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A GEOMETRIC METHOD OF STUDYING TWO POINT
BOUNDARY VALUE PROBLEMS FOR
SECOND ORDER SYSTEMS

WALTER G. KELLEY

1. Introduction. In this paper, we are concerned with the question
of existence of solutions to two-point boundary value problems for
second order systems

(1) 2 = f(t,x,x’).

The basic technique employed in obtaining existence results consists
of the definition of a function between Euclidean spaces for which the
zeroes yield solutions of the boundary value problem and the calcula-
tion of the Brouwer degree of this function relative to zero. We present
a series of conditions on f which make this technique applicable and
obtain thereby a variety of existence theorems. The last theorem pre-
sented generalizes some results appearing in recent papers.

During the last fifteen years, there have been a number of papers
written on the subject of two-point boundary value problems for sys-
tems. These papers have used either the method of modified functions
or various function space methods in attacking the problem. The first
method was introduced for this subject in [3] and has been used
successfully in numerous subsequent papers (see, for example, [9]).
More recently, Leray-Schauder degree theory and other notions of
topological degree in function spaces have proven to be powerful tools
for obtaining existence results in this area (see [10], [11]).

The method presented in this paper avoids the use of both modified
functions and function spaces and is quite intuitive since it relies on
the analysis of solution trajectories. It is well-known that similar tech-
niques are effective for scalar equations (see [5], [6], [7]), although
the scalar case is more elementary since continuity arguments suffice
without the use of Brouwer degree.

2. The basic technique. We denote d-dimensional Euclidean space
by R? and let the components of x € R¢ be x' (i=1, - - -, d). Also,
x - y is the Euclidean inner product for x and y in R¢, while ||| (x €
R9) represents an arbitrary norm on R

For the sake of simplicity, we begin by considering the second order
system
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1) x" = f(t, %, x'),

where f:[0,b] X R¢X R4— R?¢ is continuous, b >0, together
with the homogeneous boundary conditions

@) x(0) = x(b) = O.

All solutions of (1) mentioned below will be assumed defined on their
maximal intervals of existence.

Let D be an open set in the topology of [0,b] X R? with boun-
dary 8D in that topology. A point (¢, %) € dD is said to be an
“egress point” of D relative to (1) if there exists a solution x(t) of (1)
and ay > 0 so that x(¢y) = x, and (¢, x(t), x'(t)) exists and (¢, x(¢)) € D
for ty —y < t < ty, and x(¢) is said to “egress” from D at (to, x5). An
egress point (o, xo) will be called “strict” if either ¢, = b or, for every

x(t) which egresses from D at (fo, xo), there exists a § > 0 such that
(t,x(t)) € Dforty < t < t, + 8.

For the moment, we assume that all egress points of D relative to
(1) are strict and that D contains the segment {(,0) € [0, b] X R¢}.
We also suppose that initial value problems for (1) have unique solu-
tions and that the following hypothesis is satisfied:

(H1) There exists a number u’ > 0 such that if x(¢) is a solu-
tion of (1) with x(0) = O and ||x'(0)|| = p’, then there is
a to > 0 so that (¢, x(¢), x'(¢)) exists for 0 = ¢ = £, and
to = b or (ty, x(t)) € aD.

We now define a mapping T from the set S, = {y ER?: |ly[| = u
into R4 Let PE S, and let x(t) be the unique solution of (1) w1th
x(0) = 0 and x'(0) = P. If (¢, x(t)) intersects oD, let ¢, be the t-coordi-
nate of the first intersection point. Otherwise, take ¢, = b. Define
T(P) = x(ty).

First, we show that T is continuous. Let P € S, and let {P,};_, be
a sequence in S, such that P, — P as n— . Let x(¢) and x,(t) be the
solutions of (1) with x(0) = x,(0) = 0,x'(0)= Pand x,'(0) = P, (n =
1,2, ).

Suppose the trajectory (t,x(t)) € D for 0= t = b. By the standard
convergence theorem, (¢, x,(t)) € D for 0 =t = b if n is sufficiently
large. Since x,(b)— x(b) as n— ©, T(P,)— T(P) as n— ® in this
case.

Otherwise (¢, x(t)) intersects dD, and there is a first intersection
point (y, o). Suppose to < b. Let § > 0 be a number such that (¢, x(t))
€D for t,<t=t,+ 8, and fix A € (0,8). Define a metric p on
RIX R? by p((s, y1), (S, 92)) = Is1 = 8ol + [ly: — yo| for s, s, €
R! and y,,y, ER% Then the distance between the compact set
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{(t,x(t) : t € [0,8g — A] U [ty + A, tp + 8] } and 9D is some positive
number €(A). For n sufficiently large, ||x,(t) — x(¢)|| < e(A)2 for 0= ¢
=ty + 8, so the distance between {(t,x,(¢)):t € [0,% — A] U [, +

A to + 8]} and 4D exceeds €(A)/2, and hence (t, x,(t)) intersects 0D
first in the region {(t,x):tp —A<t<? + A, [Jx — x(t)]| <e(N)2}.
Since x(t) is continuous and e€(A)— 0 as A — 0, the diameter of this
region approaches 0 asA — 0. Thus T(P,) —> T(P)asn— .

Finally, in case t, = b above, it is easy to modify the above argu-
ment to conclude again that lim,,_,.T(P,) = T(P). Thus T is continu-
ous on S,. In order to calculate the Brouwer degree of T, we add an-
other hypothesis:

(H2)  There exists a number u € (0, w'] so that if x(¢) satis-
fies (1),x(0) = 0, [|x'(O)| = p, (t, x(t) EDfor0 =t <
to and either to = b or (t, x(t))E 3D, then x(t,) &
{=Ax'(0): A > 0}.

Note that (H2) implies T(x'(0)) # —Ax'(0) for every A > 0 whenever
x(t) satisfies (1), x(0) = O and ||x'(0)] = .

Let S,= {y ER*: |ly| = 1} and let S9, be its interior. If the
boundary value problem (1), (2) does not have a solution x(t) with
[x'(0)|| = wmand (¢, x(t)) € D for 0 = t = b, then T does not vanish on
8S,. Thus the Brouwer degree d[T,S°,0] is defined (see [2]).
Furthermore, by (H2) the mappings aT + (1 — a)I, where I is the
identity and 0 = a = 1, do not vanish on 4S,. Since Brouwer degree
is invariant under homotopies, we have d[T, S¢,,0] = d[I, S°,,0] =
1. Thus there exists a y € S9, so that T(y) = 0. It follows that (1), (2)
has a solution x(¢) with [|x'(0)|| = p and (¢, x(¢)) € D for 0=t = b.
We have proven the following theorem.

TueoreM 1. Let D be a relatively open set in [0,b] X R¢ contain-
ing {(t,0) € [0, b] X R?}, and suppose all egress points of D relative
to (1) are strict. Assume initial value problems for (1) have unique
solutions and that hypotheses (H1) and (H2) are satisfied. Then the
boundary value problem (1), (2) has a solution x(t) with ||x'(0)]| = u
and (t,x(t)) ED for0 =t = b.

We note that another existence theorem similar to Theorem 1 can
be proved by “shooting” from the boundary point at ¢ = b back toward
t = 0 if the notion of “egress” is replaced by a suitable one of “ingress”
and obvious adjustments are made in (H1) and (H2).

3. Concerning (H1) and (H2). There are two main questions to be
resolved concerning the application of Theorem 1. First, what condi-
tions on f are sufficient to ensure that hypotheses (H1) and (H2) are
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satisfied? Second, how does one find a region D for which egress
points relative to (1) are strict? We present a series of lemmas in this
section which give some answers to the first question and consider the
second question in § 4. Implicit in the statements of these lemmas are
the assumptions that initial value problems for (1) have unique solu-
tions and that there is a set D for (1) having the properties listed in
Theorem 1.

LemMma 1. If f is bounded on D X R?, then (H1) and (H2) are
satisfied.

Proor. Let K be a bound for ||f|| on D X R¢ and take u' =
= Kb/2. Then (H1) is true by the standard extension theorem for
ordinary differential equations.

Suppose there were a solution x(t) of (1) with x(0) = 0, ||x'(0)|| = u,
(t,x(t) ED for 0=t<p (p=b) and x(p) = —Ax'(0) (A > 0). By
Taylor’s Theorem,

x(p) = %(0) = px' O + |1 (p— 9x"(5) s,

SO

A+l OI= [0 (p = 9l o) ds,

and it follows that

>

- _Kp* _ K _Kb
F=o0h+p) = 20+b) 2

a contradiction. Thus (H2) is satisfied. Q.E.D.

By choosing D= [0,b] X R4 in Lemma 1, we obtain from
Theorem 1 the classical existence theorem for bounded f that is usually
proven by an application of the Schauder Fixed Point Theorem (see
[4, p. 424]). In this case, the assumption that initial value problems
for (1) have unique solutions is easily removed by the standard approxi-
mation argument.

LemMa 2. Suppose there are nonnegative constants Ly, L, and L,
such that

(3) £ % )| = Ly + Lol + Lo|y|

for (t,x) € D, y € R4 Then (H1) and (H2) are satisfied if b is suf-
ficiently small.
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Proor. If L, = Lj = 0, the result follows from Lemma 1. Suppose
either L, # 0 or Ly # 0, and define C = (L; + (L;2 + 4L,)12)/2.
For a given p >0, let x(t) be a solution of (1) with x(0) = 0, [|x'(0)|
= pand (t, x(t)) €E D for 0 = t < p = b. From the theory of differen-
tial inequalities (see [12, Chapter 2] ), we havefor0 = t < p,

D~(Ly + Lalls| + Cl’) S Lalfe’| + C(Ly + Lol + Lolle’])
= C(Ly + L] + Cli="[)
since C2 — CL; — L, = 0 and (3) is satisfied, so
4) L, + Lojx()|| + C|x'(®)|| = (L, + Cw).",

for 0 = ¢t < p. Thus (H1) is satisfied for any value of u’ > 0.
Now suppose moreover that x(p) = —Ax'(0) (A > 0). By Taylor’s
Theorem, ,

x(p) = x0) = px'©) + ["(p = 9x"(5) s

T aepms [ o= slfisxx]ds
= 7 (p = 9L+ Lofx@)] + Lyllx' )]} ds
= | " (p— s)Ly + Culecrds  (using (4)
- Ao — gp-1),

0

nC <eC”-—Cp—1<eC"-—Cp—l
Li+Cu~ CA+p) Cp ‘
Choose b small enough that e® — 2Cb — 1 < 0. Then the function
eCs — 2Cs — 1 is negative for 0 < s = b, so e‘» — 2Cp — 1 < 0. Thus
1> (e¢? — Cp — 1)/Cp, so for p sufficiently large we have,
nC > er — Cp— 1
L+ Cpu Cp ’

a contradiction. Thus if e — 2Cb — 1 < 0, (H2) is satisfied for u
sufficiently large. Q.E.D.



256 W. G.KELLEY

The next two lemmas apply to bounded regions D where f satisfies
some type of “Nagumo condition.”

LemMma 3. Assume D is bounded. Fori= 1,2, - - -, d, suppose ¢,
is a positive, non-decreasing, continuous function on [0, ©) such that

I=sdsldi(s) = © and |fi(t, x, )I<¢,| i) for (t,x) ED and all
y € R4 Then (H1) and (fH2 ) are gatz o) f

Proor. It follows from Lemma 5.1 of [4, p. 428] that any solution
x(t) of (1) is extensible as long as (¢, x(t)) € D, so (H1) is satisfied for
any u' > 0.

Let R be a number so that [x| = R(i= 1, - - -, d) whenever (t,x) €
D. Choose p large enough so that if v € R4 and vl = w, then some
component v’ of v satisfies fO sds/d;,(s) > R. Let x(t) satlsfy (1),

x(0) = 0 and ||x’(0)|| = p, and let x(0) be the component of x'(0) such
that [ O sdsli(s) > R. Suppose x”(0) > 0 and that there is a
p > 0 so that (¢, x(t)) € D and x¥(t) > 0 for 0 = ¢t < p and «"(p) = 0.
Then

o ¢i(x¥(t)) de | = J o ¥ (t)dt = R.
But if we let s = x¥(t), then also
P xl(t)x(t) «'0)  sds
———=dt | =
L, ¢i(x'(t)) f py S)

a contradiction. Thus in case x”(0) > 0, xi(t,) is nonnegative as long
as (t,x(t)) € D (for 0 = t < t;). In a similar way, one can show that,
if x'(0) < 0, then xi(¢,) is nonpositive as long as (t, x(t)) € D for 0 = ¢
< ty. Thus (H2) is satisfied. Q.E.D.

Lemma 4. Assume D is bounded. Suppose ¢ is a positive, non-
decreasing, continuous function on (0, ©) such that s*¢(s)— © as
s—> o and ||f(t, x, y)|=d(|yl) for (t,x) ED and all y € R4
Then (H1) and (H2) are satisfied.

Proor. Let R be a number such that ||x| = R whenever (t,x) € D.
Choose Q so that s*¢(s) > 4R for s > Q. Now if one inspects the
proof of Lemma 2.1 in [11], one finds that the result is true for any
interval [0, p], and if x(t) is a solution of (1) with (¢, x(t)) € D for
0= ¢t = p, then a bound for ||x'(t)|| on [0, p] is max{Q, 8R/p}. Thus
(H1) holds for any u' > 0.

Let € = inf{||x| : (t,x) € 9D}, and choose Q' = Q so that s/¢(s)
= 32R%e for s= Q'. We will show that (H2) is satisfied for u >
max{Q’, 8R/b}.
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Let x(t) satisfy (1), x(0) = 0, |x'(0)|| = w and (¢, x(¢)) € D for 0 = ¢
< p. By our choice of p and the above comments, p < b. Supp ose
that (p, x(p)) € 8D and x(p) = —xx'(0). Note that A = [Jx(p)|/||x’ (0)|
= €/p. By Taylor’s Theorem,

x(p) = x0) = p'©) + [ (p = 91"(s) ds

SO
a+pus [ p-9lo)ds
= [ (- 9 ©)) ds

2
= %d)(max{”x’(s)“ 0= 5= p))

For0 = s = p, ||x'(s)|| = max{Q, 8R/p}. Since ||x'(0)|| = p, we have
SRIpZ w2 Q' 2 Q.50

IIV

IIA

p*, (SR

2¢< P )

— P2 €(BRIp)* _
2

A+ pu

2Rz ©

SO

€ [
<e =y,
A+p Ee K

L=

a contradiction. Thus (H2) is satisfied. Q.E.D.

The next theorem now follows immediately from Theorem 1 and the
lemmas.

TueoreM 2. Let D be a relatively open set in [0,b] X R¢ contain-
ing {(¢,0) € [0,b] X R4}, and suppose all egress points of D relative
to (1) are strict. Assume initial value problems for (1) have unique
solutions and that the hypotheses of Lemma 1, 2, 3 or 4 are satisfied.
Then (1), (2) has a solution x(t) with (t, x(t)) € D for 0 = t = b, where
b must be sufficiently small if the hypotheses of Lemma 2 are assumed.

Now we generalize Theorem 2 by extending it to include the non-
homogeneous boundary conditions
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(5) x(0)= A, x(b) = B,
where A, B € R4,

THeoreM 3. Let D be a relatively open set in [0, b] X R¢ contain-
ing {(t, g(t)) : 0 = t = b}, where g is of class C% on [0, b] and satisfies
(5), and suppose all egress points of D relative to (1) are strict. Assume
initial value problems for (1) have unique solutions and that the hypo-
theses of Lemma 1, 2, 3, or 4 are satisfied. Then (1), (5) has a solution
x(t) with (t, x(t)) € D for 0 = t = b, where b must be sufficiently small
if the hypotheses of Lemma 2 are assumed.

Proor. Make the change of variable z=x — g(t) for (t,x) €
[0,b] X R4 Then D is transformed into a relatively open set D*
containing {(¢,0) € [0, b] X R¢}. The boundary value problem (1),
(3) becomes

6) 2= flt,z+ g z' +g’)— g"(t),
(7) 2(0) = z(b) = .

Egress points of D* relative to (6) are strict, and initial value problems
for (6) have unique solutions.

The hypotheses of Lemmas 1 and 2 are satisfied for (6) relative to
D* if they are satisfied for (1). Suppose the hypotheses of Lemma 3 are
satisfied for (1). For i=1, - - -, d, define y;(s) = ¢i(s + N;;) + Njp
(s € [0, ©)), where N;; = max{|gi¥(t)]: t € [0,b]} (j=1,2). Then

Ifit.z+ g2 +g')— g" O = dllz" + g”'l) + Nig
= villz)).

Since each [~ sdslpi(s) = ©, by the limit comparison test for im-
proper integrals (see [1, p. 140]) we have each [=sds/i(s) = .
Then the hypotheses of Lemma 3 hold for (6) with ¢; replaced by ¢;
fori=1, - -, d. Finally, if the hypotheses of Lemma 4 hold for (1),
then they also hold for (6) when D is replaced by D* and ¢(s) by
Y(s)=¢(s + N;) + N;,  where N, = max{|git)|| : 0=t = b}
i=1,2).

U By Theorem 2, (6), (7) has a solution z(t) with (¢, z(t)) € D* for
0 =t = b, so (1), (5) has a solution x(t) with (¢, x(t)) € D for0 = t = b.
QED.

4. Egress points. In this section we give some conditions on f

which yield a region D for which egress points relative to (1) are
strict.
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Our first result employs certain auxiliary functions introduced in
[10]. For i=1, ---, N, let ry(t, x) be of class C2 on [0,b] X R?,
u(t, x) the gradient vector of r;, v;(t, x) the gradient vector of dr;/dt,
where the gradients are taken with respect to the components of x
only in both cases, and let Pj(t, x) be the Hessian of r; with respect to
x. Let the first and second derivatives of r; with respect to (1) be de-
noted by

r,) = or; +u; cx'

1 at 1 >

e O P x

Ty = Y v; * X x'P; - x u; * f,
fori=1,-- N.
LemMA 5. Fori= 1, ---, N, let ri(t, x) be as described above and
(8) "y > Owhenr,=0andr;" = 0.

Then egress points of D= {(t,x) € [0,b] X Re:ri(t,x) <0, i=
1, - - -, N} relative to (1) are strict.

ProoF. Suppose (ty, xo) is an egress point of D relative to (1) with
to < b. Then there is a solution x(¢) of (1) and ay > 0 so that x(¢,) =
xo and (¢, x(t)) € D for ty —y < t < t,. Let i be an integer such that
T,'(to, xo) = (),

Let s(t) = r,(t, x(t)) for all ¢ in the domain of x(t). Then s(t) is of
class C2 on its domain and s'(¢) = r;' (¢, x(¢)), s"(t) = "¢, x(¢)). Since
s(t) <0 for to —y<t<ty, and s(ty) =0, we have s'(t,)=0. If
s'(tp) > 0, then s(t) > 0 on some interval to the right of ¢, and it fol-
lows that (to, xo) is a strict egress point in this case. If s'(fy) = 0, then
(8) implies that s"(ty) > 0. Again, s(t) > 0 on some interval to the
right of ty, and we conclude that (¢, %) is strict. Q.E.D.

In our final lemma, we obtain a result very close to Lemma 5 using,
instead of auxiliary functions, an outer normal condition discussed in

[11].

LemMa 6. Let Q be an open set in R? such that for each x € 44,
there exists an n(x) € R? for which

©) QC {y ER?:nfx) - (y — x) S 0}
Let D = [0, b] X Q, and suppose that
(10) n(x) - f(t,x,y) > 0whenx € 4Q, n(x) -y = 0.

Then egress points of D relative to (1) are strict.
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Proor. Suppose x(t) is a solution of (1) with x(t) € Q for t, — y <
t <ty <b, where y >0, and x(t;,) € 4Q0. By (9) we have n(x(t,))
< (x(8) = x(E))(t — to) = 0 for ty — v < t < ty, so n(x(ty)) - x'(te) = 0.
If n(x(t))) -x'(ty) >0, then for ¢t—t, sufficently small but
positive, n(x(ty)) * (x(t) — x(t,)) >0, so x(t) & Q by (9). Thus
(to, x(to)) is a strict egress point of D in this case.

If n(x(ty)) - x'(tp) = 0, then (10) implies that n(x(¢)) * x"(to) > O.
There is a t, > t; so that

0 < n(x(to)) - (x'(t) — (ko)) = n(x(t)) - x'(2),

for ty < t = t,. Integrating, we have for t, < t = ¢,

0< [ nlalte) ~x'(5)ds = nla(to) - (x(6) = x(to),

and (9) implies that (to, x(ty)) is a strict egress point of D. Q.E.D.

Putting together Theorem 3 with Lemmas 5 and 6, we have the next
theorem.

TueoreM 4. Suppose that the hypotheses of Lemma 5 or 6 are
satisfied and that D contains {(t, g(t)) : 0 = t = b}, where g is of class
C2 on [0, b] and satisfies (5). Assume initial value problems for (1)
have unique solutions and that the hypotheses of Lemma 1, 2, 3 or 4
are satisfied. Then (1), (5) has a solution x(t) with (t,x(t)) € D
for 0 = t = b, where b must be sufficiently small if the hypotheses of
Lemma 2 are assumed.

The assumptions that initial value problems have unique solutions
and that the inequalities in (8) and (10) are strict can be removed,
although in some cases additional hypotheses are needed. Rather
than attempting to state and prove the most general result possible,
we give one special result which indicates what can be done in the
other cases.

THEOREM 5. Suppose that the hypotheses of Lemma 5 are satisfied,
except that (8) is replaced by

(11) "¢=0 when 1r,=0 and 1’ =0,
and that D contains {(t,g(t)) : 0=t = b}, where g is of class C? on
[0, b] and satisfies (5). For eachi=1, -- -, N, assume u; 74 0 when

r; = 0 and that one of the following is true:

(a) arat (t,x) = 0 for(t,x) € [0,b] X RY,

(b) vi(t, x) = 0 for (t,x) € [0,b] X R¢ and Pi(t, x) is nonnegative
definite when ri(t, x) = 0,
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(c) Pyt, x) is uniformly positive definite for r,(t, x) = 0, |ly|| = 1.
If the hypotheses of Lemma 4 are satisfied, then (1), (5) has a solution
x(t) with (t, x(t)) EDfor 0=t = b.

Proor. We begin by assuming that (8) holds for each r;, i =1, - - -
N. Suppose that for some r; we have ar/dt (t,x) =0 for (¢ x) E
[0,b] X R4 We will show in this case that yPi(t,x) - y = 0 when
(t,x) ED,r(t,x) = Oand uy(t,x) -y = 0.

Suppose on the contrary that there exists a (£, x) € D with r,(t, x) =
0 and a y ER? with |ly|| =1, u(t,x) -y =0 and yPi(t,x) -y <O.
For all constants ¢, ;' (t, x, cy) = u; - cy = 0, so by (8) we have

(12) Pt x) - y + wi(t,x) - f(t,x, cy) > 0.
Choose ¢ large enough that c(c) > d?||u;(t, x)||/lyPi(¢, x) - y|, where
d is a constant such that if |z||z is the Euclidean norm of z € R4,
then ||z||g = d||z|| for all z € R%. Then
lui(t, x) - f(t, %, cy)l = d2||uit, )|| || £(2, %, cy)|
= d?||ui(t, x)|d(c)
= cUyPit, %) -yl,
a contradiction of (12).

From the proof of Lemma 4, we know that there is an u, > 0 such
that if x(t) satisfies [|x"|| = ¢(||x'||) and (¢, x(t)) € D for t € [0, b], then

lx' ()| = w1 on [0,b]. Also,fori=1, - - -, N we can choose p, so that
(for all cases (a), (b) and (c))
(13) 2Pi(t, x) * 2 = |204(t, x) - 2]
when (t,x) ED, r(t,x) =0, r;'(t,x,z) = 0 and ||z||= puy. Let p=
max{p, pa}.
Define for all (¢, x) € [0, b] X R4,
ft.x,y), lyll = w.
F(t,x,y) =

F(enugtn) s ol >

Fix i and (t, x, y) so that (t, x) €D, r(t,x)=0and r,'(t, x,y) = 0. If
lyll = p. then r';z > 0 since 'y > 0. If ||y|| > p, we have

2
"

a°r
rir = at2+2v, y+yP,-'y+u,"f(txH>

= o +M(2v,- —)

ot lyl
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+M_<_z _l>

ol 7yl
. »y

o f (en )
92r;

> i A

= T i

+ 8 p By f(ex P >,
Wl ° Tl “ MW

where we have used (13),
for each i in all cases (a) (b) and (c).

Let {F,}7_, be a sequence of functions of class C! on [0, b] X R¢
X R? which converges uniformly to F on D X R4 It follows from
(13) and the compactness of {(¢,x):r(t,x)=0} (i=1, --+, N) that
F, satisfies (8) for n sufficiently large. Also, for n sufficiently large,
F, satisfies the hypotheses of Lemma 4 if we replace ¢ by y(s) =
¢(s) + € (¢ > 0). Since initial value problems for

(14) 1" = Fu(t,x,x")

have unique solutions, we can apply Theorem 4 and conclude that
(14),, (5) has a solution x,(t) for n sufficiently large with (t, x,(t)) € D
on [0, b]. Some subsequence of {x,(t)}-; converges to a solution
x(t) of x” = F(t, x,x') and (5) with (¢, x(t)) € D for 0 = t = b. Since
F satisfies |F(t,x,y)|| = ¢(||ly||) for (t,x) € D and y € R% we have
[lx' (¢ || w for 0 =t = b. From the definition of F, x(t) satisfies (1)
and (5

F mally, since u; 74 0 when r; = 0, the proof can be completed by
assuming (11) and using an approximation argument like the last
paragraph of Theorem 1.1in [9]. Q.E.D.

A familiar special case of Theorem 5 is obtained by putting r;(¢, x) =

— Bi(t), rqsi(t,x) = —xt + &(t), for i =1, - - -, d, where ai(t), Bi(t)
are of class C2 on [0, D], Bi(t) > oi(t) for 0 =t = b and oi(0) < A <
Bi(0), oi(b) < Bi< Bi(b),i=1, -+, d. Then each v; =0 and P, =0
so that (b) holds for each i, and condition (11) becomes

fit,x,x") = B", when x'=pgi(t) and ' =g(t),
fit,x,x') = o", when x'=cdi(t) and ' =d'(t),
fori=1,---,d.
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We have used a slightly different type of Nagumo condition than
that used in [9] and [10], but otherwise the hypotheses of
Theorem 5 are less restrictive than those of Theorem 1.1 in [9] and
of Theorem 6.1 in [10]. It is interesting to note that we have had to
use the method of modified functions only in removing the hypothesis
that initial value problems have unique solutions. It seems possible
that the extra hypotheses needed in our proof of Theorem 5 are neces-
sitated by our use of this method rather than being really necessary
for the validity of the result.
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