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QUASI-PURE PROJECTIVE AND INJECTIVE
TORSION FREE ABELIAN GROUPS OF RANK 2

D. ARNOLD, C. I. VINSONHALER AND W. J. WICKLESS

An abelian group, G, is quasi-pure projective (q.p.p.) if for every
pure subgroup, A, of G and every f& Hom(G, G/A) there is g €
Hom(G, G) with 7,g = f, where 7, € Hom(G, G/A) is the quotient
map. Dually, G is quasi-pure injective (q.p.i.) if for every pure sub-
group, A, of G and every f € Hom(A, G) there is g € Hom(G, G) with
gia = f, where i, € Hom(A, G) is the inclusion map. This paper con-
tains a characterization of q.p.p. and q.p.i. torsion free abelian groups
of rank 2; a partial solution to Problem 17 of Fuchs [2].

A torsion free abelian group, G, is homogeneous if any two pure
rank 1 subgroups of G are isomorphic and strongly homogeneous if for
any two pure rank 1 subgroups of G there is an automorphism of G
sending one onto the other.

THEOREM A: If G is a homogeneous reduced torsion free abelian
group of rank 2, then

(1) Gisq.p.p.iff Gis completely decomposable,

(2) Gis q.p.i. iff G is strongly homogeneous.

A strongly homogeneous group, G, is special if p-rank G = 1 for all
primes p, where p-rank G is the Z/pZ-dimension of G/pG. Special tor-
sion free abelian groups of finite rank have been described by Rich-
man [6]. The next theorem gives a characterization of rank 2 strongly
homogeneous groups as well as a method for constructing strongly
homogeneous rank 2 groups that are not special.

TueEOREM B: If G is a torsion free abelian group of rank 2, then G is
strongly homogeneous iff either

(1) Gis homogeneous completely decomposable or

(2) (a) Q ® zEnd(G) = Q(VN) for some square free integer N,
(b) NG = G; (c) p-rank G =1 for all primes p # 2 such that N is a
quadratic residue mod p; (d) 2-rank G = 1 if N is a quadratic residue
mod 8; and (e) if N is not a quadratic residue mod 8, and if g € G,
a € Q, withl(g + « VNg) € G, then g € G.

A torsion free abelian group, G, is R(G)-locally free if p-rank G = 0
or rank G for all primes p.

Received by the editors on September 3, 1974.
Copyright © 1976 Rocky Mountain Mathematics Consortium

61



62 D. ARNOLD, C. I. VINSONHALER AND W. J. WICKLESS

TueoreM C: If G is a non-homogeneous reduced torsion free abelian
group of rank 2, then:

(1) G is q.p.p. iff G is R(G)-locally free and any two independent
elements of G have incomparable type,

(2) Gis q.p.i. iff either G= A @ B with sup{type (A), type (B)} =
type (Q) or any two independent elements of G have incomparable
type and G is p-reduced for all primes p with pG # G.

Examples of groups satisfying the hypotheses of Theorem C.1 are
given in Section 2. Furthermore, a reduced torsion free abelian group
is both q.p.p. and q.p.i. iff either G is homogeneous completely decom-
posable or G satisfies the condition of Theorem C.1.

Fundamental references are Fuchs [2] and [3] and Reid [5]. Let
G be a torsion free abelian group of finite rank and 0 # x € G. For
a prime, p, the p-height of x in G, h,(x), is i if x € p'G\p'*!G and » if
no such i exists; H(x) is the sequence (h,(x)) indexed by the primes; if
y € G then H(x) and H(y) are equivalent if h,(x) = h,(y) for all but a
finite number of primes, g, with h,(x) < ® and h,(y) < «; the type
of x in G, T(x), is the equivalence class determined by H(x); if X =
(x) 4, the pure subgroup of G generated by x, then T(a) = T(b) for all
a, b € X, so that the type of X, T(X), is well defined.

Two rank 1 groups A and B are isomorphic iff T(A) = T(B). The
typeset of G is {T(A) | A is a pure rank 1 subgroup of G}. Thus G is
homogeneous iff the typeset of G is a singleton. The inner type of G,
IT(G), is inf{r € typeset G} where the order on the typeset of G is
induced by the natural ordering of {H(x) |x € G}.

If A and B are two pure subgroups of G with a € A, b € B, then
h,(a + b) = min{h,(a), h,(b)} and equality holds if h,(a) < h,(b) or
G=A®B

A torsion free abelian group, G, is completely decomposable if G is
the direct sum of rank 1 subgroups and strongly indecomposable if
whenever nGC A ® BC G for some non-zero integer n, then either
A = 0 or B= 0. The quasi-endomorphism ring of G is Q ®z End(G),
where End(G) is the endomorphism ring of G. If G is strongly in-
decomposable then every 0 # f € End(G) is either a monomorphism
or is nilpotent (Reid [5] ).

Finally, if p is a prime, then p<G = M2y p'G is the p-divisible sub-
group of G. The group G is p-reduced if p»G = 0.

§1. R(G)-locally free and strongly homogeneous rank 2 groups. Let
G be a torsion free abelian group of rank n. For each maximal in-
dependent subset {x,, : - -, x,} of G define Y; = {gix; [ q,x; + - - +
gux, EGforg;€EQand1 =j=n}and Xi= (xy, """, X, Xivp, " 5
X,)x (Where (S), denotes the pure subgroup of G generated by S).
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Then G/X' == Y, for 1 =i = n and G is a subdirect sum of Y, - - -, Y,.
(e.g., see Fuchs [2], p. 42.).
The following equivalences are known; their verification is routine.

LemMma 1.1: Let G be a torsion free abelian group of rank n and
define Xt and Y; as above for 1 = i = n. The following are equivalent:

(a) Gis R(G)-locally free;

(b) Z, ®; G = G, is a free Z,-module for all primes p with pG # G,
where Z, is the localization of Z at p;

(c) Ifpisaprime and pY; = Y, for some i, then pG = G.

A torsion free abelian group G of rank 2 is a VN-group if Q
®z End(G) = Q(VN) for some square free integer N. Identify VN
with the quasi-endomorphism of G whose square is N. In this case
every non-zero endomorphism of G is a monomorphism.

Proor oF TuHeorem B: Homogeneous completely decomposable
groups are strongly homogeneous (since every pure subgroup is a sum-
mand, e.g., see Fuchs [3] p. 115). Thus we may assume that G is
strongly indecomposable since if G/(A@B) is bounded and G is
homogeneous then G = A @ B (Fuchs [3]).

(=) (a) Strongly homogeneous groups are V'N-groups (Reid [5]).

(b) Choose 0 # x with VN x € G. Since G is strongly homogeneous
there is an automorphism a + VN of G with o, € Q and (a+
BVN)(x) = y(VNx) for y € Q. Now x and VN x are independent so
a = 0 and 8VN is an automorphism of G. Write 8 = c/d for relatively
prime integers ¢ and d. Then G = BVN(G) = (c/d)VN(G) so that
G = (c®/d®)NG, dG= G, ¢cG= G, VNG = G, and NG = G. Note
that VN is, in fact, an automorphism of G.

(c) and (d) Assume that p-rank G = 2 and choose 0 # x € G. De-
fine £ to be sup {h,(bx + VN x) | b is an integer relatively prime to p}.
If =  then the p-height of VNx + (x), in G/{x), is © so that
p-rank G = 1, a contradiction. Thus 2 is finite.

The hypotheses on p guarantee that N is a quadratic residue mod p
for all i= 3. Consequently, there is b € Z with b>= N(mod p2*+1).
Since VN is an automorphism of G, h,(VNx) = h,(x) and h,(x) =
h,((b + VN)(x)) =& (it is sufficient to assume that b is relatively
prime to p since otherwise p divides N and by (b), pG = G a con-
tradiction).

Since G is strongly homogeneous there is an automorphism o +
BVN of G with a,BE Q; (a+ BVN)(b+ VN)x) = mVNx for
some m € Z; and p**! /' m (since h,(bx + VNx)=1). But G is a
VN-group so that every non-zero endormorphism is monic. Thus
(@ + BVN)(b + VN) = mVN. Multiply both sides of the preceding
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equations by b—VN to see that a= —mN/(b2— N) and B =
(mb)I(b?> — N). Let g = (a+ BVN)(VNx) € G so that (b> — N)g =
—mN(—bx + VNzx), a contradiction (since p2*+!|b2— N; pJN;
p**+!{Ym;and h,(—bx + VNx) =S 2).

(e) Assume N is not a quadratic residue mod 8. Let g € G,a € Q
be such that x = ¥ (g + «VNg) €E Gbut % g & G. By (b) 2/ N and,
since VN is an automorphism of G, hy(VN g) = hy(g) = 0. It follows
that o = ¢/d, ¢, d € Z, with d odd. Thus, by adding a suitable integral
multiple of VN g to x, we see that % (g + aVN g) € G with a an odd
integer. Now define a map from (y = g + (a — 2) VN g), into (g)4
sending y into 2mg for suitable odd m € Z. Note that hy(y) = 1. A
short computation shows that no endomorphism of G lifts the above
map.

(i) Since G is a VN-group, G is homogeneous (Reid [5]). Thus it
is sufficient to prove that if g, g, € G with h,(g,) = h,(g,) for all
primes p then there is a+ VN € End(G) with a,8 € Q and
(a+BVN) (g,) =g, (to see that a+ BVN is an automorphism
construct the inverse sending g, — g; and note that every non-zero
endomorphism is a monomorphism).

We may assume that g, = ax + bVNx and g, = cx + dVNx for
some 0 74 xE€ G,a,b,c,d EZ (clear denominators if necessary).
There is a unique a + BVN € Q ® End(G) with (a + BVN)(g,) =
g, i.e., (@+ BVN)a+ bVN) = c+ dVN. The only problem is in
proving that a + VN € End(G).

Regard G as a subgroup of Q ® G with GC G, C Q ® G so that
G=1),G, (where G, = Z,®; G, and Z, is the localization of Z at
the prime p). With this convention, it is enough to show that (a +
BVN)(G,) C G, for all primes p.

Multiplying the defining equation for & + VN by a — bV'N shows
that & = (ac — bdN)/(a® — b®N) and 8 = (ad — bc)/(a®> — b2N).

Let p be a prime divisor of a> — b2N. If p divides N then pG = G,
by (b) so that (a + BVN)(G,)C G,. Otherwise N is a quadratic
residue mod p. If p # 2 or if p = 2 and N is a quadratic residue mod 8
then p-rank G = 1. Suppose that p-rank G = 1.

Then G, is homogeneous; reduced, hence strongly indecomposable;
qG, = G, for all primes q # p, and p-rank G,= 1. Thus G, is
strongly homogeneous (e.g., see Murley [4]). It follows that (a +
BVN)(G,) C G, (e.g., regard g, g, as elements of G, and use the
uniqueness of a + BV N).

Now assume that p is a prime and does not divide a®> — b2N. Then
a®> — b2N is a unit in G, so that (« + BVN)(G,) C G,.
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We are left with the case that p = 2, 2G # G (in particular, N is
odd), N is not a quadratic residue mod 8, and a%= b2N(mod 2).
Choose 0 # g € G such that hy(g) = 0 = hy(VNg). Then by condi-
tion (e), any element x in G, can be written in the form x = (u/2) g +
(v/2) VNg where u, v € Z,. A direct computation shows (a + BV N)x
E G2-

Proposition 1.2: Let G be a VN-group. If p is a prime such that
p ¥ N and if N is not a quadratic residue mod p,then p-rank G = 0 or 2.

ProoF: Assume that p-rank G =1 and that k is the least positive
integer with kVN € End(G). The minimality of k guarantees the
existence of x € G with h,(kVNx) = 0 = h,(x). Now x + pG gen-
erates G/pG == Z/pZ so there isy € G and an integer, c, relatively prime
to p with py = cx + kVNx. Multiplying by ¢ — kVN yields p(c —
kVN)(y) = (c* — k2N)(x). Thus ¢2= k?N(mod p) a contradiction to
the assumption that N is not a quadratic residue mod p.

CoroLLARY 1.3: If G is a special qpi VN-group, then pG = G for all
primes p such that p | N or N is not a quadratic residue mod p.

CoroLLARY 1.4: Let G be a torsion free abelian group of rank 2. If
G is R(G)-locally free and strongly homogeneous, then G is completely
decomposable.

Proor: The only other possibility is that G is a strongly indecom-
posable VN-group (Reid [5]). But G is R(G)-locally free so by
Theorem B, pG = G for all primes p such that p | N or N is a quadratic
residue mod p.

Let A be a pure rank subgroup of G and B = VN(A), a pure rank 1
subgroup of G since VN is an automorphism of G (see proof of Theo-
rem B). It is sufficient to prove that the p-component of G/(A @ B) is
zero for all primes p such that p /' N and N is not a quadratic residue
mod p. :

LetgE Gandpg=a+ b & A® B. Ifh,(a) > 0or h,(b) > 0 then
gEADB So suppose that h,(a)=h,b)=0. Then b=
(m/n)VN a for some relatively prime integers m and n, ie., pg=
(14 minVN)(@) and png = (n + mVN)(a). Multiplying by n —
mVN shows that pn(n — mVN)g = (n2 — m2N)(a). But h,(a) = 0 so
n?= m?N(mod p); nb = mVN(a); h,(b)=0;, and gcd.(m,n)=1
guarantees that p /' m. Also p/ N so N is a quadratic residue mod p.
It follows that G is completely decomposable, a contradiction.

RemMarks: (1) The hypothesis that rank G = 2 is not necessary for
Corollary 1.4.(E. L. Lady, private communication).
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(2) Theorem B can be used to construct examples of strongly homo-
geneous strongly indecomposable rank 2 groups that are not special.
If GC Q(VN) is a rank 2 special group then H = G N (M,esH,) is
strongly homogeneous where S is a set of primes, H), is a free Z,-module
and 2 # p € S is a prime such that N is not a quadratic residue mod p
or p = 2 and N is not a quadratic residue mod 8.

§2. Quasi-pure-projective groups of rank 2.

TueoreM 2.1: Let G be a strongly indecomposable q.p.p. torsion
free abelian group of finite rank. Then G is R(G)-locally free.

Proor: Assume that G is not R(G)-locally free and let p be a prime
with 0 < p-rank G < rank G. Choose a p-basic subgroup, B, of G (e.g.,
see Fuchs [2], Chapter VI) and let C be the pure subgroup of G gen-
erated by B. It follows that G/C is a non-zero p-divisible group and
that (1/p)m is a well defined map from G to G/C.

Since G is q.p.p. there is g € End(G) with 7cg = (l/p)mc. Let
h = pg-1 so that h(G) C C and ker h C p“G. Since C is pure in G and
p“C =0, h: C — C is a monomorphism. Choose a positive integer n
with nC C h(C)C C (since h is a monomorphism, h is a unit in
Q ®zEnd(C), Reid [5]). A short computation shows that nGC
p“G @ CC G, contradicting the assumption that G is strongly in-
decomposable.

LemMa 2.2: If G is a torsion free abelian group of rank 2 with pure
rank 1 subgroups A and B, then T(A) = T(B) iff T(G/B) = T(G/A).

Proor: Suppose that A # B and choose non-zero elements x; and
x5 in A and B respectively. Then {x,,x,} is a maximal independent
subset of G. Using the notation preceding Proposition 1.1, X! = B,
X2= A, G/IX!=Y, D A;and G/X2= Y, D B. But Y,/A = Y,/B (Fuchs
(2], p. 42) so that T(Y,) + T(B) = T(Y,) + T(A) with T(A) = T(Y,)
and T(B) = T(Y,). Consequently, T(A) = T(B) iff T(Y,) = T(Y,).

LemMma 2.3: If G is a reduced q.p.p. torsion free abelian group of
rank 2 with IT(G) € typeset G, then G is homogeneous.

Proor: Let A be a pure rank 1 subgroup of G with T(A) = IT(G)
and let B be another pure rank 1 subgroup of G. Now T(A) = T(B),
so by Lemma 2.2, there is 0 # f: G/IB — G/A. Since G is q.p.p. there is
g € Hom(G, G) with frg = msg. But g(B)C A so the proof is con-
plete if g(B) # 0 (i.e., T(B) = T(A)).

Suppose that g(B) = 0, i.e., ker g = B and that T(A) < T(B). Then
g(G) C (g(A))4. Furthermore, assume that (g(A)), = B. Since G is
reduced there is a prime p with pB # B and it is sufficient to assume
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that g(G) § pB. Choose x € G with h,(g(x)) = 0, in particular x ¢ B,
and define C = (px — g(x)),. It follows that (1/p)rcg is a well de-
fined element of Hom(G, G/C). Since G is q.p.p. there is h €
Hom(G, G) with nch = (1/p)mcg. Now h(B)C C and B is fully in-
variant (since T(A) < T(B)) so that h(B)C BN C = 0. Moreover,
ph — g € Hom(G, G) and h(G) C (h(A))4 # B (for if h(G) C B then
(ph— g(G)C BN C=0, a contradiction to the assumption that
ho(g(x) = 0).

As a consequence of the preceding remarks, we need only consider
the case that g(B) = 0, T(A) < T(B) and (g(A))y # B. But g is a
non-zero endomorphism of G that is neither monic nor nilpotent so G
cannot be strongly indecomposable (Reid [5] ).

Choose pure rank 1 subgroups D and E and a non-zero integer n
with nGC D ® EC G. Since G is not homogeneous we may assume
that either T(D) < T(E) or T(D) and T(E) are incomparable. Now G
is reduced so there is a prime p with pE # E. Choose non-zero ele-
ments d and e in D and E, respectively, with h,(e) = 0. Define H =
(pk*1d + e), where n = p*¢ and g.c.d.(p,2) = 1. It follows that the
p-height of x+ H in G/H is Zk+ 1 for all xEE. Let f' €
Hom(G G/H) be the composite of G > D® E - E — (E+ H)/HC
G/H and define f = (1/p*+1)f'. Inparticular, f(e) = (n/p**1)(e + H) =
(&/p)(e + H).

Since G is q.p.p. there is g € Hom(G, G) with 7ug = f. By the
hypotheses, E is fully invariant. But g(e) + H = f(e) = &/p(e + H) so
that (pg — 2)(e) € EMN H = 0. Thus pg(e) = L(e) with g.c.d.(p,2) =
1, a contradiction to the assumption that h,(e) = 0. The proof is now
complete.

Proor oF THEOREM A.l: («) Homogeneous completely decom-
posable groups are q.p.p. since every pure subgroup is a summand
(Fuchs [3]). '

( =) It is sufficient to show that if G is strongly indecomposable
then a contradiction occurs (since if G is quasi-isomorphic to a homo-
geneous completely decomposable group then G is homogeneous
completely decomposable Fuchs [3] ).

Now G is R(G)-locally free (Theorem 2.1). Thus if G is strongly
homogeneous, then, by Corollary 1.4, G is completely decomposable
giving the desired contradiction.

Let A and B be two pure rank 1 subgroups of G with AN B = 0.
By Lemma 2.2 there is an isomorphism f: G/A — G/B. Since Gis q.p.p.
there are g, h € Hom(G, G) with ngg = fr, and msh = f~lrp.
But wpgh = frsh = ff~'rg so that gh — 1€ Hom (G, B). Since
every non-zero endomorphism of G is a monomorphism gh = 1.
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Similarly, hg = 1, so g is an automorphism of G with g(A) = B;i.e., G
is strongly homogeneous.

Proor or THEOREM C.1: Let G be a torsion free abelian group of
rank 2. Then IT(G) € typeset (G) iff any two independent elements
of G have incomparable type (use the fact that T(A @ B) = min{T(A),
T(B)}).

( =) By Lemma 2.3, IT(G) € typeset G. Thus G is strongly inde-
composable and Theorem 2.1 applies.

(<) Let f € Hom(G, G/A), where A is a pure rank 1 subgroup of
G, and let B = ker f. Now T(G/B) = T(G/A) so by Lemma 2.2, T(A) =
T(B). If ANB=0 then T(A) = IT(G) € typeset (G) (if x €EG,
mx € A® B for some 0 # m € Z so that T(x) = min {T(A), T(B)} =
T(A)), a contradiction. Thus A= B and f induces f'= c/d €
Hom(G/A, G/A) for some relatively prime integers ¢ and d. Now
d(G/A) = GJA so dG = G by Proposition 1.1. Thus c/d € End(G) and
Gisq.p.p.

ExampLE: There is a non-homogeneous q.p.p. reduced torsion free
abelian group of rank 2. Let V= Qx ® Qy be a Q-vector space of
dimension 2 and S = {x,y}U {ax + by |a,b € Z and g.c.d.(a,b) =
1}. Write P, the set of primes of Z, as a disjoint union of countably
many infinite subsets, say P = U=_, P.. Enumerate the elements of S
and define G to be the subgroup of V generated by {s/p;|s; €S,

i eP ,'}.
P If g € G then mg = ns for some integers m and n and s € S. Thus
typeset (G) = {T(s) | s € S}. It follows that h,(s;) = 0 if p € P; and 1
if p € P.. Thus IT(G) & typeset G since IT(G) = T(Z). Furthermore,
G is R(G)-locally free so G is q.p.p. by Theorem C.1.

§3. Quasi-pure-injective groups of rank 2.

Proor oF THEOREM A.2: (—) If G is homogeneous completely de-
composable then every pure subgroup of G is a summand (Fuchs [3])
so that G is strongly homogeneous. Otherwise, End(G) is a subring of
an algebraic number field (Beaumont-Pierce [1]) and every non-zero
endomorphism of G is a monomorphism (Reid [5] ).

Let A and B be two pure rank 1 subgroups of G. Since G is homo-
geneous there is an isomorphism f: A — B. Furthermore, G is q.p.i.
so there is g € Hom(G, G) with gi, = f(where i, € Hom(A, G) is the
inclusion map). Similarly, choose h € Hom(G, G) with hig = f-L
Then hgiy, = hf = higf =1, and hg =1¢ (hg — 1 is not a mono-
morphism so hg — 1= 0). Similarly, gh =1 so that g is an auto-
morphism of G with g(A) = B.
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( « ) Let A be a pure rank 1 subgroup of G and iy, € Hom(A,G)
the inclusion map. If f € Hom(A, G) then B = (f(A)), is a pure rank
1 subgroup of G. Now G is strongly homogeneous so choose an auto-
morphism « of G with a(A) = B. But ads and f are elements of the
rank 1 group Hom(A, B), hence caiy = df for some relatively prime
integers ¢ and d. Consequently, cB = cais(A) = dflA) = dB and
dB= B. Since G is homogeneous, dG = G, c(a/d) € End(G) and
f= c(ald)is, as desired.

ProposiTion 3.1: Let G be a non-homogeneous reduced torsion free
abelian group of rank 2 with pure rank 1 subgroups A and B such that
GI(A @ B) is bounded. Then G is q.p.i. iff T(A) and T(B) are incom-
parable and max {T(A), T(B)} = T(Q). In thiscase G= A ® B.

(<) Note that p-rank G = 1 for all primes p so that G= A ® B (e.g,,
see Murley [4] or Beaumont-Pierce [1]). Assume that G= A® B, and
let C be a pure rank 1 subgroup of G and f € Hom(C, G). By using
the projection maps of G onto A and B one can verify that there is
g € Hom(G, G) with gi, = f,i.e, Gisq.p.i.

( =) Since G is non-homogeneous either T(A) < T(B) or T(A) and
T(B) are incomparable. In either case, B is fully invariant. Suppose
that max{T(A), T(B)} # T(Q). Choose elements a and b of A and B,
respectively, with hy,(a) = h,(b) = 0. Then hy,(pa + b) = h,(b) =0
= hy(a + b). Since G/(A @ B) is bounded there is an integer k, rela-
tively prime to p, and a homomorphism f: (pa + b),— G with
f(pa + b) = k(a + b). Choose g € Hom(G, G) with gi, = f, where
C = (pa+ b),. Then g(a) = aa + Bb and g(b) = yb for some «,
B,y €EQ. Moreover, g(pa+ b)= poa+ pBb+ y(b)=k(a+ b)
and au = (klp)(a) € G, contradicting the assumption that h,(a) = 0.
Thus max {T(A), T(B)} = T(Q).

Since G is reduced, T(A) < T(B) is impossible.

ProrosiTiOoN 3.2: Suppose that G is a non-homogeneous strongly in-
decomposable torsion free abelian group of rank 2. Then G is q.p.i. iff
IT(G) & typeset G and p=G = 0 or G for all primes p.

Proor: ( <) In this case any two distinct pure rank 1 subgroups
have incomparable type. Thus if A is a pure rank 1 subgroup of G and
f: A— G then f is multiplication by m/n, where m and n are relatively
prime integers. Consequently, nA = A, nG = G, and m/n € End(G).

(—) Suppose that there is a prime p with p*G = A, a pure rank 1
subgroup of G. Then 1/p € Hom(A, G). Since G is q.p.i. there is
f € Hom(G, G) with fi, = 1/p. But G is strongly indecomposable so f
is a monomorphism (f is either a monomorphism or nilpotent; the lat-
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ter is impossible). Furthermore, (pf — 1)(A) = 0 so that pf— 1 is
nilpotent. Thus 1 + (pf — 1) = pf is an automorphism of G so that
pG = G, a contradiction. Consequently, p“G = 0 or G for all primes

p.

Assume that IT(G) € typeset (G) and choose pure rank 1 subgroups
A and B of G with T(A) < T(B). There is 0 # f € Hom(A, B) so (since
G is q.p.i.) there is 0 # g € Hom(G, G) with gi, = f. But B is fully
invariant so g(G) C B, i.e,, g is not a monomorphism. Thus g is nil-
potent since G is strongly indecomposable. By Reid [5], Q ®; End(G)
= 00 Qg

Since G# A® B there is 0 # x € G and a prime p with px =
a+ b€ A® B and h,(a) = h,(b) = 0 (otherwise, A® B is p-prime
in G for all primes p, hence pure). Consequently, there is f: A —» G
with f(a) = mx for some integer m relatively prime to p. But G is
q.p.i. so choose h € Hom(G, G) with hi, = f. Now h = a + Bg for
some a,BE Q and h(a) = (a+ Bg)(a) = (mlp)(a + b) €E G. Since
g(G) C B,aa = (mlp)(a) and a= m/p. On the other hand, h(b) =
(a + Bg)(b) = a(b) = (mlp)(b) € G (since g is nilpotent and g(G) C
B) a contradiction to the assumption that h,(b) = 0. The proof is now
complete.

The proof of Theorem C.2 is now a consequence of the results of this
section.
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