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EIGENFUNCTION EXPANSIONS AND SCATTERING THEORY
FOR PERTURBATIONS OF — A

NORMAN SHENK AND DALE THOE

1. Survey of results. Let () be the unbounded domain exterior to a
compact C? hypersurface I' in R* (n = 2) and q(x) a real-valued func-
tion such that e2elg(x) is bounded and uniformly a-Hoélder con-
tinuous in QUT for certain constantsa > 0and 0 < a < 1.

We let H denote the selfadjoint operator —A + g in L?({2) acting
on functions which are zero on I'. Specifically, we define

D(H) = {g : (9/9xg€E L2(Q) for |o| = 2 and g| . = 0},

(1.1)
Hg= —Ag+ qgforg € D(H).

Here differentiation is interpreted in the space D'({2) of distribu-
tions on ) and g|,, is interpreted in an L? sense (see §4).

We treat H as a perturbation of the selfadjoint operator Hy = — A
in L2(R"),

D(Ho) = {f : (3/ox) f € LA(R") for o] = 2},
H0f= —Af fOI‘fE D(Ho)

The Fourier transform

(1.2)

(1.3) f€) = lim. @r)"2 fR fix)e-edx (£ ERY)

is a unitary map
L*(R") D f- f € L2(R")

which “diagonalizes” Hy, i.e., which transforms H, into multiplica-
tion by |£]2,
(1.4) (Hof) "(¢) = I€[2fi€).
The plane wave ei*¢ is an eigenfunction of the differential operator
— A,

— Aeitt = ,g,z et
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but is not in L%(R") and is not an eigenfunction of Hy. Nevertheless,
fi§), the formal inner product of f with €*¢, may be thought of as the

corresponding Fourier coefficient of f. Then the inversion formula
(1.5) flx) = Lim. (2r)—™2 JI; fie) ext ag

expresses f as the “sum” (integral) of the Fourier coefficients times
the corresponding eigenfunctions. The Fourier transform is called
an improper eigenfunction expansion for Hy, and {¢*¢:§ € R} is
called a complete set of improper eigenfunctions of Hy,

Write H = [~ A dE, and set P = [, dE,.

We will see that the spectrum of H in (—®,0] consists of eigen-
values k7 = 0 with corresponding eigenfunctions ¢;,

Hey = K2 ¢, fnl¢jlzdx =1

while HP is absolutely continuous and has two complete sets of im-
proper eigenfunctions {¢.(x, £) : 0 # £ € R} and {p_(x, §) :
0 # ¢ € R"}. The so-called distorted plane waves ¢. are determined
by the equations

(—A + q(x) — kK2)b.(x,€) =0 forxin{),
(1.6)
¢.(x,6)=0 forxonT

and the requirement that
04(x,€) = P (1, €) — €€ [v_(x,§) = d_(x,§) — €*]
satisfy the outgoing [incoming] Sommerfeld radiation conditions

v=(x, §) = O([x|~™72)

(1.7) s

(5 i ¢i|§|> valx, £) = of[x]1-mr2)

as x| — ®.
For g in L2((}), we set

(18) 2= | gl dx
and
(L9)  2*(€) = Lim. (2r)~"2 L’d)i(x, £rgdy (07 £ € R,

We will see that for g&L2(Q)
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(110) [leas = Sial+ [ la=@Prde,

and

(L11)  g(x) = Lim. 3+ Lim(2r) " [¢.(x, €) Z=(E)dE ;
that

(L12) (Hg§ = K'&,  (Hg)*(€) = [[22*(®),

for g € D(H); and that
"= : PL2(Q)— L*(R®)

are unitary.
For f € D(H,) and g € D(H), the solutions u(t) and u(¢) of

(1.13) 71.%“0(75) = Hou(t), uo(0) = f
and
(114) TOhu = Huo, w0 =g

are given by u (t) = e~ fand u(t) = e~itHg.

To compare the unitary groups e i*Ho and e, we introduce
a cut-off function u(x) € C*(R") with u(x) = 0 inside and near T
and u(x) = 1 for large x. Then for f € L2(R"), the limits

(1.15) W.f =¢1_i,TweitH pe—itHof
exist and define the wave operators
W. : L3(R")— L*(Q).

W= are independent of the choice of u, are isometric, and satisfy

(1.16) e-itH W, = W, g-itH,
for all t and

(1.17) e tH W, f~e itHof as t— * o
We will see that

W. : [2(R")— PL*(Q)
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are unitary and that the wave operators are related to the eigenfunc-
tions by the equations

(1.18) (W) "+ = f= (W_f) - forfE L2(R").

Thus we have the commuting diagram of unitary operators

L*R") > L2(Rv)

WN T

PL2()

and the corresponding diagram for W_.

Now consider g € L3({2) and set u(t) = e~Hg. If g is an eigen-
function ¢; of H, then u(t) = ¢; exp (—itk}) does not tend to zero over
bounded sets as ¢+ % and therefore cannot behave asymptotically
like a free-space solution e~ tHo f.

If Pg = g, however, then we set f. = W1 g to obtain the unique
functions in L2(R") satisfying W. f. = g and we have
(1.19) eitof  ~ eviHg ~ goithof

The scattering operator S maps the free-space solution on the
left side of (1.19) into the free-space solution on the right side. We
label these solutions by their values at ¢ = 0. Thus we set Sf_ = f,
or S = W} W_ and S is a unitary operator on L*(R").

The Fourier transform of S has the form

(1.20) (S (k,w) = S(k)fik, " J(w).

Here we have introduced polar coordinates £ = (k, w) with k>0
and w € S"7!, the (n—1)-sphere, and S(k), the scattering matrix, is
for each k> 0 a unitary operator on L2(S*~!). We will derive a
specific formula for S(k) which will show that it has a meromorphic
extension to |Im k| < a (and k # 0, —7 < arg k== if n is even).

ExampLE. Consider n = 2, ¢ = 0, and I' = unit circle parametrized
by 6,0 = 6 = 27. Then in this case

< e Hok)
S k m imo) — — m imé
(k) (gwa e ) _Ew H<},{(k)a e

where H{}’ and H?) are the Hankel functions (multiple-valued analytic
function of k # 0 with a logarithmic branch point at k = 0).
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The poles of S(k) for —7 < arg k = = are at the zeros of H) (k) and
lie in the lower half k-plane. Suppose kg is such a pole. Then

u(r, 0) = em?H{(kor)
is a nonzero solution of
(A —Ku=0 r>1,
u=0, r=1,
satisfying the generalized outgoing radiation condition to be described
in the next section. We call such a function a resonant state. In §5 we
will show, with specific formulas, that this example is typical, i.e., that
k (Im k < 0) is a pole of S(k) if and only if there exist resonant states
atk.

2. Generalized outgoing radiation conditions. As in the last section,
let a and @ be constants with a > 0 and 0 < & < 1. Let X be the sub-
set {k: [Imk|> — a} of the complex plane, if n is odd, and {k# 0:
Im k| > —aand —7 < argk = 7} ifnis even. Consider k in XK.

The outgoing fundamental solution Fy (x) for —A —k? in R" is given

by

1 p
(2.1) Fix) = I< ) HO (Klx), p= (n—2)2,

o x|

and has the asymptotic form

2.2) <£}T ) Fitw)=(ik)" (57—7';—96' >(n_l)/2-2—%eik|xl (1+ o(l—il) )

(m=0,1,2, - )as [x| > .

We say that a function u € C'(QUT) N C**+(Q)) is outgoing at k if
(2.3) (—A—k2u(x) = O(e—@) as x — =

and if for each x in Q

@9 [ [uw) 2 Fia—y)—Fla—y) 5 uly) Jds, >0

as N— . Green’s formula shows that for functions u satisfying (2.3),
condition (2.4) is equivalent to the equation
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u@= [, [ uty) 32 Fite—y) = Fite—y) 5 u(y) Jas,
(2.5) ’ !
+ [ Fila—y)(=A = Ku(y)dy.

(vy is the unit exterior normal at y.)
Thus the outgoing radiation condition requires that u(x) be built up
from the outgoing fundamental solution.
Because of the asymptotic form (2.2) of F, condition (2.4) is equiva-
lent for Im k = 0, to the Sommerfeld outgoing radiation condition

(x) = of|]0 %)
(26) as x —> ®©

< aax —ik) u(x) = o(|xf(1-m12)

For Im k < 0, however, nonzero outgoing functions grow exponential-
ly as |x| > .
(A thorough discussion of the material in §§2 and 3 can be found

in(1].)

3. The Dirichlet problem with the outgoing radiation condition.
Let A denote the region interior to the surface I' and for B = 0 let
CP(QUA) denote those functions f € C# (©QUA) which have C* exten-
sions from Q to @ UT and from A to A UT. CF(Q) is defined analo-
gously. Set

B, = {r € C(QUA): e9lr(x) is bounded},
Bj = {r € CxQUA): e r(x) is bounded and uniformly
a-Holder continuous in QUA}.
B, and B; are Banach spaces with the norms

lrle= swp K@)l

and *EOQUA

) le~Hr(x) — e~alvlz(y)]
= + +
Irle = Il + [sup + sop] == "=

xyEQ xy EA

>

respectively. Set B= C¢(I') X By and B'= C'+4T') X B}. For [n, 7]
in Band x in R", we define the double-layer and volume potentials

(D)) = 2 [ 1) 5, B = y) Sy

and
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(Vikrr)&) =], 7(y) Fila—y) e-2aviay,

Let f; be a function in C!*%(T') and f, a function such that e*lfy(x)
is bounded and uniformly a-Holder continuous in QUTI. We will look
for outgoing solutions u € C'(Q)NC2++(Q) of

lim u(x+ev,)= fi(x) forxonT,
(3.1) €lo
(— A + q(x) — K?)u(x) = fo(x) forxinQ
in the form

(32)  u(x) = (k)[n,7](x) = D(km(x) + V(k)r(x), x€EQ

with [n,7] € B'.

To describe this construction, we need to summarize some results
from potential theory. The operator U (k) is an analytic function
of k € X with values in the countably seminormed space

L(B', CHQUA)NCZ+(QUA))

of continuous linear operators from B’ to C'(QUA)NC2++(QUA).
Set

Ax,k) = q(x) el forxinQ,

(3.3)
= (k2+i) e29d forxinA
and
_[Dk)  V(k)
(34) M(k)[ 17' ] ~ LaD(K) AV(k)] [ 2 ]

Then M(k) is an analytic function of k € X with values in the Banach
space L(B,B') of bounded linear operators from B to B'.

Consider [, 7] in B’ and define u(x) by (3.2) for x in QUA. Then u
is in C'(QUA)NC2++(QUA) and satisfies the equations

(3.5) lin(} u(xtev,) = £n(x) + Dn(x) + Vr(x) forxonT,
€y

(3.6) (—A—k2)u(x) = 7(x) e~2¢l  for x in QUA.
We rewrite equation (3.6) in the form

(=A+q(x)=ku(x) = e~2[r(x)+q(x) e2lu(x)]

for x inQ and
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(—A+i)u(x) = e 2 [7(x)+ (k2 +1i) e2lu(x)]
for x in A. Noting definition (3.3) of A we obtain
e~2a[r + ADn + AVT](x) = (—A+q(x)—k?u(x) forxinQ,

(3.7)
= (—A+iju(x) forxinA .

With equations (3.5) and (3.7) we obtain the following lemma.

LemMa 3.1. Define fol A to be any function in C=(A). Suppose that
[n, 7] € Bisa solution of

(3.8) (I+ M(k)[n, 7] = [fi, e>Mfa].

Then [n, 7] is in B'. Furthermore u =<U (k)[n, 7] is in C'(QUA) N
C2+«(QUA) and is a solution of (3.1) and of the auxiliary differential
equation

(3.9 (— A+iju(x) = fo(x) forxinA.

Proor. [fi, e¥lfy] is in B' and M(k) maps B into B. Hence (3.8)
implies that [#, 7] isin B’ and the lemma is a consequence of the above
comments. Q.E.D.

We now turn to the proof that the function u(x) of Lemma 3.1 is
outgoing.

LemMa 3.2. Let each of the functions u(x) and (x) be in one of the
forms

(i) Fi(x—=),

(ii) Jra(y)Fg(x—y)dS,,

(i), aly)(@/3v,)Fi(x—y)dS,, or

(iv) Srnb(y)Fi(x—y)dy
with k in X, z a point in (), a(y) a continuous function on I, and b(y)
a Holder continuous function on QUA such that |b(y)| = C e~ for
ally EQUA. Then

[ 2 = a2 Yas,
|x|=N\ gv v

=LxléN [u(—A—K2)a—a(—A — k?)u]dx— 0

(3.10)

as N— o,

Proor. For 0 < Im k < a, the functions u, @ and their first and
second order derivatives tend to zero exponentially as |x[— % so that
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(3.10) is immediate. Both integrals in (3.10) are analytic functions of
k € %. Consequently, the equation in (3.10) holds for all k €EX .
The volume integral tends to zero for any k € X by a direct estimate.

CororLrary 3.1. For any [n, 7] € B, u = U(k)[n, 7] is outgoing
fork € K.

ProoF. Set ii(x) = Fy (x—2) (z €Q) in (3.10) to obtain (2.4) for
u= Dnandu = Vr. Q.E.D.

CoroLLArY 3.2. If u and @ are both in C!(Q) NC2*(Q)) and are
both outgoing for the same value of k € K, then Green’s formula

L [“ aai _ﬁ% ] ds.

=J;weA—Wm-m—A—Wmm

(3.11)

holds.

Proor. Equation (2.5) shows that each of u and # is a sum of func-
tions in the forms studied in Lemma 3.2. Q.E.D.

Let O(k) denote the vector space of outgoing solutions v € C}()
M C2+e(()) of

o(x+0v,) =0 forxonT,
(—A+qg(x)—k*)ov(x) =0 forxin(d

Corollary 3.2 yields the following necessary condition on f, f; for
there to exist outgoing solutions of (3.1).

(3.12)

CoroLLary 3.3. If there exists an outgoing solution u of (3.1), then

dv
(3.13) [, frgeds.+ [ fuode=0

for all v in O(k).

We will see shortly that (3.13) is also a sufficient condition for there
to be outgoing solutions of (3.1). »

Let 9 (k) denote the space of those [f}, e>?*!f;] in B which satisfy
(3.13) for all v in O(k).

LemMma 3.3. dim O(k) = codim S (k).
LemMma 3.4. Image (I + M(k)) C S (k).
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Proor. The expression on the left side of (3.13) is of the form
T(v)[fi, e2#f;] with T(v) a continuous linear functional on B. Hence
9 (k) is a closed subspace of B. Lemma 3.3 is immediate because
linearly independent functions v in O(k) yield linearly independent
linear functionals T(v) on B.

For [n, 7] in B’ with 7 of bounded support, we define [f,, €2 f,]
= (I + M(k))[n,7].

Then u = U (k)[n, 7] is an outgoing solution of (3.1) so that, by
Corollary 3.3, [fi, e2f;] is in (k). This establishes Lemma 3.4
because such [7, 7] are dense in B.

This procedure of constructing outgoing solutions of (3.1) is an
adaptation and extension of a procedure used by Peter Werner [3] to
study (3.1) for Im k = 0. The next lemma generalizes the key calcula-
tion in [3].

LemMa 3.5. U (k):Null space (I + M(k))— O(k) is one-to-one
foreachk €EX .

Proor. Lemma 3.1 and Corollary 3.1 show that U (k) maps the null
space of I + M(k) into O(k). Suppose that [#,, 7;] and [, 5] are
in the null space of I + M(k) and yield the same function in O(k).
Set [, 7] = [71, 71] — [ 72] and v = (k)[n, 7]. v is in C}(A)
M C%2+«(A) and is identically zero in {). The normal derivatives of
Dm and of V7 are continuous across I, so

lim

n g, o(x—ev,) =0 forxinT.
€l x

Also
(—A+i)v(x) =0 forxinA

so by Green’s formula
9%
0= Lua—‘v’ds, = L(lvulzﬂlolz)dx.
The imaginary part of the last equation implies that v(x) is also iden-
tically zero inA. Hence
1(x)e2el = (—A—k2)o(x)=0 forxinQUA
and
m(x) = lilnol [v(x+ev,) — v(x—evy)] =0 forxinT.

This shows that 1 and 7 are zero and completes the proof of the lemma.
From Lemmas 3.3, 3.4, and 3.5 we obtain the inequalities
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dim O(k) = codim 9 (k) = codim Image (I + M(k))
dim O(k) = dim null space (I + M(k)).

Since M(k) is compact, the numbers on the right sides of inequalities
(3.14) are equal and finite, and all the numbers in (3.14) are equal.
Referring again to Lemmas 3.4 and 3.5, we see that

(3.14)

(3.15) 9 (k) = Image (I + M(k))
and that
(3.16) U (k) : null space (I + M(k)) — O(k)

is an isomorphism. Thus we have established the following theorem.

Tueorem 3.1. Consider a fixed k € K and functions f, and f; satis-
fying the conditions stated above problem (3.1). Problem (3.1) has an
outgoing solution u € C{() N C>*«(Q) if and only if condition (3.13) is
satisfied for all v in O(k).

Set fo = 0 in A. Then U (k) is an isomorphism between the finite
dimensional space of solutions [n, 7] of (3.8) and the space of out-
going solutions of (3.1).

We next state without proof the following well-known result.

Lemma 3.6. Outgoing solutions of (3.1) are unique for 0 = Im k.

Lemmas 3.5 and 3.6 combine to show that I + M(k) is one-to-one
for 0= Imk. M(k) : B— B is compact for each k because M(k) :
B— B' is bounded. Hence (I + M(k))~! : B— B is analytic for
0 = Im k, and, by a general result of Steinberg [2], (I + M(k))~! :
B— B is meromorphic for —a < Imk < 0. Since M(k) : B— B' is
analytic, M(k)(I + M(k))~! is analytic [meromorphic] as an operator
from B to B’ and hence from B’ to B’ for0 = Imk [—a<Imk < 0].
The equation

(I + M(k))=t=1— M(k)I+ M(k))"!

thus shows that (I + M(k))~! is analytic [meromorphic] with values in
L(B', B') for 0=Imk [—a<Imk<O0]. Since U(k) : B'—>
Cl{QUA) N C2+«(QUA) is analytic, u(k)(I+ M(k))"! : B’ —
C-1(QUA) N C2+«(QUA) is analytic for 0 = Im k and meromorphic for
—a<Imk < 0. By Theorem 3.1, k is a pole of (I + M(k))~! if and
only if outgoing solutions of (3.1) are not unique. Set

K, =K \{k : kisapoleof (I + M(k))~'}.

We have established the following result.
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TueoreEM 3.2. Consider f; in C'*«(I') and efy(x) bounded and
uniformly a-Holder continuous on QUT. Set fo(x) = O for x in A. Then

(3.17) u(x, k) = U K)(I + M(K)~![f,, e2bif;]

is an analytic function of k € X, and a meromorphic function of
k € X, and is, for each k in X, the unique outgoing solution of (3.1).

If [fi, e?Plfy] € B depends continuously or analytically on an
aux111ary parameter, then the corresponding dependence of u €
C'(Q) N C2>*+(Q) can be read off from (3.17). We give two such appli-
cations of Theorem 3.2 which will be needed below.

For @ € S*~!, the unit sphere in R", and for k € X, let v, (x, k, )
be the outgoing solution of

vi(x, k, w) = —¢kxe forxonT,
(— A + q(x) — k2v.(x, k, 0) = —q(x)ek=» forxin Q.

(For 0 # £ € R, we write v, (x, £) for v.(x, |€], £/|€]).) Then the
diffracted plane wave v, is an analytic function of k € X, and a
meromorphic function of k € X,

For £ € R and k # 0 with Im k = 0 let v,(x, k; £) be the outgoing
solution of

(3.19)

(3.18)

vi(x, k; §) = —ext¢ forxonT,
(=A + q(x) — K?)vy(x, k; €) = —q(x)e™¢ forxinQd

v; is only used to prove the eigenfunction expansion theorem in the
next section. We have the following estimates which are needed in
that discussion.

Let K be a compact subset of {k # 0 : 0 = arg k =7 and k is not
a pole of (I + M(k))='}. There is a constant C depending only on K
such that

[oy(x, ks §)] + El—vl(xkf l
(3.20)
= C(1 + [£P) exp{—min(a, Im k)|x|}
for x€QUT, ¢ER" and kEK.

4. Eigenfunction expansions for H. We now consider the exterior
boundary value problem

(—A+qg(x)—k*)u(x) = flx), xEQ,

*D) u(x) =0, x€T,
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in the L2-sense, i.e. we consider the problem of solving (4.1) in L*((2)
for the case fEL?(2). This leads to the study of the selfadjoint operator
H, and in particular to the development of an eigenfunction expansion
for H.

For functions fin
D(H') = {flf € CLQUI) N C%(Q),f], = 0,and f,— Af + qf € L2(Q)}
define the operator H' by setting
H'flx) = —Af(x) + q(x)f(x), x EQ.

H' is a real, symmetric, densely-defined operator in L2((}), and it will
be shown to be esentially selfadjoint with closure H. The spectral
theorem allows us to express H in the form

H=" AdE,

We will calculate the spectral projections E, from the well-known
formula

5 (Ent B Of ) = 5 (Bart Eaf )
(4.2)
= lim € j IH = (@ — ie)] - 'f|2du.

-0
For functions f in Co(R"), € ER* and k a regular point of
[I+ M(k)] ! withIm k > 0, set
(4.3) Wiflx) = (2m) "2 LG RO11€12— k2] ~1w, (x, k, §)dE, x € Q,
where
w+(x, k, g) = gir¢ + Ul(x’ k’ é‘))

and v, is given by (3.19). The definition of v, and the Fourier inversion
formula show that Wf can be written in the form

Wiflx) = (Ho—k*)~'flx)
+ ()2 Re)llelz—ke 1
- UK+ M(K)] - [~ ™, —qlx)e?] dE,
which is simply
(4.4) Wiflx) = hy(x) + U(k) [I+M(K)] [ —hi, —qhu],
with
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hi(x) = (Ho—k?)~'f.
Equation (4.4) shows that W;fis the outgoing solution of
(—A+g(x)—k2)u(x) = fix), x €0,

(4.5) u(x)=0, =x€T.

If w= (H — k?)~!(fh), then w is also an outgoing solution of (4.5).
This is a consequence of the following lemma, which is proved in [4].

LemMma 4.1. If u € D(H) and (H—k%)u = fh, with f € Co(R"),
then

(i) u is bounded onQ,

(ii) u is outgoing.

The uniqueness of outgoing solutions therefore implies that
(4.6) Wiflx) = (H—k2)~Y(fh)(x), x EQ.

Thus Wif € D(H) and (H—k2)Wif(x) = fix), x €. But (4.4) shows
that W,f € CHQUI)NC2(Q), so that Wif € D(H') and (H' —k2)W,f
= f. H' therefore has deficiency indices (0, 0), and is essentially self-
adjoint, with closure H.

Equation (4.6) gives a representation of (H—k2)~!(fh) in terms of
the distorted plane waves w+ We will apply (4. 2) by determining a
representation of |[H — (u—ie)] ~!f||2 in terms of the functions w,,
as follows.

For f ECo(9), and g € C4(R") we have

| (=R gt = [ fix) (H—K2)N(gh)*(x)d
= Jﬂ flx) Wig(x)®dx.

Substitute the defining expression for W;g into the last integral and
reverse the order of integration to obtain the equation

@1 [ =R grdn= [ (162-F) o) a6)de
where

48) k&) =en [ fow.xkerd,  EER

Estimates (3.20) and the construction of v,(x, k, £) show that fk € C(R").
Concerning the integrability of f; we have the following
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LEMMA 42. For each fE€Cy(Q) and each compact subset K of

{ktm k=0, [I + M(k)] ! is regular}, there exists a constant C(f, K)
such that

A .
(49) fﬁn a+]Ee S d = C(f,K)
forallk € K

We will give proof of Lemma 4.2 following the eigenfunction ex-
pansion Theorem 4.1.

If we extend the function (H—k2)~!f appearing on the left side of
(4.7) by setting (H—k2)~!fix) = O for x in A, the Plancherel Theorem
and (4.7) show that

(410)  [(H-F)"1f1"©)= (£2-F)-'6), ¢€ER,

and

@11)  (H=F)f|2ug = I(E2=F) el e »

for fE€ Co () and k a regular point of [I + M(k)] ~! with Im k > 0.

Define transforms f+ or functions f € Cq ({2) by setting
(412)  fH &) = (@) fn fx)ba(x, £)°dx, 0#¢E R

with
b.(x,€) = et + v,(x,€), 0.(x €)= v.(x[E, ¢

given by (3.18). The transform f”f belongs to C(R" — {0}). Set P=
Jo+dE,. We consider first the part of H in PL2((2).

Tueorem 4.1. (i) Forf € C5(Q), f* isin L2(R") and
(413) [ \Pr@02a€ = [ IPfi0)eds.
The map f— f* can be extended to a unitary mapping of PL%((}) onto
a closed subspace M of L*(R").1
(if) Forf€ L*(()), 0<a<b < o,
(4.14)  (Ep — Eo)f(x) = (2m)™2 I a<iz<p Fr(E)d(x, E)db
inL2(()), the integral converging absolutely for each x in QUT to a

11t will be shown subsequently that M = L2(R"). See §5.
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function in C'(QUT) NC2+«(Q) which satisfies the boundary condi-
tionu = 0onl. In L2(Q),

Ffix) = a-»gi;rzim ja<l§|2<b Jr€(x, £)dt

(ifi) f € D(HP) == {mn [E|1f+(£)|2dE < o and
(HPf)~+(£) = |&|2f+(&) for f € D(HP).

Proor. Let a,b be fixed with 0 < ¢ < b < ®, and choose § > 0 so
that < a< b< &l Writek2=pu + ie (Imk=0)for§ =pu= 5",
0 = € = ¢; where ¢p > 0 is chosen so as to have

K= {klk2=p+ic, §=p=6"1, 0=€ =€}

belong to the domain of regularity of [I + M(k)] ~'. For f€ Cy(Q),
(4.2) and (4.11) give

3((Epr + Ep )f ) = 5 (Bas + Ea_)f,f)
. 9l
(4.15) = lig £ J i [ G S

ro(E2—p)2 + &

The integral over R* we split into two parts:

fﬂ" J’l§l2<a -1 g%=s! >

and treat each of the corresponding terms in (4.15

15) separately. For
the second term, [£|2=6-! and so foru witha S u = b,

€ << €

(EP—wP+e — (KF+CP
where C = min(a—§, §-!—b). Lemma 4.2 therefore implies that

. € b , IlAk(g)Izdf —
(4.16) 1(1—13 . L dFng|Z>a—l (Iflz-u)?“’r e s

For £2 < 81 we observe thatﬂ(&) is bounded uniformly;
&)= Mfork EK, ER=s"1,
so that

wn =] lﬂz——f) e | e N EL
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Fubini’s Theorem therefore applies, and
. € [b IZk(§2'2d§
lirn 7J d"Ldz«s-l (1€2—p)2 + e
(4.18)

| b |fulf)du
= lim J’I§l2<8—l dé %LW

For each ¢ € R, ﬂ(«f) is continuous in-k € K and so is continuous in
eandpfor0 =€ =¢€p, d = p = 6!, with

lim  fi) = f .

k—|¢|; Im k>0

Therefore (see Titchmarsh, Introduction to the Theory of Fourier

Integmls, p- 31)
(4.19) =0 iflf2<a orl2>b.

Formulas (4.17), (4.18) and (4.19) together with the Lebesgue Bounded
Convergence Theorem now show that

7 2 N
(4.20)  lim ifb jm2<8_ &P _ anz«, If* (€)[2dE.

o T Ja L (PR + €
(4.15), (4.16) and (4.20) then give

1

42) 5 (Evt B f)= 5 (Eart B D=, o, (P

[a<|§] 2<b

Let a approach b in (4.21) to find

(Ep+ — Ep ), /=0,

so that E,, = E,_ = E, for all b > 0, and consequently (4.21) be-
comes simply

(422) (By = EJ ) = |

y 2

a<|g2<b lf (f)' dé .

Let a— 0 and b — ®© in (4.22) to obtain formula (4.13) of part (i) of

the theorem. The extension to arbitrary functions f € L2(()) is obvious.
By polarization, (4.22) gives
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(423)  (Bo- ER) =], 00 J@R € dE

which shows that {(E, — E,)f}"* is the projection of X4, »)(|¢ lz)f’"(f)
onto the range of “"*”. Here X;, ;,; denotes the characteristic func-
tion of the interval [a, b]. Since (E, — E,)f €E PL2(Q) for 0<a < b
< ®, and because “ " *” is an isometry from PL2(Q2) to L2(R"), it follows
that

(4.24) {(Ey — Eo)fY *(€) = Xta, 0l ER)F* (&)

Part (iii) of the thoerem is a consequence of (4.24).
To prove (ii), let f € L) and g € Cq(Q), substitute the defining
expression for g* into (4.23) and invert the order of integration to find

(425) (By—E.)f, g) = @m) 2 grds [, 2., F(€)b(x, E)ck.

The interchange of order of integration is valid because f’fE L!
(a=|€P=b) and ¢.(x, £) is bounded for a=|£[P=b, x € supp(g).
Part (ii) of the theorem now follows easily from (4.25).

The above theorem gives an expansion for functions in PL%(2) in
terms of the generalized eigenfunctions ¢.(x, €), i.e. solutions of

(—A+q(x) — EP)+(x,€) =0, xinQ,
d.(x, € =0, xinT,

of the form ¢.(x, £) = e*¢ + v,(x, ), vi(x, §) outgoing. A corre-
sponding result holds with ¢, (x, £) replaced by ¢_(x, §) = ¢.(x, —§)".

The part of H in (I— P)L?(Q2) has pure point spectrum. This is a con-
sequence of the

Lemma 4.3. For Im k > 0, O(k) = Null space (H — k2).

The proof of this lemma follows easily from Theorem 3.1 and Lemma
4.1.

Lemma 3.5 states the O(k) is nonempty if and only if the null space
of I+ M(k) is nonempty, i.e. if and only if k is a pole of [I+M(k)] ~.
Thus Lemma 4.3 shows that if H—k2 is one-one, then k must be a
regular point of [I+ M(k)] !, and so k is a pole of [I+ M(k)] ! if and
only if k2 is an eigenvalue of H. Let k) = ia), kg = iap, 0 < oy < a,
be two consecutive poles of [I+M(k)] ~! (necessarily on the positive
imaginary axis). If @, b < 0 are chosen so that —e; < a< b < —al,
then the segment k = it, V(—b)=t= V(—a) is free of poles of
[I+ M(k)] L Set
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K = {k|k? = p+ie, a=p=Db, 0=€=¢,}

where €y > 0 is chosen so small that K belongs to the domain of
regularity of [I+ M(k)] ~'. A glance at formula (4.15) with this choice
of a, b and K shows that the factor [(J¢|>—pn)?+€2] ~! is dominated by
[ |€]2+ b] ~2, so that Lemma 4.2 and equation (4.15) yield

(Eb+ + Eb—) - (Ea+ + Ea—) =0,

i.e. there is no other spectrum of H in (— %, 0) other than the point
spectrum.
An immediate consequence of Lemma 4.3 is

CoroLLARY 4.1. The multiplicity of each eigenvalue k of H is finite,
and equal to dim O(k).

In case of odd space dimensions n, [I+ M(k)] ~! is meromorphic in
Im k > —a, so that the lower semiboundedness of H and Lemma 4.3
gives

CoroLLARY 4.2. The point spectrum of H is finite if n is odd.

ProoF oF LemMa 4.2. The formula (4.9) is true with f; replaced by
£, so it will suffice to prove that

we) | [ a@Uo-f04 |Sctn | 0+ gpeigepa

holds for all g € Co(R"), k EK. _
The defining equation (4.8) for f; gives

F®) — &) = (@m)2 [ fwyoulx, k, €)°dx,
so by reversing the order of integration,
@2 [ OU® - iencdt = [ Og@fiords,
with
Qxg(x) = (2m)—2 f anB)oi(x k. §)dE
= wk)[I1+M(k)] '[—g —qg]

(4.28)

(The last equation follows exactly as in (4.4).) The above equation
identifies Qg as the outgoing solution of the inhomogeneous boundary
value problem
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(mA+q(x)—ku(x) = —q(x)glx), =x€Q,
u(x) = —g(x), x €.

In view of equation (4.27), it will suffice to prove the estimate

(4.29)

(4.30) IQkglP = CO) [ 11+ [6R12 (56 Pag

with D = supp(f), for the Schwartz inequality applied to (4.27), to-
gether with (4.30), implies (4.26). Estimate (4.30) is an immediate
consequence of special estimates for the Green’s function G(x, y, k)
for the boundary value problem (4.1). We state below the properties of
G which imply (4.30). The construction of G and the proof of the

estimates depend on a careful application of the potential theory
developed in the initial sections of this paper, and can be found in
§5of [1].

THEOREM 4.2. Lety € (), and let K be as in Lemma 4.2.
(i) The Green’s function G(x, y, k) exists for k € K, and is the out-
going solution of

(—A:+ q(x)—k2) Glx, y, k) =0,  xE€EQ—{y},
G<x’ Y, k) = 0, x € T,

which behaves like Fy(x—y) near x—y = 0.
(ii) Ifu is outgoing for k and u € H2(Q)N C2++(Q), then

u) = | ), Clyx -Gy x k) 1) | ds,
sl + f o Gl % K)(— A+q(y)—k)u(y)dy

forallx € Q.

(iii) For each compact subset D of Q there is a constant C(D, K)
such that

(a) (@lay)" Gy, x k)| = C(D, K)
forim|=1, y €T, k € Kandx € D;
(b) |, Gy, = Kldy = ck D)

forx €D,k EK;
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() jD Gy, %, k)|dx = C(K, D)
fory€Q kEK

In order to prove the estimate (4.31), apply (4.30) to represent Qif
in terms of G. The estimates in (iii) of Theorem 4.2 can then be used
to show that (4.30) is true. We only remark that it is necessary to use
the estimate (see [5])

432) 3 [lowxrmgwpd=m T

Im|=1 Im|=2
in obtaining (4.30) from the representation of Qf.

5. The operators W, and S. Let 0 € Cy (R*) be a function which
vanishes inside of and near T, and equals 1 for large x. Define J:
L3(R")— L*Q) by (Jf)(x) = m(x)fix). Clearly |J| =1, and J maps
D(H,) into D(H). Set

J |(8/0x)™ g(x)|? dx
o

(5.1) W(t) = eitt]e-itHo, -0 << ®,
and define the wave operators W.. by
(5.2) W. = s-lim W(?).
t—>t®
Itis clear that
(5.3) WO =1, —wo<t<ow,

Tueorem 5.1. (i) W exist, are independent of the choice of u, and
are unitary maps of L>(R") onto PL2((}).
(54) (i) (W -=F= (W_f)'* forf E LX(R").

Proor. We shall consider the case n = 3, as the case n = 2 requires
an additional argument. Let f€& L2(R") be such that f e CQ(R )
fié) = 0 near £ =0. Choose a, b, 0<a<b<o, so that ﬂécﬂ
[€? € A = [a, b]. An application of Theorem 4.1 gives

[ECA)W(A "~ ()
(5.5)

= Xa(EP)Em) ™ [ (%, &))@ 4> 1)) x)dx.

Since f belongs to the Schwartz class S, e““flz—"o]fe S, and for ¢
with [§]2 € A,

(56)  |(eMkR-Holf)| + | L (e | = cpene
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for |t| = 1, x € R*. (See the Kato-Kuroda lectures for estimate (5.6).)
Differentiate (5.5) with respect to ¢, and then integrate by parts:

d a
41 Ea)WEN @)

(57)  =X,(ER)E@) ™ [ ¢_(x, () A+ ) (K2 -Holf)x)dx
=X (EPi2m) 2 | (Mm@ + Pk 0-(x, 6)°) da.

The last line of (5.7) shows that

(5.8) % [E(A)W()f] ~~(€) = O(t="2) as |t|—> o,

uniformly in £, since
(A+ [EP(x)d-(x, §) = p (x)q(x)P-(x, €) + 2V(x) V_(x, £)
+ (Ap(x))p-(x, £)

is bounded in L!(R") for ¢ with [£]2 € A, and estimate (5.6) holds for
such €. Therefore [E(A)W(T)f]"~(€) converges uniformly in ¢ as
T— », as integration of (5.8) readily shows. We now calculate
limz, - [ E(A)W(T)f] * ~(£) by taking the Abelian limit,

lim [E(A)W(T)f]"~(€) = [E(A)If]"~(€)

T—ox

(59) e d es N
= lim_ joe 4 (EaWOn -t

Multiply both sides of (5.7) by e~<, € > 0, integrate over [0, ©] with
respect to ¢ and use the equation

f :E ~<t(gI2—Holf)(x)dt = i([ A+ [€]2+ie] ~'f)(x)

to obtain

Jo et jt [E(A)W()f] "~ (£)dt

(5.10) .
= — (@) Xy ([€P) [, el ) A+ ER) (00 (x, £)°)dx

with

us(x, k) = — JR,,F:?(x, yfiy)dy, k2= [R+ie.
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Ase— 0%, u,(x, k) converges to
(5.11) ui(x) = — | . Fia(x, y)fy)dy

uniformly in x € R". u, is the outgoing solution of
(5.12) (A+|EPwu.(x) = flx), x ER"
Consequently, (5.9), (5.10) and (5.11) yield

lim [ E(A)W(T)f]*~(€) — [E(A)*~(©)

(513) T~
= — (@)X (ER) [ we)( A+ EP) [@)b_(x, £)°] dx.

We now make two trivial modifications in the integral on the right
side of (5.13). Since (A + |§]*)u¢p_ has its support in () we can
replace the region of integration {} by R". We can replace the term
(A + [EPd- by (A + EP)u(x)b—(x, §)— e*¥) since (A + [€[?)e~ix¢
= 0. The result of these modifications in (5.13) is

lim [E(CA)W(T)A"—(€) — [E(A)JA" -

5.
G _ omymex, (e, sl A+ EPNR)-(x,6) — ee)od.

For large values of x, uw(x)p_(x, §) —e*¢* equals v_(x, €)*, which is
outgoing. Since u..(x) is also outgoing we can integrate by parts in
(5.14) and apply (5.12), with the result

lim [E(A)W(T)1"~(§) — [E(A)JA1"~(6)

T—

615) = @)X [, Bwe-(.6° — e-=fxds
= XA(EP)LUN &) - fiE)].

This shows that

(5.16) lim [E(A)W(T)]"~(£) = fi€)

T

uniformly in £ € R", since both sides of (5.15) are zero if [£[2 € A.
Consequently,

(5.17) [E(OW(DA"~ = f in L¥(R®).
Since E( A)W(T)f € PL2((}), (4.13) and (5.17) yield
(5.18) lim |ECA)YW(T)fl sy = Ifl| oy =[] 2o -

T—x
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Because of (5.3) we have

(1 = ECA)YW(T)f? = [W(Df|2 — |E(A)W(T)f|]?
= A2 — IECA)W(T)f2,

so that (5.18) implies
(5.19) lim [[(I— ECA))W(T)f]| s = O.
Therefore

[((I—E(A)W(T)f]"~ =0  inL*(R"),

which together with (5.17) shows that
(5.20) Jim [W(T)f]"~ = f in L2(R).
Finally, (4.13) and (5.20) imply that PW(T)f converges in L2((2) as
T — « . However, from (5.19) it follows that
(I-P)W(T)f = 0 in L2(Q)
so we obtain the existence of

lim [PW(T)f + (I=P)W(T)f] = lim W(I)f = W.f

in L(Q)). Equation (5.20) now implies that

(5.21) (WA=

which proves half of (5.4), at least for the class of functions f con-

sidered. The extension of (5.21) to arbitrary f € L?(R") is immediate.
(5.21) shows that the transformation “*~” is a unitary transformation

from PL?(}) onto L2(R"). Let F_:PL?(?)— L*(R") denote the

transformation f— f~, and let F:L? R")— L?*(R") denote the

Fourier transformation f— f. Then (5.21) can be written as

(5.22) F_W,=F,
which implies that
(5.23) W, = F’F

is unitary from L?(R") onto L%*(R"). In addition, (5.23) yields the
formula

(5.24)  W.flx) = @m)—n2 jRn Ré)b_(x, )dé  in L2(R),

If we define F, : PL2(Q})— L%*(R") to be the transformation f— f‘”,
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a proof analogous to the above shows the existence and unitarity of
W_; L3R")— PL2(}), and

(5.25) W_ = FF.

This completes the proof of Theorem 5.1 and establishes the unitarity
of F, and F_, and so completes the proof of Theorem 4.1 also (see
the footnote following Theorem 4.1).

The scattering operator S = L%(R")— L?(R") is defined by

(5.26) S=Wiw_,

and is clearly unitary. S can also be written in the form
(5.27) S = F*F_F \F.

The “scattering matrix” S is defined by setting

(5.28) S=F_F},

and is unitary since S = F*SF. We shall now obtain a representation
of the scattering matrix S.

Let f € L>(R") be such thathCo(R") with f(f = 0 near £ = 0.
It follows from (5.25) that

(5.29) Sf=F_W_f= [W_f]"~.

Proceeding as in the proof of Theorem 5.1, we calculate Sf as an
Abelian limit:

(5.30) lim ° et Tcil; [W(t)ﬂ =@dt=(JH (¢ — (S})(f)
e>0t 7~

In this situation, however, we obtain

O a4 -
[[. e Swon -@ar

(5.31) = (@m)-n2 fm u_(x, k)( A+ [ER)((x)p-(x, §)")dx

where

un k)= = [ Floyfudy, k= Ep—ie.

Ase€ — 0%, u_(x, k) converges to

ux)= = [ Falx yfiydy
uniformly in x € R". u_ is the incoming solution of

(A+[Pu_(x) = fix), xER
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As before, we modify the integrand on the right side of (5.31) by in-
serting the term 0 = (A + [§[?)e~**4 and let € - 0* to obtain from
(5.30) and (5.31) the equation

UnN" =€ = (N
(5.32)

= @) [ u (@) A+ ER) - (x &) — exo)eds.

Here the factor u(x)d_(x, £) — €*¢* equals v_(x, §)* for large values
of x, and so is outgoing for large x, while the factor u_(x) is incoming.
Integration by parts in (5.32) will now introduce a boundary term:

Up" - — (SH®

= (@m)2 | $_(x,€)*m(x)f(x)dx — (2m) 2 | fiE)eive
- S J

ou_
ol (x)] dS,.

The boundary integral in (5.33) may be evaluated by utilizing the
asymptotic expressions for _ and wu_. Setting x = RO, where
= |x|, 6 = |x|~!x, and £ = [¢|w, with @ = [£]|~1£, we have

u ko)~ [ =5 (ELYT @npeig), - 0] -2

R—e

3 . aT_ .
lim (27)—"2 |xJ=R [u_(x) alx| (x,6)—0_(x,

2,5' Rr-102 °
zﬁ (RO) ~ —il€]u_(R6),
—(Ro’ '§L w)°~ S_(o’ lfl )#R(enkll)/Z ’

Jv_

3 Jx|

as R— ®, Therefore, we obtain

(RO, [£], w)* ~ if¢|o_(RS, [£], w)

Lim (2m)7r2 f [“ (’%H —os 5)a|| %) ]ds"

|x=R
630 = (L) skl w)fe, - 0o

= <_12]%|_ )(n—n/z an_l s_(—6, [l w)“ﬂlfl, 0)db.
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(5.33) and (5.34) now establish the

THEOREM 5.2. The scattering matrix S has the following representa-
tion:

se) = 7ie)+ (ELY [ s (-0, kL w)fel, 0o,

where s_(0, ||, ) is given by

$(x,€) — i~ 5_(6, kbl 0) LA

Jxc| =2

as [x|—> @, x = |x|6, and ¢ = |¢|o.

For k > 0 we define the scattering matrix S(k) : L(S*~1)— L*(S"~!)
by setting

(S(k)h)(6) = h(6) + ( %:_ )(n—l)/z J»

sn—1

s_(—w,k, 0)*h(w)dw.

The next section will be devoted to studying the meromorphic con-
tinuation of S(k) to the strip [Im k| < a.

6. Resonant states and poles of the scattering matrix. For simplicity
we restrict our attention in this section to the case of n = 3 and ) = R3.
Thus we assume that e29klg(x) is bounded and uniformly Holder
continuous in R%. The general case is discussed in [6].

A nonzero outgoing solution of

(6.1) (=A +q— Ku@x)=0, =xERS,

is an eigenfunction of H if Im k > 0, but grows exponentially as |x| »
if Imk < 0. We call a nonzero outgoing solution of (6.1) with Im k
< 0 a resonant state at k. We show in this section that resonant states
occur at k (—a < Im k < 0) if and only if k is a pole of the scattering
matrix S(k).

The discussion is given in two parts. We first consider k with
Im k < 0 and k% not an eigenvalue of H and then the more difficult
case of k on the negative imaginary axis such that k2 is an eigenvalue
of H.

It was shown in the last section that the scattering matrix S(k) :
L2(8%) — L2(S2) is for each k > 0 a unitary operator.

6.2) S(k)h(w) = h(w) + —;% L h(6)s_(— 6, k, @)°d0

l6]=1
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where s_ is the transmission coefficient, the radiation pattern of the
incoming diffracted plane wave
(6.3) v_(x, k, )~ s_(0,k, ») e*r asr—

(x = r0). Here v_ satisfies the integral equation

_ _1_ e—iklx—yl
(64) v_(x, k: w) - Ar Ix_y' q(y)¢—(y’ k’ (l))dy
with
(6.5) d_(x, k, ) = e**» + v_(x, k, w)

the generalized eigenfunction of H used in the eigenfunction expan-
sion " .

Equations (6.3) and (6.4) show that

s_(0,k, )* = Z—ﬂl e~v0 q(y)p_(y, k, — w)*dy

(6.6)
= ;4771— J e 0q(y)d+(y, k, — w)dy.

We have used the equation ¢_(y, k, w)* = ¢.(y, k, — ) which follows
from the radiation conditions. Since, by the results of §3, ¢, (y, k, — w)
is a meromorphic function of k with |Im k| < a, S(k) is also meromor-
phic in that region and a pole of S(k) must be a pole of ¢..(x, k, w) and
hence of (I+M(k))~!. Therefore Theorem 3.1 gives the following
result.

LemMa 6.1. If ko with —a < Im ko < 0 is a pole of S(k), then O(ko)
74 {0}, i.e., then there exist resonant states at k.

Similarly, Lemma 4.3 shows that a nonzero pole of S in the closed
upper half plane must lie on the positive imaginary axis and be the
square root of an eigenvalue of H.

Case 1. Consider ko with Im ko < 0 and k} not an eigenvalue of H.

Since S(k) is unitary for k > 0, its inverse is S(k)*. Formula (6.2)
yields

AL = k —
6.7) S(R)°(6) = h(0) + - - J ) @) (= 0.k w)do.
Hence S(k)* is also meromorphic for [Im k| < a and ko is not a pole
of S(k)* since it is not a pole of ¢.(y, k, —®)* (see equation (6.6)).
Now, by analytic continuation
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(6.8) S(k) = [S(k)*] !
in a deleted neighborhood of k.
LemMA 6.2. ko is a pole of S(k) if and only if Null space S(k)* # {0}.

Proor. If S(ko)*h =0 and h# 0, then equation (6.8) gives
h = S(k)S(k)*h for k near ko. Since S(k)*h— 0 as k— ko, S must have
a pole at ko.

If the null space of S(ko)® is trivial then [S(k)*]~! exists and is
an;}ytic in a neighborhood of ko, so that by (6.8) S is analytic at k.
Q.E.D.

We will introduce some notation and make some preliminary cal-
culations before stating our results.

For fly) with [fly)| = ce®¥ for all y in R® and for x in R® and 0
in S2, set

-1 e:ik|x—y|

(6.9) Tfw) = o Jne ey 10O
and
+ —1 .
(6.10) B f(0) = W L{S e~ (ku g (y)fly)dy.
Then
(6.11) Tifir6) ~ Bif(0) e**|r asr—> o
and
(6.12) Bif(6) = Bif(—9).

f=T¢f if and only if f is an {outgoing (incoming)} solution of
(—A+qg—Fk)f=0.
Also, noting equation (6.4), we obtain v_ = Tip_ which implies

(6.13) (I = Ti)-(, k, w)(x) = eikxe
and
(6.14) s_(8, k, ®) = Bip_(-, k, )(6).

LemMa 6.3. For any f such that [fly)| = ce®¥ for all y,

ki
2w

6.15) (T — TOfx) = f ok o B flw)do.

Proor. Since

eiklxl e—iklxl ki
L —_ = ikx-
Jx] [x] 2m J|m|=1 etreda,
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we have

(Ti—Ti)ftx) = ;—ﬂl I s qlyuly) ( —;-‘1-7'— [ exeneda )iy

lol=1

%ﬁ Je"‘“’ ( Té fﬂs e~ikxvq(y)dy )d“’

which is the desired result. Q.E.D.

THEOREM 6.1. Consider ko with Imko <0 and ki not an eigen-
value of H.

(i) Suppose0 # h € L2(S2) is in the null space of S(ko)*. Then

(6.16) U = [ W (x, ko, 0)dw

lol=1
is a resonant state at ko and

(6.17) U(r0) ~ ~27—h(6) ei*v as r—> .
ikor

(ii) Suppose that u(x) is a resonant state at ko. Define h € L*(S2?)
by

u(ré) ~ %h(a) ek agsr—

and define U(x) by (6.16). Thenu = U and S(ko)*h = 0, h # 0.
(Thus equations (6.16) and (6.17) provide an isomorphism between
resonant states at ko and the null space of S(k)*.)

Proor. (i) Equation (6.13) yields

(6.18) (- T U@ = [ hiw)etweda,

lol=1
while (6.12), (6.14), and (6.7) give

Bl U6) = B_U—6) = J.,,,|=1 h(w)s_(— 8, ko, w)dw

0

(6.19)

Pg T \w
ke [h(6)— S(ko)*h(0)].

From the last equation and (6.15) we have
620) (Ty, = Ty ) U = | e [h(@) = S(Ko)* h(w)]da

lol=1



EIGENFUNCTION EXPANSIONS AND SCATTERING THEORY 119
Subtract (6.20) from (6.18) to obtain
(6.21) (I—- Tio)U(x) =J-lwl=le"‘°""" S(ko)*h(w)dw.

Since S(ko)*h = 0, we have U = TZOU and therefore U is a resonant
state and
eikor _ _—2_77_
ro ikor

U(r6) ~ B,fo u(e) h(8) eor

by (6.19). U is not zero because h is not zero.

(ii) Since u is a resonant state, u = Ti,u and by (6.15)
kot
2

which equals (I — T, )U(x). Thus (U — u) = Ty (U — u) is an in-
coming (L2) solution of (—A + g — k§)(U — u) = 0. Since all such
solutions are zero, we have © = U. From (6.21) we obtain

0= | ehoro S(Ro)*h(w)dw

(I = T yu(x) = (T¥, = Tk, Ju(x) = j - dtooh(w)de

for all x in R3. For a = (ay, &y, ) any triple of nonnegative integers
we have

0= (L) [ oo s(ko)h(@)dok-o

= [ (kow S(Ro)*h(w)dw

and hence S(ko)*h # 0. h is not zero because u, given by (6.16), is
not zero.

Case 11. Consider ko with Im ky < 0 and k5 an eigenvalue of H.
In this case, ¢_(x, k, ®) and S(k)* do not exist at k = ko, and Lemma
6.2 no longer can be used to assert the existence of a pole of S(k) at
ko. We now obtain new conditions which guarantee a pole of S(k) at
ko, and characterize the resonant states at k.

For k near ko, the resolvent operator (k2 — H)~! can be written in
the form

R_,

2 - -1 =
(6.22) (& = H) =155

+ Ro + Ry(k), Ry(ko) =0,

with R_;, Ro, Ry (k) bounded linear operators in L2(R®) mapping L?(R®)
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into D(H) R_, is the projection onto the eigenspace of H at k3, i.e.
if {¢;}]_, are an orthonormal basis for the eigenspace of H at ko,

He; = kody, j=1.2 "N

then N
(R_1f)(x) = 2 (f, di)bi(x) .

The ¢; can be taken to be real, since ko — H is real. The reduced
resolvent Ry satisfies

(6.23) (k§ — H)Ry=1— R_,.

An alternate expression for ¢_(x, k, ) for k near ko is given by
(6.24) ¢_(x, k, w) = ko + (k2 — H)"YE(, k, w))(x)
with

E(x, k, @) = q(x) o,

E(', k, o) : {k|-a<Imk<0}— L%(R®) is analytic, so (6.24) and
(6.6) allow us to obtain a Laurent expansion for s_(6, k, @) in a neigh-

borhood of ky:
(6.25) s_(0,k, w) = s_1(0, w)/(k—ko) + so(0, ) + 5,(8, k, w).
If we define s;(0) and o;(6) by

—ikor — pikor P
Blro)~ 5(6) ——"— = =L [k ) )y,
_ d
O'j(o) - dko SJ(O>;

then straightforward but tedious calculations show that

N
(6.26) s_1(0, w) = _kil E 5i(0)s;(w),
ji=1
s0(0, w) = — —ng j=21 5i(0)s;( )
(6.27) Zko z [O'J +0'](w)81(0)]

+ [Bidho(', ko, @)1 (),
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with
(6'28) ¢0(x: k07 (l)) = eikox'w + RO(E(’ kO’ (l)))(x)
Equation (6.25) and the definition (6.7) of S(k)* lead to the following

Laurent expansion for S(k)* near k = ko:

(6.29) S(k)* = S_y/(k—ko) + So + Si(k),
where
(S—lk)(0)= 21;(_)1 I|w|=l s_l(—0, w)h(w)dw
(6.30)
oy P> (f o M@s(e)de )s(=6),
ko

(6.31)  (Soh)(8)= h(6)+ J - so(— 6, w)h(w)dw,

ori

(6.32) Si(k) is analytic at ko, Si(ko) = 0.

(6.30) shows that Range S_, is the space spanned by the functions
{Sj\(?\jeozltall need to use the following integral equation which is satis-
fied by ¢y:

(I = T, Wbo", ko, w)(x) = €™
- 4wj=2le,-<w> [.s Py,
Equation (6.33) follows from (6.23), which shows that
(k§ — q(x) + A)Ro(E(, ko, w))(x) = (I= R-1)E(, ko, ®)(x)

N
= )k — 41 Ds(0)y(x)

j=1

(6.33)

which in turn implies that

(I = Ty JRo(EC, Ko, @)) |
= T, (emo)x) = 4r 3 5(0) | Fi(x=y)y(y)dy.

Equation (6.33) now follows readily from (6.34).
Lemma 6.3 and (6.27) yield

(6.34)
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(Tiy = T, ol *» ko, @)(x)

(6.35) =—k;;"—j|o‘=l e""o“"’{SO(-O, w) + 22% )si(— 6)

T or 2["} 0)si(w) + oj(w)s;(— 0)]}d0

LeEmMAa 6.4. Suppose h # 0 satisfies
(6.36) S_lh = O, SohE Range S—l'
Then ky is a pole of S(k).

Proor. If S(k) does not have a pole at ko, then in a neighborhood of
ko we can write

(6.37) S(k) = Go + Gy(k—ko) + Ga(k)(k—ko)?
with Gy(k) analytic at ko. Consequently

(6.38) I= S(k)S(R)® = GoS_1/(k—ko) +GoSo + G1S_1 + Ga(k)

with Gs(k) analytic at ky. Apply (6.38) to h and let k— ko to obtain
h = GySph. But Soh = S_ £ for some %, so

h = GoSoh = GoS_£ =0,

as (6.38) shows. Thus any solution A of (6.36) must be zero if S(k) is
regular at ko, and so the hypothesis of the lemma implies that S(k) has
a pole at k.

For the next lemma we assume that a Rellich-type theorem holds
for the differential equation

(6.39) (—A + gq(x) — kdu(x) =0, x E RS,
i.e. we assume that a solution u of (6.39) which satisfies
u(x) = o(e=*M/[x|) as |x| > o

vanishes identically outside of some sphere. This is exactly the
Rellich theorem in the case g has compact support, and is easy to
prove if g is eventually radially symmetric. We believe it holds for the
class of potentials g under consideration here.

LeMMa 6.5. The {s;(0)} are linearly independent.
For the proof see [6].
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The next lemma follows easily from an application of Green’s for-
mula; see [6].

LemMma 6.6. If u(x) is a resonant state at k3, its radiation pattern
(By,u) (8) is orthogonal to the {s;(6)} in L*(S?).

Tueorem 6.2. Consider ko with Im ko < 0 and k§ an eigenvalue of
H.

(i) Suppose h# 0 satisfies (6.36). Define Bj(h) (uniquely by Lem-
ma 6.5) by

(6.40) (S0h)(0) = 5> S (R~ 0).

and set

N
64) u@= | ool ko w)do ~ 3 [a(h) + B,

lol=1

with

ai(h) = — ke f oj(w)h(w)do.

lol=1

Then u(x) is a resonant state at ko, and
2t ;
42 0) ~ — ikor,
(642) u(re) ~ 2T h(0)e

(ii) Suppose ko is a pole of S(k). Then there exist resonant states at
ko. Let u be a resonant state at ko, and define h(0) by (6.42). Then h
satisfies (6.36) and u(x) is given by (6.41), so in particular h # 0.

Proor oF (i). Set
U= [ h(@kolx ko, @)do,
lol=1
and write

(I—-T,:;)U(x) == Tk;)U(x) - (Tk:— Tk_o)U(x)‘

Note that S_; h = 0 since h is orthogonal to the {s;}, so (6.33), (6.35)
and the definition (6.31) of S, yield

643) (=T = [ e [sohl0)" 22 Salhs(—0)] do.



124 NORMAN SHENK AND DALE THOE

Since ¢; is an eigenfunction of H at k3, d; = Ty, ¢; so it follows that

_ k oxe
(644) (1= Ty = (T, — Ty = — 5>, € 7s(— 0)de.

2mri

(6.40), (6.43) and (6.44) combine to show that (I — Ty Ju(x) = 0, i.e.
u defined by (6.41) is a resonant state. (6.42) follows from Lemma 6.3,
(6.35) and (6.44).

Proor ofF (ii). The existence of resonant states at ko follows from
Lemma 6.1. Let u(x) be a resonant state at ko, and define h(6) by
(6.42). Lemma 6.6 shows that S_,h = 0.

Since u is a resonant state, u = T u, and so

(6.45) (I— Ty u(x) = (T} — Ty, Ju(x) = L koo h(w)dw

w|=1

by (6.15). If we set

U’ (x) =Lw|=1 h(@)o(x, ko, ®)de,

then (6.33) shows that
(6.46) (I-Tg)U'(x) = fl ., e eh(w)do.

(6.45) and (6.46) combine to show that u — U’ = T (u — U'), which
shows thatu — U’ € L2(R%)andu — U’ € Null space (kg — H). Thus

N

(6.47) u=U'(x) + 2 yii(x).
i=1

Since u is a resonant state

0=(I-Tgu=(I-T)U = (I-T.) Xvb;
and so by (6.43) and (6.44),

k -
oo Slesh) = )5 0)]do

(6.48) 0= J egikoxo [Soh(f)) +
6] =1
Apply (8/9x) to (6.48) and set x = 0 to conclude that

0= J (ikoB) [Soh k" S (a(h) — 7;)s(— 0)]d0

lof=1
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for any triple & = (@, @, a3) of nonnegative integers. We conclude

that

Soh(8) = X0 3, — ()5 (— ),

i

which shows Soh € Range S_;, and so by Lemma 6.4, ko is a pole of
S(k).
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