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DECOMPOSITIONS OF DIRECT SUMS
OF CYCLIC p-GROUPS

DALTON TARWATER AND ELBERT WALKER

Throughout we will be considering only p-primary Abelian groups
G which are direct sums of cyclic groups. Such groups have many
basic subgroups. Recall that B is a basic subgroup of G if B is a direct
sum of cyclic groups (which is automatic here), pure, and G/B is
divisible. Since G is a direct sum of cyclic groups, G itself is basic in
G If G= Eiw:le;, where o(x;) = pri, ny<ng< --:, then B=
2,-21Z(x,- — pri1inixiyy) is basic in G with G/B = Z(p~)[1, Lemma
31.1, p. 103]. Let G be any direct sum of cyclics, and suppose B is
basic in G with G/IB=Z(p~). Write G= 3,_,G;, where G; is a
direct sum of cyclic groups of order p, n; < ny < - - -, and where
no G; = 0. Tarwater [6] showed that G = X; @ X with

B=BNX)®X, X =Y Zx,
i=1
BN X, = 2 Z(x,' — plli+l—nixi+l>,
i=1

and o(x;) = p™. In particular, if C is any basic subgroup of G with
GIC = Z(p~), then there is an automorphism a of G such that
o(B) = C. More generally, he indicated in [5] that if G is any direct
sum of cyclic groups with basic subgroups B and C such that G/B
and G/C are isomorphic and have (the same) finite rank, then there
is an automorphism a of G such that (B) = C. The idea is to show
that G=X;® - DX, =YD ---PY, with B=(BNX)
®---dBNX,), C=(CNY)D ---D(CNY,), X;=Y,;, and
with X;//(BN X)) =Y,(CNY;)=Z(p~). Now P. Hill [3] has
proved that if G is any direct sum of cyclic groups and B and C are
basic in G with G/B = G/C, then there is an automorphism a of G
such that o B) = C. Hill's proof involves extending height-preserving
automorphisms of subgroups, and employs a two stage transfinite
induction. One would hope that the general case follows from the
case when G/B= G/C = Z(p~), or at least that most of the group
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theory involved takes place there. This is the case, as an examination
of our development will show.

We state the following theorem, whose corollary is quite important
in our subsequent proofs.

TueoreM 1 (Tarwater [6], HiL [2]). Let B and C be basic sub-
groups of the direct sum of cyclic groups G such that G/B = G/C =~
Z(p~). Then there is an automorphism a of G such that o(B) = C.

CoroLLARY 1. Let G be a direct sum of cyclic groups and let B
be basic in G such that GIB= Z(p~). Suppose G=7Y, ® Y with
Y, unbounded. Then G= X, ® X with B= (BN X;,)® X, X; =
Yl, X=Y.

Proor. Let C, be basic in Y; with Y,/C, = Z(p~). Then C = C,
@ Y is basic in G and again G/C = Z(p*). By Theorem 1, there is
an automorphism a of G with o(C) = B. Then X; = (Y;) and X =
oY) have the desired properties.

THeOREM 2. Let G be a countable direct sum of cyclic groups and
let B be basic in G. Then G = zie,X,- ® X with

(a) B= Y,ei(BN X;) ® X, and

(b) Xi(B N Xi) ~ Z(p").

Proor. We may suppose that G is unbounded. Write G = E.ZIG,-,
where G; is a direct sum of cyclic groups of order p™, n; < ny < - -,
and where no G; = 0. Let Gi[p] = S;® BN Gi[p]. Let A; be a
summand of G; such that A;[p] = S;, and let B; be a summand of B
such that B;[p] = BN G;[p]. All this is possible since G; is a direct
sum of cyclic groups of fixed order p" and B is pure in G. Now
G=Y1(A® B). Indeed, G[p] = D.:Z,(A @ B;)[p], and every
element in Y ,2,(A; ® B;)[p] has the same height in Y ;2,(A; ® B))
as it does in G since B; is also a direct sum of cyclic groups of order
p*. Thus we have a decomposition G= Y,7,(A; ® B;) with
EA®B)=n, 1=n<n < --:, BNA =0, and B;C B. We
want to stipulate that infinitely many of the B; are nonzero. Suppose
not. Pick a basis of G by picking one for each A; and B;. Suppose
By, = 0. Then Ay, 74 0. Let ax, be a member of the basis chosen for
Ak,. Write ak1 = pm, > w1 & + by, with g € A @ B,
E( E, g, +1&) = 2k, and bkl € B. Pick By, =0 with ky > m,.
Then A, # 0. Let ax, be a member of the basis chosen for Ay,.
Write ay, = pra(Di2 2ap,+18) T by, with g € A @ B,
E( Y%, +18) = 2m,, and “bx, € B. Continue the process. In the
basis orlgmally chosen for G, replace all the ay; by by;. The resulting
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set is still a basis for G. This gives in the obvious way a new decom-
position G = D7,(A;® B) with EA®B)=mn;, 1=n<ny <
*++, BN A; =0, B;C B, and with infinitely many of the B; nonzero.
Since G is countable, G/B is countable. Suppose its rank is No.
Then G/B=Y,_,X/B with XyB=~ Z(p~). (From this case it will
be obvious how to handle the case where G/B has finite rank.) Let
A= EiZIA,». We need the following technical fact. Suppose x; € X;.
Then x; + B=a+ B with a € A and E(a) = E(a + B). Indeed,
x; + B= Z;’:l(aj + b]) + B with a; (S 14]', bj = Bj, and with
EYiZi(a + b)) = E(3;Z1(a; + b;) + B). But dropping the b;
does not affect either of the two equalities since b; € B. In particular,
there are elements in A M X; of arbitrary order whose orders are the
same mod B. Now relabel the B; so that B;,, By;, Bys, B3y, B, Bis,
Byi, Bsg, Bys, Byy, -+ are the nonzero B; in order of increasing
exponents ki < kyy < kyjp < k33 < ---. Let a;; € AN X,, E(a1)
= E(a“ + B) = k”. Let (7251 EAN X2, E(a21> = E(ﬂzl + B) = k21.
Letdlz EAN Xl, E(alz) = E(a12 + B) = k12, a, = pklz‘ku ayg mod B.
Let as) EAN X3, E(a31) = E(G{;I + B) = k31. Let Qoo E AN X2,
E(asy) = E(ags + B) = kgg,a9) = p*2~*1 g59mod B. Leta,;3 € AN X|,
E(a,3) = E(a;3+ B) = kj3, @12 = pku—ki. a;3 mod B. Continue in
this fashion. Pick a basis of G by picking a basis of each A; and each
B;. Let by be a member of the basis picked for B;. Replace b; by
a; + by. From our construction, the resulting set is still a basis of G.
Let y; = aj + by, Yi=2,;~1Zy;. Then Y; is a summand of G, being
generated by a subset of a basis of G. Y = E,ZIY,' is a summand of
G since it too is generated by a subset of a basis of G.

If Si=Y,"1Z(y; — p*i+ XNiyz.1), then S;= BN Y, Suppose
b= Y7 _1my; € BN Y. Weuseinductiononn. Ifn=1,0=>b€ES;
since BM A; = 0. Suppose any shorter linear combination of the
y; that is in B is in S;. Now b — myy; + pkie—kimy;, =
(p*e—kim, + ma)yis + Dy-smy; € B, and by induction is in S
Since —myy;; + pke—kamyys € S;, it follows that b € S; and hence
that BNY;=S. BNY; is pure in Y; and Y/(BNY;) = Z(p~).
Since Y;C X; and the sum Z,ZIX,-/B is direct, it follows that
BNY=Y2(BNY,;). Write G/(Y N B)= Y/(Y N B)&® KI(Y N B).
Since Y is a summand of G, G/Y = K/(Y N B) is a direct sum of
cyclics, whence K= W& (YN B). Thus G=Y® W, and B=
(BNY)® (BNW). But Y+ B= G by construction, since
Y;+ B=X; for all i Therefore G=Y® (BN W), whence
W = BN W. We have proved Theorem 2.

It should be noted that the above result follows from Hill’s theorem
[2]. The next two theorems reduce everything to the countable case.
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Tesorem 3. Let G be a direct sum of cyclic groups, and let B be
basic in G. Then G = ¥,;e,X; with B= Y,e/(BN X;) and |X;| = Ro.

Proor. Let A be a basis of G. Consider the set of all independent
families {X;}ie,of subgroups of G such that

(a) |Xi] = Roforalli €I,

(b) Y ieiX; is generated by a subset of A,

() BN (Die:iXi) = Diei(BN X;), and

(d) BN X;is basicin X; foralli € L.

Partial order these families in the obvious way. Zorn’s lemma
clearly applies. Let {X;}ic: be a maximal family. Let X = 2,-5 1Xi,
and Y= Die(BNX;). Write GY=X/Y®K/Y with KDB.
Conditions (c) and (d) enable us to do this. Since X is a summand
of G, GIX=KJY is a direct sum of cyclic groups, so K=C®Y
and G=X®C. Also B=Y® (BMNC) since KDB. If C=0,
we are done. So suppose not. Write G = X & H, where H is gen-
erated by the elements of A not in X. Let K; be any nonzero countable
subgroup of C. Since BM C = D is basic in C, C/D is divisible, and
(Ki + D)/D is in a countable divisible subgroup C,/D of CID.
Then C, = S; + D with |$;]= KXo and K; C S,. Now (S; + D)/D
= §,/(S; N D) is divisible. Put S; M D in a countable pure subgroup
P of D. We have (S;+ P)((Si+P)ND)=(S,+ P)/P=
S1/(S; N P) is divisible and P is pure in S; + P, being pure in D
and hence in G. Set S, + P= T,. Thus we have T,/(T, N D) is
divisible, Ty N D is pure in T,, whence T, N D is basic in T}.
Furthermore, |T,|= Ry, and K, C T, C C. For each t € Ty, write
t=x+ h,x € X,h € H. Writeh = Y., ean\a,,andwritea, = x’ + ¢’,
x' € X, c' € C. Adjoin all such ¢’ to T, getting a countable subgroup
K; of C. From K, get a countable subgroup T of S, in the same way
T, was gotten from K;. Let T= 5_1T;. Now E,EIXi DT is
generated by a subset of A by construction. Hence » e, X; ® T is a
summand of G. Since TC C, T is a summand of C. Thus since
BNX®dC)=BNX)®BNC),wehave BN (XD T) =
(BN X)y® (BNT). Also BN T = U2, (B N T,) is basic in T.
Since T is countable, it follows that {X;}ie;is not maximal after
all. This concludes the proof.

TueoREM 4. Let G be a direct sum of cyclic groups, and let B and
C be basic subgroups of G such that G/B =~ G/C. Then G = E,EIX,-
= ZiEIYi wlth

(a) Xi =Y, and countable for all i € I,

(b) B=Yie(BN X;); C= Yie(C N Y;);and

() Xid(BN X;) =Y/(CNY;)foralli € L
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Proor. By Theorem 3, there are decompositions G = Eie X =
E,EIY,- with each X; and Y; countable and with condition (b) holding.
The proof is completed by two applications of the following theorem
which we state for the reader’s convenience.

TueoreMm (RicHMAN AND WALKER [4]). Let m be an infinite car-
dinal number. Let f be a function from the set X to the cardinal
numbers such that

fx)y=3Y filx)= D gix) forallx EX,

el i€l

where Y.ex filx) Em= Y, exgi(x) for all i €E 1. Then there exists
a partition of I into subsets S, of cardinal = m such that

Y filx)= 3 gl
iESq i€ESa
We come now to the main theorem.
TrEOREM 5. Let G be a direct sum of cyclic groups and let B and

C be basic subgroups of G such that G/B == GJC. Then there is an
automorphism o of G such that o( B) =

Proor. By Theorem 4, we may suppose that G is countable. (We
will assume that the rank of G/B is X,. How to treat the finite case
will become clear from this case.) Using Theorem 2, we write

G= }E XiG)Xf= }a Yie)y

i=1 i=1

with

8

2 (BN X) ® X, Zcmy

XJ(BN X)) = Y/(CNY,)~Zp~) foralli,

Now we are going to use Corollary 1 several times. We want to
arrange for X; and Y; to have isomorphic unbounded summands;
that is, that X, = K@® L, and Y, = M @ N with K= M and K un-
bounded. The crucial thing is to maintain X,/(BMN X;) =
Y, /(CMNY,)=Z(p~). If some X; and Y; have isomorphic unbounded
summands, just renumber. Otherwise, for i > 1, write X; = K;® L;
so that L; and Y, have no isomorphic summands, L; is unbounded,
and K;C B. Similarly, write X=K® L Now H=X,®
>iaK: @ K and Y, clearly have isomorphic unbounded summands.
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So write H= S, ® S, Y, =T,® T with S, = T, unbounded sum-
mands, SC B, and TC C. Further, choose S; and T; so that they
are direct sums of cyclic groups of distinct orders; that is so that each
Ulm invariant of S; and of T; is 0 or 1. Now write S, = E, 1D;,
T,=Yi-1E, D;=~E; and unbounded, and Y,5,D;C B,
Zi:QEi C C. We now have

G=D,® Y (D;®L)®(LDS)
i=2

= E® DY E®Y)®(YDT.
iz
Since (D; + L)/(BN (D; ® L;)) = Z(p~) and L; is unbounded, we
can write, for i=Z 2, D;® L, = V;® V,; with V;= D; and V;C B.
Similarly, write E;® Y, = W;® W,; with W;=E; and W;;C C.
Finally, set Dl = Vl: El le V= E,ZZV“- D LD S, W=
2,22 Wi ® YD T. We then have

- S vev=3 wew

i=1 i=1

©

=3 BNV)®V, C= S (CCNW)dW,
i=1

i=1
V(BN V) =W/(CNW;)=Z(p~) and V;=W; foralli,

and our condition on the Ulm invariants of S, and T, guarantees that
V = W. Theorem 1 completes the proof.

There are several immediate corollaries to Theorem 5 that we can
draw.

CoroLLarY 2. Let G be a direct sum of cyclic groups, let m be a
cardinal number = 1, and let B be the set of all basic subgroups B of
G such that the rank of GIB= m. Suppose B# @. Let S(B) be
the symmetric group on B, let A(G) be the automorphism group of
G, and let ¢ : A(G)—> S(B) be the canonical map. Then Im (¢) is
transitive and Ker ¢ is the center of A(G), which is the group of
p-adic units.

Proor. Theorem 5 says that Im ¢ is transitive. Suppose f € Ker ¢.
Then f maps every basic subgroup B €B onto itself. Let G=
Zx @ H, and suppose f(x) & Zx, fE Kerd. Then f(x) = nx + h,
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hE H, h# 0. Let B be a basic subgroup of H such that H/B has
rank m, and such that h ¢ B. This is easy to arrange. Then
Zx® BESB, but f(x)=nx+ h QE Zx @ B. Therefore, if f € Ker ¢,
then f maps every cyclic summand of G into itself. This forces f to
be in the center of the endomorphism ring of G [I,
proof of 56.3, p. 217]. But the center of the endomorphism ring of
G is the ring of p-adic integers [1, 56.3, p. 217]. Thus Ker ¢ is the
group U of p-adic units. That the center of A(G) is exactly U follows
in our case from an argument entirely analogous to the proof of 56.3,
p. 217 in [1]. This completes the proof.

Let B be basic in G, G a direct sum of cyclic groups. Let G be the
torsion completion of G. Then B and G are basic in G, and there is an
automorphism a of G such that &B)= G. This is well known.
However, one can achieve the same thing not by passing to G, but
merely by going to a bigger direct sum of cyclic groups in which G
is basic.

CoroLLARY 3. Let G be a direct sum of cyclic groups. Then there is
a direct sum of cyclic groups H with G basic in H such that if B
is any basic subgroup of G, there is an automorphism a of H such
that a(B) = G.

Proor. Let C be a lower basic subgroup of G [1, p. 105]. That
is, C is basic in G with the rank of G/C as large as possible. There is
an isomorphism a: G— C. Thus there is a direct sum of cyclic
groups H with G a lower basic subgroup in H. Let B be any basic
subgroup of G. Then H/B =~ H|G. Theorem 5 completes the proof.

CoroLLARY 4. Let B be a direct sum of cyclic groups, let B be
its torsion completion, let G and H be pure in B,G, HDB,let Gand
H be direct sums of cyclic groups, and let G/IB =~ H|B. Then there
is an automorphism a of B such that o(G) = H and o(B) = B.

Proor. By Theorem 5, there is an isomorp_hism a: G—> H with
a(B) = B. But a extends to an automorphism of B.
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