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EIGENVALUE BIFURCATION FOR
ODD GRADIENT OPERATORS

DAVID C. CLARK

1. Introduction. It is the purpose of this paper to derive some re-
sults concerning the set of solutions near the trivial solution u = 0 of
equations of the form

(L1) A= Lu+ T(u) + V(u), ue H.

Here X is a real parameter whose value is specified, and H is a real
separable Hilbert space. L is a self-adjoint linear operator, T' is homo-
geneous of odd degree k, and V is odd and of higher order than T. Itis
assumed that T and V are gradient operators, but not that the poten-
tials are weakly continuous.

We will establish lower bounds for the number of solutions of (1.1)
near u = 0 when X is in a one-sided neighborhood of A, an isolated
eigenvalue of L. Because both sides of (1.1) are odd, non-trivial solu-
tions occur in pairs *+ u. These solutions are shown to be approxi-
mately of the form |\ — A|Y* -1y, where v satisfies the finite dimen-
sional problem v = sgn (\ — A) PTv, where P is the projection onto the
subspace of L — AL

The above hypotheses imply that the set of solutions of (1.1) coin-
cides with the set of critical points of a certain even, real valued func-
tion ¢(u). Our methods are based in part upon an appropriate modifi-
cation of the Lusternik-Schnirelman theory.

In section 2 we obtain a result which is in part an analog and in part
an extension of the main result of the Lusternik-Schnirelman theory for
critical points of an even function on a manifold. It is an analog in that
in the present case we consisder even functions on a ball in a finite di-
mensional space. The fact that this manifold has a boundary requires a
modification of the theory. The extension of the theory lies in the cir-
cumstance that, if we wish, we may seek points which are only approxi-
mately critical. This is done in order to obtain a statement as to the
spacing apart of the approximate critical points. The purpose of this
spacing property is that when we use the theorem in conjunction with
a Galerkin approximation scheme to obtain critical points of ¢, we may
be able to obtain more than one pair of critical points at the same criti-
cal level of ¢, and thus overcome a limitation of the use of Lusternik-
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Schnirelman theory in conjunction with a Galerkin approximation
scheme.

In section 3 we state our hypotheses for the terms in equation (1.1)
and our main results on bifurcation; in section 4 we give the proofs.

The bifurcation problem for equations similar to (1.1) has been in-
vestigated by many authors. See, for example, [1, 2, 5, 6, 7, 9, 10]
and the references cited in some of these. The Lusternik-Schnirelman
theory has previously been applied to bifurcation theory in [1, 2,
5, 7, 9], however, our development enjoys two main advantages.
First, we are able to treat A as a parameter whose value is speci-
fied rather than to be determined. Secondly, we have eliminated the
hypothesis that the potential of T(u) + R(u) be weakly continuous. In
[6, 10] there are treatments of bifurcation theorv for equations of
the form (1.1) in which T(u) is a homogeneous polxnomml and is a
gradient, though not necessarily odd, and R(u) is of smaller order and
is not necessarily a gradient. The) consider the relative extrema of the
functional (T(u)uls, where S is the unit sphere in the nullspace of L —
AL and they find solutions of (1.1) related to these extrema. We
obtain solutions of (1.1) which, for [\ — A| small, are also related to
critical points of (T(u), u)|s, but these critical points are not necessarily
extrema.

2. Preliminary results. Throughout this section E will denote a real
euclidean space, B,(S,) the closed ball (the sphere) of radius r about the
origin in E, and ¢ a C! real valued function on a neighborhood of the
origin in E. The results of this section could be generalized to the sit-
uation where E is an arbitrary real Banach space, but we have not done
so because in any case we have to use a Galerkin approximation
scheme and so we need these results only for finite dimensional spaces.

We shall say that ¢ satisties condition (1) with parameters a, b, r, h
if ¢ is defined in a neighborhood of B,, h € (0, 1), and for all u € S,
such thata = ¢ (u) = b there holds (¢ "(u), u) > —=hl[y " (u)] [Ju].

Lemma 2.1, Let b, satisfying condition (1) with parametersa, b, r, h,
be even, and have a Lipschitz continuous derivative. Then there exists
a positive constant d and an odd, Lipschitz continuous vector field
v: B,— E such that for all u € B, such that « — d=$u)=b + d
there holds

21 W= el ). vw) = (1= R w2
and for all u in a neighborhood of S, there holds
(2.2) (v(u), u) = 0.
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Proor. We define sets
o={u€S |a=yu)=b},d= {u€Eo|(Y'(u),u =0},
o.= {u€E B, |dist(u,0)=¢€},d.= {u EB,[dlst(u, d)=e€}.

We write ¢ '(u) = ofu) + B(u), where a(u) = (¢ '(u), u)|u||~?u and
hence (B(u), u) = 0 For u € B, such that ¢'(u) # 0 we may define
0(u) = cos [ (¥ w)||e ' (w)||"|lu]-"]. Evidently, for u Eo we
have cos §(u) > — h Usmg the compactness of o, we may choose a
neighborhood of o of the form o, such that cos6(u) > —h for
u€ o, Since d,Co, and cosf(u)=0 for u €4, by choosing
€ > 0 smaller, if necessary, we may arrange that —h < cos6(u) < h
for all u €4, It follows that |B(u)| > (1 — h%)V2||¢ ' (u)| for all
u€Ed.

Now we let

n(u) = dist (u, 6y0)/(dist (ud,5) + dist (u, B\d.)), u € B,.
Then 7 is even, Lipschitz continuous, 0 =n =1, 7= 0 on d,, and
n=1on B\d. We let 6 =na+ B. Then © is odd and LlpSChltZ
continuous, and o= ¢’ on B\d. Also (¢'(u), o(u)) = n(u)||a(u)|?

+ |Bw)|]>= |B(w)||>, hence for all u€d, (¥'(u),v(u) >
(1 = h?)||¢ '(u)||> Combining cases,

(2.3) (¥ "(u), o)) = (1 = A3y " (w)]>
Also clearly
(24) ol = v @)]-

Since (o(u),u) = 0 if u € G2, and by compactness of &, (a(u), u)
= const > 0 for u € 0\d,, it follows that (t(u),u)= 0 in a neigh-
borhood of . Hence there exists d > 0 such that (6(u),u)= 0 in a
neighborhood in B, of {u €S, |a — d = Y(u) = b + d}. In the same
manner that n was constructed, we may construct { : B,— R which is
even, Lipschitz continuous, such that 0 = ¢ =1, { = 0 in a neighbor-
hood in B, of {u €S, |Yy(u)=a—d or y(u)y=Zb+d}, {=1 on
{u€ B, |a=y(u)=D>b} We then let v(u) = {(u)o(u). Clearly v(u)
is odd and Lipschitz continuous, and using (2.3) and (2.4), |lv(u)|| =
' (W), (¥'(u), v(u) = (1 — h?)||¢ '(u)||? and it is clear that (v(u), u)
= 0 in a neighborhood of §,. This completes the proof.

We introduce the notations

K,={u€B |¢yu)=cy'(u)=0},¢., = {u€B[du)=c}
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Lemma 2.2. Let § satisfy the hypothesis of Lemma 2.1 with a = b
= c. Let U be an open neighborhood in B, of K,,. Then there exists
d>0 and a continuous function m: [0, ) X B,— B, such that
n(t, —u) = —n(t,u) andn(l, 14, \U) C ¥, _q,.

Proor. This theorem and its proof are analogous to theorem 4 of |3],
and it should suffice to indicate the differences in the proofs. Let v be
as in Lemma 2.2 with @ = b = ¢, and consider the function n(t, u) de-
fined by the initial value problem

(2.5) n(t,u) = —ventu), n0 u)=u

Since v is Lipschitz continuous, (2.5) has a unique maximal solution.
This maximal solution is defined for all ¢ = 0, since the solution curves
of (2.5) do not terminate because of meeting the boundary of B,. Also,
the properties of v(u) listed in Lemma 2.1 are similar to those of a
pseudo-gradient vector field, and hence the proof of Theorem 4 of [3]
is seen to carry through in the present case.

We next introduce the topological notion of genus. Let F be a real
Banach space, and if C C F, let £(C) denote the class of subsets of
C\ {0} closed and symmetric with respect to the origin. If A € 3(F) let
the genus of A, denoted by y(A), be the least integer k such that there
exists an odd continuous map from A to RF\{0}. If no such integer
exists, lety(A) = ®. Welety(@) = 0.

Lemma 2.3. Let A, B& 3 (F).
(a) If there exists an odd continuous map f:A— B, then y(A) = y(B).
(b) If A C B, theny(A) = y(B).
(c) ¥(AU B)=y(A) + y(B).
d) Ify(B) < =, then y(A\B) Z y(A) — y(B).
(e) IfAis compact then y(A) < ® and there is an open neighbor-
hood U of A such that U € 3(F) andy(U) = y(A).
(f) If there exists an odd homeomorphism of A onto the n-sphere,
then ‘y( )=n+1.
) If F is a Hilbert space and G is an n-dimensional subspace of
FandAzssuch that AN G = @, then y(A) = n.
The proofs of these properties are elementary and can be found in
[4], for example, except that for (g), which can be found in [3].

DeriniTion 2.4. Let ¢ : B, — R. Then, for positive integers
m = dim E, define

Cm, (W) = inf{sup{Y(u) [u € A| A € 3(B,),y(A) = m}.

Clearly c,, ,(¥) < ¢, ,(¥) if m < n.
We come to the principal result of this section.
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Tueorem 2.5. Let § satisfy the hypotheses of Lemma 2.1; let
e=b—a=Z0; let a=cp, ()=, (¥) = b, where m < n; and let
Y(u) > b for all u € B;, where r < r. Then there exist n — m + 1 dis-
tinct non-zero pairs * u;, m = i = n, such that

(2.6) a=Y(u) = b,
2.7) |9 (w)]| = max (Vell = R2), 2¢/((1 = h2)7),
@8)  T=|ul =

(2.9) i = wl| =75 # i

In particular, if b = a then § '(u;) = 0.

Remark. In the case b = a, one may prove the stronger result that
¥(K,,) = n— m + 1. This is an easy consequence of Lemmas 2.2 and
2.3, and the proof goes essentially like that for corresponding results
in, for example, [11, p. 312] and [3, p. 69]. However, we shall not
need this result for the present paper.

Proor. By the continuity of ¢ ' and the compactness of B,, since ¥
satisfies condition (I) with parameters a, b, r, h, there exists b; > b,
such that for all b* € (b, b)], ¢ satisfies condition (I) with parameters
a, b*, r, h*, where h* — h as b*— b, and such that ¢(u) > b, for all
u € B;. Applying Lemma 2.1, let v(b* u) be an odd, Lipschitz con-
tinuous vector field on B, such that ifa = ¢(b*, u) = b*, then

o' @)] = [[o®*, W,
(' (u), o(b*,u) Z (1 = R*2)[ " (w)]?,

and such that for all u in a neighborhood of S, there holds
(2.11) (v(b*, u),u) Z 0.

(2.10)

Until something further is said, it will be convenient to suppress the
dependence of v on b*. Then the initial value problem (2.5) defines a
functionn : [0, ©) X B,— B, which is odd in u and continuous.

We will show how to construct u;, given that if i > m then u;, m = §
= i—1, have been constructed. Let

a; = {u € B\B; | (u,u)) = 0,m = j = i—1},
a, = {u € B\B; | dist(u, a;) <7/2}.
It is understood, of course, that if i = m then oy = ay = B,\B;. Let

A € 3(B,) be such that y(A) = i and sup,¢ = b*. By Definition 2.4,
sup, ¥ = a.
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We claim that y(A M a;) = m. Suppose that y(A N ;) < m were
the case. Then, using Lemma 2.3(e) we may write A= A; U A,,
where A}, A, € 3(B,),y(A)) = y(ANa,), and Ay N, = @, hence
by Lemma 2.3(g), y(A;) =i — m. It follows from Lemma 2.3(c) that
v(A) < i, which is a contradiction. Hence y(A N a;) = m.

Let B= (1, AN a,). Clearly BC B,. y(B) = m, by Lemma 2.3(a).
Hence supgy = a. Let v € B be such that §(v) = suppy, and let @
be such that n(1,%) =v. We introduce the function f(t)=
2112018)@, @). Then f'(t)= (' °n(t,G), m(t, @), so by (2.5) and

(2.12) FOS =1 =Dy o nie, 0]
hence f(t) is decreasing, and since sup, ¥ = b*,
(2.13) 0=vy¢@) — Y(v) = b* —a=€*
On the other hand,

v@ - v = - [ fra
(2.14)

= (1- ) [ o onte )

using (2.12). It follows from (2.13) and (2.14) that for some t €(0,1),
72 n(E @] = (€1 — hw2) e

We now distinguish two cases. Suppose, for the first case, that for
all t € [0,1], n(t, 1) € ap. Then n(t, @) € ap, and if we let u;* =
n(t, @), we have |[¢'(u*)| = (€*(1 — h*2)"2  and |ju* — u| =7,
m=j=i— 1. Suppose, for the second case, that n(t,@) €& o, for
some t € [0,1]. We may choose t € [0, 1] so that n(¢, @) lies on the
boundary of &, and we let w = n(t,@). We introduce the arc length
parameter s defined by s(0) =0, dsidt= ||y’ n(t,a)|, and the
function g(s) = f(t). dsldt # O since the trajectory starting at @
cannot contain a critical point of ¢, hence, using (2.12), g'(s) =
—(1 = h*2)|¢’ o n(t,m)|. Clearly 0= (@) — ¢(w)=e€* hence

(2.15) (1 — h*2) fo‘“ o o m(t, )] ds = e

Since @ lies in a; and w lies on the boundary of a, and since s is the
arc length from @ to w, s(t) = 7/2, hence from (2.15), there exists
t, € [0,1] such that |[¢'°n(t, @) =2*((1 — h*2)7). We let
u* = n(t;, 7). Combining the two cases, we have (2.6)-(2.9), for
m=j=i—1, with u* b* €* h* replacing u;, b,€, h respectively.
We then consider a sequence of values for b* approaching b, a corre-
sponding sequence of values for h* approaching h, and from the cor-
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responding sequence for u;* we may select a convergent subsequence.
If we take the limit of the subsequence as u; then (2.6)-(2.9), for
m=j=i— 1, clearly hold. Thus, we construct t,, Uy, * = *, U, in
succession, and this completes the proof of the theorem.

3. Assumptions and statement of results. We shall make the follow-
ing assumptions for the terms on the right hand side of (1.1).

(A) L:H - H is a compact, self-adjoint, linear operator with an
eigenvalue A of multiplicity n. It follows that H may be written in the
formN @ F @ G, where N is the nullspace of L — A, L: F— F and
L : G— G, and where for some positive constants §,, 8,

(3.1) (Lu,u) S (A — 8)|ul2.  ifu€EF,
(3.2) (Lu,u) Z (A + 8)|ul? ifu €G.

(B) T: H— H is homogeneous of degree k, an odd integer =3; T
is the strong gradient of the functional (k + 1)~Y(T(u), u); PT(u) # 0
for 0 # u € N, where P is the orthogonal projection onto N; and T
satisfies

(3.3) I1T@) = T)it = glllull + lleD]u = ol

where g(t) > 0 as t— 0. Hence | T(u)|| = C|lu|* for some C > 0, and
T is Lipschitz continuous.

(C) V:D— H, where D is a neighborhood of the origin in H; V
is odd and is the strong gradient of p: D— R; V(u) = o(||ul*) as
]| = 0, hence p(u) = o(|u]/*+') as |ju]| — 0;

(34) IV(w) = Vo) = AlJul + o) lu - ol

where h(t)— 0 as t— 0. In particular, V(u) is Lipschitz continuous.
We define the integers

(3.5) a=y[{u EN||u| = 1,(T(u),u) = 0}],
(3.6) B=vy[{u EN||ul =1,(T(u),u) = 0}

—_—

The principal results on bifurcation are summarized in the following
theorem.

TueoreM 3.1. Assume that (A), (B), (C) hold. Then there exist
83,84 > 0 such that for A € (X, X + 8] (resp.X € [X — 84, X)) equa-
tion (1.1) has at least n—a (resp. n—B) distinct non-zero pairs + u of
solutions, each of the form \—=X|Y&=Dy + o(]\—A[V&=D) gs
A — X, where u, satisfies u; = sgn(A—A)PT u,.
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It seems a reasonable conjecture that there exist at least n pairs of
solutions of (1.1) bifurcating from A=\, u=0. This will be shown to be
contingent upon another conjecture which seems quite reasonable, to
the author at least.

Conjecture 3.2. Let S be the unit sphere about the origin in R"
and let A, B € 3(S) be disjoint. Theny(A) + y(B) = n.

CoroLLary 3.3. Assuming the validity of Conjecture 3.2, and that
(A), (B), (C) hold, then a + B = n and hence there exist at least n pairs
= u of solutions of (1.1) bifurcating from A\=X, u=0, of the form stated
in Theorem 3.1.

4. Proofs. We shall use the results of Section 2 in combination with
a Galerkin approximation scheme. Under hypotheses (A), (B), (C), the
expression —Au + Lu + T(u) + V(u) is the strong gradient of the
functional
1

(41 )= = Sulf + J (Law) + = (Tw), w) + plu)

hence the set of critical points of ¢ is the same as the set of solutions of
(1.1).

(A) implies that H is spanned by the set of eigenvectors of L. More-
over, by considering subspaces of H spanned by a finite number of
these eigenvectors we may obtain a sequence {H;} of finite dimensional
subspaces of H such that, forall j, H; C H;,,, H; = N @ F; ® G;, where
F,CF, G CG, and L:F;— F;, L:G;— G, L:H;— H;, and U ., H,
is dense in H. We define o; = dim F;, ¢;= ¢ | H; N D, and henceforth
B, shall denote the closed ball in H about the origin of radius r.

In order to find critical points of ¢, we first find critical points of ¢;
by considering the minimax levels c,, ,(¢;) with r and m suitably chosen;
then we show that certain subsequences of these critical points con-
verge, as j— o, to critical points of ¢. This yields critical points of ¢
for the case mentioned in Theorem 3.1 where A > X. We deal with the
other case, where A\ < X, by applying the procedure just outlined to
— ¢ in place of ¢.

We remark here that it might or might not be possible to obtain criti-
cal points of ¢ more directly by considering minimax levels ¢, (¢) if
the results of section 2 were generalized to the case of functionals on
Banach spaces. This method would fail if dim F = o, since then we
would not be able to establish that c,,,(¢) is a critical level for any
values of m and r.
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LemMma 4.1. If T satisfies hypotheses (B), then there exists 2 > 0
such that for all a, b € (—2,4) there holds

(4.2) a=y[{u EN||u| = 1, (Tw),u) = a}],
(4.3) B=vy[{u EN||ul =1, (T(u),u) = b}].

Proor. Let ®(u) be the restriction of (T(u),u) to N, and let S =
{u €EN||ul| =1}. We must show that there exists £ > 0 such that
foralla, b € (—2, %) there holds

(4.4) y[{u €ES|Ou)=0}] = y[{u €ES|Ou)=a}],
(4.5) y[{u ES|OW)Z 0} = y[{u €S |Ou)= b}].

Consider the application of the Lusternik-Schnirelman theory of
critical points of functionals on manifolds to ®(u) on S (See [8, 11],
for example). By definition, a critical point of ® relative to S is a point
uy € S such that ®'(u,) is a multiple of uy,. From (B) we have that
®'(u) = (k + 1)PT(u). By.[8, p. 186], the set {u € S|O(u) = ¢},
k=1,2, - -, n,where

ck =sup{c ER|y[{u €ES|O(u)=c}] =k},

contains critical points of @. We will show that no ¢, equals zero.
Suppose otherwise, that some ¢, = 0. Then there exists uy € S such
that O(uy) = 0 and ®'(uy) = (k + 1)PT(uy) = eu, for some e € R.
But O(uy) = (k + 1)@ '(uy), up) = (k + 1)~'e by the homogeneity
of ®, hence ¢ = 0, and PT(uy) = 0, which contradicts (B). Hence
actually no ¢, equals zero.

Next we observe that y[{u € S |@(u) = c}] is a monotonic integer
valued function of ¢, and if there were a jump at ¢ = 0 then some c;
would equal zero. Since this is not the case, for some 2 > 0, (4.3) holds
forb € (—2,2).

By carrying out the above procedure with —@ in place of ©, we
obtain the assertion of (4.2).

We introduce the notation
(4.6) bi;, = Caj+n—i+1,r(¢j)~

LemMma 4.2. Under hypotheses (A), (B), (C) there exist positive
constants K, Ky 85, r; such that if A € (\,A+85) and r € (0, r,), then

(4.7) _KI(A_X)(’(-F”/(,(_” < b,’j’, < _KQ(A_X)(k+l)/(k_l) ’

fori=1,2 " n—a
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Proor. We introduce the homogeneous forms

1

qu) = = JulP + 3 (Lu,u),

(4.8)

_ 1
t(u) - k+1 (T(u>>u)>
in terms of which ¢(u) = q(u) + #(u) + p(u). From (A) it follows that

every u € H may be expressed in the form u; + u, + u;, where
u; EN,UZ EF,u3 E G,and

(4.9) q(u) = q(u)) + qug) + g(us).

Let s;,,= uEN®F,||ul| = a}. Then y(s;,) = o; + n, hence
from Definition 2.4 and (4.6),

b ;. = inf{sup{;(u) |u € 5;,}|0<a<r}.

From (3.1), qu) = —( — A)||u||?2 for u EN® F, hence q(u)=
—(\ — N)a2foru € s;,. Also, from (B)and (C), t(u) + p(u) = C|[u*+!
for some constant C, if [[u is sufficiently small. Hence ¢;(u) = f(a)
= —(A—\)a%2 + Ca**!if u Es ,, and a is sufficiently small. It is
found that the minimum of fla) is of the form —KyA—X)*+1/&k-D
taken at a = const. \—A)Y*~1). Hence r; may be chosen so that the
upper bound of (4.7) holds for r < r,.

To deal with the lower bound of (4.7), by Lemma 4.1 we may choose
a > O such that if

(4.10) U= {u€N|[u|=1tu)=a} ,
theny(U) = a. Let P be the orthogonal projection onto N; let
(4.11) U; = {u € H;N B,|Pu # 0, Pul|Pu|| € U};
let Q; be the orthogonal projection onto Fj; and let

(4.12) V;= {u € H;N B, | Qu # 0}.

Suppose that A € 3(H; N B,) is such that y(A)=0; + a+ 1. We
may show that A\(U; U V;) = @. Suppose that, on the contrary,
A C U; UV, Then since A is compact, there exist B, C € 3(H; N B,)
such that AC BU C, B C U;, C C V,. Clearly there is an odd continu-
ous map of B into U, hence by Lemma 2.3(a), y(B) = a. By Lemma
2.3(g), ¥(C) =0o;. Hence by Lemma 2.3(b,c), y(A) =0; + a, a contra-
diction. So A\(U; U V;) # @.

Now we let u € A\(U; U V;) and derive a lower bound for ¢;(u).
Clearly u is of the form v+ w, where v € N, w € G, hence by (3.2) and
(49),
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(4.13) gu) = =3 = Vo2 = 1 = X = 8)|w|>
By use of the mean value theorem and the appropriate chain rule,
(4.14) t(u) = t(v) + (T(v + Ow), w),0 <O < 1.

since v € Uj, t(v) = al|v|**!, hence from (4.14),
(4.15) tu) Z alof*+ = Cy([lo]l* + [lew][})ew],
for some C; > 0. Since p(u) = o(|[u|**) as |ju|| — 0, we have
(4.16) p(u) Z =([lul)(flof*+* + Jlw]*),
where 7(s) — 0 as s — 0. Adding (4.13), (4.15), and (4.16),
$u)Z — 30 = Vo] = 3 = X = 83)[w|* + afjol|*+?

(4.17)
— Cy([lofl* + [l = 7([lulD(of* " + fewl<).

We suppose that r is sufficiently small so that, for |ju|| = r, |r(u)| = a/4,
and we distinguish two cases. First we note that there is a positive
constant C such that if |w|| < C|jv|| then

8002 =30 = Dol* = 30 = X = sl +Jafolf

from which it follows that ¢(u) = const (A — X)*+1/*-1)_Suppose now
that |w| > C|lv|. Then we choose 85 > 0 so that when \ € (\, X +
85) there holds

= 3A = Nl = 30 = X = 8)w]2 = 8o w]

Also, the latter three terms on the right hand side of (4.17) are bounded
below by an expression of the form — C,|jw||**?, hence

(4.18) d(u)Z 8w — Colfwlfk+",

The right hand side of (4.18) is non-negative for ||Jw|| = (8,/(4Cy)) Y& -1,
hence if r; = (8,/(4Cy))V*-1 and |u| =, then again ¢(u) =
const (A — X)k+D/ik-1) hence

sup{p(u)|u € A} = constA—X)& +D/&-1 |
and the lower bound in (4.7) follows. This completes the proof.

LEmMMmA 4.3. Assume that (A), (B), (C) hold, and let ¢ > 0. Then
there exist positive constants 8¢,y such that if A € (\,X + 8) and
0 < r < min(ry, eA—A)V*&=1), then there exists h € (0, 1), indepen-
dent of j, such that all ¢; satisfy condition (I) with parameters —(1/12)
(A=N)r2,0, 71, h.
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Proor. In view of the fact that ¢; is the restriction of ¢ to H;, it suf-
fices to show that there exist positive constants 8, r, such that if
A E (AN + 8) and

(4.19) 0 < r < min(ry, (A — A)Vk-D),

there exists h € (0, 1) such that if |[u]| = r and

(4.20) - 1—12(A—X)r2 =¢u) =0,
then
(4.21) (@' (u),u) > — hlj¢’(u)]|r.

Throughout, we assume that [|u|| = r and that (4.20) holds. We de-
note by “const” any positive constant depending only on L, T, V. We
assume that r, is sufficiently small so that B,, C D the domain of V and
hence that of ¢.

We proceed by considering three cases such that always the hypoth-
eses of at least one case hold.

As the first case we assume that

(4.22) qu) = —3(=N)r,

where q i, defined by (4.8). Suppose, at first, that V=10and p=0.
Then we have from (4.8), (4.20), (4.22) that

(4.23) tu) = — 3q(u).
Hence, using the homogeneity of g and ¢, (4.22) and (4.23) imply that
(4.24) /W, 0= ~ gw) Z10-Tr* >0,

Thus (4.21) is satisfied in this case for any h € (0, 1). If we do not as-
sume that V=0 and p=0, then in view of the fact that V and p are
smaller order than T and ¢, the same conclusion holds if r, is sufficient-
ly small.

As the second case, writing u in the form u, + u; + u;, where
u, € N, u, € F,u; € G, we assume that

V3
2

Condition (4.21) is implied if there exists g € (0,1) and v # 0 such
that

(4.26) (0,u) =0, (¢'(u),v)>glé' @] [

(4.25) sl =

r.
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If r, is sufficiently small, then by bypotheses (B) and (C) and by

(4.19) we have that [t(u) + p(u)| = const(A—X)r2 and hence, by (4.20),

that

(4.27) lg(u)| = const(\—\)r2.

Using (A), we have that

(4.28) qluy) = =3 = N ||2

Hence, by (4.8) and (4.27),

(4.29) lg(ug) + g(us)| = const\—\)r2.
(4.25) implies that

(4.30) Juall> + flus|?Z 37>

From (3.1) and (3.2),

(431) gl = — 100 = X + &) s,

(4.32) Glug) Z — 10 — X — &)[|ug||%

It follows from (4.8), (4.28), (4.30), (4.31), (4.32) that if 86 > 0 is chos-
en sufficiently small and X € (A, A + 86), then

qug) = —é min(§, 8)r%,  qug) = g}min(Bl, 8y)r2
Hence, using the continuity of g,
(4.33) w2 = const r, |lus|| = constr.
Now we let v = uy — (JJug||¥/||us]|*)us. Then (v, u) = 0 and, by (A),
(4.34) (¢'(u), v) = 2q(ug) — 2([|ue||¥/||us|?)g(us) + (T(w) + V(u),v).

It follows from (4.30-4.33) that if 8¢ is chosen sufficiently small, then
X € (A, A + 86) implies that

(4.35) 2q(ug) — 2(||lus||?||us]|?)g(us) = — const r2.
From (4.33),
(4.36) o]l = const r,

and, using the continuity and homogeneity properties of L and T, and
hypotheses (C) for V, we have that, for r, sufficiently small,

(4.37) @' (w)| = constr.

Also, by (B), (C), and (4.34), (4.35), we have that for r, sufﬁc:lently
small, |(¢'(u), v)| = const r2, hence, by (4.36) and (4.37), |(¢'(u), v)| =
const ||¢'(u)]|||v]|- Thuswehave established conditions oftheform (4.26),
from which an inequality of the form (4.21) follows.
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The third and last remaining case is that where

(438) ER<"

(4.39) Gu) = —3(n = ).

By (4.9), (4.28), (4.38), and (4.39),

(4.40) qlus) + qlug) Z FgA—X)r2
By (4.40) and the continuity of g,

(4.41) us| + [us]| = const(A—X)V2r.
From (4.41) it follows that either

(4.42) [luz] = % const (\ — A)V2r

holds or the corresponding inequality with u3 replacing u, holds. Let
us assume that (4.42) holds. Letting w = u; — (|ju,||¥||us|?)us, we
have (w, u) = 0 and

(443) (¢ (u), w) = Aur[|* = (e[ [Ju2]»2 g(usz) + (T(u) + V(u), w).
Using (3.1) and (4.38), if 8¢ is sufficiently small, then

(4.44) ]2 = (e ual?)2 g(ug) = 3 8, 2
Using (B) and (C), if r, is sufficiently small, then

(4.45) [T(u) + V(u)|| = const 1.

By (4.38) and (4.42),

(4.46) Jw| = const(x — A)~V2r2,

From (4.19), (4.45), and (4.46) follows

(4.47) [(T(u) + V(u), w)| = const ek~ }(A—X)V2r2,

From (4.43), (4.44), and (4.47) it follows that if 8¢ is sufficiently small,
then

(4.48) (@'(u), w) = const 12,
As before, we may estimate ||¢'(u)|| and we find that
(4.49) ¢’ (w)|| = constr

for r, sufficiently small. Combining (4.46), (4.48), and (4.49),
(@' (u), w)| = const (A — X)2||p" ()] |w]-
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Hence we have established conditions of the form (4.26) and conse-
quently also an inequality of the form (4.21).

We have demonstrated that an inequality of the form (4.21) holds
in an exhaustive set of cases, and this establishes the lemma.

LEmma 4.4. Assume that (A), (B), (C) hold. Then theie exist con-
stants 87, ey > 0 such thatifA € A\, X + 8;)andr = eo(A — A)V*~Dthen
there exist L = U < 0 such that

(4.50) L=b;;,<U

fori=12 - n—a j=1,2,3, ---; and if p, q are integers such
that 1=p=p+q—1=n—a and b,;, — bpiq_,;, =€, then
there exist q distinct non-zero pairs *u;,i =1, 2, * -, q, and there
exists h € (0, 1) such that

(451) br) +q—1,j,r < ¢]<ul) < bﬂ,j,”

(4.52) lb; ()] = max(Vel(l — h?), 2/((1 — h?)F)),

(4.53) T=w|=r,

(4.54) lui = u | = r, 2 7‘ i,

for any 7 such that ¢(u) > U for all u € B;.

Proor. Let us take K|, K, to be as in Lemma 4.2, take ¢,
< (12K))"2, and take §; < min(8s, (r,/ep)<~1), where 8,1, are as in
Lemma 4.2. Then the hypotheses of Lemma 4.2 are satisfied and hence
(4.50) holds if we take

L= —KA\=X)k+Dk=1 [ = —Ky(A—X)&+D/G-1),

Let us further restrict §; to be less than min(8g, (ry/eg)*~1), where
8¢, 7y are as in Lemma 4.3. Then the hypotheses of Lemma 4.3 are
satisfied, hence there exists h € (0, 1), independent of j, such that
every ¢, satisfies condition (I) with constants L, U, r, h where we are
using the hypothesis that ¢, < (12K;) "2

Hypotheses (A), (B), (C) imply ¢ is Lipschitz continuous, and it fol-
lows that each ¢;" is Lipschitz continuous. The conclusion of Lemma
4.4 now follows as an application of Lemma 2.6.

We reduce (1.1) to a pair of equations, as in the method of Lyapunov-
Schmidt (See [6, 10]). Let P be the orthogonal projection onto N,
as before, and let Q be the orthogonal projection onto N*= F & G.
Then (1.1) is equivalent to the system
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(4.55) A=X)v = P(T(v+w) + V(v+w)),
(4.56) Aw = Lw+ Q(T(v+w) + V(o+ w)),

where v = Pu,w = Qu.
We consider the following equation in H;, which is similar to (1.1):

(4.57) Au=TIL(Lu + T(u) + V(u)) + s,

where II; is the orthogonal projection onto H; and u, s € H;. We note
that (4.57) is equivalent to ¢;'(u) = s. Again introducing the Lyapunov-
Schmidt reduction, we let Q; be the orthogonal projection onto F;
@ G;, and then (4.57) is equivalent to the system

(4.58) (A=Xv = P(T(v+w,) + V(v+w;) + ),
(4.59) Aw; = Q(Lw; + T(v + w;) + V(v + w;) + ),

where v = Pu, w; = Qu.

We may consider v and s fixed in (4.56) and (4.59) and seek to solve
for w and w;.

In the following lemma we use the notation B(r) in place of B,.

LEmMMma 4.5. Assume that (A), (B), (C) hold, and let & € (0, 8,).
Then there exist 13,1, >0 such that for (\,v) E D= [A, A + 8]
X (B(rz) M N), (4.56) has a unique solution w = Y(A, v); and for

(A, v,8) € D;= [A,x + 8] X (B(r;) N N) X (B(ry) N H;),

(4.59) has a unique solution w; = Y(\, v, s). ¥ is uniformly continuous,
and {Y;} is a uniformly equicontinuous family. If s; € B(ry) N H; is
such that s;— 0, then Yi}(\, v, s) = Y(A, v) uniformly.

Proor. For A € [\, X + 8] the restriction of L—AI to N* has a
bounded inverse K= K(\), so that K(L—ADw = w,w € N*, and
|K|| = max(]A = X + 8,7}, A =X — 85/~!),where|| - | denotesthenorm
on operators from N Lto N*. In terms of K, (4.56) may be written as

(4.60) w= —KQ(T(v+w) + Viv+w)).
Defining ] = — KQ(T + V), (4.60) may be written as
(461) w = Jlv+w)

For each & € (0,8,), |K| is bounded uniformly for A € [X,X + 8]
Using (3.3) and (3.4) we may choose r; so that for A € [A,Xx + 8] and
uy, uy € B(2r;)

(4.62) IJwr) = Jus)|| = llur — ).
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In an analogous manner we may construct a linear operator K;, de-
fined on F; ® G;, so that K(L — AM)w = w, w E F; ® G, and ||KJ||
= max(A—X + 8 [-1, A—=X — 83|, and (4.59) may be wrltten in the
form

(4.63) w = J(vtw,s),

where Ji(u,s) = — KQy(T(u) + V(u) + s). By choosing r; smaller, if
necessary, we may arrange that for all jand s, and for all A € AN+ 8],
and u,, u, € B(2r;)

(4.64) W1, s) = Jiluz, )| = 3fluy — ug]).

Equations (4.61) and (4.63) may be solved by the well known method
of iterations. Let

(4.65) w’ = Jv),w*' = Jo+u),i=0,1,2, - - -,
(4.66) w’ = Ji(v,s), wi = J(v+ wis),i=012 -

Inequality (4.62) implies that for u € B(2r3), J(u) € B(r;). Hence, if
v € B(r;) N N, then by induction w' € B(ry). The uniform conver-
gence of w' to a solution w of (4.61) for (A\,v) € D= [A, A + §]
X (B(r3) M N) follows easily, and it is easily shown that w is a uniform-
ly continuous function §(A, v) on D. Uniqueness of a solution of (4.61)
for (A, v) € D follows from (4.62). Similarly, for r, sufficiently small
we have that s € B(ry,) N H; implies that K;Q;s € B(ry/4), hence
(v, s) € (B(r;) M N) X (B(ry) N H;) implies, using induction, that
wj' € B(ry) for all 4,j. We find easily that w; converges uniformly, as
i— o, to a solution w; of (4.63) for (A, v,5) € D;= [A,A + §]
X (B(r3) M N) X (B(ry) N H;), which is unique, and that the family of
functions (A, v, s) = ¥;(X, v, s) = wj is uniformly equicontinuous.

To prove the remaining assertion of the theorem, it clearly suffices to
consider only the special case where all s; = 0 in view of the uniform
equicontinuity of the ;. Thus we consider (A, v) as fixed and let w be
the solution of (4.61), w; the solution of (4.63) with s = 0, and let wj be
defined by (4.66) with s = 0. We must show that w; — w uniformly for
(A, v) € D. We have seen that w — w uniformly for (\,v) € D and
that w;’ — w; uniformly for (\, v,j) € D X {1,2,3, - - -}, hence it will
suffice to show that w;’ - w' for each i uniformly for (A, v) € D.

The latter assertion will be shown by induction on i. For this pur-
pose, we introduce the sets

(4.67) Si = {w]-il(x, 'U) e [b,j = 1, 2, 3, c '}, T,' = {wi ' (A, U) (S EB},

where it is understood that w' and wj' are the functions of (A, v) defined
by (4.65) and (4.66) with s = 0. We have seen that J and J; are contin-
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uous on D, which is compact, and it follows from their definitions that
Jiu)—> J(u), as j— o, for u € D, hence w;°— w® uniformly for
(A, v) € D. Also S, and T, are compact. Suppose now that for i = k it
is true that w;/— w' uniformly for (A, v) € D and that S; and T; are
compact. Using (4.65) and (4.66) we may write

(4.68)
witl — witl = [J(v+w},0) — Jo+w))] + [Jo+wf) — J(o + w)] .

The argument v+ wy lies in the compact set (B(r3) M N) + S;, hence by
the continuity of J; and the convergence of J; to J, we have that the
first term on the right hand side of (4.68) converges to zero uniformly
for (A, v) € D. Similarly for the second term on the right hand side of
(4.68), hence w;*!— w'*! uniformly for (\, v) € D. The compactness
of S;,, and T;,, follows easily from the compactness of S; and T;. This
completes the induction step. Hence w; — w' uniformly for (A, v) € D,
for all i, and with this assertion we have completed the proof of the
lemma.

LemMa 4.6. Under hypotheses (A), (B), (C) there exist 83,8, > 0
such that for A\ € (\, X + 8;) (resp. A € (\ — 84, X)) equation (1.1) has
at least n — a (resp. n — B) distinct non-zero pairs +u of solutions in
B,, where r = eg(A — ) V&~ with ey as Lemma 4.4.

Proor. Let us consider the case where A > X. We choose 83 positive
and less than min(8, 8, (r3/ey)*~1), where §; and e, are as in Lemma
4.4 and 8 and r; are as in Lemma 4.5. Letting A € A\, + §;) and
r=eyA—X\)"® -1, by Lemma 4.4 there exist L= U < 0 such that
L=b;;,=Ufori =12, -*,n—a j=12 3, . Hence, for
eachi=1,2 -, n— a alimit point § of b;;, as a sequence in j
exists, and since b, ;, is decreasing in i, it follows that L= ¢, , =
S EHESEEU

Suppose that some of the values &; coincide. For example, suppose

that §, = - - - = §, = £. By passing to subsequences, if necessary, we
may assume that b;;, — 3 as j—> o, fori=1,2,- - -,p. By Lemma
4.4, for each j there exist p distinct pairs + u; ;,i=1,2, - - - ,p and

there exists 7 € (0,7) independent of j, such that ¢;(u;;)— & as
jo©, &'(wy) >0 as jo @, 7S | =r, and lug = uy
=70#i We let u;=v;; + w;; where v; EN, w;; EF;® G,
and let ¢;'(u; ;) = s, ).

By the discussion preceding (4.58) and (4.59) the equation ¢;’(u; ;)
= s, ; is equivalent to (4.58) and (4.59) with v, w;, s replaced by v, ;,
w; ;, 5; ; respectively. We have |jv;;|| =, and since N is finite di-
mensional, each sequence v; ; in j has a convergent subsequence. By
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passing to a subsequence, we may assume that v;; converges to a
point v; as j— ®. Since A € (A, A + 83), and by the definition of r and
the restriction that §; < §, we have that v, ; € B(r;) M N, where r3 is
as in Lemma 4.5, and since s;;— 0 as j— ®, we have ||s; ;|| = r, for j
sufficiently large, where r, is as in Lemma 4.5. Hence by Lemma 4.5
it must be the case that w;; = ¥;(A, v;;,s;;). By the uniform equi-
continuity property of {{;} and by the last statement of Lemma 4.5 we
have y;(\, v}, 5;;) = (A, v;) as j— . If we set w; = Y(\, v;), then
w; ;— w; and by the definition of ¢, v = v;, w = w; is a solution of
(4.36). Also, since v = v, j,w; = w; j,s = s;; is a solution of (4.58),
it follows by passing to the limit as j— % that v = v;, w = w; is a solu-
tion of (4.55). Hence u; = v; + w; is a solution of (1.1).

Since |ju;; —u, ;| =7, i # 4, andu; ;> u;, the u,i=12 ",
p, are distinct. It is clear that (u;) = &,i=1,2, - - -, n — a. Hence,
if a value £ occurs p times in the sequence &, &, - - -, £, _,, then there
are at least p pairs *u such that ¢(u) = € and ¢'(u) = 0. There-
fore, there are at least n—a pairs = u such that ¢'(u) = 0. Moreoever,
these pairs lie in B,, where r has the value previously stated.

It is easy to see that the result stated in the lemma for the case
A < X can be obtained by dealing with the functional — ¢ in place of ¢.

This completes the proof of the lemma.

Lemma 4.7. Let hypotheses (A), (B), (C) hold, let a be a positive
constant, and let u be a solution of (1.1) such that

(4.69) Jul| = aln — X|V&-D,
Then u is of the form
(4.70) N=X[V&=Dy, + o(]\—X|Y*-Dash— X,

where u, satisfies
(4.71) u; = sgn(A—A)PTu,.

Proor. We let v = Pu, w = Qu, and use the decomposition of (4.55),
(4.56). Solving (4.56) for w in terms of u and using (A), (B), and (C), we

have that for a sufficiently small positive constant 8, if N—X| < 8¢,
then

(4.72) [w| = const |ju|*.
We let
(473) o= A—A|VE&-Ug,w = \—X|Y&-Dp, 7 =T + .
Then (4.55) is equivalent to
(4.74) o = sgn(A—A)PTa + r,
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where

r = sgn(A—X)A—X|ME&=DPV(]A—A|V*-Dg),
Hence, from (4.69), (4.73), and (C) it follows that
(4.75) 7l = o(]A = X]) asA > X.

From (4.72), (4.73), the Lipschitz continuity of T, and (4.75), it follows
that © satisfies

(4.76) o = sgnA—A)PTo + o(]\—X|asA— .

An easy consequence of hypotheses (B) is that the set of solutions of
(4.71) is compact. Denoting this set by S, it is easily seen that if ©
satisfies (4.76) then dist(t,S) =a(]A\—AX[), where a(s)— 0 as s— 0.
Hence, using (4.69), (4.72), and (4.73), it follows that u is of the form
(4.70).

Theorem 3.1 now follows immediately from Lemmas 4.6 and 4.7.

Corollary 3.3 is an immediate consequence of Lemma 4.1, since the
proof only requires that we show that @ + B = n, and this is obvious by
Lemma 4.1.
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