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PERIODIC SOLUTIONS TO A WAVE EQUATION 
J . M . GREENBERG1 

ABSTRACT. The problem is to establish the existence of small ampli­
tude, time periodic solutions of 

(WE) ^-±a(^L) = o, 0<x< l and 
v ' dt2 dx \ dx I 

(BC) u(0, t) = «(1, t) = 0, 

where 

(1) a(y) = y3(l + S any2«) 
n = l 

and the series (1) converges in a neighborhood of y = 0. The basic 
result is that the above problem has small amplitude, periodic solu­
tions of the form 

(2) u(x, t) = AuU{x)<^{AtlTl) + A*w{x, t; A), 0 < A « 1. 

The numbers Tx and u are given by 

da 

(3) 

M-1/2= 23'43'/-1 f1 

Jo 
du 

(1 - M 2 ) " 4 ; 

the functions U( • ) and cfl{ • ) which satisfy 

(4) « 2 - ^ (C/,3) + ( 7 = 0 and ^ + T ^ 3 = 0 
ax ar­

are given by 

(5) 

and 

\T (1-%-M = < 2 / 3 ) l/4 ^ l / 2 > ° - * = i / 2 > 
U(x) = (7(1 - x), 1 / 2 ^ x ^ 1 
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(6) 

Mr) da = if 0 < < iL 

Jo ( 1 - a 4 ) 1 ' 2 2 " 2 ' ~ T - 2 ' 

Ö * ( T ) = cA(n - T), TTI2 g T S 77, 

C4(T) = - Ö ^ ( - T ) , -JT ̂  T ̂  0, and 

L ̂ 4(T + 2rar) = ^ ( T ) ; 
and the period of w is 2TTTJA. 

The proof of the above result may be found in [ 1]. The result 
hinges on the invertibility of the variational operator 

(7) 

(8) 

(9) 

dT2 - l W OX 

U>(0,T) = 

w(x, 0) = 

diu 

dx 

diu 

dT 

( 1 / 2 , T ) = 0 , 0 < T < 77-/2, a n d 

( X , 7 T / 2 ) = 0 , 0 < X < 1/2. 
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