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ABELIAN EXTENSIONS OF RINGS OF 
POSITIVE CHARACTERISTIC 

ANDY R. MAGID 

The Witt theory of fields of characteristic p gives a structure 
theorem for extension fields which are Galois with a cyclic Galois 
group of order pn. This is essentially an additive theory, and hence 
can be extended without significant change to commutative rings of 
positive characteristic. The purpose of the present note is to carry 
out this extension. More precisely, we show the existence of a com­
mutative algebra En, free of rank pn over the ring An of polynomials 
over the integers in n variables, such that if R is a ring of characteristic 
pn, En ® R is a cyclic Galois An ® R algebra of rank pn, and if S 
is any cyclic Galois K-algebra of rank pn there is a homomorphism 
from An to R such that En ®Afl R is isomorphic to S. Except for some 
minor technical details, the arguments here are the same as in the 
classical theory for fields. 

All our rings and algebras are commutative. Z will denote the 
integers and p SL fixed prime number; An denotes the polynomial 
ring Z[Xo, * * - ,X n_i] . We assume the reader is familiar with the 
construction and basic properties of rings of Witt vectors (see, for 
example, [2, p. 124] ). For a ring R, Wn(R) denotes the Witt vectors 
of length n over R; elements of Wn(R) are n-tuples (r0, " * ', rn-i)-
If R has characteristic p, F denotes the endomorphism of Wn(R) given 
by raising each component to the pth power. By a Galois extension 
of a ring R we mean an R-algebra satisfying the conditions of [1, 
1.3, p. 4] . 

Let m0, m1? • • • be the polynomials giving addition of Witt vec­
tors, so that (oo, ' ' ', fl«-i) + (&o, ' ' ', bn-i) = (w»o(ao, b0)9 • • -, 
mn-i(ao, • • *, 6„_i)). Each mk is in Z[X0, Y0, * * -, Xk, Yfc], and we 
can write mk = X* + Yk + fk where fk is in Z[Xo, Y0, * * *, X^_i, Yk-i] • 
Let gk be the polynomial Yk

p — Yk — (X* + fk)-
DEFINITION 1. Let En = An[Y0, • • -, Y„-J/(go, _1 ' % gn-i)-
This definition is motivated as follows: let En = En ® ZJpZ and 

let X(, îji be the images of Xiy Y» in En. Let x = (xo, • • *, xn-i), y = 

(y0,- - -,y„-i) in Wn(En). Then F(y) = y + x. If S is any Z/pZ 
algebra and if z, a in Wn(S) are such that F(z) = z + a, there is a 
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unique map from En to S such that the induced map from Wn(En) 
to Wn(S) sends y to z and x to a. This universal property will be 
used below. 

We study the separability of En, beginning with a lemma: 

LEMMA 2. Let R be a ring and suppose the integer n belongs to 
the radical of R. Let a be in R and let P = Xn — X — a. Then 
R[X] 1(F) is a separable R-algebra (and a free R-module). 

PROOF. The freeness is standard, If m is a maximal ideal of R, 
the characteristic of Rim divides n, so F has derivative — 1 in Rim 
and hence no multiple roots. By [3, 2.2(4), p. 476], the algebra is 
separable. 

PROPOSITION 3. Let R be any ring. 
(a) En is free of rank pn over An. 
(b) If p is in the radical ofR, En® Ris separable over An® R. 
(c) If p = 0 in R, En® R is Galois over An® R with a cyclic 

Galois group. 

PROOF. For each k, k = 0 ,1 , • • -, n, define Bk inductively as follows: 
B0 = An, Bk+l = Bfc[Yfc_i]/(gfe), where gk is the image of gk in 
Bfc[Yfc_i]. Then each Bk is free of rank p over Bk-Ì7 and Bn = En. 
This proves (a); a similar induction, using the lemma, proves (b). 
To prove (c), it suffices to treat the case R = ZIpZ. In the notation 
after Definition 1, in Wn(En), F(y + 1) = (y + 1) + x, so there 
is a homomorphism / of En to En (leaving An ® Z\pZ invariant) 
such that the induced map on Wn(En) sends y to y + 1. Since 
Wn(En) has characteristic pn, this induced map is an automorphism 
of Wn(En) of order pn, and hence so is f Let An = An ® Z/pZ, and 
let G be the cyclic group generated by f If F(G, En) is the ring of 
all functions from G to En, we have a homomorphism En ®Än En —» 
F(G, En) induced by the constants in one factor and evaluation on 
the other. The image is a separable subalgebra of a separable, pro­
jective algebra and hence a direct summand. To complete the proof, 
we need only show that there is some homomorphism from An to 
Z/pZ such that, after tensoring with this homomorphism, the above 
map is an isomorphism. This will be done below. 

LEMMA 4. Let R be of characteristic p and let S be a Galois R-
algebra with group G. Then Wn(S) is a Galois Wn(R) algebra with 
group G. 

PROOF. The group G lifts to an isomorphic group of automoiphisms 
of Wn(S) whose fixed ring is Wn(R) (the action is componentwise). 
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The kernel of the map of Wn(S) to S is generated by p, and pn = 0. 
Thus if m is a maximal ideal of Wn(S), mlpm is a maximal ideal of 
S. By [1, 1.3, p. 4], given g in G there is an a in S such that ga — a 
is not in mlpm. If b in Wn(S) maps to a, gb — b is not in m. By [1, 
1.3] again, Wn(S) is Galois over Wn(R). 

Using Lemma 4, we can move Galois algebras of characteristic p 
to Galois algebras of characteristic pn. As in the theory for fields, this 
will allow us to apply cohomology. 

PROPOSITION 5. Let S be a Galois ft algebra with group G, S + the 
additive group ofS. Then H\G, S+) = 0. 

PROOF. Let (ag) be a 1-cocycle. HomR(S, S) is an Azumaya ft-
algebra and a free S-module on the elements of G. Let D be the S-
linear endomorphism of Homfl(S, S) defined by D(g) = agg. The 
cocycle condition implies D is a derivation, hence inner, so there is 
an element u in S such that D(g) = gu — ug = (g(u) — u)g for all 
g in G, and (ag) is the coboundary of u. 

PROPOSITION 6. Let R have characteristic p and let S be a Galois 
R-algebra with group G cyclic of order pn. Then there is a homo-
morphismfrom Anto R such that S is isomorphic to En <8> An R. 

PROOF. Wn(S) is Galois over Wn(R) with group G, and has char­
acteristic pn. Let g be a generator of G. By Proposition 5 the cocycle 
agk = k is a coboundary, i.e., there is an element z in Wn(S) such that 
g(z) = z + 1. Let a = F(z) — z (so F(z) = z + a), jhen g(a) = a, 
and hence a is in Wn(R). Let z = (z0, ' ' ', ^n-i)> 0 = (#o> ' ' *> an-i)-
We have a homomoiphism from An to ft sending X, to a\ and a homo­
moiphism from En to S extending it and sending the class of Y* to Z{. 
The latter gives rise to an R-algebra homomorphism h from En ®An ft 
to S. We consider the induced map on Wn(En® A„ R). Let j / ® 1 = 
(j/o ® 1, • ' *,t/n-i ® 1), and let k generate the Galois group of 
En ®A„ ft over ft. Then k(y ® 1) = (y ® 1) + 1, which goes via the 
induced map to % + 1 = g(z). Thus h is G-linear, and an isomoiphism 
by [1,3.4, p. 12]. 

We can complete the proof of Proposition 3 (c). Since there is an 
extension field S of ZIpZ which is Galois with cyclic Galois group G 
of order pn , generated by g, by the proof of Proposition 6 there is a 
homomorphism from En = En ®^n ZIpZ to S. There is an induced 
homomorphism from Wn(En) to Wn(S) sending y to z, where g(z) = 
z + 1, and thus the only element of G inducing the identity on the 
image of this homomoiphism is the identity. Thus also the image of 
En is a separable subalgebra of S on which no nontrivial element of 
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G acts trivially. Thus the image equals S; since En and S have the 
same rank the map is an isomorphism, and En is Galois over Z/pZ 
with group G, so that £ g 

(Ên ®xn Ë„) ®Ân Z/pZ = Ën ®z/pz£n^ F(G, Ên) 

= F{G,En)®AnZlpZ 

is an isomorphism. 
We now extend Proposition 6 to rings of characteristic pk. To 

do this we need to know about the behavior of separable algebras 
under nilpotent base change. More generally, we have the following: 

PROPOSITION 7. Let I be an ideal in the radical of R such that R is 
separated and complete in the I-adic topology. Let RQ = RII, and 
let S and T be separable, projective R-algebras. Let So and T0 denote 
S<g)RR0, T®RRQ. Then the map HomR(S, T) to HomRo(S0, T0) 
sending fto / ® Rois a bijection on algebra homomorphisms. 

PROOF. R0-algebra homomorphisms from S0 to T0 correspond bi-
jectively to To algebra homomorphisms from S0 ®Ro TO to To which 
in turn correspond to certain idempotents in So ^ ^ To [1, 1.2, p. 3]. 
Since under our hypotheses we can uniquely lift idempotents from 
So ® R0 T0 to S ®R T, the result follows. 

THEOREM 8. Let R be separated and complete in the I-adic topology, 
where I is an ideal contained in the radical of R and p belongs to I. 
Then if S is any Galois R-algebra with Galois group cyclic of order 
pn, there is a homomorphism from An to R such that S is isomorphic 
to En <8>An R. 

PROOF. By Proposition 6, SI IS is isomorphic to En ® An RII for 
some homomorphism h from A„ to RII. We can lift H o a homo­
morphism h' from An to R. Then En ®A„ ß is a separable K-algebra, 
and (En <g>An R) ®R RII is isomorphic to S <8>R RII. Thus, by Proposi­
tion 7, En ® A„ R is isomorphic to S. 

The theorem applies in particular when characteristic of R is pk 

(take I = pR), and describes the cyclic extensions of order a power of 
p. The cyclic extensions of order prime to p (i.e., whose order is a 
unit in R) have recently been described when roots of unity are 
present by a generalized Kummer theory due to Lindsay Childs [4]. 
Combining his results and ours, one arrives at the complete descrip­
tion of abelian Galois extensions of rings of positive characteristic 
containing sufficiently many roots of unity. 
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