorem for the elements
of Vi(p, p) (p = 1) in terms of functions of bounded variation.

DeriniTION. For an integer k, k = 2, let M, denote the class of real-
valued functions m of bounded variation on [0,2r] which satisfy

Jgdm(t) = 2 and [3" |dm(t) = k.

The class M; was used by Paatero [10] to characterize the elements
of Vi1, 1). Namely, he proved:

LemMma A. Ifg € V,%(1,1), then we can write

g'(z) = exp( - f:" log(1 — e-itz) dm(t) )
for somem € M;.

The result of Lemma A was extended by Moulis [8] to the class
ViA(1, 1) by use of:

LemMma B. The function h € ViX(1,1) if and only if there exists
g € V%1, 1) such that

h'(z) = [g'(2)] e,
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The final result necessary for our characterization of the elements of
Vir(p, p) in terms of elements of M, is:

LemMma 2. The function f € ViXp, p), p = 1, if and only if f'(z) =
pzP~1[h'(z)]? for some h € Vi(1, 1).

Proor. Let f'(z) = pz’~![h'(3)]? for h(z) = z + Y, n_ob.2" 2 € U.
By direct computation, we obtain

IRe e'*<1+ M ) | de

f'(=)
=j:" {e‘*<1+ z:(( ) | de

and the result follows from (2).

TueoreM 2. Iff € ViXp,p) (p = 1), then we can write

) f'(z) = pzr~lexp { — pe~i*cos A f:" log(1 —e~i'z) dm(t) }

for some m € M;.

Proor. For f &€ Vir(p,p)leth € VA1, 1), g € V,%1,1) and m € M,
be the functions given by Lemma 2, Lemma B and Lemma A, re-
spectively. The result follows upon direct substitution.

An immediate application of Lemma 2, is:

LemMma 3. The function f € VX (p,p) (p= 1) if and only if there
are two starlike functions s, and s, normalized by s;(0) = 0,s;'(0) =
1 (= 1,2)such that

T cosA

WW

©) f'(z) = par~! [55()/z] *—2)4

Proor. Itis known [8], that h € ViA(1, 1) if and only if

h’(z) = _[_SM }‘3_“605}\

[so(2)/z] k=24
The result follows from Lemma 2.

A consequence of Theorems 1, 2, and Lemma 3 is the following
representation theorem for Vi*(p, q).
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TueoreM 3. Let f(2) =29 + X n_g+1.2" € ViX(p,q), (p>q),
have non-zero critical points ay, * * *, a,_, counting multiplicities.
Then

(i) for some m € M, we can write

£1@ =gz 1 Lz a)
(10) i=1

* exp {—pe""\cos)\ J:ﬂ log(1 — e~*z) dm(t) }, and

(ii) there are two starlike functions s, and s, normalized by s;(0) =
0,5;(0)=1 (j=1,2)such that

) fe) =gz 11 L o { L@ }pe—ucm |
i-1

[sa(a)R) &7

Proor. From Theorem 1, we may write

p—q
(12) f'(®) = (gIp)F ' (z)3z7~" [] ¢(z o),

j=1
where F € ViA(p,p). Applying Theorem 2 to F € Vi (p, p), there
exists an m € M, such that

13
1) F'(z) = pz"~lexp {—pe—"*cos)\ LZ: log(1 — e~z) dm(t) }

We obtain (9) by substituting (13) into (12). Equation (11) follows
from (12) and (9).

The determination of the coefficient bounds for the class ViA(p, q) is
an open problem. However, we can obtain the bounds on the modulus
of the second and third coefficients for functions in Vi*(p, p). To do
this, we recall that for f(z) = z + Y, 5_0a,2" € Vi*(1, 1), it is known
[12] that |ay| = (k/2) cosA. Further, by a slight modification of an
argument used by Lehto [6] we can show that |a5] =
(1/6){(k2 + 4)cos®\ + k|sin A|cos A }.

THEOREM 4. Iff(z) = 27 + 3 n_p1 12" € ViX(p, p), then
(p + Dla,.1| = p%kcosa,
(p + 2)lay.o] = ((112)pk2 + 2)p2cos2 X + (k/2)p?|sin A| cos A.
These results are sharp with equality for f'(z) = pzP~![ F '(z)] 7, where
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(1 + GZ)klz"I e ~ilcosA
(1 — ez)ki2+1 ’

Proor. By Lemma 2, there exists an h(z) =z + X n_ob,2" €
Vir(1, 1) such that

F'(z)= le] = 1.

f'@) =pz-t+ Y na,zn!
n=p+1

(14)
= pzr-! [l+ Zgnb,,z"‘l ],,

Expanding the right hand side of (14), we obtain
(15)  f'(z) = pzr—1 + 2p2%byz” + p(3pbs + 2p(p — 1)by2)zP+1 + - - -
Equating coefficients from (14) and (15), we have

(p + Day.y = 2pb,,

(p + 2)ap.e = p(3pbs + 2p(p — 1)by?).

The result follows from the known bounds on |b,| and |b;|.

3. The Classes ®*(p,q). The importance of the class M to
Vid(p,q) (p = q), demonstrated by Theorems 2 and 3, motivates the
following:

DerFINITION. We say ¢(2) = 29 + 3, n_q+ 102" €E DA, q) if ¢’ has
a representation in U given by

pzP~lexp { —pe~icos A JZ" log(1 — e~i*z) dm(t) },

forp =g,

p—q '
qzi-1 1_[1 {(z, ay)exp { —pe~cos A
j=

2m .
: jo log(1 — e~tz) dm(t) },forp > g,
where 0 < |gj| < 1,¢'(e4) =0,j=1,2, - - -, (p — q) and m € M;.

To summarize the relationship between Vi*(p, q) and ®@*(p, q), we
have
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TueoreM 5. The classes ViMp, p) and ®)(p, p) are equivalent for all
positive integers p. Further, ViX(p, q) C ®\(p, q), and if f € P (p, q),
then f(z) has (p — 1) critical points in |z| < 1 and f(z) is the limit of a
sequence of functions from Vi\p, q) where the convergence is uniform
on the interior of U.

Proor. In view of Theorems 2 and 3, only the final statement re-
mains to be proved. Suppose f € @A (p, q) satisfies

p—q
f'@) = qz3' [ t(=, o5)exp {— pe—i*cos A
=1

L — it
Jo log(1 — e~iz) dm(t) }
form € M;. Let

2m
(16) F'(z) = par~texp { —pehcosr fo log(1 — e~itz) dm(t) }

Consider the sequence of functions {f,} defined by

fa'(z) = (qIp)F ' (2lt)z9-" ﬁq {(z,0) (t=1+ 1/n),

ji=1

where F,(z) = F(z/t) is given by (16). For sufficiently large n,
F, € ViX(p, p) and f, € Vi (p, q). Since f, converges uniformly in the
interior of U to f, it follows [9, p. 146] that fhas (p — 1) critical points.

ReMark. The containment in Theorem 5 is proper. Consider
m € M,, a piecewise constant function having ¢ distinct jumps equal
tol/tat 6; € [0, 2x]. Let

p—q t ,
‘pt'(z) = qz"_l H ;(Z,q, H 1—e lolz —(pe " cosA)t

i=1

where p > g = 1 and 0 < |gj] < 1. The functions ¢,(z) (t=1,2, - - *)
are in the class ®;*(p, q) but are not in Vi*(p, q) for carefully selected
aand 6,j=1,2, ¢

The main advantage afforded to us by the class ®,*(p, q) is that its
elements have explicit representations in terms of analytic functions
that contain a Stieltjes integral of the form
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) [ g v amie)

where m € M;. It has been shown [3] that extremal problems for
classes having representations (17) with m € M, may be solved by
determining the m corresponding to the extremum. In a previous
paper, the author [12] used Goluzin’s variation technique on the class
Vi (1, 1) to obtain

Lemma C. Let { # 0 be a given point in U, and let F(x),x,, - - -,
X,.+1) be analytic in a neighborhood of each point F(f'(L), - - -, ™),
{), fE®X1,1). The functional J(f') = Re F(f' (), - - -, (), {) at-

tains its maximum (minimum) in ®)(1,1) only for a function of the
form

M
f’(z) l-[ 1 — GJ e—l\cos)\n 1 _— ejz) Bje ‘)‘COSA
j= ji=1
where M=n,N=n,lel =gl =1, M Y, =k2-1 and
YN_ B =ki2+ 1.

As a direct application of Lemmas 2 and C, we have

TaeOREM 6. Let { # 0 be a pont in U and let F(x), x5, * * *,%,,,) be
analytic in a neighborhood of each point F(¢'(L), ¢" (£), - -, ¢"({), L),

¢ E®XNp, p). The functional J(¢') = Re F(p (L), * - -, ¢™(§), §) attains
its maximum (minimum) in &M (p, p) only for a function of the form

M iX cos
‘pr(z)=pz7’ H ]__ez yjpe” AH l—ez) B pe” i cosh |
i=1 i=1
where M=n,N=n,l¢| = =1, EN Y, =k2—1,and zh}:]ﬁj

=k2+ 1

In considering the class ®\(p, q), p > q, we are restricted to the
subclasses having certain critical points.

Tueorem 7. Let { # 0 be a given point in U, and let F(x; x, * * *,
x,+1) be analytic in a neighborhood of each point F(¢'((), "), " - *,
"), 2), ¢ E ®(p,q). Then the functional J(p') = Re F(p'(D), - -
©™({), {) attains its maximum (minimum) in the subclass of ®Mp, q) of
functions having non-zero critical points a,, * - *, a,_, counting mul-
tiplicities only for a function of the form
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q M )
¢'(2) = qz07' [] £z, &) [] (1 — ) 7ve "ot

N
l—[ (1 — ez) —Bjpe” iAcosA ,

where p>q=1, {(z,4) (j=1 ---,p—q) are given by (3),
M=n, N=n, l|=l¢| =1, E"§=y§ ki2—1 and YN_\B,=
ki2 + 1.

The functional J(¢ ') = |¢'| can be used in Theorems 6 and 7 to obtain
distortion theorems for ®,*(p,q) (p = q). The result for ®,X(p, p) is
analogous to that obtained in [12], while for ®X(p, q)(p > q) the
result is less explicit but comparable to that stated by Leach [5] for
Vi%p, q). More explicit formulas for the bounds on |arge’|, ¢ €
®,A(p, q) can be proved and are thus of greater interest to us.

THEOREM 8. Let ¢ EQM(p,q) (p=q)and forp>gq,let ay, - - -,
a,_4 be the non-zero critical points counting multiplicites of ¢, then

larg ¢ ' (re??)| = (p — 1)|6] + pk cos arcsinr,p = gq,

p—q
(g — 1)|6] + cos A E} ¥(r, o)
fa

+ pkcosA arcsinr, p>g=1
where Y(r, oj) = arcsin r/|a;| + arcsin|ay|r.

Proor. LetJ(¢') = Re £ ilog ¢ '(z) = F arg ¢ '(z)andtaken = lin
Theorem 6. Then for ¢ € A (p, p),

|J(¢") = larg¢'(z)] = |(p — L)arg z + pe~cos A
- {(kl2 — 1)arg(l — ez) — (k/2 + 1)arg(l — ez)}|
=(p — 1)|6] + pcosA{(k/2 — 1)|arg(l — e€z)|
+ (k2 + 1)|arg(l — ez)|}.
The result follows from the well-known fact that
(18) |arg(l — re*®)| = arcsin r

for0<r<1,0=0= 2.

For p>qg=1, the proof follows similarly. Consider J(¢')=
F arg ¢'(z) and take n = 1 in Theorem 7. Then for o, * - -, a,_, the
non-zero critical points counting multiplicities of ¢ in U, we have



274 E. M. SILVIA

larg o' (2)| = (g — 1)|6] + cosA piq {(larg(1 — zlay)| +|arg(l — az)|}

i=1

+ kp cos A arcsin r

]
= (g — 1)|6] + cosx Y, {arcsin r/|a;| + arcsin|aj|r}
=1

+ kp cos A arcsin r

where the last inequality follows from (18).

In conclusion we observe that following a procedure similar to that
used in [12], we may define the class Vi*(p, q) as consisting of the
functions f € A, for which [3(f(¢)if) d{ € Vi*(p,q). For these
classes, the results analogous to those obtained for Vi*(p, q) follow
from this very familiar relationship.

The author has further been able to solve various extremal problems
for ViA(p, q) using a Vi (p, q)-preserving transformation analogous to
that employed by Moulis [8].
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