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UPPER AND LOWER BOUNDS FOR THE NUMBER 
OF SOLUTIONS OF FUNCTIONAL EQUATIONS 

INVOLVING k SET CONTRACTIONS 

J . W . T H O M A S * 

1. Introduction. In [2] J. Scanlon proved theorems yielding upper 
and lower bounds on the number of solutions to a functional equation 
where the function was a compact per turbat ion of the identity operator. 
In [7] the author generalized some of the results to get a local version 
for certain noncompact mappings. The purpose of this paper is to 
show that these results can be generalized much further. W e shall 
see that the results are true for the k-set contractions studied by F. E. 
Browder and R. D. Nussbaum in [1] and [5 ] . Since the work on 
this paper was done, R. D. Nussbaum has published a similar result. 
See Appi. Anal. 1 (1971). 

2. Preliminaries. Let X be a real Banach space. For any subset of 
X, O, define the measure of compactness of Q, to be y (ft) = 
in{{d | ft can be covered by a finite number of sets of diameter less 
than or equal to d) (See [4] p . 413). W e shall say that g is a k-set con
traction if given any bounded set A C X, g(A) is a bounded subset of 
X and y(g(A)) ^ fcy(A) (See [3] and [5]) . W e shall consider only 
/c-set contractions for which k < 1. An example of a fc-set contraction 
is the sum of a compact map and a contraction. 

Now suppose that G is an open bounded subset of X and that 
/ : G —> X is a k-set contraction for which a €p (7 — f)(dG). 
It is then possible to define the topological degree of I — f at a 
with respect to G, d(I — fi G? a), as is shown by Nussbaum in [ 5 ] . 
This definition of topological degree has all of the usual properties 
of topological degree and contains the usual definition of degree. 

W e next state a lemma giving some properties of fc-set contractions 
that we shall need. Proofs of these properties can be found in [5 ] . 

L E M M A 1. Suppose that f is a differentiable k-set contraction. 
Then 

(1) f'(x) is also a k-set contraction, 
(2) the spectrum off'(x) is finite for \k\> k, and 
(3) I — fis a Fredholm map of index zero. 
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The above lemma will be seen to be the key to the proofs given in 
this paper. These three properties are also satisfied by compact 
mappings and are the properties that make possible much of the 
work done with compact mappings. It is for this reason that the class 
of k-set contractions seems to be a convenient setting in which to do 
much of the analysis and applied mathematics. 

We might add that Lemma 1 is true for complex Banach spaces also. 
We next state our last preliminaiy lemma which can be found on page 
95 of [5]. 

LEMMA 2. Suppose that G is a bounded open subset of the complex 
Banach space Xc. Suppose also that f is a differentiahle k-set con
traction mapping G into Xc for which 6 (f (I — f)(dG). Then 
(I — f)~l(0) consists of a finite number of points, say x b • • -,xr, 
andd(I- fiG,6)^ r. 

3. A Lower Bound and An Implicit Function Theorem. We are now 
able to state and prove a theorem which will yield a lower bound on 
the number of solutions to a functional equation. This theorem is a 
generalization of Lemma 3 of [2] and Lemma 3 of [7]. 

THEOREM 3. Let G be a bounded open subset of the real Banach 
space X. Suppose that f is a differentiable k-set contraction mapping 
G into X and y EL X is such that y ^ (I — f)(dG). If N is a suf
ficiently small neighborhood of y, then there exists a set KCl N of 
first category for which 

(1) ifyl G N - K, then (I - f)'i(yi)^ G is a finite set, 
( 2 ) i / t / x G N - K and x G(I - fy^yj H G, then I-f'(x) 

is invertible, and 
(3) the number of points in (I — /)_ 1(î/i) H G is i^ \d(I — f, G, y)\. 

PROOF. Let N be a neighborhood of y such that yx G N implies 
that d(I - fi G, y,) = d(I - fi G, y), and let A = {x G G \ I - / ' ( JE) 

does not have an inverse}. Properties (1) and (3) of Lemma 1 allow 
us to use Smale's infinite dimensional Sard's Theorem ([6] Theorem 
1.3) to get that (/ - f)(A) is of first category. Let K = N Pi 
(I - /)(A) and choose y{EN - K. 

If we let M = (I- f)~l(yi), then it is clear that M C f(M ) + 
yY. Thus y(M) ^ y [/(M)] ^ ky(M) < y(M). Therefore M is 
compact and hence a lemma due to Browder (Lemma 3 [5] ) implies 
that (/ — /)_1(f/i) H Gis a finite set, say {xb • • -, xm}. 

Since yi G N — K implies that / — / '(x,) is injective, i= 1, • • -, 
m, we get that 7 — / is injective in some neighborhood of each x{ 
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and that d(I — fi Gh y{) = ± 1 where G{ is an open neighborhood 
of Xi such that G{ Pi Gj; = </> for i ^ fi Then since 

m 

d(l -f,G,y)= E d(I - f, Gh yi), 
1 = 1 

we have that m = \d(l — fi G, y)\. 

As a corollary to Theorem 3 (with the aid of the usual implicit func
tion theorem) we then have the following result. 

COROLLARY 4. Let the function M(x, y) = I(x, y) — f(x, y) be de

fined on G X U where G is a bounded open subset of the real Banach 
space X and U is an open neighborhood of 6 in X. Suppose that M is 
continuously differentiable in G X U, f(° ,6) is a k-set contraction, 
I(°,6) is the identity mapping on G, and that 6 (£ M(°, 0)(dG). 
We then have that if 

| d ( / ( o , e ) - / ( o , e ) , G , 6 ) | = m > 0 , 

then there exists a neighborhood of 6, N, and a set of first category 
KG N such that w G N — K implies that the equation 

fix, y) - fix, y)= w 

has a finite set of families of solutions Xi(y), i = 1, • • -, q where q = m 
and each family x^y) is continuously differ entiable in some neighbor
hood, Nh of 0. 

4. An Upper Bound. In this section we shall prove a theorem 
which yields an upper bound to the number of solutions. As in the 
previous section we shall investigate solutions of (I — f)(x) = y 
where f is a continuously d i f fe ren t ia te mapping from the closure 
of an open bounded set G into X. 

Let Xc denote the complexification of the space X; i.e., let Xc = 
X X X , define addit ion by (x b yx) + (x2, J/2) = (xi + x2> J/i + y2)^ 
define scalar multiplication by (a + iß)(x, y) = (ax — ßy, ay + ßx), 
and the norm by ||(x, y)\\ = s upo^ -g^ | | ( s m #) x + ( c o s 0)y\\-

W e must next assume that the mapping f has a complexification 
F. That is, we assume that there exists a mapping F : Gc —> XC(GC = 
GX G) such that: 

(1) (I- F)(x, 0) = ((I - f)(x), 6) for all x G G, 
(2) F is continuously differentiable at each point of Gc, and 
(3) (I-f)'(x) injective implies that (I — F)'(x,6) is injective. 

It is easy to see that if / is linear or a polynomial, then fi has the 
above type of complexification. Since we shall be considering 
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mappings in both X and Xc, we shall use dc(l — F, Gc, 6) to denote 
degree in Xc. W e then have the following theorem. 

THEOREM 5. Suppose that fi G, X and Xc are as above. Then if 
dc(I — F, Gc, 6) is defined, there exists a neighborhood N of 6 in X 
and a set K C N of first category such that y G N — K implies that 
the number of solutions in G to the equation (I — f)(x) = y is 
finite and ^ dc(I — F, Gc, 6). 

PROOF. Suppose (x, 8) Œ. dGc. Since dc(I — F,Gc,0) is defined, 
(I - F)(x,6)f (6,6). Condit ion (1) on F then implies that 
(I - f)(x) f 6 and hence that d(I - fi G, 6) is defined. 

W e can then apply Theorem 3 to get a neighborhood of 6 in X, N, 
and a set KCL N of first categoiy such that if y £ N — K, then 
(I — f)~[(y) H G is a finite set, say {xl5 • • m,xm] and (/ — f)r(xi) 
is injective for i = 1, • • -, m. Condition (3) above implies that the 
points (xi9 6) are isolated points in (I — F)~l( 6, 6) H Gc. 

Since ( I— F)'(xh6) is injective, we know that 1 is not an eigen
value of (I — F) ' (xh 6). By property (2) of Lemma 1 we see that there 
is a smooth path F, say z(t) = gi(t) + igzit) for t G [0, 1 ] , from 0 to 
1 such that / — z(t)F '(xb 6) is invertible for all t E [0, 1 ] . Let S be an 
open ball centered at the origin. By the homotopy property we have 
that 

dc((I- F) ' fa, 6), S, 6) = dc(l - z(t)F ' fa 6), S, 6) 

= dc(I,S,6) 

= 1. 

The above statement is true for all i, i = 1, • • -, m. 
W e then approximate I — F near the points (xb 6) by (I — F) '(xb 6) 

and get the fact that there exists pairwise disjoint open balls B{ C Xc 

about (xh 8) such that for i = 1, • • -, m, B{ D (I - F ) - ' ( 6) = {(xh 6)} 
and 

dc(I - F, Bb 6) = dc((I - F)'(xh 8), S, 6) = 1. 

W e then let W be an open set contained in Gc that contains 

(1 - F ) - ' ( 0) H Ge - {(*!, 0), • • -, (xm, 0)}. Then 

m 

dc(I - F, Gc, 6) = ^ dc(I - F, Bj, 6) + dc(l - F, W, 6) 

= m + dc(I - F, W, 6). 
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But by Lemma 2 we have that dc(I - F, W, 6) ^ 0. Thus 

dc(I - F, Gc, 0) â ro, 

which is what we were to prove. 

It is sometimes convenient to consider mappings of the form h — f 

where h is a homeomoiphism and f is a fc-set contraction. If we add 

the conditions that (1) h is such that f°h~l is a /c'-set contraction 

for k ' < 1 and (2) h'(x) "exists and is such that h'(x) is a homeomoiphism, 

then Theorem 3 and 5 will hold true for maps of the form h — f. 
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