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EXTENSIONS OF UNIFORM AND PROXIMITY STRUCTURES
DON A. MATTSON

1. Introduction. Let (X, §) be a proximity space, where X is dense
in a completely regular space T. By P(X) we denote the collection of
real-valued proximity functions on X, and P*(X) is the algebra of
bounded members of P(X). Then P*(X) determines an admissible
collection P* of totally bounded pseudometrics for X. In [12] the
equivalence of the following conditions is shown:

(A) T admits a compatible proximity relation 8, for which (X, 8) is
a p-subspace of (T, §,).

(B) Every pseudometric in #*has a continuous extension to T, and
the collection of all such extensions is an admissible uniform structure
for T.

We define (X, T, §) to have the real-extension property if (A) holds
and every member of P(X) can be extended to a member of P(T).

In this paper we characterize when (X, T, 8) has the R.E. property
by means of (generalized) uniform structures for X and in terms of
maximal round filters in (X, §). Conditions equivalent to the property
that X is C-embedded in T occur as a special case of Theorem 2.1, and
Example 3.1 shows that the R.E. property is not coincidental with C-
embedding.

Characterizations of when an arbitrary subset of a completely regu-
lar space is u*-embedded [5] are also obtained by means of proximi-
ties and S.W. algebras.

2. Characterizations of the R.E. property for dense subspaces.
Since the theory of uniform spaces may be approached by means of
“entourages” or suitable collections of pseudometrics, we will distin-
guish between these by calling a (generalized) uniformity given by
entourages a uniform structure, and its associated family of pseudo-
metrics will be called a gage. (See [1], [9] and [15].) Every mem-
ber f of P(X) determines a pseudometric oy, compatible with §, by
adx,y) = |f(x) — fly)|. Let Sp be the gage generated by the
collection {oy: f € P(X)}, and let Up be the generalized uniform
structure for X determined by &, according to Leader’s Theorem of

(9.
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Appropriate definitions and results concerning round filters may be
found in [1] and [15]. By v,X we denote the realcompletion (see
[14]) of (X, 8), and @/p is the generalized uniform structure deter-
mined by P(v,X). Notation concerning rings of continuous functions
will follow that of Gillman and Jerison [6]. Let X be the Smirnov
compactification of (X, §).

The proximity on the real numbers R will be that of the standard
metric.

An arbitrary subset A of a completely regular space T is u-embedded
(resp., u*-embedded) in T (see [5]) if every admissible uniform struc-
ture for A generated by a subcollection of C(A) (resp., C*(A)) can be
extended tc an admissible uniform structure for T. Gantner has shown
that if A is u-embedded in T, then A is C-embedded in T. A similar
result holds for u*-embedded subsets. (See Corollaries 3.12 and 3.14
of [5].) In Example 3.4 of [5], Gantner provides an example of a
space X, dense and C-embedded in a compact space T, which has at
least two distinct totally bounded admissible uniform structures. Thus,
the implications of Corollaries 3.12 and 3.14 of [5] cannot, in general,
be reversed. However, distinct totally bounded, admissible uniform
structures for X are necessarily of different proximity class. This obser-
vation motivates the following definition: A proximity space (X, 8) is
u,-embedded in a completely regular space T if every (generalized)
admissible uniform structureUs for X determined by a family S satisfy-
ing P*(X) C SC P(X) has an extension to an admissible uniform struc-
ture for T. We note that all such U belong to the proximity class
7(8) of & and, as O. Njastad has shown in [14], that such uniform
structures determine realcompletions of (X, §).

Tueorem 2.1. Let (X, 8) be a proximity space, where X is a dense
(topological) subspace of a completely regular space T. Then the fol-
lowing are equivalent:

(i) Every point x of T is a limit point of a unique real maximal
round filter 9% on (X, 8), and 3+ is the unique maximal round
filter on (X, 8) which clusters at x.

(ii) Every pseudometric o in Gp has a unique continuous exten-
sion & to T, and the collection G = {G:0 EGp} is an
admissible gage for T.

(iii) The canonical injection of (X, 8) into v;X has an extension to a
homeomorphism t of T into v,X.

(iv) (X, T, 8) has the real-extension property.

(v) (X, 8) is u,-embedded in T.
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Proor. (i) implies (ii). By Theorem 3.2 (iii) of [11] every member
o of Gp has an extension to a continuous pseudometric & for T.
Now from the extension theorem of [12] and the fact that all exten-
sions are continuous, it follows that&7 is admissible.

(ii) implies (iii). Let U be the generalized uniform structure asso-
ciated with &. Now (v,X, Vp) is the completion of (X, Up) (see Corol-
lary 2.5 of [11]), and the canonical injection 7, of X into v,X is a
uniform isomorphism of (X,Up) into (v;X,Vp). Thus, 7, has an exten-
sion to a uniformly continuous mapping 7 of (T,U) into (v;X, Vp),
hence into 8X. By (iii) of [12], 7, also has an extension to a homeo-
morphism 7, of T into §X. Since such extensions must be unique, 7 is
a homeomorphism.

(iii) implies (iv). By (iv) of [12], T admits a compatible proximity
8, for which (X, 8) is a p-subspace of (T, §,). Take f € P(X) and let
f be the extension of f to a member of C(T) according to Theorem
3.2 (iv) of [11].

Let A8,B in (T, 8,) and suppose f[A] is remote from f[B] in R.
Choose open remote sets U and V in R containing f[A] and f[B],
respectively. Then f-1(U)8,f (V). If f-Y(U)N X is remote from
f~YV)N X in (X, 8), then Cly(f~'(U) N X) = Clyf ~1(U) is remote
from Clz(f-(V) N X) = Clzf ~V) in (T, 8,), which is a contradic-
tion. Hence (f-YU)NX)8(F-(V)NX). But f separates
fWU)N X and }"(V) N X, contradicting the choice of f. Thus,
fE P(T), and since P(T)|XC P(X) always, (X, T, 8) has the R.E.
property.

(iv) implies (v). Let Us be an admissible uniform structure for X,
where S satisfies P*(X)C SC P(X). Now 8 has an extension to §,
for T, and (X, T, 8) has the R.E. property. Thus S has an extension to
S, where P¥T)C S, C P(T). Let <l be the uniform structure for T
determined by S,. Evidently §, is the proximity associated with <17/,
hence “17/is an admissible extension of U to T.

(v) implies (i). SinceU, is generated by P(X), Up has an extension to
an admissible uniform structure W for T. If §, is the proximity for T
associated with W, then (X, 8) is a dense p-subspace of (T, ;). Thus,
T may be regarded as satisfying X C T C 8X. Now each point x of T is
a limit point of a unique maximal round filter 9* in (X, §), which is
the unique maximal round filter which clusters at x.

Since the restriction of J/to X X X generatesUp and G is a gage for
Up, it is clear that each T, for x € T, is a Cauchy filter relative toUp.
By Theorem 2.4 of [11], 9~ is real.

This completes the proof.
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3. Examples and related results.

ExampLE 3.1. Let X be the unit ball in £, the space of square sum-
mable real sequences, and let 8 be the proximity for X induced by the
standard metric. Take T = 8X. Since P(X) = P*(X) here (cf. Ex. 2.6 of
[11]), (X, T, 8) has the R.E. property. But X is not pseudocompact,
hence X is not C-embedded in T. Thus (X, T, 8) can have the R.E.
property when X is not C-embedded in T.

Let 2(X) be the gage for X determined by C(X). If we take § = 8,
the proximity for X associated with the Stone-Cech compactification
BX of X, then Theorem 2.1 yields the following characterizations of
C-embedding.

CoroLLARrY 3.2. If X is dense in a completely regular space T, the
following are equivalent:
(i) Xis C-embedded in T.
(i) ¢(X)= &(T)|X X X.
(ili) For every family S satisfying C*(X) C SC C(X), Us has an
admissible extension to T.
(iv) Every point x of T is a cluster point of a unique real maximal
round filter 3% in (X, B).

The equivalence of (i) and (iv) supplements the results of J. W.
Green [7].

R. Alo and H. Shapiro have shown in Theorem 3 of [4] that for an
arbitrary subset A of a completely regular space T, A is C-embedded in
T if and only if A is prerealcompact uniformly embedded in T. From
Corollary 3.2 it follows that if X is dense and C-embedded in T, then
those prerealcompact structuress where S satisfies C*(X) C SC C(X)
have admissible extensions to T. Similar characterizations of C- and

C*-embedding may be found in [2], [3], [4] and [5].

CoroLrary 3.3. The Hewitt realcompactification vX of X is that
unique realcompact Hausdorff space containing X densely such that
every U, where C*X)C SC C(X), has an admissible extension to
vX.

In [4] Alo and Shapiro have characterized vX as that unique
realcompact Hausdorff space which contains X densely and such that
every admissible prerealcompact uniformity has a continuous extension
to vX. One may readily obtain examples of spaces X which have
more than one admissible prerealcompact uniform structure which
therefore may be continuously extended to vX, but where not all such
extensions are admissible (cf. Example 3.4 of [5] ).
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Properties (i)-(iv) of Theorem 2.1 are distinct from those of the
extension theorems of [11] and [12]. For, if (X, §) is any proximi-
ty space satisfying P(X) # P*(X) and if T= 8X, then T satisfies
properties (i)-(iv) of the extension theorem of [12], but clearly
(X, T, 8) cannot have the R.E. property. Theorem 3.2 of [11] pro-
vides a characterization of when every member of P(X) may be con-
tinuously extended over T, but Example 3.3 of [11] shows that this
property may occur in cases where § cannot be extended to a com-
patible proximity for T.

If X* is the set of points in X which are close to local clusters in
(X, 8), then XC X*C v,X C 8X, and (X, X*, §) has the R.E. property.
(See [10] and [11].) Moreover, if (X, T, 8) has the R.E. property
then each point x in T is a cluster point of a unique cluster Z, in (X, §)
which contains small sets relative toUp. In Example 3.4 we show that
the converse of this is false, even in case T has the property that each
point of T is a cluster point of a unique local cluster from (X, §).

ExampLE 3.4. Let X be the positive integers with the discrete topol-
ogy and define f(x) = x~! and g(x) = 1, if x is even, and g(x) = 0, if
x is odd. Then f and g determine pseudometrics oy and o,, re-
spectively, which generate an admissible uniformity U for X. Take
T = X U {a}, where a & X, and such that each point of X is isolated.
The basic neighborhoods of « are the sets N, = {a} U {2n:n=m} U
{4n + 1:n= k} where m, k € X. Now X is dense in the completely
regular space T, and if § is the proximity relation associated with 2,
there is no compatible proximity for T which renders (X, §) a p-sub-
space. (See Ex. 2 of [12].) It is easily verified that any pseudo-
metric compatible with § must be totally bounded, hence (X, §) is a
precompact proximity space. By Theorem 12 of [10], every cluster
from (X, 8) is local. Now each point of T is a cluster point of a unique
local cluster in (X, 8), but (X, T, §) does not have the R.E. property.

There are exactly two free maximal round filters in (X, 8) and by
Theorem 12 of [10] and Theorem 2.2 of [11], both must be real.
Now one of these converges to « and the other clusters at a but does
not converge. Thus, we cannot replace (i) of Theorem 2.1 by the weak-
er condition that each point x in T is a limit point of a unique real
maximal round filter in (X, 8).

4. u*-embedding and p-subspaces. For completeness we include
the following result of T. Gantner (Theorem 3.21 of [5]) with a new
proof based on the result that each proximity class 7(8) contains a
unique totally bounded uniform structure (cf. Theorem 21.28 of [15]).
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LemMa 4.1 (GANTNER). Let S be a subset of a completely regular
space X. IfU is an admissible totally bounded uniform structure for
S that has an admissible extension to X, then U has an admissible
totally bounded extension to X.

Proor. Let § be the proximity for S associated with U. If, is an
admissible extension of U to X, then U, determines a compatible
proximity §; for X. Let U* be the unique totally bounded uniform
structure in 77(8,). Since the restriction of U* to S X S is in 7(8) and is
totally bounded, it follows that U* is an extension of U. This com-
pletes the proof.

An S. W. algebra A* on X is a uniformly closed subalgebra of
C*(X) which contains the constant functions and separates the points
of X. (See [8], p.449.) A*is compatible if the collection Z[ A*] of zero-
sets of members of A* is a base for the closed sets in X. Thus, a com-
patible S.W. algebra is just the algebra of bounded proximity functions
for some compatible proximity § for X.

If A* is an S.W. algebra for a subspace S of X, we say that an S.W.
algebra B* on X is an extension of A* if A* is the collection {f|S:
f € B*},ie. A* = B*|S.

TueOREM 4.2. For a subset S of a completely regular space X, the
following are equivalent:
(i) Sisu*-embedded in X.
(ii) For each compatible proximity & for S, there exists a compat-
ible proximity &, for X such that (S,8) is a p-subspace of
(X’ 61)
(iii) Every compatible S.W. algebra on S has an extension to a com-
patible S.W. algebra on X.

Proor. (i) implies (ii). This follows from the proof of Lemma 4.1.

(ii) implies (iii). Given a compatible S.W. algebra A* on S, there is a
compatible proximity & for X where A* = P*(S). Let §, be the exten-
sion of & to X according to (ii). The closure of S in §,X is the Smirnov
compactification 8S of S. Since every member of P*(S) has a continu-
ous extension to 8S and since 8S has the real-extension property rela-
tive to 8,X, it follows that P*(X) | S = PX(S).

(iii) implies (i). Let U be an admissible, totally bounded uniform
structure for S, and let 8 be the proximity relation determined by .
Then the S.W. algebra P*(S) generates U and has an extension to a
compatible S.W. algebra A* for X. Let U, be the uniform structure
for X generated by A*. Since A* is compatible, U, is admissible and
clearly U, is totally bounded. Thus, U, is the desired extension and
the proof is complete.
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We note that in case S is a closed subset of X, then from Theorem
3.16 of [5] it follows that each of the conditions of Theorem 4.2 is
equivalent to the condition that S be C*-embedded in X.

The author wishes to thank the referees of this paper for their
valuable suggestions concerning the proofs and the exposition.
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