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BRUCE A. BARNES 

1. Introduction. The theory of topological algebras with minimal 
ideals has developed to the point where now there is considerable 
literature on the subject. The earliest paper to appear is probably 
that of W. Ambrose [4] in which he introduced H*-algebras, certain 
algebras that generalize the L2 algebra of a compact topological group. 
Other early papers dealt with dual algebras (I. Kaplansky [26] ), 
completely continuous algebras (I. Kaplansky [26] ), and annihilator 
algebras (F. Bonsall and A. Goldie [18]). The most recent develop­
ment has been the introduction of compact Banach algebras (K. Vaia 
[50] and J. C. Alexander [1] ). The definition of each of these algebras 
involves the topology of the algebra. In [54] B. Yood defined modular 
annihilator rings. We abbreviate modular annihilator to m.a. A ring 
A is a m.a. ring if every modular maximal left (right) ideal of A has a 
nonzero right (left) annihilator (note that this definition is purely 
algebraic). An equivalent formulation when A is semisimple is: A 
is a m.a. ring if and only if A/SA is a radical ring, where SA is the 
socle of A. There are many topological algebras with this property 
including (assuming semisimplicity) H*-algebras, dual and annihilator 
Banach algebras, Banach algebras with dense socle, completely con­
tinuous normed algebras, and compact Banach algebras. The concept 
of m.a. algebras unifies the study of these various algebras. For 
example it is true for a general m.a. ring A that the structure space of 
primitive ideals of A is discrete in the hull-kernel topology; see 
[8, Theorem 4.2, p. 569]. This is proved for completely continuous 
Banach algebras in [27, Theorem 5.1], for annihilator B*-algebras in 
[34, Corollary (4.10.15)] and for compact Banach algebras in [1, 
Theorem 6.1]. The basic properties of m.a. algebras can be found in 
[8] and [57]. 

The purpose of this paper is to provide examples of m.a. algebras 
which occur in analysis and in the theory of topological algebras with 
minimal ideals. Some of the results are taken from unpublished por­
tions of [7]. A bibliography of papers concerning algebras with 
minimal ideals is included. 
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2. Preliminaries. We assume throughout that A is a complex 
semisimple algebra. SA will denote the socle of A. SpA(a) (SpA'(a)) 
is the (nonzero) spectrum of an element a G A. Given a G A, La 

and Ra are the linear operators defined on A by LJJoi) = ab and 
fla(fc) = ba,bŒ A. 

Let X be a locally convex topological linear space. We denote by 
£?(X) the algebra of all continuous linear operators on X, by D (X) 
the set of all T E C (X) which have finite dimensional range, and by 
% (X) the algebra of all compact operators on X. I is the identity 
operator on X. When T is a linear operator on X, J\f(T) is the null 
space of T. The ascent of T is the smallest nonnegative integer such 
that̂ Af (Tn) = J\f(Tn+l) or + oo if no such integer exists. 

Now we prove a useful lemma. 

LEMMA 2.1. Assume that A is a topological algebra. Then a G A 
is quasi-regular in A if and only ifLa is quasi-regular in (2(A). 

PROOF. First assume that a is quasi-regular in A. Then by defini­
tion there exists b E. A such that a+b — ab=a+b — ba = 0. 
Then La + Lb — LaLb = La + Lb — LbLa = 0, so that La is quasi-
regular in C(A). Conversely assume that S G £ (A) and S + La — SLa 

= S + La — LaS = 0. Then I — La maps A onto A, and therefore 
(1 — a)A = A. Then there exists b G A such that (1 — a)fo = — a. 
Therefore Lb + La — LaLb = 0. This implies that Lb = S. There­
fore Lb + La — LfcLa = 0. Then (b + a — ba)A = 0, and semi-
simplicity of A implies that fo + a — ba = 0. Then fo is the quasi-
inverse of a. 

3. Criteria for an algebra to be a modular annihilator algebra. In 
this section we present a number of sufficient conditions (CI through 
Cl l ) for an algebra to be a m.a. algebra. Most of the conditions 
listed are known, but C4, C5, C8, and C10 have not been previously 
published, and the proof of C7 is new. Recall that by our standing 
assumption A is always a complex semisimple algebra. 

Cl . A is a m.a. algebra if and only if every modular maximal left 
ideal of A has a nonzero right annihilator. 

C2. A is a m.a. algebra if and only if A/SA is a radical algebra. 
Both CI and C2 follow from [57, Theorem 3.4, p. 38]. 
C3. A is a m.a. algebra if and only if SA is not contained in any 

primitive ideal of A. 
A simple algebraic argument shows that C2 and C3 are equivalent. 
C4. Let I be the intersection of all the primitive ideals of A which 

contain SA. If / is any two-sided ideal of A such that SA C / C /, 
then / is a m.a. algebra. 
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PROOF. Note that S; = SA. By C3 it is sufficient to show that there 
is no primitive ideal Q of J such that S; C Ç. Suppose such an ideal 
Q does exist. Let R = {x G A | xj C Q}. Then R is a primitive ideal 
of A and Q = R D / by [24, Proposition 3, p. 206]. Then SA C R 
so that I C R, and therefore / C R . But then / = Ç>, a contradic­
tion. 

C5. Assume that A is a topological algebra such that every primi­
tive ideal of A is closed. If / is a two-sided ideal of A such that 
SA C / and Jn C SA for some positive integer n, then / is a m.a. 
algebra. 

PROOF. By C4 it is enough to show that whenever P is a primitive 
idealjof A such that SA C F, then J Cl P. F is a closed ideal of A so 
that Si C F. Then/" C F. By [34, Theorem (2.2.9)(iv), p. 54] / C F . 

C6. A semisimple Banach algebra with dense socle is a m.a. algebra. 
C6 follows immediately from C5 with n = 1. C6 was first proved 

by B. Yood [57, Lemma 3.11, p. 41]. 
The next proposition is proved in [57, Theorem 3.7, p. 40]. We give 

a different proof. 
C7. Let A be a m.a. algebra and assume that / is a two-sided ideal 

of A. Then / is a m.a. algebra. 

PROOF. By C3 it is enough to show that there are no primitive 
ideals Ç of J such that S/ C Q. Suppose Q were such an ideal. Then 
R = {x G A | xj C Q} is a primitive ideal of A and Ç = R H / by 
[24, Proposition 3, p. 206]. But then SA J C S, C Q so that SA C R. 
This contradicts C3. 

When £ is a subset of A, R[E] denotes the right annihilator of E. 
C8. Assume that A is an algebra of operators on a linear space X 

with the properties: 
(1) When T G A is not left quasi-regular, then there exists a 

nonzero idempotent E G SA such that R[A(I — T)] = E A. 
(2) The ascent of J — T is finite for all T E A . Then A is a m.a. 

algebra. 
PROOF. Let M be a modular maximal left ideal of A and assume 

that A(I - U) C M. We shall show that H[M] ^ 0. If not, by [57, 
Lemma 3.3, p. 38] SA C M. By (2) we may assume that the ascent of 
/ — U is a finite nonnegative integer n. A(Z — U)n C M, and there­
fore the element / — (I — U)n is not left quasi-regular in A. By (1) 
there exists a nonzero idempotent E G SA such that R[A(I — (7)n] 
= EA. Consider J - W = (Z - U)n - E. Since £ E S A C M , then 
A(I — W) C M. Therefore W is not left quasi-regular. By (1) there 
exists F G A such that F / 0 and (Z - W)F = 0. Then (7 - U)nF 
= EF. Therefore (Z - t/)2"F = (Z - C7)nEF = 0. By the choice of 
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n, JV((I - C/)2n) = <Af((I - U)»). Then F(X) CJV((I - U)n), and 
thus (I - U)nF = 0. Therefore EF = 0, and since F G R[A(I - U)n] 
= E A, F = EF = 0. This is a contradiction. We have proved that 
whenever M is a modular maximal left ideal of A, then R[M] ^ 0. 
It follows that A is a m.a. algebra by CI. 

C9. Assume that A is a Banach algebra with the property that 
for every a G A SPA(Ö) has no nonzero limit points. Then A is a m.a. 
algebra. 

C9 is proved in [12, Theorem 4.2, p. 516]. 
We call a linear operator T o n a normed linear space X asymp­

totically quasi-compact if 

inf \\Tn - S\\l'n-*0 a s n - > + o o . 
S G IH(X) 

This definition is that of A. F. Ruston in [37]. 
C10. Assume that A is a Banach algebra with the property that 

the operator Sa = LaRa is asymptotically quasi-compact for each 
a G A. Then A is a m.a. algebra. 

PROOF. By [37, Lemma 3.5, p. 324] Spc(A)(Sa) is a finite set or 
an infinite sequence converging to zero for all a G A. Given a G A, 
let C(a) be the commutator of a. Then SpJ(a)(a

2) = SpA '(a2). There­
fore if 1 G bndry(SpA '(tf2)), then there exists {un} C C(a) such that 
||un|| = 1 for all n and \\(I - Sa)un | |->0, so that 1 G Sp<!(A)(Sfl). It 
follows that for every a G A, bndry(SpA '(a2)) C Sp^(A)(Sa). Therefore 
SpA '(ö2) is a finite set or an infinite sequence converging to zero. 
By [34, Theorem (1.6.10), p. 32] the same must be true for SpA'(a). 
It follows from C9 that A is a m.a. algebra. 

We note here that the converse of C10 holds. For assume that 
A is a normed m.a. algebra. AI S A is a normed radical algebra. 
Given a G A it follows from [34, Theorem (2.3.4), p. 56] that there 
exists {tn} C SA such that 

\\an - £n | |1/n= € n - > 0 a s n - » oo . 

S,,,. G S?(A) for all n by [1, Theorem 7.2, p. 14]. Then 

\\Sa
n(u) - Stn(u)\\ = \\anuan - *nu*n|| 

^ Wa^ia" - tnuan\\ + \\tnuan - tnutn\\ 

^ Ik - Ml HI Ml + hn - Ml INI Ml-
Therefore 

( | | S 0 " - S j | ) " » ^ « B ( | | a i + M ) U » 

g€n((2| |ai)"» + e n ) ^ 0 
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as n —> oo. Therefore Sa is asymptotically quasi-compact. 
CIL Assume that A is a Banach algebra and a m.a. algebra. Then 

every semisimple closed subalgebra of A is a m.a. algebra. 
C l l follows easily from C9; see [12, p. 517]. 

4. Examples. This section is devoted to examples of m.a. algebras. 
When A is a m.a. algebra, then any two-sided ideal in A is also an 
example of a m.a. algebra by C7. Furthermore when A is a Banach 
algebra which is a m.a. algebra, then every semisimple closed 
subalgebra of A is also a m.a. algebra by CIL 

4.1. Algebras with dense socle. Any semisimple Banach algebra 
with dense socle is a m.a. algebra by C6. In particular annihilator 
or dual Banach algebras are m.a. algebras since these algebras have 
dense socle by [34, Corollary (2.8.16), p. 100]. By [26, Corollary to 
Theorem 12, p. 697] any H*-algebra is dual. When G is a compact 
topological group, then LP(G) is dual for 1 ^ p < oo by [26, 
Theorem 15, p. 699]. Also C(G), the algebra of all continuous func­
tions on G with convolution multiplication and uniform norm, is 
dual by the same theorem. More general examples involving algebras 
of vector valued functions on topological groups can be found in 
[47]. When G is any locally compact topological group, then AP(G), 
the algebra of almost periodic functions on G with convolution multi­
plication and uniform norm, is dual; see [56]. The algebra of 
compact operators on a Hilbert space H has dense socle O(H) by the 
spectral theorem for selfadjoint compact operators. More generally 
if X is any Banach space then 9(X) has dense socle by definition. 
We note here that there are normed algebras with dense socle that 
are not m.a. algebras. The algebra B constructed in [57, Example 
2.6, p. 31] is an example. 

4.2. Algebras of linear operators. Let X be a locally convex 
topological linear space. We use C8 to prove that % (X) is a m.a. 
algebra. Assume that T ŒD((X) is not left quasi-regular, i.e., I— T 
has no left inverse in C(X). Then J\f(I — T) is a nonzero finite dimen­
sional subspace of X by [36, Proposition 1, p. 144] and [36, Corol­
lary 2, p. 147]. Choose E any projection of X onto ̂ /(Z — T) such that 
EGC(X). Then EEV(X) which is the socle of '%(X)9 and 
R[%(X)(I- T)] = ED((X). This verifies (1) of C8.. For any 
r £ 3 ( ( X ) , Z - T has finite ascent by [36, Proposition 2, p. 146]. 
Thus (2) of C8 holds, and D((X) is a m.a. algebra. 

Assume that X is a Banach space. Let I be the intersection of all 
primitive ideals P of C (X) such that 9 (X) C P. / i s also the inter­
section of all primitive ideals of C (X) such that % (X) C P. This 
ideal I is called the ideal of inessential operators by D. Kleinecke 
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[28]. I is a m.a. algebra by C4. Kleinecke proves that if / is any 
two-sided ideal of C(X) such that whenever TE J, Spé(X)(T) con­
sists of isolated eigenvalues of finite multiplicity, then J E I [28, 
Theorem 1, p. 864]. By C4 any such ideal is also a m.a. algebra. 

Now let X be the Banach space of all continuous complex valued 
functions on a compact Hausdorff space. Let Y be Ll(G) where 
G is n-dimensional Euclidean space or the circle group. Let 
^ ( X ) Ç11' (Y)) be the ideal of all weakly compact operators on 
X(Y). Qf/(X)2 C Di(X) by [21, Corollary 5, p. 494]. Hf (Y)2CiK(Y) by 
[20, Corollary to Theorem 3.1.9, p. 370]. Then <W (X) and <W (Y) 
are m.a. algebras by C5. 

We note here that when X is an incomplete normed linear space, 
the ideal of all precompact operators on X need not be a m.a. 
algebra. For in the example on p. 590 of [35], J. Ringrose constructs a 
precompact operator with spectrum the whole plane. However any 
element u in a normed m.a. algebra A has the property that SpA '(u) 
is finite or an infinite sequence converging to zero by [11, Theorem 
3.4, p. 502]. 

4.3. Completely continuous algebras. Let A be a normed algebra. 
A is a left (right) completely continuous algebra if La(Ra) is compact 
for all a EL A. A is a completely continuous algebra if A is both left 
and right completely continuous. We abbreviate these designations 
to LCC, RCC, and CC. CC algebras were defined and discussed 
by I. Kaplansky in [26] and [27]. Using C8 we prove that a normed 
LCC algebra is a m.a. algebra. The proof presented here is a simpli­
fication of the proof given in [8, Theorem 7.2, p. 576]. Assume 
that A is a semisimple normed LCC algebra. A is isomorphic to 
B = {Lu | w £ A } which is a subalgebra of C(A). For any u £ A , 
Lu is quasi-regular in B if and only if Lu is quasi-regular in (2(A) 
by Lemma 2.1. Thus if Lu is not left quasi-regular in B, then Lu is 
not quasi-regular in (2(A). Then J\f(I— Lu) is a nonzero finite 
dimensional right ideal of A by [36, Proposition 1, p. 144] and [36, 
Corollary 2, p. 147]. By [8, Lemma 6.1, p. 572] there exists an 
idempotent e EL SA such that JV(I — Lu) = e A. Let E = Le. Then 
E E SB and R[B(I - Lu)] = EB. Also I - Lu has finite ascent for 
any u E A by [36, Proposition 2, p. 146]. Therefore B, and hence 
A, is a m.a. algebra by C8. 

Any commutative semisimple Banach algebra with dense socle 
is a CC algebra. Also L*>(G) and C(G) are CC algebras where G 
is a compact topological group, l ^ p < <». We note here that 
CC algebras need not have dense socle (Theorem 1, p. 368, of [32] 
states that any LCC algebra is a left annihilator algebra, but the 
proof is incorrect). For let A be the commutative Banach algebra 
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with dense socle constructed by B. E. Johnson in [25]. The ideal / 
constructed by Johnson (p. 408) is closed and therefore is a CC 
algebra. But / does not have dense socle (the closure of the socle 
of / i s the ideal / (p. 408), and as Johnson shows / j^f ). 

4.4. Compact Banach algebras. A Banach algebra A is a compact 
algebra if the operator LaRa is compact for all a Œ. A. Compact 
Banach algebras were introduced and discussed by J. C. Alexander 
in [1] and K. Vaia in [50]. It is immediate from CIO that every 
compact Banach algebra is a m.a. algebra. The converse is not true. 
When X is a Banach space then 9((X) is a compact algebra by [1, 
Theorem 5.4, p. 9] . This theorem also implies that 3((X) is the 
largest ideal of <?(X) which is a compact Banach algebra. Therefore 
<W (X) for certain X is an example of a m.a. algebra which is not a 
compact algebra (see paragraph 3 of 4.2). 

Every Banach algebra with dense socle is a compact algebra by 
[1, Theorem 7.3, p. 15]. Also every LCC algebra is a compact algebra. 
Since there are LCC Banach algebras which do not have dense 
socle, then a compact Banach algebra need not have dense socle; 
see the example in 4.2. We give a less subtle example of a compact 
Banach algebra which does not have dense socle. Let LX(T) be the 
algebra of all essentially bounded functions on the circle group T 
with convolution multiplication and uniform norm. The socle of this 
algebra is the set of trigonometric polynomials. The closure of the 
socle is C(T), the continuous functions on T, by Fejer's Theorem. 
L w ( r ) * L K ( T ) C C ( T ) . In fact, if f=g*h where g, h G L°°(T) 
then the sequence of Fourier coefficients of/ is absolutely summable. 
For any fGL°°(T) the operator LfRf(g) = / * / * g and / * / G C(T) 
which has dense socle. Therefore L°°(T) is a compact Banach 
algebra which does not have dense socle. 
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