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ON THE INTERCHANGE OF ORDER IN REPEATED LIMITS 
ISIDORE FLEISCHER 

This subject, one of the most fundamental in analysis, is here dealt 
with in an abstract setting so as to be applicable to as wide a variety of 
situations as possible. Even restricted to real-valued integer-indexed 
sequences the treatment offers some advantages over that to be found 
in the textbooks. Proofs, being both standard and easy, are omitted. 

The framework at the outset will be a set X equipped with a non-
negative real-valued function of two variables satisfying 

p(y> *) = p(*> y) 

p(x, z) g p(x, y) + p{y, z) . 

p(x, x) = 0 will follow of itself for all x for which p(x, X) is not bounded 
away from zero; p(x, y) = 0 for x jt y can be allowed. 

Convergence on X will be introduced via the following notion [7] : 
by a {generalized) sequence on X I shall mean a triple consisting of an 
indexing set M, a filter base (i.e., a collection directed downward by 
inclusion) S3 of its nonvoid subsets, and a function x on M to X. 
(M, S3, x) is called equivalent to (N, ^, y) if 

inf sup p(x(p,), y(vj) = 0. 

Being symmetric and transitive, this is an equivalence relation on its 
domain whose elements are called Cauchy sequences. A sequence 
equivalent to an element (considered as the sequence injecting that 
element into X) is said to converge to it; if the element is unique I call 
it the limit of the sequence, lim 0 x(p). Using convergence in the non-
negative reals, the convergence of a sequence to an element can be 
formulated as l im 9 p(x(fi),x) = 0; more generally, the equivalence of 
(M, S3, x) with (N ,^ , y) as l i m ^ ^ p(z)/x), y(v)) = 0, where 3 X <3 is 
the filter base o n M X N of products {A X B: AG S3,BŒ^}. 

Let now M and N be sets equipped with the respective filter bases 
S3 and ^ , and let x be a function on M X N to X. By fixing a value of 
v E.N I may regard x as a function on M whose limit, lim^ x(p., v), if it 
exists, is a function on N whose limit, if it in turn exists, is called the 
repeated limit lim^limgx(/x, v). 

Another approach to this quantity is via the filter base <3\S3 on 
M X N which consists of the subsets UvEB AvX{v} where the A,, and B 
are chosen in S3 and <3 respectively in all possible ways. Thus x = 
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limgjDx(fi, v) requires lim^lim supr?p(x, x(fi, v)) = 0; for X the reals one 
can write x = limjim,, x( /u,, V). With [3] I call it the generalized re­
peated limit. Now if lim^lim^x(/Lt, v) exists, then it is equal to 
lim^/gx(/LL, v); conversely, if the latter limit exists and lim^xifji, v) exists 
for each v, then it is equal to the former. Working with the generalized 
repeated rather than with the repeated limit will therefore give the 
more general result. Finally, by formulating everything for Cauchy 
sequences I can dispense with the existence of any limit whatever. 

This brings me at last to the statement of the problem: Under what 
conditions are the sequences with filter bases < /̂S? and *?I0 equiva­
lent? 

The sufficient conditions are by and large based on the convergence 
of the double sequence whose filter base is *? X ^ . If this sequence is 
Cauchy, each of the generalized repeated sequences is equivalent to 
it, hence they are equivalent to each other. Cauchyness of the double 
sequence implies v Cauchyness locally uniformly in /LI [4] : i.e. 

lim p(x{tx,v),x(ixyv')) 

**gxg = inf sup p(x(jx, v)9 x(/Lt, v')) = 0 
SX g v,v'EB,ßGA 

(which is also implied by v Cauchyness uniformly in /LI: i.e. 
inf^sup Vs>eB,nGM P(*(M> V \ *(**> v')) — 0). The converse fails of course 
as shown by x(/i9 v) = ( — iy for M, N the natural numbers with the 
usual filter base; but it can be secured in the presence of l im^x^ 
supM A i G A m£ p(x(fi9 v), x(fjb', v)) = 0. This condition is necessary as 
well, since even /LI Cauchyness locally uniformly in v is necessary. The 
condition is also implied by /LI Cauchyness for every v. This yields 
the best known result in the subject, the Moore theorem (stripped of 
all hypotheses concerning the existence of limits): If x is v Cauchy 
uniformly in /LI and /LI Cauchy for every v, then (the double sequence 
being Cauchy) the generalized repeated sequences are equivalent. 

The necessary and sufficient conditions are less attractive: inasmuch 
as <3\Q and Ql<3 can be ultimately disjoint, the equality of the limits 
will in general be fortuitous and the hypotheses must exhibit an ad hoc 
character. Here is an example from [5] with M, N and X the reals, 
S? and <3 the open intervals having a and b respectively as left end 
points: 

"In order that the repeated limits limx_fl limy^bf(x, y), l i m ^ 
limx^af(x,y) may both exist, and have the same finite value, it is 
necessary and sufficient, (1), that \imy^bf(x, y) — limtJ^hfix, y) 
should have the limit zero, for x ~ a, and that l in \^ a / (x , j / )— 
!!ïB*~a/(*> y) should have the limit zero, for y ~ b; and (2), that, corre­
sponding to any fixed positive number € arbitrarily chosen, a positive 
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number ß can be determined, satisfying the condition that, for each 
value of y interior to the interval (b, b + 0), a positive number ay, 
in general dependent on t/, exists, such that, for this value of y,f(x, y) 
lies between ïîmy^fo/(x, y) + € and l i m ^ / T a , y) — c, for all values 
of oc interior to the interval (a, a + ay)." 

Condition (1) is a sort of local uniform Cauchyness using the gen­
eralized repeated rather than the double filter base; it can be para­
phrased as: limD/(0xg)p(x(fif v)9 x(iL,v'))=liavmox *)p(x(ii, v), x(/x', v)) 
= 0. Condition (2), in conjuction with the first part of (1), comes 
down to lim o&xgio p(x(l*>> *),X(JX, *>')) == i m V^x^/? SUP ^GADA^^GB H 

p(x(ii,v),x(n,v')) = 0. 
Throughout I have been working with a single p. There is no 

trouble about carrying everything through simultaneously for a set 
of p defined on X: it suffices to append "for every p in the set" to each 
appearance of p. (Of course, no uniformity with respect to thep is ever 
demanded.) It is well known that every uniform structure is definable 
by such a set of p. 

The same thing may also be accomplished by forming the product of 
copies of the nonnegative reals, one for each p in the set, defining 
order and addition by components, and using the set of p to construct 
a single big p on X to the product. This suggests a formulation in terms 
of a p on X to a complete lattice (so that the required suprema and 
infima exist) equipped with a binary + (so that the triangle inequality 
may be postulated) such that the sequences order convergent to zero 
are closed under addition. For this approach compare [2]. 

Somewhat more generally, I could dispense with p altogether and 
take X with just a class of sequences (on X X X ) built from pairs 
x : M —> X, y : N —» X, to function as those for which formerly p con­
verged to zero. I require of this class that it be closed under replace­
ment of a filter base by the base of a (possibly) finer filter on M X IV, 
the passage from M X N, <?*, (*, y) to N X M, {A~l:AE. <?*}, (y, x)> 
and the operation taking this and a sequence N X P, <^*9 (y, z) for 
which 7TN(A) H TTN(B) f 0 for every AG <?*, B G ^ * , t o M X P , 
{ A o ß : A G 9 * , S G ^ * } , (x,z). The hypotheses of the Moore 
theorem may then be construed as requiring this class to contain 
{M} X <3 and {N}/^ ; which again implies that it also contain the 
double filter base S} X <%\ a condition as before equivalent to con­
taining the local uniform ones (i.e., the latter's traces on the pairs having 
one component the same) in both directions; which in their turn have 
as finer filter bases a pair of the Hobson bases — say, the one offered 
above in the translation of his (2), and that from (1) going in the other 
direction (these are also directly recognizable as finer than the Moore 
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bases) —whose inclusion in the class is necessary and sufficient for 
equivalence of the generalized repeated limits. Caution: Additional 
assumptions would be needed to pass from the latter to the usual 
repeated limits. 

In conclusion I observe that for X a lattice; an infinite infimum (or 
supremum) may be regarded as the order limit of a sequence indexed 
by finite subsets of X: thus the interchange of an infimum with an order 
limit is included in the above. 

It is a pleasure to be able to acknowledge dealing with a 
referee who was not only extraordinarily conscientious and 
painstaking in analyzing the text, but who also contributed 
creatively by clarifying it and extending the results (e.g., by 
bringing the Moore theorem into the abstract setting of the 
penultimate paragraph); and, finally, who showed great 
sympathy for the aims of the paper as well as patience with a 
style very different from his own. 
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