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SOME ASPECTS OF NONLINEAR EIGENVALUE PROBLEMS!
PAUL H. RABINOWITZ

Introduction. Let E be a real Banach space and G: RX E - E
where G is continuous. Consider the equation

(0.1) u= G, u)

where A € R and u € E. A solution of (0.1) is a pair (\,u) E R X E.
Equations of the form (0.1) are generally called nonlinear eigenvalue
problems. As has been amply demonstrated at this symposium, they
occur in many parts of mathematical physics. Our main interest here
is in studying the structure of the set of solutions of (0.1). We restrict
ourselves to real A and to real Banach spaces since this is the situation
usually encountered in applications.

Our survey will focus on two major approaches to the study of
nonlinear eigenvalue problems, namely the theory of topological
degree of Leray and Schauder and the theory of critical points of
Ljusternik and Schnirelmann. The applications of degree theory will
be mainly to bifurcation problems although some results will be given
for the case where bifurcation need not occur. A very general treat-
ment of the Ljusternik-Schnirelmann theory has been presented in
his lectures by Professor Browder. Here a simpler version will be
given for a very special case —namely the manifolds dealt with will
be spheres in a Hilbert space — our goal being to bring out the under-
lying ideas in essentially as simple a context as possible.

In §1 applications of degree theory to bifurcation theory will be
developed. In particular a generalization of a theorem of Krasnoselski
is obtained showing that in a certain context bifurcation is a global
phenomenon. A useful constructive local theorem for bifurcation from
simple eigenvalues is also given. Several applications to ordinary and
partial differential equations of the results of {1 are carried out in §2.

The notion of genus is introduced in §3 and its properties studied.
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162 P. H. RABINOWITZ

Using this notion a finite-dimensional version of the critical point
theorem of Ljusternik and Schnirelmann is given in §4; namely, it is
proved that if f is a continuous even real valued function on R", it
possesses at least n distinct pairs of critical points on each sphere
centered about the origin. A Galerkin argument is used in §5 to
extend this result to infinite dimensions.

Lastly in {6 some applications of degree theory are made to (0.1)
in situations where bifurcation need not occur and continua of solu-
tions are obtained.

1. Bifurcation theory and degree theory. Of course (0.1) is too
general an equation to study without imposing more conditions on
G. One type of situation that arises often in practice is G(A, u) =
ALu + H(\,u) where L: E — E is a bounded linear operator and
H(\, u) is continuous on R X E with H = o(||u|]) near u = 0 uni-
formly on bounded A intervals. For this case, (0.1) becomes

(L.1) u= ALu+ H(\, u)

which possesses the line of solutions {(A,0) |\ € R} henceforth re-
ferred to as the trivial solutions. This leads us to the notion of a bi-
furcation point: (u,0) is a bifurcation point for (1.1) with respect to
the line of trivial solutions or more briefly a bifurcation point if every
neighborhood of (u, 0) contains nontrivial solutions. Physical examples
of this phenomenon occur e.g. in fluid dynamics and elasticity theory.
See [1] for many examples.

A necessary condition for (u, 0) to be a bifurcation point is that !
belongs to the spectrum of L. To see this, note that if w=! is not in
the spectrum of L, I — AL will be invertible for all A near u with uni-
formly bounded inverse. Writing (1.1) for u # 0 in the equivalent
form

(12) ulllu] = (I = AL)=HHQ, u)l|Ju]

and applying the o(||ul|) condition on H shows (u,0) cannot be the
limit of nontrivial solutions of (1.1). Therefore (u,0) is not a bifurca-
tion point.

The above necessary condition is not sufficient as simple examples
show. E.g. let E= R2 u = (x,y)and

13) () =G+ (),

Multiplying the first equation of (1.3) by y, the second by x, and sub-
tracting shows (1, (0, 0)) is not a bifurcation point.
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Next a sufficient condition for (u, 0) to be a bifurcation point will be
derived. Henceforth we assume that L and H are compact on E,
R X E respectively, ie., are continuous and map bounded sets into
relatively compact sets. Following Krasnoselski [2], we will say u
is a characteristic value of L if there exists v E E, v 74 0, such that
v = pLv, i.e., u=! is a nonzero eigenvalue of L. As is well known
[3], since L is compact the characteristic values of L are discrete
and of finite multiplicity. (The multiplicity of a characteristic value
w is the dimension of \UJ,—, ker (I — uL)* where ker A denotes the
kernel of A.) For what follows let r(L) denote the set of real character-
istic values of L.

Tueorem 14. If p € r(L) is of odd multiplicity, (u,0) is a bifurca-
tion point.

Theorem 1.4 is due to Krasnoselski [2] and follows from the more
general Theorem 1.10 below but, as an exercise in the methods used,
we will prove it. Some preliminary remarks are needed. Let Q C E
be a bounded open set and () denote the boundary of Q. Suppose
¥ :Q — E where ¥ = I — T with I the identity map and T compact.
Let b € E, b € ¥(3Q). Then the Leray-Schauder degree of ¥ with
respect to the set () and the point b is well defined and will be de-
noted by d(¥, Q, b). The usual properties of Leray-Schauder degree
are assumed for what follows (see [2], [4], [5] or [6]). When b =0
as is generally the case below, we write d(¥, ) for d(¥, Q,0). A
closed ball in E of radius r and centered at u, will be denoted by
B,(up). If uy = 0, we write B,(0) = B,. If u, is an isolated solution of
Y(u) = b, the index of uy, i(¥,uy, b) = lim,,,dW, B,(uy), b). Let
iV, 1y, 0) = i(W, up).

The following change of index lemma [2], [5] is crucial for the
proof of Theorem 1.4.

Lemma 1.5. Suppose T : E — E is compact, T(0) = 0, T is Fréchet
differentiable at u = 0, and 1 EE r(T'(0)). If ¥(u)=u — T(u), then
i(¥,0) = (—1)# where B is the sum of the multiplicities of the charac-
teristic values of T'(0) in (0, 1).

Proor or THEOREM 1.4. Suppose (u,0) is not a bifurcation point
for (1.1). For convenience assume p > 0; u < 0 is treated similarly.
Then there is a neighborhood of (u,0) containing no nontrivial solu-
tions of (1.1). In particular there exists an € > 0 such that there are
no solutions of (1.1) on [ — €, u + €] X 9B, and u is the only char-
acteristic value of L in A — u| =e€. Let ®(\,u) = u — G(A,u). Then
d(®(, - ), B,) is well defined for |\ — u| =€ and, by the homotopy
invariance property of degree,
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(1.6) d(®(A, - ), B.) = constant = c, N— ul=e.
But by Lemma 1.5,
d@®(p—€ ), B)=i@(pn—¢€ ) 0)= (-1 =i,

(
d®(p +e,-),B)=i®(u+e -),0)= (=1~ =i+

The B+ sum differs from the B~ sum by a term equal to the multi-
plicity of the characteristic value u/(n + €) of (u + €)L. Since this is
just the multiplicity of u which by assumption is odd, i* = —i=# 0
contrary to (1.6)-(1.7). The theorem is proved.

Let S denote the closure of the set of nontrivial solutions of (1.1).
Theorem 1.4 implies the intersection of S with any neighborhood of
(m,0) is nonempty when u € r(0) is of odd multiplicity. Actually
under the hypotheses of Theorem 1.4 a global statement concerning
S and (p, 0) can be made by exploiting more strongly the ingredients
that went into the proof of the theorem. In order to show this, more
preliminaries are needed. In particular, a stronger version of the
homotopy invariance property of degree is required. This is also due
to Leray and Schauder [5].

Let A= [A,A] and ACAXE.  For NEA, let A =
{u€E|(\u) € A}and (0HA), = {u € E|(\,u) € dH4}.

Lemma 1.8. Suppose A CA X E is bounded and open and
O\, u)=u— G\, u) where G:A—E is compact. If 0&
DA, (0A),) for all A € A, then d(P(A, - ), HA,) = constant for A € A.

By a component of a topological space we mean a closed connected
subset maximal with respect to inclusion.

Lemma 1.9. Let p € (L) and let C denote the component of
S U {(m, 0)} to which (p, 0) belongs. If C is bounded and contains no
points of the form (ji,0) where w# o € r(L), then there exists a
bounded open set O C RX E such that CC O, dONS= Q,
and the only trivial solutions in © form a segment {(A,0)] N — p| <€}
where € < €, the distance from wto r(L) — {u}.

Proor. The compactness of G and boundedness of ¢ imply € is
compact. Let U be a & neighborhood of Z in R X E where 8 < €.
Let K= UM S. Then K is a compact metric space under the induced
topology from R X E. By construction dUNC = J. Hence by
a lemma from point set topology [7, Chapter 1], there exist disjoint
compact subsets A, BC K such that CC A, gUNSC B and K=
AU B. Let &4 be a p neighborhood in R X E of A where p is less
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than the distance from A to B. By possibly removing some trivial
solutions from -4, we obtain © as in the statement of the lemma.
The global analogue of Theorem 1.4 can now be given.

Tueorem 1.10. If u € r(L) is of odd multiplicity, S contains a com-
ponent C which either (i) is unbounded or (ii) contains (ji, 0) where

p# i € (L)

Proor. If not, there exists a bounded open set ©as in Lemma 1.9.
Let ®(\,u) = u — G(\, u). For s € (¢,€y) and 0 < ]\ — u| = s define
p(\) = 3 inf{€ > 0| there exists 0 # u € B, such that ®(A,u) = 0}.
Since by earlier remarks for 0 < |\ — u|=s, (A, 0) is an isolated zero
of ®(A, u) in {A} X E, p(A) > 0. Moreover it is easy to see that p(A) is
bounded away from zero on compact subsets of 0 < A — u|=s. Let
O, ={u€E|ANu€E O} and (d0),={u€EE|Au EIO}
Choose numbers p*,p~ so small that BN (d0), =@ for
|w — A| > s and define pA) = p* for A> pu+s, pA) =p~ for A <

w— s
Note that, for A # u, d@(Q, - ), 0, — B,y)) is well defined. We
will show that

(1.11) d@®(\, - ), 0, — B,) =0, \#p,

and then show that (1.11) is not possible for all A near pu.

Suppose that A > u and o — X is greater than the diameter of O.
If p = inf,c(,,1p(x), then p > 0. Finally let U= O — [A,0] X B,
Then U is a bounded open set in [A,o] X E and by construction
®(v,u) #0 for (v,u) €U (where by dU we mean relative to
[A,0] X E).

By Lemma 1.8,

(1.12)  d@(v, - ), ©, — B,)) = constant = c, vE [A0].
Since ©, = @, ¢ = 0 and therefore
(1.13) d@(, - ), ©, — B) = 0.

Since d(®, (A, - ), int B,,, — B,) = 0 (where int A denotes the interior
of A), (1.13) and the additivity of degree yield (1.11). The argument
for A < w is the same.

Next choose A, A such that p — € <A < p <X < p + €. By Lemma
1.8 again,

(1.14) d(®(, - ), ®,) = constant, AE [AA].

The additivity of degree implies
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(1'15) d(q)(A’ : ), OA) = i(q)(.A’ ' )’ 0) + d(q)(Aa : )’O A - Bp(i\))'
By (1.11), the last term on the right equals zero. Similarly

(1.16) d@®Q, - ),05) = i(®Q, -),0).
Combining (1.14)-(1.16) yields
(1.17) i(®Q, - ),0) = i®Q, - ),0).

But since p € r(L) is of odd multiplicity, by (1.7) and the remarks
following it, (1.17) is not possible. Hence we have a contradiction and
the theorem is proved.

Remarks. Both alternatives of Theorem 1.10 are possible. The
simplest example of (i) is the linear case H= 0. Examples of (ii) are
more difficult to construct but this can already be done for E = R2.
See e.g. [8]-[10]. In a recent numerical study of a pair of non-
linear ordinary differential equations arising in a buckling problem,
Bauer, Keller, and Riess [11] found (ii) occurring at every eigen-
value. When it is a priori known that (i) does not occur, a small
modification of the proof of Theorem 1.10 shows that if I =
{y Er(L) |y # n and (y,0) € £}, then T contains an odd number of
characteristic values of odd multiplicity [8].

The most common situation in which Theorem 1.10 is applicable is
when u € r(L) is of multiplicity one, i.e., is simple. For this case an
improved version of the theorem obtains [8]. Namely there exists
a neighborhood A of (u,0) such that ZMN N = ¢+ U ¢~ where
¢+, €~ are subcontinua of ¢ which meet only at (u,0). Moreover
each of ¢+ C— have extensions £+ ¢ - to the complement of
N although possibly £+ and ¢~ meet outside of .

We conclude this section with a version of a constructive result
that tells us more about the structure of S near (u,0) if w € (L) is
simple and slightly more is assumed for H. Suppose there exists a
neighborhood U of (u,0) and a continuous monotonic function
K: R* — R*such that K(0) = 0 and, for all (A, u), (v, w) € U,

[H(\, u) — H(v, w)||
(1.18)
= K(llull + flwlDUle = w] + (Juf + fwlhk = »].

Then S near (u,0) will consist of a continuous curve of solutions
passing through (u,0). Condition (1.18) is satisfied e.g. if H\, u) =
AN(u) where N is continuously Fréchet differentiable near u = 0.
For what follows if A and B are topological spaces, let C(A, B) denote
the set of continuous maps from A into B. A precise statement of our
result is then
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Tueorem 1.19. Suppose H satisfies (1.18) and w € r(L) is simple.
If v is an eigenvector of L corresponding to u and E is any comple-
ment in E of span {v}, there exists an interval [—a& @], a pair
of functions p € C([—&a],R), wEC([—&al, E) such that
p(0) = 0, w(0) = 0, and (\(a), u(a)) = (p + p(a), a{v + w(a))) satisfies
(L1) for |a|=@ Moreover if (A, 4) satisfies (1.1) and lies near
(w,0), either (A, 4) = (A(a), u(a)) for some || = @or i = 0.

Proor. First the existence of a solution of the above form is estab-
lished and then the uniqueness assertion is proved. The theory of
compact linear operators implies I — pL is an isomorphism from E
to (I — pL)E= F and F is closed and of codimension one. Since
Fisaclosed hyperplanein E, F = {e € E | (l,e) = 0}forsomel € E’
where (-, -) denotes the duality between E’ and E. Observe thatv $ F
since (I — uwL)e = v implies (I — uL)%e = 0 violating the simplicity
assumption for u € r(L). Thus it can be assumed that (/,v) = 1 and
o] = 1.

y’Ve try for a solution of (1.1) of the form A= u + p(a), u=
ofv + w(a)) where p, w are as in the statement of Theorem 1.19. Sub-
stituting into (1.1) leads to

(1.20) w=pvlp+ (u+ p)Lw + a 'H(u + p, alv + w)).

Equation (1.20) will be solved for @ small enough via the contracting
mapping theorem. Letting & be free for the moment, a mapping is
defined as follows: Let pE€ C([—@&a],R), w€E C([—& al, E)
with p(0) = 0, w(0) = 0 and set

(1.21)  pla) = — pp(a)(l, Lw) — e~ 'ull, H(p + p(a), o(v +w(a)))),
W(a) = (I = pL)"'[ple)p~'v + p(a)Lw

(1.22)

+ a 'H(p + pla), a(v + w(a)))].
Note that (1.21) implies the term in brackets on the right-hand side of
(1.22) lies in F and therefore the right-hand side of (1.22) is well
defined since (I — pL)~! is an isomorphism from F to E. Equations
(1.21)-(1.22) imply p(0) = 0, w(0) = 0. Finally observe that a fixed
point of the mapping (p, w) — (p, ) is a solution of (1.20).

To find such a fixed point via the contracting mapping theorem it
suffices to show there exist constants a,b > 0 such that for & suf-
ficiently small: (i) max[_;z|p(e)| = a implies max;_;z)|p(a)| = a,
(ii) max( _z5)||w(a)|| = b implies max_; || w(e)|| = b and
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max [(a) — ()| + max [p(e) — &)

[-a,a] [—aal

1A
NI

max ||w(a) — z(a)|| + max ||p(a — L)

—a,al —a,al

Choose a, b, and & such that

b= min {L, [(1+ |w|(T = wL)~! D@l 2] |27
GILI T = wL)=1 D13,

a = min {1, |ul 1| |L])!

(1.23) BT = wL) (]~ + L))~ 'b, b},
K(4a) = min {[8(|p| I1] + [[(T = wL)=! DA + [w)] ',
(321 + [w| =T = wL)=MDIeel 121 -2
321 = pL)=|)~!

Then (1.21) implies
128) B(@IS 1) 121 1ol ool + Tl 24 + 21DKi2R) = a
Hence (i) is satisfied. Next from (1.22), (1.23),

(e
= || = pL)~Y[aln]~' + |L|jab + (4 + 2|u])K(2&)] = b.
Lastly (1.21) and (1.23) lead to
(@) = E(a)] = min (4%, 4= p| (I = wL)~1]|-)
: - [max lo(@) — ¢(@)] + max [|w(e) - z(a)ll]

[—a,al] [-aal
which when combined with (1.22)-(1.23) yield (iii). Thus the con-
tracting mapping theorem gives a solution (A(a), u(a)) of the form
claimed in Theorem 1.19.

It remains only to prove the uniqueness assertion. Actually the
contracting mapping theorem implies the uniqueness of the solutions
we have obtained within the class of functions satisfying our Ansatz for
the solution. Moreover it implies a pointwise uniqueness assertion,
i.e., for each a € [—@, a] there exists a unique solution of the form
A= p+pla), u=av+ wa) with |p(e)|=a, |w(@)|=Db. Thus
to complete the uniqueness proof it suffices to show there exists a
neighborhood V of (u,0) and a continuous nondecreasing function g
defined on R* near x =0 with g(0)=0 such that if \,d) EV
and satisfy (1.1), then

(1.25)

(1.26
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(1.27) o]l + led ] = leelg(lex)

where p = A—pi=av+wwEE anda= (I, 4 — ¥).
Since (A, 4) satisfy (1.1) as in (1.20),

(1.28) (I — pL)d = pp~law + pLad + H(p + p, av + 10).

Note that the right-hand side of (1.28) belongs to F. Therefore

@l = T = L)~ 1] 1l ~"lel + L] 18] 2]
(1.29) + K(lal + [|&]) - (e + Jlf) - (0 + 2|p])].

It can be assumed that ||(I — uwL)~!| ||L|| |6] < 3 and since |a| + |||
is small when |d|| is small, that K(la|+ |®|)||(I — pL)7Y| <
1/3(1 + 2|u|). Then (1.29) implies

(1.30) o]l = (culpl + caKllel + [|@])lel

where ¢, and ¢, are constants. Hence if a =0, 0= 0 = 4. Thus
near (u, 0) only the trivial solutions have a = 0 so for what follows we
can assume a 7# 0. Moreover from (1.30) we can write @ = aid(a)
where w(a) is a bounded function of & for 0 < |a| small. Suppose

[[@(a)|| = M. Then (1.30) becomes
(L.31) @] = c1lpl Il + c2K(M + 1)lex])lal

where the second term on the right of (1.31) is O(]a|). Operating on
(1.28) with [ yields

(1.32) 0= pap="! + p{l, Ld) + (I, H(p + p, av + )).
Using the form obtained for w in (1.32),
(1.33) —p= ppllL, L) + a 'ull, Hu + p, ofv + W))).

Hence if |5 < min [1, 2| U] [|Llle)) T, caliel Ul | LIK((M + 1) |
is small enough from (1.31), (1.33),

(1.34) Bl = c;K(M + 1)lal).

Finally (1.34) combined with (1.31) gives (1.27) and uniqueness is
proved.

Remarks. If E is a Hilbert space, a natural choice for E is
the orthogonal complement of span v. Note that the compactness of
H played no role in the proof of Theorem 1.19. The proof given above
is based on a more general result in [12] where neither L nor H
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need be compact and one begins with a curve rather than a line of
known solutions. Since the proof in [12] uses the implicit function
theorem slightly more smoothness for H was required there. If H
is analytic, the analytic version of the implicit function theorem shows
p and w are analytic functions of . One may then determine p and
w by expanding in a power series in « and obtain the coefficients by
solving linear problems with appropriate “orthogonality” conditions
as is often done in practice.

A natural question to ask now having obtained ¢ near (u,0) is
whether one can repeatedly use the above argument or the implicit
function theorem to constructively obtain all of £. In general this
approach will not work but it has been carried out successfully in
some special cases involving positive solutions [13], [14], [15].

2. Applications of Theorem 1.10. Perhaps the nicest applications of
Theorem 1.10 are to nonlinear eigenvalue problems for second order
ordinary differential equations. Consider

21) Lu= —(px)u’)’ + q(x)u = A\F(x,u,u’), 0<x<m,
together with the separated boundary conditions (B.C.)
(2.2) aou(0) + bou'(0) = 0, au(m)+ bu'(#x)=0

and (ay2 + by2)(a,;2 + b\2) # 0. The function F(x, &m) is assumed
to be continuous in its arguments and F(x,§n) = a(x)§ +
o((€2 + 1?)12) near (§m) = (0,0). As is usual we assume p is con-
tinuously differentiable and positive, g is continuous, and a is continu-
ous and positive on [0,7]. Associated with (2.1)-(2.2) is the linear
eigenvalue problem

(2.3) Lv = pav, 0<x<m,

together with the B.C. (2.2). This problem possesses an increasing
sequence of simple eigenvalues u; < pp < - - -with u, - © as
n — o [16]. Any eigenfunction v, corresponding to w, has pre-
cisely n — 1 simple zeros in (0,7). For technical convenience it will
be assumed that 0 is not an eigenvalue of (2.3)-(2.2). (The general
case can be handled by an approximation argument.)

By using the Green’s function g(x, y) for £ with B.C,, (2.1)-(2.2) can
be converted to the equivalent integral equation

we) = [7 gl y)F (g, uly), ' () dy

(2.4)
= G\, u)=ALu + H\, u)
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where Lu = [Jg(x, y)a(y)u(y) dy.
Let E = C![0,7] N B.C. under the usual maximum norm

lu], = max |u(x)| + max |u’(x)].
[0,]) [0,

It is easy to see that G: R X E — E is compact as is L: E — E.
Moreover the assumption on F near (§,7) = (0, 0) implies H = o(||u/|;)
near u = 0 uniformly on bounded A intervals. The eigenvalues of £
are equal to the characteristic values of L. Hence all w; € (L) satisfy
the hypotheses of Theorem 1.10 and accordingly there exists a com-
ponent £, of S which meets (u, 0) and is either unbounded in R X E
or meets (w;,0) where j# k. Actually only the first alternative is
possible as shall be shown next.

Let S;* denote the set of ¢ € E such that ¢ has exactly k — 1
simple zeros in (0,7), ¢ > 0 near A = 0, and all zeros of ¢ in [0, 7]
are simple. Let S~ = —§,* and Sy = S§;* U §;~. Then the sets
Si*, Sk are open in E and v, € S;. The normalization |vi||, = 1 and
vx € Sk * makes vy unique.

TueorReM 2.5. Cy is unbounded in R X Sj.

Two lemmas are required to prove Theorem 2.5.

Lemma 26. If (A, u) is a solution of (2.1) and u has a double zero
(i.e., u(t) = 0 = u'(r) for some 7 € [0,7]), thenu = 0.

Proor. If F(x,§,m) is Lipschitz continuous with respect to & 7,
the result follows from the basic uniqueness theorem for the initial
value problem for ordinary differential equation. The general case
is also fairly simple and we omit the proof. See e.g. [9].

Lemma 27. For each j> 0 there exists a neighborhood N; of
(> 0) such that (\, u) € N; N S and u # 0 impliesu € ;.

Proor. If not, there exists a sequence (A, u,) €S such that
0% u, € S;and (\,,, u,) — (w;, 0). Writing (2.4) as

(2.8) w, = u,/||u.]|; = N\ Lw, + H,, u,)l||un]1

it follows that the second term on the right -0 as n — «. Since
L is compact, a subsequence of Lw, converges. Hence the left-hand
side of (2.8) has a convergent subsequence w,, — w with ||jw|, =1
and satistying

(2.9) w = wlw.

Consequently w = v; or w = —v;. In any event w € §;. Since this set
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is open, w, and therefore u, € §; for u; large, contrary to assumption.
The lemma is proved.

Proor oF THEOREM 2.5. Suppose C(RX S) U {(mx,0)}.
Then since S;MN S, = @ for j# k, it follows from Lemma 2.7 and
Theorem 1. 10 that £, must be unbounded in R X S,. Hence
Theorem 2.5 will be established once we show ¢, ¢ (R X S;) U
{(mx,0)} is impossible. By Lemma 2.7, ¢, NN, C (RX &)U

{(m0)}. Hence if ¢, @ (R X S) U {(m,0)} there exists (A, u) €
O N (RX 3S,) with (A, u)# (. 0) and (A, u) = lim,, (A, u,),
u, € Si. If u €3Sy, by Lemma 26, u= 0. Hence A = p;, j # k.
But then, by Lemma 2.7, (\,, u,) EV; N (R X S;) for n large which
is impossible and the proof is complete.

Remark. By using the stronger version of Theorem 1.10 mentioned
after the proof of Theorem 1.10 and valid when u € 7(L) is simple,
Theorem 2.5 can be improved to read: &, = &+ U &~ where
¢ * isunbounded in R X S;*.

An instructive example of the possible behavior of the sets ¢y is
given by the equation

(210) —u" =M1+ fluz+ W)L M), 0<x<m, u0)= 0= un),
where f is continuous and f(0,A) = 0. The related linear problem is
(2.11) —v" = v, 0<x<m0v(0)= 0= ov(r),

which possesses eigenvalues u, = k2 and v, a multiple of sin kx.
Trying for a solution of the form (A,u) = (A, csinx) leads to the
relation

(2.12) 1= {1+ f(c3\)

which on varying f gives us an idea of the possible structure of C,.
As an application of Theorem 2.5 we will prove a generalization of
a theorem of Nehari [17]. Consider the equation

(2.13) Lu = f(x,u)u, 0< x <7, u0)= 0= ur),

where £ is as in (2.1) with ¢ = 0, f is continuous in its arguments,
f(x,0)=0, and f(x, ) - © uniformly in x as || - ©. Note that
(2.13) is not of the form (2.1) since the right-hand side of (2.13) has
Fréchet derivative 0 at u = 0. Under the above hypotheses we have

TueEOREM 2.14. For each k € N, there exists w, € S satisfying
(2.13).

Proor. Since f(x,€) > © as [§| > © uniformly in x, there
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exists a constant M > 0 such that M + f(x, £) = 1for all x € [0, 7]
and £ € R. Consider the equation

(2.15) Lu+ Mu=AXM+ fix,u))u, 0<x<m, u0)=0=u).

Theorem 2.14 is obtained by showing that for all k € N, (2.15)
possesses a solution (1,uy), ux € S;. Linearizing (2.15) about u =0
yields the linear eigenvalue problem

(2.16) Lo+ Mv= pMv, 0<x<m, v(0)=0=v().

Since q = 0, it is easy to see e.g. using the maximum principle or
the variational characterization of the smallest eigenvalue u, of (2.16)
that p, > 1. Let p, denote the kth eigenvalue of (2.16). By Theorem
2.5, (2.15) possesses an unbounded component of solutions &, C
(RX S)U {(m0)}. If &N ({1} X E)# P, then there exists
(1, u) € ¢ N ({1} X S) and Theorem 2.14 will be proved. The
following two lemmas constrain £, to intersect {1} X E.

LemMma 2.17. There is a constant A, > 0 such that if (A, u) is a solu-
tion of (2.15) and A > 0,u € Sy, then A = A

Proor. Since u € §i, A is the kth eigenvalue and u a kth eigen-
function of the linear eigenvalue problem

(218) (£ + Mw=vM+ f(x,u))w, 0<x<m, w(0)=0= wm).

Hence \ can be characterized as [18]:

. Jo(pw'2 + qu?) dx
@19 S A e
where g(x)= q(x) + M,f(x) = f(x,u(x)) + M;and A = {w EE |w F# 0,

Jif@ww,dx=1,1=Si=k — 1} where w; is an ith eigenfunction of
(2.18),1 = i = k — 1. By our choice of M,

lplSoGw")? dx + || fo'w? dx

<
o = od
where |¢|| = max(, [p(x)|. Let A; denote the jth eigenvalue and

¢; a corresponding eigenfunction of
221) — [ple” + |lglle = Ao, 0<x<m, @0)=0=p),

and let w = Elf cjpj. Then the ¢, can be chosen so that w € A.
Substituting w into (2.20) shows A = A; and the lemma is proved.
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Lemma 2.22. There is a constant My > 0 such that if (\,u) €
[1,A] X Sy is a solution of (2.15), then ||ul|, = M.

Proor. If not, there is a sequence (p,, w,) of solutions of (2.15) with
pn €E [LM], w, ESy, and |Jw,||,—> ® as n —> . Let z,,, ",
Zk_1n denote the zeros of w, in (0,7). At least one subinterval
(%jn> Zj+10) = I, is of length at least #/k. The idea now is to show the
following: (A) {max,, |w,|} is an unbounded sequence. (B) There is a
subinterval J, C I,, with J, having length at least #/2k, in which
min; |w,| = K, where K, — © asn — «. (C) For all n large enough,
w,, must vanish at some point in J,. Since (B) and (C) are incompatible,
the lemma will be established.

(A) Suppose max;, |w,|is bounded uniformly for some subsequence
of n’s. Clearly w,’ has at least one zero y, in I,. Integrating (2.15),

forany ¢ € I,

(223) pew'® = [ @ phwds

where we have dropped subscripts. Hence (2.23) implies max,, |w,’|
is bounded uniformly in n along this subsequence. This implies
{|lwa|l1} is bounded uniformly in n along this subsequence contrary
to our hypotheses on {||w,|,}. To see this, it suffices to show the
uniform boundedness in n along this subsequence of maxg [|w,]
where Q, = (2j_1n, 2jn) OF (Zj+1m Zj+aa) (In k— 1 steps this pro-
cedure shows {||lw,|;} are uniformly bounded.) Suppose w, =0 in
I, and Q, lies to the right of I,. Other cases are handled similarly.

Note that w = 0 in Q,. Dropping subscripts again, let z denote the
left endpoint of Q and let y be any point in Q at which w achieves
its maximum. If w’(y) = 0, then, from (2.15), pf(y, w(y)) — gly) =
0 which by the properties of f implies that w(y) = maxow = K
where K is a constant independent of n. Thus assume w”(y) # 0 so
w has an isolated maximum at y. Let (i) § denote the closest zero of
w' in Q to y which lies to the left of y if such a point exists or (ii)
§ = zifw' hasno zeros in (z, y).

If (ii) occurs, w’ > 0 in (z, y). From (2.15) for¢ € [z,y],

PO @ = pRw’ @)+ [ quds
(2.24)
= [plle’ (@) + @ = 2] max w.

Since maxp.; w= ({ — z)max;, w’, by choosing { such that
(¢ —2)?q| =2-!, we obtain from (1.24) an upper bound for
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max . jw’ and max, 5 w in terms of [|[p|| and w'(z) (which is known in
terms of max; |w|). Continuing this argument (slightly modified since
w will no longer vanish at the left boundary) for finitely many steps, an
estimate can be obtained for ||w][, over Q,,.

If (i) occurs, a similar argument to (ii) is carried out using (2.24)
except that the pf term will enter into the estimates but only in the
region in which f = 0 and therefore w is bounded independently of
n. We omit the details. Thus we can assume {max,;, [w,|} is an un-
bounded sequence.

(B) Dropping subscripts again, consider w in I= [a,b]. We
modify an argument used by Wolkowisky [19] in a related context.
For convenience suppose w=0 in I; w =0 is handled similarly.
From (2.15), (£ + M) w=0in I and w = 0 on 1. Let z € (a, b) and
define a new function v, = v satisfying

(L+ My =0, a<x<zz<x<b,

(2.25)

v(a) = 0= ov(b), v(z)= w(z).
Let U=u—v. Then (£ + M)UZ0 in (a,z) and (z,b). Since U
cannot have a negative minimum, w = v in these intervals. The
same argument shows v = 0 in (g, z), (3, b) and the maximum of v
occurs at z.

Choose z such that max; w = w(z) = v(z). We can write v(x) =
w(z)6(x) where ¢ satisfies the equation (2.25) in (a, z), 6(a) = 0 and
6(z)= 1. Similarly v(x) = w(z)d(x) in (z,b) where ¥ satisfies the
equation (2.25) in (z,b) and 9(b) = 0, d(z) = 1. Note that ©,  are
independent of w but do depend on the subinterval I and on z € L.
However since the length of I is not less than #/k and the coefficients
of £ are smooth, it is not difficult to see that ¢'(a), ©'(b) are bounded
away from 0 and « uniformly over all such subintervals I C [0, ]
andallz € L

The equation (2.25) implies pv’ is an increasing function of x for
x € (a,z), (2, b). Hence v'(x) = aw(z)t'(a) for x € [a,z] and v’ (x) =
aw(z)b'(b) for x € [z,b] where a= ||p|~'ming, p. It therefore
follows that the triangle formed by the lines y=10, y=
aw(z)0'(a)(x — a), y = aw(z)0'(b)(x — b) lies beneath w(x) for x € L
The ordinate of the point on the triangle with largest ordinate is
linearly proportional to w(z) and — ®© as w(z) — © independently
of I and z. The x interval J, obtained by projecting the line joining the
midpoints of the triangle (not on the x axis) on the x axis has length
not less than #/2k. For x € J,,, w,(x) — © as n — ® uniformly in n
and x.
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(C) Since the length of J,, is not less than 7/2k, it is easy to see, e.g.
by its variational characterization, that the smallest eigenvalue B, of

%) —(u)' =w, =2E€J; u=0, =x€dj,

is bounded from above independent of n and the position of J,. By
(B) for n large enough, p,f(x, w,) — § > B, on J,. The Sturm com-
parison theorem thus implies w, vanishes in J, which is impossible.
Thus Lemma 2.22 is proved.

Remark. Lemma 2.22 can be restated to permit A € (0, A,) but then
M, will have to depend on A. Also in Theorem 2.14 at the expense of
some obvious qualifications in the statement of the theorem, the con-
dition that ¢ = 0 can be dropped. Likewise f can be replaced by
Af. A simpler version of Theorem 2.14 is contained in [20]. A
more general version has been obtained by R. Turner [21] who also
permits some u’ dependence for f.

The methods used to obtain Theorem 2.5 can also be applied to
nonlinear eigenvalue problems for a family of nonlinear integral equa-
tions possessing oscillation kernels [8]. The properties of these
kernels imply the related linear eigenvalue problem possesses simple
characteristic values and the corresponding eigenfunctions are
characterized by the number of nodes they possess. Rather than
pursue this however we conclude this section with some applications
to quasilinear elliptic partial differential equations [8]. Here the
only analogue of the nodal properties used earlier is positivity and
this will be exploited below.

Consider

Nu= — 2 a;i(x, u, Du)uxlx]
(2.27) e
= Ma(x)u + F(x,u,\)), xEQ,

u=20, x€EaQ,

where ) is a bounded domain in R" with smooth boundary; x =
(x5, * * . x,) € R Du denotes first derivatives of u; @;;, a, and F
are continuously differentiable functions of their arguments; a(x) = a,,
a positive constant;

(2'28> E aij(x’ u, p)§t§} i Blglza X E Q: f; p e Rn, u E R7

ij=1
with 8> 0 a constant; and F(x,u,\) = o(|u|) near u = 0 uniformly
on bounded A intervals. Condition (2.28) means that the differential
operator in (2.27) is uniformly elliptic for all choices of its arguments.
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N could also be permitted to depend on A and lower order terms and
F on Du.

Note that (2.27) possesses the line of trivial solutions. We will
establish the existence of “positive” solutions of (2.27), i.e., (A, u) such
that A € R* and u > 0 (or u < 0) in Q. To do this (2.27) is reformu-
lated in a standard fashion as an equivalent operator equation in a
Banach space. Let a € (0,1) and let C**+(Q) denote the class of k
times continuously differentiable functions in ) whose kth derivatives
are Holder continuous with exponent a. Ck*() is a Banach space
under

llu)lksa = 2 max |Du(x)|

lo| =k €N
eS ma D)= Duty)
b=k x#yEQ =yl

where the usual multi-index notation is being employed. According
to the linear Schauder theory [18, Volume 2],

Lemma 229. If Do Aij(x)&& = BIE|2 for all xEQ, EER"
and if Ay, f € C«(Q), then the equation

n

(2.30) - Y Ay, =f), 2€Q,

i,j=1
u=20, x € 94Q,

possesses a unique solution u € C2*+(() and

(2.31) lllzra = el flla

where ¢ is a constant independent of u and f.

With the aid of Lemma 2.29, (2.27) can be converted to an operator
equation in E= C'"*M B.C. Let A\, u)E RX E and let v=
G(A, u) € C2*(()) denote the unique solution of

- > ajx u,Dujo,, = Ma(x)u + F(x,u)), x € Q,
@32){ i1

v =0, x €

Any solution of (2.27) satisfies u = G(A,u) and conversely. Lemma
2.29 implies that G is compact.
Let w = Lu denote the unique solution of
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— 2 a;j(x, 0, 0wy, = a(x)u, x € Q,
(2.33) bl
w=0, x € ().

Then L: E — E is linear and by Lemma 2.29 is compact. It is not
too difficult to verify that H(\, u) = G(\, u) — ALu = o(||ul|;,.) near

= 0 uniformly on bounded A intervals [9]. With the aid of the
maximum principle for uniformly elliptic partial differential equations
[18, Volume 2] and the Krein-Rutman theorem [22], it follows that
the smallest in magnitude characteristic value u, of L is positive and
simple and possesses a corresponding eigenvector v, > 0 in (). More-
over v, normalized so that [jv)|,+, =1 is the unique nonnegative
eigenvector of L. Hence the hypotheses of Theorem 1.10 are satisfied
here and there exists a component £, of S satisfying the alternatives
of that theorem.

As was the case with (2.1), a better result obtains here. Let d/dv
denote differentiation in the direction of the outward pointing normal
to 0Q; let Pr={u€E€E|[u>0 in Q du/ov<0 on 00}, P~ =
—P*and P = P* U P~. Then Pisopenin E.

THeoreM 2.34. £, lies in (R* X P) U {(p,,0)} and is unbounded.

The proof of Theorem 2.34 follows the same lines as that of Theorem
2.5. Two preliminary lemmas are required.

LemMa 2.35. There exists a neighborhood, N, of (u,,0) such that
AweENNSanduF 0 implies that u € P. Moreover if i € r(L),

w # w,, there exists a neighborhood A of (4,0) such that (A, 4) €
NN S and 4 #0 implies 4 € P.

Proor. The proof of the first statement is the same as that of
Lemma 2.7. If the second assertion is not true, as in Lemma 2.7 there
exists a sequence (A,, 4,,) —> (g, 0) such that u, € P and u,|ju,|; ., — w

satisfying

(2.36) w = gLw.

Since w € P and |w|,+,= 1, w or —w = v. But this is impossible
since i # .

Lemma 2.37. Suppose (\,u) € €}, (\,u) # (n,0) and (A, u) =
lim, , (A, 4,) where(\,, u,) € (R* X P) N S. Then(\,u) € (R* X P).

Proor. Observe first that (A, u) € €, implies that A > 0 for other-
wise since ¢, is connected, (0, w) € €, for some w € E. Then w
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satisfies (2.27) with the right-hand side equal to 0. Considering the
coefficients g;;(x, w, Dw) to be known and invoking the uniqueness
assertion of Lemma 2.29 it follows that w = 0. But this is impossible
since (0, 0) is not a bifurcation point for an equation of the form (L.1).
Hence A > 0.

Next suppose that (A\,u) is as in the statement of Lemma 2.37
and ué€ P. Then A>0 and u € 9P = 0P+ U dP-. The argu-
ment is the same for u € dP*, 9P~ so we assume the former. The
definition of P* implies either (i) there exists £ € Q such that u(§) = 0
or (ii) du(m)/ov =0 for some m € dQ. Suppose that (i) occurs.
Because of the form of F, there exists a neighborhood U of ¢ such that
|F(x, u(x))| = apu(x)/2 in U. Therefore, from (2.27),

- > aj(x,u, Duu, =0, x €U,
(2.38) ij=1

u=0, x € aU.

Since u has a local minimum at x = £, the elliptic maximum principle
[18] implies u=0 in U. A continuation argument then shows
u=0 in (). Since u = lim,, -u, with u, € P*, by Lemma 2.35,
(A, u) = (uy, 0) contrary to hypothesis.

If (ii) occurs we argue similarly. There exists a neighborhood U
of 7 € Q) in which (2.38) holds. Since u has a local minimum at 7
and du(n)/dv = 0, the strong form of the maximum principle implies
u= 0 in U. A contradiction is then obtained as in (i) and the lemma
is proved.

Proor oF THeorem 2.34. If €, does not lie in (R* X P)U
{(p1,0)}, the connectedness of ¢, and Lemma 2.35 imply there exists
(A,u) € R* X 9P and satisfying the hypotheses of Lemma 2.37.
But the conclusion of that lemma shows (A\,u) € R* X P, a contra-
diction. Thus ¢, C (R* X P)U {(u;,0)} and, by Theorem 1.10,
¢, is unbounded in this set.

3. Genus and its properties. Variational arguments have proved to
be a powerful tool to treat a class of nonlinear eigenvalue problems
which involve potential operators. In this context, solutions of (0.1)
are obtained by extremizing a real valued functional on an appropriate
manifold, u corresponding to a critical point of the functional and A
an associated ‘Lagrange multiplier’.

Our goal here is to display in a very simple context the ideas that
go into these variational results. Accordingly we will first prove a
finite-dimensional version of a theorem of Ljusternik and Schnirel-
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mann that was stated in the Introduction. Then a Galerkin argument
is used to get an infinite-dimensional version of the result. It is pos-
sible to obtain the infinite-dimensional case directly but, by working
first in finite dimensions, technicalities are minimized and the under-
lying ideas become more transparent.

The underlying topological basis for the arguments given here is
the notion of genus due to Krasnoselski [2] rather than the more
general notion of Ljusternik-Schnirelmann category which was em-
ployed by Professor Browder in his lectures. The approach taken
here is an amalgam of those of Browder [25], Krasnoselski [2], Ljus-
ternix [23] and Palais [24].

To pave the way for the finite- and infinite-dimensional results which
will be given in §§4-5, the notion of genus is introduced in this section
and its properties developed. The definition of genus given here is
essentially that of Coffman [26].

Let E be a real Banach space and 3(E) = 3, the set of closed (in E)
subsets A of E — {0} which are symmetric with respect to the origin, i.e.,
x € A implies —xE A. A map y:3 — N is defined as follows:
For A € 3, y(A), the genus of A, is the smallest integer n such that
there exists an odd continuous map ¢ € C(A, R* — {0}). By defini-
tion y(@) = 0 and if there is no such n, y(A) = ®. It is easy to see
that it y(A) =1 A is not connected. The important sets for later
applications will be spheres or spherelike sets. To see how to calculate
the genus of such sets, let S"~! denote the unit sphere in R™

Lemma 3.1. Let AE S be homeomorphic to S*~! by an odd
homeomorphism. Theny(A) = n.

To prove Lemma 3.1, a useful result from finite-dimensional degree
theory is needed, namely the Borsuk Antipodensatz [4] .

LEmMma 32. Let 0 € QC_ R" where Q is bounded, open, and
symmetric. Suppose ¢ € C(€), R") where ¢ is odd and nonzero on
0Q. Then d(¢, Q,0) is an odd integer.

Remark. If  is as above in the real Banach space E and ¢ is as
above with ¢ = I — T and T compact, the same conclusion obtains.

CoroLLARY 3.3. Under the hypotheses of Lemma 3.2, ¢(Q) contains
a neighborhood of 0.

Proor. Lemma 3.2 implies 0 € ¢(). The continuity of d(e, (2, b)
in b then implies b € ¢(2) for all small b.

CoroLLARY 3.4. Let Q be as in Lemma 3.2 and suppose ¥ €
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C(aQ, R") where ¢ is odd and $(8Q) lies in a proper subspace of
R". Then there exists £ € Q) such that Y (§) =

Proor. We can assume @(3() C R~ Suppose ¥ #0 on
3. By the Tietze Extension Theorem, y can be extended to
¥ € C(Q, R*Y). By Corollary 3.3, $(Q) contains a neighborhood
of 0 in R" but since §(Q) C R*~! this is impossible. Hence there
exists € € aQ such that ¢(€) = 0.

Proor or Lemma 3.1. Let h denote the odd homeomorphism,
h:A — S L. Clearly y(A) = n. If y(A) < n, there exists an odd
¢ €C(A, R — {0}) where j<n. Therefore the odd map ¢° h™!
€ C(S"~, R — {0}). But this violates Corollary 3.4. Thus
y(A) = n.

For the remainder of this section some of the properties of genus
will be developed. Ljusternik-Schnirelmann category possesses similar
properties which are generally somewhat more difficult to prove.

LemMma 3.5. Let A,BE 3.

1°. If there isan odd f € C(A, B), theny(A) = y(B).

Proor. The result is trivial 1f v(B) = «. Hence we assume here and
for the same reason in the following results that y(A), y(B) < «. Sup-
pose y(B) = n. Then there exists an odd ¢ € C(B, R — {0}).
Sincep ° f € C(A, R* — {0}) and is odd, y(A) = n = y(B).

2° (Monoronicrty). If A C B, theny(A) = y(B).

Proor. Immediate from 1° with f= L.

3°. If h is an odd homeomorphism of A onto B, theny(A) = y(B).

Proor. Immediate from 1° by interchanging the roles of A and B.

4° (SuBapprrivity). y(A U B) = y(A) + y(B).

Proor. Suppose y(A) = m,y(B) = n. Therefore there exist odd
maps ¢ € C(A, R*— {0}), ¢ € C(B, R~ — {0}). By the Tietze
Extension Theorem, ¢,y can be extended to ¢ &€ C(E, R™),
JJ € C(E, Rm). Moreover by replacement if necessary by
1(@(x) — @(—x)), it can be assumed that ¢, ¥ are odd. Let f = (@, ).
Then f&€ C(AUB,R"*"— {0}) and f is odd. Hence
y(AU B)=m + n=y(A) + y(B).

5°. Ify(B) < »,y(A— B) = y(A) — y(B).

Proor. A C A — B U B. Hence the result follows from 2° and 4°.

6°. If Aiis compact,y(A) < «.

Proor. For x # 0 and r< ”x” x) N B(—x) = . Therefore

v(B,(x) U B,(—x)) = 1. Since A is compact it can be covered by
finitely many such pairs of balls. Hence y(A) < .
°. If A is compact, there exists a uniform neighborhood Ny(A)
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(i.e., all points whose distance from A is not greater than §) such that
¥(NJ(A) = y(A).

Proor. Supposey(A) = n. Thenthereisanodde¢ € C(A, R* — {0}).
Extend ¢ oddly to ¢ € C(E,R") as in 4°. Since ¢ #0 on A
which is compact, for some §>0, ¢ # 0 on N,(A). Therefore
¥(Ns(A)) = n=y(A). Since 2° implies the reverse inequality,
Y(N,(4)) = y(A).

We conclude this section with some properties of genus which we
will not use later. First an observation about S*~!: There exist n
closed antipodal sets B;= C;U (—C;), 1=i=n, such that C;N
(=C)=@, B,C S, and U} B;=S""1. To see this, eg. let
B; be the complement (in S"~!) of a small symmetric neighborhood
of {x; =0} M S~ It is easy to verify that the B; possess the above
properties.

The next lemma provides us with an equivalent characterization
of genus which is essentially that of Krasnoselski [2].

LemMma 3.6. Let A € 3. y(A) = n if and only if there exist A,, - - -,
A, € 3, such that y(A,) = 1, L = r=n, and AC U} A, with n being
the smallest integer having this property.

Proor. If there exist sets A, as above, then, by 4° of Lemma 3.5,
¥(A) = n. Hence to complete the proof of this part of the lemma and
likewise the converse statement, it suffices to show y(A) = j implies
there exist Dy, - -, D; E S such that y(D,)=1, 1=r=j, and
A C\J} D;. Since y(A) = j, there is an odd ¢ € C(A, R — {0}). By
the remarks preceding this lemma, there exist j closed sets By, - - -,
Bj C Si-!such that B,' = C,' U (—Ci), C,' N "C,' = ¢ and -l = UJlB,
For x € R — {0}, let p(x) = xf||x||. Define D,=¢~'°p~Y(B,),
1= r=j. These sets form a covering of A by closed sets. Moreover
D= lepC)Up e p(=C) with ¢-lopiC)Np-!
e p~i(=C,) = f Therefore y(D,) =1 or 0 depending on whether
or not D, = @. But if any D, = @, by 4° of Lemma 3.5, y(A) < j,
contrary to the hypotheses. Hence y(D,) =1, 1=r=j, and the
lemma is proved.

ReMark. Lemma 3.6 implies S"~! cannot be decomposed into
fewer than n B;’s as above.

As our last result we show a relationship between genus and
Ljusternik-Schnirelmann category. Recall that if M is a topological
space and A C M is closed, A is said to have Ljusternik-Schnirelmann
category 1 (denoted by caty A = 1) if A is deformable in M to a point,
i.e., if the identity map of A into M is homotopic as a map into M
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to a constant map. If A is closed in M, catyA = n if there exist n
closed sets A,C M, 1=i=n, such that AC U] A, catyA, =1,
and n is the smallest integer with these properties.

For ACE, let A*= {(x, —x) |x € A}. In a natural fashion A*
can be made a topological space.

TueoreM 3.7. If A € 3 is compact, y(A) = catg_jo)»A*.

Proor. The compactness of A implies that A* is compact in
(E — {0})*= M. A slight modification of the proof of 6° of Lemma
3.5 shows catyA* is finite. Suppose catyA* = n. Therefore A* =
Ul A* where A* can be assumed to be compact in M and
catyA* = 1. Let A, = {x € E|(x, —x) € A*}. Then A, is compact,
A, €3, and ACUTA,. We will show y(A,) = 1 and hence, by 4°
of Lemma 3.5, y(A) = n = catyA*.

Since catyA* = 1, there is a homotopy h* € C(A* X [0,1], M)
such that h*(-,0)=1 and h*( -,1)= (£, —&). This implies the
existence of a homotopy h, € C(A, X [0,1], E — {0}) such that
h(-,0)=1 h(-,1)=¢& or —¢ and h(x,t) = —h,(—x,t). Then,
by 1° of Lemma 3.5, y(A,) = y(h,(A,, 1)) = 1soy(4,) = L.

To construct h,, define h( -,0) =1 Let €/2= min g4, |x||. For
each (x, —x) € A,*, the continuity of h,* implies that h,*((x, —x), t) =
(y(t), —yx(t)) and |ly.(t) — x| <€ for 0 < t=t, Since A* is com-
pact, t,= t, > 0 can be chosen uniformly in (x, —x) € A*. Hence
h, can be extended to the interval (0, ) by h,(x, t) = y,(t), h,(—x, t) =
—y.(t) = —h,(x, t). Using the uniform continuity of h,* on the compact
set A,* X [0, 1] and the connectedness of [0, 1], h, can be extended to
t = 1 satisfying the above properties.

To prove that y(A) = caty A*, suppose y(A) = m. By Lemma 3.6
there exist m closed sets A, € 3, such that y(A,) = 1 and A C U7 A,.
It can also be assumed that A, is compact. Thus A* C U7" A* and
by the subadditivity property of category (which is easy to prove —
see eg. [24]), catyA*= 2’1" catyA,*. Hence to show m = n,
it suffices to prove that y(A,) = 1 implies that catyA,*=1.

We give a proof essentially due to E. Fadell. For convenience the
subscripts on the A, will be dropped. Suppose first that E is infinite
dimensional. Here no compactness is needed for A. Since y(A) = 1,
there exists an odd ¢ € C(A,R— {0}). Let A*= ¢ (R"),
A-=¢ (R"). To show catyA*=1, it suffices to define a
homotopy of A* to a point in E — {0} and then extend it to A~ by
oddness. For u € E — {0}, let p(u)= u/|ull. Then H(u,t)=
(1 — t)u + tp(u) defines a homotopy of A* to dB,(0). By a theorem
of Dugundji [27], there exists a homotopy H, of dB,(0) to a point
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in itself. Thus following the homotopy H; by the homotopy H, gives
the desired homotopy here.

Next suppose that E is finite dimensional. We can assume E = R",
n>1 (n= 1 is trivial). Since A is compact, by 7° of Lemma 3.5, A
possesses a uniform neighborhood with y(NyA)) = 1. It can be
assumed that Ny(A) contains finitely many components each of which
are arcwise connected as is E — {0} — N;(A). Let K= K+ U K~
be any pair of components of Ny(A) where K* = —K-. It suffices to
find a homotopy of K* (or K~) to a point in E — {0} as in the infinite-
dimensional case. The set K C Bg(0) for some R > 0. Suppose there
exists e.g. a piecewise linear arc ! joining 0 to dByg(0) in E — K.
Then by a homotopy consisting of a series of translations opposite to [
(equivalent to moving the origin along [ to dB,z(0)) we can assume
K~ lies exterior to Byg(0). Then K* can easily be deformed by a
homotopy in E — Bg(0) to e.g. any point in its convex hull and the
proof will be complete. '

It remains to prove the existence of I. If such an I does not exist,
0 belongs to bounded components Q* of R* — K* and Q= —Q*
of R*— K-. Then Q= Q*U Q- is a neighborhood of 0. Since
IQC K, y(0Q)=1 and there is an odd ¢ € C(9Q, R— {0}).
But this is impossible since it violates Corollary 3.4.

For a more elementary proof of the existence of | which bypasses
Corollary 3.4, suppose there exists Q*, Q~ as above. Consider any
half line L through 0. Let a € K* be its first intersection with dQ*
and b € K* the first intersection of —L with dQ*. Then b # —a
since K* contains no antipodal points. Suppose ||b|| > |a|. There-
fore —a belongs to the same component, Q* of R"— K* as does
0. Hence K- C Q*. By symmetry, K* C Q. Let ¢ be any point
in K* at a maximal distance from the origin. Then the radial half
line joining ¢ to © and not passing through the origin lies in R* — K*.
This implies K* lies in the unbounded component of R*— K~
contrary to K* C Q~.

4. A finite-dimensional Ljusternik-Schnirelmann theorem. This
section is devoted to a proof of a theorem of Ljusternik and Schnirel-
mann. Below C!(A, B) denotes the space of continuously Fréchet
differentiable maps from A to B.

Tueorem 4.1. Let f&€ CYR" R) and f be even. Then, for
each r> 0, f possesses at least 2n distinct critical points on rS"~ 1,

Note that critical points of f occur in pairs because of the even-
ness of f. A good model case of Theorem 4.1 where one is on familiar
grounds is f(u) = (Mu,u) where M is a symmetric n X n matrix
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and ( -, ) denotes the usual inner product in R* It is not difficult
to extend Theorem 4.1 to more general symmetric manifolds than
spheres or to restrict f & C!(rS"~!, R) but we prefer to minimize
technicalities and work in the simplest case.

By a critical point of f on rS*~! is meant a point at which the
gradient of f relative to rS"~! vanishes, i.e., where

(4.2) Tu= Vf(u) — (Vflu), u)ul(u,u) = 0.

Thus critical points of f are solutions of a nonlinear eigenvalue
problem of the form Tu = Au where T = V f and A = (Tu, u)/(u, u)
and, for A 74 0, (A\~1, u) satisfies an equation of the form (0.1).

Proor or THEOREM 4.1. The proof of Theorem 4.1 will be accom-
plished in a series of five steps. Using the notion of genus, a minimax
(or more properly maximin) characterization will be given for n
critical values of f in (A). In (B) a ‘gradient’ mapping will be con-
structed and its properties studied. The mapping is then used in (C)
to prove a deformation lemma. These preliminaries are then used
in (D) and (E) to show the minimax numbers are critical values of f
and we get enough critical points despite possible degeneracies.

For convenience we take r = 1.

(A) Characterization of critical values of f. By a critical value of f
(restricted to S*~!) is meant a real number ¢ such that there exists
u € S"~! with f(u) = ¢ and u satisfies (4.2). A set of n numbers is
defined as follows:

(4.3) ()= cm = sup min f(u), 1=m=n.
ACS”“l;y(A)ém u€A

Implicit in (4.3) is that A& 3(R"). Since f is continuous and
v(8"~') = n, the numbers ¢,, are well defined, 1 =m = n. Since
Cm+1 is a supremum over a smaller family of sets than c,,, ¢; = ¢, =
= ¢,. Sets of the form A= {x, —x}, x € S", are admissible for
the computation of ¢, and min f(u) = f(x) for u in such an A.
Hence c¢; = maxg«-' f. In a similar fashion ¢, = ming=-' £ To
prove this it suffices to show that S"~! is the only subset of S*~! in
3, having genus n. Suppose A€ 3, and AC S*~! with inclusion
being proper. It can be assumed that A does not contain (0, - - -, 0, 1)
The projection mapping p(x;, - -, x,) = (x}, " * -, %,-,,0) is odd
and p € C(A, R*"' — (0)). Hence, by 1° of Lemma 3.5, y(A)=
n — 1. Consequently, ¢, = ming"~! f.

We will show the numbers c,, are critical values of f, 1= m = n.
This in itself is not sufficient to prove Theorem 4.1 since the theorem
asserts the existence of n pairs of distinct critical points and a priori
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it may happen that the c¢,’s are not all distinct. Thus a multiplicity
lemma is also needed which guarantees that f has enough critical
points even in the degenerate case ¢, = ' =¢,,=c,p>c,
p > 1. For the latter case it will turn out that f has infinitely many
distinct critical points corresponding to the critical value c. That this
is so in the matrix example (Mu, u) mentioned above is clear.

Another set of critical values of f can be characterized by

(4.4) b(f)= b= inf max f(u), 1=k=n
ACS" " LyA)Zk uEA
As above it readily follows that b= -+ = b,, b = ming-! f =
Cn» b, =maxg-1 f=rc¢,. In general as simple examples show,
¢;# bpy1; for j# 1, n. That the bys are critical values of f
follows from the c,, case on replacing f by — f.
Another useful characterization of the critical values c; can be given.

Let A, = {u € S*!| f(u) = c¢}. Then
(4.5) ¢; = sup {r € R|y(A,) =}, 1=j=n

To see this, denote the right-hand side of (4.5) by ;. Since y(A,) = j

implies min,, f(u) = ¢;, therefore r;=c¢;. If r,<c;, there exists

ACS ! with y(A)=Zj and ¢ > mlnAf(u) =p>r. Hence

A C A, and j=y(A) =vy(4A,). But this contradicts the definition of
. Thus r; = ¢;.

AS a consequence of (4.5), for any € > 0, y(AC =]

(B) A gradient mapping. The next step in the proof of Theorem 4.1
is to construct a mapping in a ‘gradient’ direction. First some tech-
nicalities: Recall for u € S"~!, Tu = Tu — Au with T= Vf and
A= (Tu,u). Note (T'u,u)=0. Let y, = max s |[Tu| =y, =
max,es-! ||Tul| Z ||, and choose y; so that (1 + x)~12= { and
|1+ x)~Y2 = 1| =3 |x| for |x| = ys.

Let R(u,v)= f(u + v) — f(u) — (Tu,v). Since f is continuously
differentiable, there exists a continuous function §(¢) (independent
of u) such that for all u, u + v € $*~1, |R(u, v)| = €||v| if ||v| = 8(¢)
In addition §0) =0 and &(e) is a nondecreasing function of e.
(8(e) can be taken as sup {n € R||R(u, v)| = en for all u € S*~land
o] =m}.) Foru € S*-1, let

1 s(|ru|s 1
(4.6) a(u)=min;{< ;‘” )’Vﬁ’g}-

Then a(u) is a continuous nonnegative even function of u on 5"~
Finally we define a mapping X:S" ! — 8"! by X(u)=
(u + a(u)Tu)|ju + a(u)lu|~". It is clear from its definition that X is
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odd and continuous and therefore X(A) € X if A € 3.
LEmMa 4.7. Foru € S* 1, f(X(u)) Z f(u) + a(u)|Tul/%4.

Proor. f(X(u)) = f(u) + (Tu, X(u) — u) + R(u, X(u) — u). Equation
(4.6) and some easy estlmates show

(48)  [X(u) = u| = efru| + o?|Tul* = 2a|Tul| = 8([|Tul/8).
Therefore, by (4.8) and the properties of §,

@9 IRwXw — u)] = [ruf [Xw) — ul/8 S aru]
Hence once we show that

(4.10) (Tu,X(w) = u) Z 3 afu)|[ul?

the lemma obtains. To prove (4.10), note that

. _ _ au)|rul? ( 1 _ )
(4.11) (Tu,X(u) — u) Ju+ a(w)ra] + A [u + a(w)a] 1).
Using (4.6) and (4.11), (4.10) readily follows.

Lemma 4.7 has an infinite-dimensional analogue. Suppose E is a
Hilbert space, f has a compact Fréchet derivative T (and therefore
f is weakly continuous [28]), and f is uniformly differentiable
on bounded sets, i.e., there exists a function §(e) as above with §
independent of u on bounded subsets of E. Then the proof of Lemma
4.7 goes through essentially unchanged. See also [2].

An immediate consequence of Lemma 4.7 is that X : A, — A, where

={u€S""|fu)=c}. In fact inclusion is proper unless c
is a critical value of f. A more precise result is given below.

(C) A deformation lemma. Let K,= {u€S"!|f(u)=rc,
I'u = 0}, i.e., K, is the set of critical points having ¢ as critical value.

Lemma 4.12. Let ¢ € R and O be a symmetric open neighbor-
hood of K, in S*~!. Then there exists € > 0 such that X(A,_. — ©) C
A.ie In particular if c is a regular value of f, i.e, K. = @, X(A._.)
C Ac+s

Proor. Let u € f~'(¢c)— ©. Then Fu # 0 and, by Lemma
4.7, there exists an 7, > O such that f(X(u)) > ¢ + 2n,. Therefore
there exists a nelghborhood N, of u such that fX(v)) > ¢+, for
all v €N,. Since f~!(c)— O is compact with {N,} as an open
covering, there exists a ﬁnite subcovering by N, - - -, N,,j. Note that
fX@)>c+m, =c+mn for all vEN,, 1=i=j, where n=
mlnlgigj T,
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Let O= 0 U N, U :---UN,. Then O is a neighborhood of
f~Yc). This implies there exists €>0 such that © D
f~"([c — €, ¢ + €]) for otherwise we can find a sequence €, —0
and u, € f~1([c — €mc +€,]) such that u, & O. By the
compactness of S"~!, a subsequence of (u,,) converges to 4 satisfying
fli) = cand 4 § O which is impossible. Hence

ODf‘l([c—e,c+e]).
It can further be assumed € = 7.
A=A UfNc—ect+te) CALUOUN,U: --UN,.

ThisimpliesA,_.— OC A, UN, U - U N . SinceX(A,,.) C Ay
andX(N, ) C Ay, C A it follows thatX( e — O)C Ao

(D) ¢, is a critical value of f. With the aid of Lemma 4.12, it is an
easy matter to prove that c,, is a critical value of f, 1 =m = n. For if
not, by Lemma 4.12, there is an € > 0 such that

(413) X( Cm —e)C Ac , e

By (4.5), y(A, - = m and, by 1° of Lemma 3.5, y(X(A,, -)) = m
The definition of c,, implies c, = minya, _., f(u) but by (4 13)
this min is = ¢,, + €, a contradiction.

(E) A multiplicity lemma. We now know each ¢,,, L=m =n, is a
critical value of f. As was noted in (A), it may occur that ¢, =

** "= Cpyp, p> 1. The following lemma then completes the proof
of Theorem 4.1.

LemMma 4.14. Suppose €y = *** = Cmsp = c. Theny(K,) = p

The lemma for p > 1 implies K, contains infinitely many distinct
critical points since any finite point set has genus 1.

Proor oF LEmMMa 4.14. Suppose y(K,) = p — 1. By 7° of Lemma
3.5, for some & > 0, y(N4(K,.)) = p — 1. Letting O = int Ny(K,), by
Lemma 4.12,X(A,_. — ©) C A,,.. Note that

B= A, = Ni(K;) = A, — int Ny(K,).

From (4.5) with ¢ = c,4p, y(A._) = m + p. Therefore by 5° of
Lemma 3.5, y(B) Z y(A._.) — y(Ns(K.)) = m + 1. By 1° of Lemma
3.5, yX(B))Z m + 1. The definition of ¢ = c¢,,,; then shows
min 5 f(u) =c. However X(B)C A.,, which implies the
min = ¢ + €, a contradiction, and the lemma is proved.

ReMaRgk. It is an easy exercise to combine parts (D) and (E) here.



SOME ASPECTS OF NONLINEAR EIGENVALUE PROBLEMS 189

5. The infinite-dimensional case. In this section an infinite-
dimensional analogue of Theorem 4.1 will be proved. Let E be a real
separable Hilbert space with inner product denoted by ( -, - ) and let
f € C((E, R) where f is even and T, the gradient of f, is com-
pact. Since f is even, T is odd. The compactness of T implies that
f is weakly continuous [28]. Suppose further that f is uniformly
differentiable on bounded sets, i.e., for all bounded B C E, there
exists 83 € C(R*, R') with 85(0) =0, &g(e) is a nondecreasing
function of €, and if uw,u+ v € B, R(u,v)= f(u+ v) — f(u) —
(T(u),v) satisfies |R(u,v)|= €|lv| if ||v|| = 8p(€). The uniform dif-
ferentiability of f and compactness of T imply that T maps weakly
convergent sequences to strongly convergent ones [2]. Lastly we
assume f(u) = 0 and f= 0 if and only if u = 0, T(u) = 0 if and only
ifu=0.

Tueorem 5.1. Under the above hypotheses on E, f, T, for each

r> 0, f possesses infinitely many distinct pairs of critical points on
dB,(0).

Again by a critical point of f on 4B,(0) we mean a point at
which the gradient of f relative to d B,(0) vanishes, i.e.,

(5.2) lru=Tu—Au=0

where A(u) = (Tu,u)/r>. Thus critical points of f provide us with
solutions of the nonlinear eigenvalue problem (5.2). Observe again
the evenness of f implies that critical points occur in antipodal
pairs.

For convenience we assume r = 1 and set S = dB,(0).

Proor oF THEOREM 5.1. The proof is given in four steps. An
approximate finite-dimensional problem is set up and solved in (A).
Then in (B) a characterization of critical values of f is given and it
is shown that the approximate critical values obtained in (A) converge
to those defined in (B). The existence of infinitely many distinct
critical values is proved in (C). Lastly in (D) the convergence of
subsequences of approximate critical points of f obtained in (A)
to actual critical points of f is shown.

(A) The finite-dimensional approximation. Let (e,) be an ortho-

normal basis for E and let E, = span {e,, - - -, ¢,}. Consider the re-
striction of f to E,MNS. Thus f(u) = f(xje; + + -+ + x,e,) = F,(x)
where u=YVxe; and x= (x, -+, x,) with Dix2=1, ie,

x € S*~'. By Theorem 4.1, F,(x) possesses at least n distinct pairs of
critical points ® x,,, 1 = k = n, with corresponding critical values

given by
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(5.3) Cnk = sup min F,(x), 1=k=n,
BCs" LyBzk B

or equivalently (since each set B is homeomorphic via an odd homeo-
morphism to A C S)

(5.4) Cnk = sup min f(u).
ACSNE, ;y(A)Zk u€A

At the critical points x, ,
(5.5) OF (% i )[0%; — ApiXpiy = 0, 1=j,k=n,

where A = X1 (OF(un)l9%) Xnkje  Let uy = S0 %€, Since
Xk = (Unks €), OF (U )lx; = (T(upe), ) and Ay = (T(u,y), Unk)
(5.5) can be rewritten as

>

(56) (T(unk)7 ej) - )‘nk(unlo e‘) = 0, 1 é] é n,
or more succinctly as
(5.7) (T(thpi) — Mglbnis @) = 0 foralle € E,,.

Note also that f(u,x) = cuk.

(B) A characterization of critical values. A set of numbers is defined
in a (by now) natural fashion. These will be shown later to be critical
values for fon S. Let

(5.8) Cx = sup min f(u).

ACS;A compact; y(A)Zk u€EA

The existence of such A’s is clear and because of the weak continuity
of f, the numbers ¢, are well defined. The positivity of f on S
implies ¢, > 0 for all k. Since they involve suprema over successively
larger sets, ¢,x = Cp41x = ¢k Our goal is to show that ¢,; — ¢; and
a subsequence of u,; converges to u; a critical point of f on S with
critical value c;. The first step is accomplished with

LEMMA 5.9. ¢y > crasn — o,

Proor. Since c, is a monotone nondecreasing sequence in n
bounded above by ¢y, it converges. To prove the lemma, we show, for
all € > 0, there exists m = m(e) such that ¢, = ¢, — € for all n = m.
By the definition of ¢, there is a compact set A C S such that y(A) = k
and miny f(u) = ¢, — €/2. Using the compactness of A and 7° of
Lemma 3.5, it is easy to find a neighborhood Nj(A) C S such that
¥(N5(A)) = y(A) = k and miny, 4, f= ¢, — €.

Let n =% min (1, 8). Let P, denote the orthogonal projector of E
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onto E, and P,L = I — P, the orthogonal projector of E onto E,*.
For each u € A there exists j= j(u) € N such that ||} uf = »/2.
The compactness of A implies there exists a j € N such that, for all
nZjandallu € A P, ul| = 9.

Let n = jand set W,(u) = P,ul|P,u| where u € A. Then

B - “P,,u — ul| u
atw) =l = Hp ey * lnPnun “
(5.10)
m B S
ém + (1 o 1 >§ 5.

Hence ¥, € C(A, S M Ny(A) N E,) and is odd. Therefore by 1° and
2° of Lemma 3.5,

(5.11) ¥(A) = y(¥a(4)) = y(Nx(A)) = y(A).

Thus y(¥,(A)) = k and ¥,(A) is an admissible set for the calculation
of ¢, and ¢;. Moreover since W,(A) C Ny(A), ¢ = min g 4 f(u) =
cx — € forall n = j. Hence the lemma is proved.

(C) The existence of infinitely many distinct c,’s. Even without
establishing that they are critical values, we can show there are
infinitely many distinct numbers ¢, and each ¢ is of finite “multi-
plicity”, i.e., cxyy = -+ = cxy, for at most finitely many p. These
assertions are an immediate consequence of

LemMa 5.12. ¢, > 0ask — «.
Before proving Lemma 5.12 another technical lemma is needed [2].

Lemma 5.13. Let E be a separable Hilbert space and f: E— R
be weakly continuous in B,(0). Then, for all € > 0, there exists m =
m(e) such that, for all n = m and for all u, v € B,(0),

|f(u+ Po) — flu+ v)|<e.

Proor. If not, there is an € > 0 and sequences (u,), (v,) C B,(0)
such that

(514) lf(un + ann) - f(un + vn), =e

Since B,(0) is weakly compact, subsequences of (u,), (v,), (P,v,) con-
verge weakly to u,v, w respectively. Since f is weakly continuous,
we can pass to a limit in (5.14) to get [f(u + w) — f(u + v)|=Ze.
Hence v 74 w. However
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o = w|?2= lim (v,, = P,0,,v— w) = lim (v,, (I = P.)(v — w))
and |(v,, (I = Py)v—w))|=r|(I-P,)(v—w)| =0 as n; >
which implies v = w, a contradiction.

Proor orF LEmMa 5.12. By Lemma 5.13 with u = 0, for all € > 0,
there exists m = m(e) such thatif n = m,

(5.15) If(v) — f(P,0)| < €/2, v € B,(0).

Since f(0) = 0, the continuity of f implies there exists p > 0 such
that if |Jw| <p, f(w)<el. Hence if v € B,(0) and ||P,0| < p,
then

(5.16) fv) = f(Pyo) + |f(v) — f(Pv)| <e.

Thus if AC S is compact, A € 3, and min, f= €, P,,(A) must lie in
the spherical shell o in E,, 0 = {¢ EE, |p = |¢| =1}. The unit
sphere S,,_, in E, has genus m. It easily follows from 1° and 2° of
Lemma 3.5 that y(o) = m. Since P,, is an odd continuous map, by
1° again, y(A) = m.

The above analysis shows minsf =€ implies y(A) = m. Con-
versely y(A) > m implies mins f < € and in particular ¢, < € for all
n=m.

(D) The limit procedure. We complete the proof of Theorem 5.1
by showing a subsequence of u, converges to u, a critical point of
f with f(u,) = ¢,. Since B;(0) is weakly compact, for fixed k a
subsequence of u,; (which for notational convenience we take to be all
of u,x) converges weakly to u, € B(0). Therefore using the weak
continuity of f, f(u) = cox = f(ux) = ¢, >0 as n — . Hence
u, # 0. Since T maps weakly convergent sequences to strongly con-
vergent sequences, T(u,) — T(u) # 0 and Ay = (T(upk), i) —
(T(uy), ux) = M. Equation (5.7) now implies (T(ux) — Ay, ¢) = 0 for
all € E, n = k, and therefore for all ¢ € E. Hence

<5.17) T(uk> = AU
Taking the inner product of (5.17) with T(uy) gives

Therefore A, # 0. Taking the inner product of (5.17) with u; then
shows

(5.19) e = Agflui?

or uy € S. Thus uy is a critical point of f on S. Moreover u,; — ux
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as n — . This follows from |um — ]2 = 2 — 2ty ux) = 0 as
n — ©. Lemma 5.12 implies the existence of infinitely many u;’s.
Hence the proof of Theorem 5.1 is complete.

As in §4, a multiplicity result can be obtained here. In fact this
result can be used as part of a direct existence proof of the infinite-
dimensional case.

Lemma 520. Under the hypotheses of Theorem 5.1, suppose
= Cpip=c. Then if K.= {u€S|f(u)=c, Tu=0},

Cm+1 =

y(K)=p

Proor. Note first that K, is compact. This follows from the last
part of the proof of Theorem 5.1. More precisely, let (v,) C K,. It can
be assumed that v, — v (weakly) as n — ®. Therefore f(v) = ¢ >0
so v#0. Thus T(v,) = T(v) # 0 and, as in (5.18), A2= ||T(v)|?
# 0. As in (5.19), o] =1 and v, — v. Hence the compactness of
K..

Suppose y(K,)=p — 1. Then, by 7° of Lemma 3.5, there is a
neighborhood N,(K,) CS such that y(N,(K.))=yK)=p—1.
Another application of the argument used to prove K, is compact
shows there exists o, 7>0 such that u €S — int N,(K,) and
|[f(u) — ¢| < o implies |'u|| > 7.

The definition of ¢ = ¢,,,, implies there is AC S, A compact,
y(A)= m + p and minAf> ¢ — B7%4 where 872/4 < ¢ and

o<p= gt {30 (M) 7.1}

they, 1=r=3, bemg as in (B) of the proof of Theorem 4.1 (with
S»~!replaced by S).

Let B={u€A|f(uy<c+o}. Then BE I(E). Moreover
[Tul| >7 on B— int NyK,) and therefore 28 < a(u) on_this set
(where a(u) is as in §4). Next consider A — int N,(K,) = A — N,(K,)
= C. By 5° of Lemma 3.5, y(C) = y(A) — y(N,(K,)) = m + 1. Let-
ting X be the infinite-dimensional analogue of the X of Lemma
4.6 —see the remark following that lemma—by 1° of Lemma 3.5,
y(X(C)) = m + 1. Hence, by the definition of ¢ = ¢,,4+1, minyc) f= c.
But ifu € B — int N, (K,), by Lemma 4.6,

fX(W) = f(u) + talu) Puf2 > ¢ — 12 + 1pr2 = ¢ + 1pr2
while if u€ A— B, fX(u))Z f(u)=Z c+ 0. Thus we have a

contradiction and the lemma is proved.
We conclude this section with some remarks. Since under the
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hypotheses of Theorem 5.1, any solution of (5.2) on |u| = r has A2 =
| T(u)||2 # 0, we can divide (5.2) by A to obtain

(5.21) u = vT(u)

where v = A~L Suppose further that T(u) = Lu + M(u) where L
is a compact selfadjoint linear operator and M(u) = o(||u||) near u = 0.
Let (vi(p), ux(p)) denote the solutions of (5.21) on 8B,(0) obtained
from (5.8). Then one might suspect that (vi(p), ux(p)) — (w,0) as
p — 0 for some u € r(L). This is indeed the case and in fact under
appropriate hypotheses each u € r(L) is a bifurcation point for (5.21)
[29]. A remarkable theorem of Krasnoselski [2] shows this under
more general hypotheses. Namely Krasnoselski shows if T is a com-
pact potential operator, T(0) = 0, f(0) = 0, f is uniformly Fréchet
differentiable near u =0, and L= T'(0) is selfadjoint then all
p € r(L) are bifurcation points for u = AT(u). Note that f need not
be even here. For a proof of a slightly weaker result using Morse
theory, see [30]. For these variational cases, nothing seems to be
known about the structure of the solution set comparable to Theorem
1.10.

For applications of more general versions of Theorem 5.1 to partial
differential equations, see e.g. Professor Browder’s lectures in this
symposium or [25] .

Theorem 5.1 implies (5.2) possesses infinitely many solutions
(Au(p), uu(p)) on 9B(0). In some recent papers Coffman [26],
Hempel [31], and at this symposium Clark [32] have used varia-
tional arguments to obtain some interesting lower bounds on the
number of solutions of equations of the form (5.2) where X is fixed
rather than u being constrained to be on a sphere or more general
manifold.

6. More on continua. In this final section some additional results
about continua of solutions of functional equations will be presented
for situations where bifurcation need not occur. Applications to
elliptic and hyperbolic partial differential equations will be given.
First we give a result essentially due to Leray and Schauder [5].
See also [33]. Consider

(6.1) u= G, u)
where G: R X E— E is compact and G(0,u)= 0. Then (0,0) is a

solution of (6.1). Let T denote the closure of the set of solutions of
(6.1) and ®(\, u) = u — G(A, u).
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Tueorem 6.2. The component of T to which (0,0) belongs is un-
boundedin R* X Eandin R- X E.

Proor. Let ¢ denote the component of T containing (0,0). Note
that ¢ N ({0} X E) = {(0,0)}, i.e., (0,0) is the unique solution of
(6.1) having A = 0. If the conclusion of Theorem 6.2 is not valid,
essentially as in Lemma 1.9 there is a bounded open set O C R X E
sach that ¢CO, TNIO=¢, and 00N ({0} X E)C
({0} X By(0)). Let ©, = {u € E|(\,u) € ©}. By Lemma 1.8 with
A= R,

(6.3) d(®(, - ), ®,) = constant = ¢, AER

Since © , = ¢ for |A| large, ¢ = 0. On the other hand, ®(0, - ) =1
so ¢ = 1, a contradiction.

Remark. If G(A,0) = 0, then T contains the line of trivial solutions,
{(x,0) | A € R}, so for this case Theorem 6.2 is of no interest.

Next some applications of Theorem 6.2 to partial differential equa-
tions will be given. Consider first the quasilinear elliptic boundary
value problem

— a;i(x,u, Du)u, ., = AF(x,u, Du, \), x€e Q,
0 | =5, e o = ARG D

u=20, x € dQ),

where Q C R" is a smooth bounded domain, a;; and F are con-
tinuously differentiable functions of their arguments, the uniform
ellipticity condition (2.28) holds, and F(x,0,0,A) > 0 for x € Q and
AER'". As in §2, (6.4) is converted to an operator equation in
E= Cl+(Q) N B.C. where a€ (0,1). For (\,u) ERXE, let
v = G(A, u) € C2'(Q) denote the unique solution of

- aij(x,u, Du)v, .= \F (x,u, Du,\), x € Q,

ij=1

(6.5)
v=20, xE I

Then G is compact and Theorem 6.2 applies here. However a better
result obtains. Let P* be as in §2.

Treorem 66. ¢ N (R* X E) C (R* X P*) U {(0,0)}.
Proor. For (\,u) € SN (R' X E) and u near 0, the right-hand

side of (6.4) is nonnegative. Hence, by the maximum principle,
u€P. If ¢N(R*X E)(R* X P*)U {0,0}, there exists
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(A, u) € CMN (R X dP*) with A > 0. Therefore, u(xy) = 0 for some
xo € Q or du(xy)/dv = 0 for some xy € d(l. Arguing as in Lemma
2.37 shows u = 0 in {). Hence (A, u) = (A, 0). But (A, 0) does not satisfy
(6.4). The theorem is proved.

As a second application we treat the Dirichlet problem for the “H-
equation” which arises in connection with the parametric form of the
Plateau problem, i.e., the problem of spanning a given curve in R*
by a surface of prescribed mean curvature [34]. (We thank S.
Hildebrandt for informing us of this question.) The equations in-
volved are

AU = 2HU, A\ U,, 2+ yr<l,

6.7)
U=h, 2+ y2=1

Here A is the 2-dimensional Laplacian, U(x,y) = (u(x,y), v(x,y),

w(x, y)), h € (C«(3Q))3, H is a constant, and /A denotes vector product.

We extend h to 2= {x?+ y2 < 1}, e.g. as a triple of harmonic func-

tions, and let V.= U — h. Substituting in (6.7) yields

AV=2HMh+ V), A(h+ V), inQ

(6.8)
V=20 on d{).

It is now a simple matter to convert (6.8) to an operator equation in
E= (C'*¢(Q) N B.C.)? and of the form (6.1) with G satisfying the
hypotheses of Theorem 6.2. We will not formalize this result. It
would be interesting if the same sort of procedure could be applied to
the Plateau problem itself.

Our last application of Theorem 5.2 will be to a hyperbolic partial
differential equation. Consider the nonlinear wave equation

6.9 Ou=uy—tux=AF(x, t,bu), 0<x<7,0=t=2m,
together with the periodicity and boundary conditions
(6.10) u(x, t + 27) = u(x, t), u(0, t) = 0 = u(m, t).

The function F is assumed to be a twice continuously differentiable
function of its arguments, 27 periodic in t. For convenience we intro-
duce some notation. Let L2 denote the closure of continuous function
on [0,7] X [0, 2r], 2 periodic in ¢ with respect to

o= [ [ (ot )2 dxde

0
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and let C* denote the set of k times continuously differentiable func-
tions of (x, t) on the above domain and 27 periodic with respect to .
As anorm in Ck we take || - ||, where

lulle =" 2 Dul. el = max - fe(x 0l

=k sx=m 0st=2n

Finally set C'= Cand || - o= | - |-

The problem (6.9)-(6.10) differs from those considered earlier in
that O together with (6.10) possesses a null space, in fact an infinite-
dimensional one containing all ¢(x, t) = p(x + t) — p(—x + t) where
p is 2m periodic in its argument and twice continuously differentiable.
Let N denote the closure of this null space in L2 Then (0, u) satisfies
(6.9)-(6.10) for all u € NN C? (and in a generalized sense for all
u € N). In analogy with §1, these solutions will be called the trivial
solutions of (6.9)-(6.10). A natural question to ask is what are the
bifurcation points of (6.9)-(6.10) with respect to the space of trivial
solutions. (Again in analogy with §1, (0,u) is a bifurcation point of
(6.9)-(6.10) if every neighborhood of (0, u) contains nontrivial solu-
tions.)

To find a necessary condition for (0,v), v € NN C2, to be a bi-
furcation point, observe that if (A, u) is a classical solution of (6.9)-
(6.10), then because of the selfadjointness of [J with respect to the
conditions (6.10),

6.11) jj j() F(x,t,u)p dxdt =0 forallg € N.

Letting (A, u) — (0, v), convergence being in R X C, the necessary
condition becomes v € NM C2, and v satisfies (6.11). Henceforth
(6.11) will be denoted more briefly by F(x, t,v) L N. We pose a more
general bifurcation question: Given w € C, does there exist v =
V(w) € N M C such that F(x,t,v + w) L N. An answer is provided
by the following result:

Lemma 6.12. If F(x,t,§) is strongly monotone in & ie.
OF (x, 8, £)06E= B> 0 for all (x,t € € [0,7] X [0,27] X R, then
there exists a unique v = V(w) € NN C satisfying F(x,t, v+ w)
L N. The map w — V(w), C — N N C is continuous. Moreover if
w € Ckand F is C* in its arguments, then V(w) € Ck M N.

Proor. The existence and regularity results are rather lengthy and
will not be carried out here. See [35], [36]. To show the
uniqueness of v, observe that, if v}, v, are two solutions, (6.11) implies
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0= JZ” J:; (F(x,t,v, + w) — F(x,t, 05 + w))(v, — vy) dx dt
(6.13)

v

2w T
87 [ bor— vaPdat
Hence v; = v,.

To proceed we also need a simpler lemma which will be stated
without proof. See [37]. Let N denote the orthogonal comple-
ment of Nin L2

LemMa 6.14. If fEN* NCK k=1, there exists a unique
w € N* N C**!such that Ow = f, w satisfies (6.10), and

(6.15) leollesr = eell f -

With the aid of Lemmas 6.12 and 6.14, (6.9)-(6.10) can be converted
to an operator equation of the form (6.1) in E = N* N C2 as follows:
Let w € E and A € R. Then by Lemma 6.12 there exists a unique
v = V(w) € NN C% such that F(x,t,v + w) L N. Hence by Lemma
6.14, there is a unique W = G(\, w) € N* N C3 satisfying

6.16) OW = AF(x,t, V(w) + w), 0<x<m0=t= 2

and (6.10). It is easy to see that G is compact and G(0, w) = 0. Hence
Theorem 6.1 is applicable here and

Tueorem 6.17. There exists a component of the solution set of
(6.16), (6.10) which meets (0, 0) and is unbounded in R X (C2 (M N1).

It is then not too difficult to show that (5.9)-(5.10) possesses an
unbounded component of nontrivial solutions which meets the bifurca-
tion point (0, V(0)).

We conclude this section with a different sort of application to an
elliptic problem. This was motivated by recent work of L. Nirenberg
[38] which in turn generalizes a result of Landesman and Lazer
[39]. Let DC R" be a smooth bounded domain. Consider
the boundary value problem

Lu=Y  a(x)Du= Ag(x,u), x € D,
lo|=2m

Bu= Y by (x)Du=0, xEIDI=j=m,

<
byI=m;

(6.18)

where the usual multi-index notation is being employed. £ is a uni-
formly elliptic operator of order 2m with smooth coefficients and the
boundary conditions are assumed to be complementary with m; = m,
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1=j=m (see [40]). The function g is assumed to be continuously
differentiable in its arguments. £ together with the B.C. is a Fredholm
map of C2™ (D) — Co D) for any a € (0, 1) [40].

As in the earlier examples in this section, (6.18) will be converted
to an equivalent operator equation. However we will not in general
be able to achieve the form (6.1). Let E = Co(D). Let the kernel of
£ together with the B.C. be span {v}, - - -, 00} = Vi and let the co-
kernel be span {w;, - -,w;} = W,. We can identify V; with R,
W; with R and write E= RFX E= R X E where E, E are
respectively the subspaces of E orthogonal in an L2 sense to Rk, R/,
ie,u € Eimpliesu = Z'f a;v; + 4 where

d€E={wEE|J"Dwv,-dx=0,l§i§k}

and similarly for E. Thus if u € E, u = (g, 4) = (b, &) where a € R,
bER, i€ E aEE Let P be the L2 orthogonal projector on
E ie, Pu=a for u € E. Then if f €E E, there exists a unique
U € ¢2m+(Q) N E such that [40]

£U = Pf, xE D,
(6.19) {zs,U=o, rEIDI=j=m,

With the aid of these preliminaries (6.18) can be converted to an

operator equation in E= RfX E. Let u= (a,4)ERXE
and let G(\, u) = (A, U) where

(6.20) { Ai=ai— A Ju) g(x> u)w; dx, 1= i§j,

= a, jrl=i=k(ifk>j)
and

20U = APg(x, u), x € D,
(6.21) {Bﬁ=o, TEIDI=j=m,

where U € C2mte(d) N E. By our above remarks it is easily seen
that G(A, u) is compact. Note that if A # 0, G(\, u) = u if and only
if (A, u) is a solution of (6.18). (For A = 0, all @ € R* are solutions.)

Let ®(\,u) =u — G(A,u). Nirenberg [38] studied the case
Jj=k, ie, the Fredholm index of £ is = 0. (He also worked in a
Sobolev space framework rather than C2(€)) so he could treat con-
tinuous g.) If j < k, the usual Leray-Schauder degree of ®(X, - ) must
be zero since then ®(A, -) maps Rk X E into a proper subset of
itself as (6.20) shows. (More precisely if, for some Q C Rk X E,
d(®(, +), Q,0) # 0, then d(®(), - ), Q, b) # 0 for all b small. But
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the range of ®(A, ) is a proper subspace of R* X E so this is
impossible.) Nirenberg showed if j < k and £, g satisfy various tech-
nical conditions, then one can use an extension of the Leray-Schauder
theory to conclude the existence of zeros of ®.

Instead of using any generalized notion of degree we will apply
the Leray-Schauder theory. Assume that g is an odd function of u.
Then (6.18) has the solution (A,0). The oddness of g implies that
G(A, (a, 1)) = —G(\, (—a, —1)), ie, Gis odd in u. Let Q be a sym-
metric bounded open neighborhood of 0 in R* X E. Since by our
above remarks, d(®(A, - ), Q, 0) = 0, the remark following Lemma 3.2
implies that @(X, - ) has a pair of zeros u, —u € 3(). Since this is true
for all such £, it follows from the compactness of G and a lemma from
point set topology [7] that ®(A, -) has a symmetric unbounded com-
ponent ¢ (= C+*U -, ¢~ = —C*) of zeros in Rk X E which
meet u = 0. With a bit more work it can be shown that

Tueorem 6.22. Under the above hypotheses on £ and g, for each
X € R, (6.18) possesses a symmetric unbounded component of solu-
tions in {A} X C27+(D).

ReMark. An analogous result can also be obtained if one works
with W2mr as does Nirenberg rather than C2m*e Also provided
that we have oddness, g can be permitted to depend on derivatives of
u up to order 2m — 1.
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