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SCATTERING THEORY!

PETER D. LAX AND RALPH S. PHILLIPS

Introduction. In this series of lectures we shall develop a theory of
scattering for first order systems:

k
(1) w=GCu= Y Adu+Bu, du= %;i u(x,0) = flx)
i=1 J
over Rk, Here u is an n-component vector-valued function, A/(x) and
B(x) are n X n matrix-valued functions depending smoothly on x but

independent of t. We impose the following conditions:
(1) The Ly-energy is conserved. This means that the energy at time
t, namely

E[u(®)] = [  lu(t)Pdx

is constant in time. Hence with respect to the energy norm G must be
skew-symmetric and this in turn requires that the A/ be Hermitian
symmetric and that

(2) B(x) + B*(x) = kz 9;A4(x).
i=1

In fact

d

7 E[u] = f(a,u-u+ u-9u)dx

k
f( > Aidu-u+ u-Adu + Bu'u+ u-Bu )dx
i=1

fj:Elaj(Aiu-u)dx+ j( B+ B* __j:kzl 3jAf>u‘udx_

Integrating over all space the first term in the right vanishes; in order
that dE[u]/dt vanish for all smooth data u we see that the relation
(2) must hold. Thus if we work in the Hilbert space H of square
integrable functions [Ly(R*)]", then we can expect that the solution
operator
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U(t): f— u(t)

will be unitary.
(2) The propagation speeds are nonzero. This means that the eigen-

values of
k

Glw,x)= D A(x)w;
i=1
are # 0 for all real nonzero k-vectors . Otherwise said, G is an elliptic
operator.

Note that when k > 1, the nonzero vectors of R lie in a connected
set so that the number of positive [negative] eigenvalues is inde-
pendent of . Since the eigenvalues for G(— w) are just the negative
of those for G(w), it follows that the number of positive eigenvalues is
the same as the number of negative eigenvalues; in particular n is
even. We shall assume even for k = 1 that the number of positive and
the number of negative eigenvalues are the same.

(3) The coefficients are independent of x sufficiently far out. In
other words, we assume that

Ai(x) = A} and B(x) =0 for |x|> p.
We shall take as the unperturbed system

(3) v, = Gov = kz Ao,  o(x,0)=f
i=1

(4) The number of space variables is odd. This assures us of Huy-
gens’ principle, at least for the unperturbed system.

(5) The unique continuation property for G. If Gf = 0 in an open
set A and f = 0 in an open subset, then f = 0 in A.

Throughout, H will denote the L, space of square integrable vector-
valued functions.
will denote the L, space integrable vector-valued functions.

Abstract theory. Hyperbolic problems of this sort lend themselves
especially well to an abstract treatment in which certain representa-
tions play a central role. We will now sketch this abstract theory; a
complete development can be found in [3]. However, in the main
body of these lectures we will take a more direct approach and derive
these representations from the Radon transform.

We choose two particular subspaces D, and D_, the so-called out-
going and incoming subspaces defined as sets of data

D, = [f; [U®)f](x) =0 for |x|<p+ct, t= 0],
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D_= [f, [U(®)f](x) = 0 for |x|<p— ct, t=0];

here c¢ corresponds to the smallest velocity for the system (3). It is
clear just from the definition that

) U#)D, C D, for t=0,
) U#D_C D_ for t=0;
(ii) NU@D. = {0}.

Let Hy denote the null space for G, i.e., the subspace of data f annihi-
lated by G, and set H' = H © H,. It can then be proved that

(i) UU(¢t)D.. is dense in H'.
The basic representation theorem is then:

THEOREM. H' can be unitarily mapped into Ly(— %, ®; N), where
N is an auxiliary Hilbert space, so that D,[D_] is mapped onto
Ly(0, ©; N) [Ly(— o, 0; N)] and the action of U(t) is right translation
by t units.

These representations are called the outgoing and incoming transla-
tion representations, respectively. A given f € H' can be represented
by both its incoming representer k_ and its outgoing representer k.

The mapping
S: k_—> k.

turns out to be the scattering operator. It is clear that S is (a) unitary,
and (b) commutes with translations. It can be shown that D, and D_
are orthogonal and it follows from this that S is causal:

(c) SLy(— ,0; N) C Ly(—,0; N).

Taking the Fourier transforms

felo) = [ ka(s)ds

we obtain the incoming and outgoing spectral representations. The
mappings f— ft are again unitary; D, [D_] is mapped onto the
Hardy class A, [A_] of square integrable functions analytic for
Im s> 0 [Im s < 0] ; the action of U(t) corresponds in this case to mul-
tiplication by €. The scattering operator is transformed into a unitary
operator S which commutes with scalar multipliers and is causal:
SA_C A_. It follows from this that S is itself a multiplicative
operator:

S:f20) - filo) = S)f (o)
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such that for each o, S(@) is unitary in N. Moreover, this operator-
valued function is the boundary value of an operator-valued function
S(z) which is holomorphic and of norm = 1 in the lower half-plane.

It should be noticed that the scattering operator as defined above
depends only on the group U(t) and its action on D, and D_. There
is another object which can also be defined in terms of these three
quantities,

Z(t)= P,UWMP_, t=0,

where P. is the orthogonal projection on Dz, the orthogonal comple-
ment of D.. This operator annihilates D, @ D_ and acts like a semi-
group of contractions on K= H © (D,® D_). The semigroup
property is easily understood from the outgoing translation represen-
tation of H'. In this representation D, = Ly(0, ©; N) and D_ is a
subspace of Lo(—, 0; N). Since D_ is invariant under U(t), t < 0,
its complement D? is invariant under U(t), t > 0, so that a function
representing an element of K when right translated remains in Dt and
if it is truncated to the right of 0, i.e., multiplied by the characteristic
function of (— o, 0), it stays in D{. Hence the action of Z(¢) is right
translation followed by truncation, obviously a semigroup action.

We have shown in [3], see also Theorem 6.4 below, that there is
a close relation between Z(t) and S. Denote by B the infinitesimal
generator of Z; the spectrum of B lies in Re A < 0 and consists pre-
cisely of those points A for which S(iA) is not invertible.

This result enables one to deduce many properties of S by studying
the semigroup Z; we summarize here some of the results which will be
derived in the course of these lectures by this method:

(1) (See Theorem 6.3): Z(2p)(z— B)~! is a compact operator. This
implies that S(z) is meromorphic in the entire z-plane.

(2) (See Theorem 7.3): If all rays associated with equation (1) tend
to o, then for ¢ large enough the operators Z(t) are compact. It fol-
lows from this that the real parts of the eigenvalues A of B tend to
— o, i.e., that they can be arranged so that

0= ReA ;= ReApy=' = Re),—> — .,

It further follows that for every fin K, Z(t)f has an asymptotic expan-
sion of the form

Z(t)f ~ i cxeMet wy(x),
k=0

valid uniformly on compact subsets of x-space. Here wy is the eigen-
function of B corresponding to the eigenvalue of Ay, and ¢, is a constant;
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if wx is a generalized eigenfunction, ci is a power of £.

(3) (See Theorem 7.1): Suppose that all rays associated with equa-
tion (1) tend to ; then for ¢ large enough the range of Z(t) is con-
tained in the domain of B. This implies that the eigenvalues Ax of B are
contained in the region

ReA\x = — a — bllog Im A4|, b>0.

The values of the scattering matrix S(o) for o real are related to
the asymptotic behavior of solutions of (1) for large ¢ and large x; the
results quoted above show a relation between the values of S(z) for
complex z and the asymptotic behavior of solutions of (1) for large ¢
and fixed x.

Not all results presented in these lectures concerning the location
of the poles of S(z) are derived with the aid of the semigroup Z. The
results contained in §§9-12 concerning the distribution of the imagin-
ary zeros of the scattering matrix of the wave equation in the exterior
of an obstacle are derived directly from a representation of the scat-
tering matrix in terms of the so-called transmission coefficient of the
obstacle.

Part I. SymMmEeTRIC HYPERBOLIC SYSTEMS

1. Energy inequalities. We begin by deriving certain energy in-
equalities which are basic to the study of symmetric hyperbolic sys-
tems. We arrange the eigenvalues of — G(w, x) in decreasing order:

T, x) = = 1y (w0,%) > 0

(L1)
> 1’”/2...1((0, x) g tee ; 71!(‘”7 x)a

and set

(1.2) Cmax = SUp T1(@,x) and Cpin =inf7,, (@, x) .
X [CF% 4

TueoreM 1. 1. The energy of a solution u of the system (1) at time
t = T inside the ball {|x| < R — cmaxT} does not exceed the energy of
u at time t = 0 contained inside the ball {|x| < R}.

Proor. It will turn out that any solution can be approximated in the
energy norm by smooth solutions, so it suffices to prove the assertion
for smooth u. Taking the scalar product of

Uy — ZAiaju— Bu=20
by u and integrating over the truncated cone

C={lx| <R—Cnax ; 0=t < T}
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we get

0= .[.[c [6,(u ‘u) = Y 3;(Au-u)— <B+ B‘—Eain>u-u]dxdt.
Because of the relation (2), the integrand is of divergence form.
Applying Green’s theorem we can transform this integral into an

integral over the surface of C which consists of three parts: top, bottom
and mantle. We get

jlxl<a—cm T futx, T)Pdx = Jlxg<ﬂ fu(z, 0) Pelx

ax

= + f (G(m, x)u — Tu)-udS,
mantle

where 7T = acmar, M= axl|x| and 1= a2(c2,,+ 1). Since 7 is at
least as large as any eigenvalue of G(», x), the integrand in the right
side is nonpositive; therefore so is the integral. This proves the asser-
tion of the theorem.

In particular if u is identically zero in the ball {|x| < R} at¢= 0 it
will also vanish identically in the smaller ball {|x| < R — cmax T} at
time t = T. It follows that any signal solution of (1) does not propa-
gate at a speed greater than Cpa.. Thus a solution with initial data
having support in the ball {|x|] < R} will vanish outside the cones
{lx] < R+ cmaxlt|}-

The above analysis applies as well to the unperturbed system (3).
In this case, however, more is true, in fact signals do not propagate
with a speed less than c,y;,. This is a kind of Huygens’ principle which
we now state; its proof will be given in the next section.

TueoreM 1.2. If fix) = 0 outside the ball {|x| < R} then the solution
v of the unperturbed problem (3) is zero inside the cones {|x| < Cpinlt|
— R}

2. The Radon transform for the unperturbed system. As we shall
see, the Radon transform for the unperturbed system is closely related
to the translation representation. We shall suppose at first that the
initial data f belongs to Cy and in the process of constructing its trans-
lation representer, we will prove that a solution v to (3) exists and that
the mapping

V(t) : f— v(t)
is an isometry. A limiting procedure then extends these results to
general fin H.
DeFiniTioN. For fin Cy, s in R and a unit vector w in Si_; we set

@.1) ms, @)= [ flods.

Xew=s§
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The Radon transform of f is then
(2.2) Rf= (s, w) = (—1)&~112 gk=-1m(s, w) .

We remark that m(s, w) is an even function of (s, w); i.e., m(—s, — w)
= m(s, w), that (s, ) also is even, and that

2.3) fsfz(s, wds=0 forj=012 - k—2.
LemMma 2.1. Iff € Cq, then the inverse Radon transform is given by
=1 .
(2.4) flx) = 9 Lw|=1 L2 w, w)do.

If f and % are so related, then f is determined by the even part of
(s, w) which in turn is uniquely determined by f.

Proor. Making use of (2.1) we can write the Fourier transform of
flx) as
2.5) fo,w)= [eme fayde= [~ e m(s, w)ds

and note that flo, ) is even in (o, ®). Asa consequence we can write
the inverse Fourier transform as

flx)= le|=l [J’w e"of (@, wpok-! do ]dw

0

(2.6)
SV

For fixed , f(@, w) is by (2.5) the Fourier transform of m(s, w). Ac-
cording to (2.6) the inner integral in the right is the inverse Fourier
transform ofo*~! flo, w) which is simply

s, ) = i1 3k~ 1 m(s, w)

evaluated at s = x - w. Inserting this in (2.6) gives (2.4).

If f and & are related as in (2.4) it is easily seen by transforming
® to — o that the odd part of £ does not contribute to the integral.
Finally it follows from the uniqueness of the Fourier transform and the
above argument that funiquely determines the even part of £.

LEmMMa 2.2. Set
L(s, ®) = 0% D2 m(s, ).

Then the mapping
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f—>%L(s, ®)
is a unitary map of Ly(R*) onto the even (odd) functions of
Lo(R, Ly(Sk-1)).

Proor. Denote the s-Fourier transform of £ and L by??, and L respec-
tively. It follows from the proof of the above lemma that

ot~ 1f (o, w) = L0, ).
On the other hand
s, w) = (—1)Kk-DR2 g§-DI2 [ (s, w)
so that
L0, ) = (—io)k- D2 L@, w) and (o)* V2f(o, w) = Lo, o).
Hence by the Plancherel theorem

=] [, Fo wle-d do

2J'I =1 [Jf |(ior)®~ wzﬂ” ) |2d0]dw

=1 T 2 =Ly
3 || Lo 0P drdo = LI

The onto property follows from the fact that the even (odd) functions
with support bounded away from zero and infinity are dense amon
the even (odd) functions, and that for such functions flo, w) = (io)1-k12
-L(0, ) is the Fourier transform of data in Lo(RF).

THEOREM 2.3. Denote by Go(w) the symbol of Go:
k :
Go(w) = 3 Abw; ;
i=1

arrange the eigenvalues of — Go(w) in decreasing order:

(2.7 TH0) Z = Tya(@) > 0> 75 1) (0) =+ = 7y(w).

Let 1j(w) denote the normalized eigenvectors of Go(w):
— Gorj = 715 .

If the Radon transform of the initial data f € C§ is% and
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28) L(s, @) = 2s, @) 1(w),
then the solution to (3) is given by

n/2
2.9) o )= 3 j e = (), e)r(e)de
j=1 “lel=
Proor. Supposing v to exist we set

m(s, w; t) = J N v(x, t)dS= JRk_lv(sw + ¥, t)dx'

where « in R*~!is 1| w. Then
. m(s, w; t) = J d;v(sw + &, t)dx'.

Since v satisfies the differential equation we can replace 9,0 by a first
order spatial operator. After a transformation of coordinates this can
be written as a divergence operator in the hyperplane x - = s plus a
normal operator:

Go(w) dv(sw+x', t).

The divergence part integrates out to zero and by interchanging order
of integration and differentiation in the normal part we obtain

(2.10) am(s,w; t) = Go(w)d;m(s, w, t).
This equation is readily solved componentwise. In fact, setting
my(s, w; t) = m(s, w; t) ‘ri(w)
we see that
amy(s, w; t) = —7;(w)dmy(s, w; t)
so that
my(s, w; t) = mi(s—7(w)t, ®)
where m; is the rjth component of

m(s, ) = J flx)dS.

We therefore have
(2.11) m(s, w; £) = Ym(s— 7 w)t, o)ry(w).
i=1

In order to verify that m(s, w; ¢) as defined in (2.11) is even we note

that
= Go(— @)ri(®) = Go(w)rj(w) = —T1j(w)rj(w).
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Thus the eigenvectors for Go(— w) and Go(w) are the same with cor-

responding eigenvalues mulitplied by (—1). Recalling the ordering
(2.7) we see that

T(— )= —77(w) and 7(—w)= (o).
wherej’ = n — j + 1. Hence
(2.12) my(—s, —w) = m(—s, — o) r(— ) = m(s, o)rpw) = ms, o)
and
(2.13) my(—s—T7i(—w)t, — w) = mi(s—7j(w)t, ®).

One now sees by inspection that m(s, w; t) is indeed even in (s, ®). In
fact, more is true; the relation (2.13) shows that

n/2
m(s, w; t) = even partof 2, m;(s—7,(w)t, ®)ri(w).
j=1

We are now essentially finished. The Radon transform of v is given by
the even part of

n/2
2._2 Li(s— i w), w)ri(®);

ji=1

and hence (2.9) follows from Lemma 2.1. Finally we verify directly
that (2.9) satisfies (3). In fact, writing &’ for .2 we have

o= 3 J — 7@k (x* 0—T7j(@)t, 0)r}(w)dw
= 2 f 29(x'w—7j(w)t, w)Go(w)rj(w)dw

=3y A’gj Ol (% 0—Tj(0)t, 0)ri(w)de = Gy

m j
and
n/2
o(x, 0)= f even partof ¥ 2i(x- o, w)rj(w)dw
i=1

=%J’2(x'w,w)dw=ﬂx) .

If we proceed as in the derivation of (2.10) we see that

j Go fdS = Go(w)d; m(s, w)

X' =S

and hence that
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(2.14) R(Gof) = Go(w)I (s, w).

It follows from Lemma 2.2 that we can by completion extend the
Radon transform to any L, functions f. In this case (2.9) continues to
hold in the distribution sense.

We now have all of the ingredients for the translation representation
of the unperturbed system. Let C*(w) denote the space spanned by

(@), (@),

and let K be the set of all square integrable functions k(s, w) on
(= %, ©) with values in C*(w) for each o in Si_; with norm

(2.15) K=" [ Iks w)Pdwds

lwl=1
THEOREM 2.4. The mapping

(2.16) fin Ly(R*) — ko(s, ) 22 (tj(w))”% Li(tj(w)s, w)rj(w) in K

defines the translation representation for the unperturbed system (3).
Proor. It follows from Theorem 2.3 that under this mapping

n/2

Vitf— X (1i(w)* Liti(@)(s—t), o)r(w) = ke(s—t, w).

j=1
Moreover,

n/2
Ikolp="3, [ [ L), @)Priw)ds do
i=1

n/2
f [ 1Li(s, w)pds do
making use of (2.12) and Lemma 2.2 we see that

: 1 ; :
ol = L1z = 1P

which shows that the mapping is an isometry. In order to prove the
unitary property we need only establish that the mapping is onto K.
Now by Lemma 2.2 any ko in K has as its even [or odd depending on
the parity of (k—1)/2] part a function corresponding to data f in
Ly(Rk). Under the mapping (2.16) f— k.

We close this section with the promised proof of Theorem 1.2. It
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suffices to consider f in C* with support in the ball {jx| < R}. Itis
clear that m(s, w) and hence %(s, ®) will vanish outside the interval
[—R, R]. Now

|2 0=7(@)t] > cominlt] — Ix|

and therefore v(x, t) as given in (2.9) vanishes for ¢yi|t| — |x| > R as
asserted.

3. The spectrum of G. We are now going to employ the Radon
transform to study the point spectrum of the perturbed operator G.
We denote by H, the null space of G.

Tueorem 3.1. (a) The point spectrum of G consists of at most the
point 0.
(b) Hy is of finite dimension.

Our proof of this theorem hinges on a Rellich type uniqueness
theorem. We shall base our proof of this on properties of the Radon

transform. o
The next theorem gives a complete characterization of the Radon

transform of functions with compact support; it is a counterpart of the
Paley-Wiener theorem, which does the same for the Fourier transform,
see Helgason, [2], and Ludwig, [9]; for another proof see [7].

Tueorem 3.2. Let f be in Lo(R¥), & its Radon transform. Suppose
that

flx)= 0 for|x| > p;
then (i)
(3_2) 52,(5, w)= 0 for ’S, > p;

(ii) for every integer a

(3.3) j (s, w)ds

is a polynomial in w of degree a— k + 1. Conversely, if & is in
a%~V2 Ly, and if (3.2), (3.3) are satisfied then, the Radon inverse of
% is zero for |x| > p.

ReMark. For a < k — 1 the conclusion is meant to say that (3.3)
is zero, a fact already noted in (2.3). The assertion for a= k — 1 is
not meant to exclude the possibility that (3.3) is zero.

We show now how to use Theorem 3.2 to prove that G has no point
spectrum other than 0. Suppose that for u 74 0

(3.4) (G—iw)f=0
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for some square integrable f; we claim that f = 0. To show this we set
(3.5) (Go — im)f=g;

since G and Gy are the same for x| > p, it follows that g = 0 for
|x] > p. Since G is an elliptic operator, g is square integrable.

TueoreM 3.3. Suppose that p is real, # 0, fin Ly, (Go — ip)f = g
also in Ly, and zero for |x| > p; then f = 0 for |x| > p.

Using Theorem 3.3 we conclude that f satisfying (3.4) and in L,
vanishes for |x| > p. It follows from the principle of unique continua-
tion for G that fis zero throughout R¥; this completes the proof of the
first assertion in Theorem 3.1.

We turn to the proof of Theorem 3.3; denote by £ and h the Radon
transforms of fand g. Taking the Radon transform of (3.5) we get

(36) Go(w)Dt — it = h

where Go(w) is the symbol of Go. Since g is assumed to be zero for
|x] > p, it follows from Theorem 3.2 that h = 0 for |s| > p; we claim
the same for £; to this end we solve the differential equation (3.6);
multiplying by the eigenvector r,, and using

— Go(@)ry = TimTm,
we get for £,, = £ ‘ry that
(3.7) —Tm0km — Wy = M.
Using the fact that h, = 0 for |s| = p we get after integrating (3.7)
that for |s| > p
Lm(s, ®) = a(w)exp(— isw/Tm( w)).

It follows that for [s| > p, (1=%/2 js a linear combination of imagi-
nary exponentials plus a polynomial in s of degree less than (k—1)/2.
Since by Parseval’s relation this is in L, this can only be if 9(1-%r2g
and so ¢ itself, is zero for |s| > p.

We appeal once more to the direct part of Theorem 3.2: Since g = 0
for |x| > p, by (3.3)

(3.8) j sh(s, w)ds

is a polynomial in w of degree a — k + 1. Multiplying (3.6) by s
_and integrating we get, after integrating the first term by parts, divid-
ing by iu and rearranging terms, that

(3.9) [se0s = i [sohds + ;iGo(w)a [ sa-19ds.
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We claim that [s%ds is a polynomial in  of degree a — k + 1; we
prove it by induction on a. For a = k — 2 the right side is zero by
property (2.3). Suppose now we know the result for a — 1; we note
that the first term on the right in (3.9) is a constant multiple of (3.8)
and so of degree a + k — 1. The integral in the second term is, by
induction hypothesis, of degree a + k — 2; it is multiplied by a linear
function of w which makes the whole second term of ordera + k — 1
and completes the inductive proof that £ satisfies (3.3). We conclude
then by the converse part of Theorem 3.2 that f, whose Radon trans-
form £ is, vanishes for |x| > p. This completes the proof of Theorem
3.3.

N.B.: For the proof of Theorem 3.3 we only need that Go(w) has
real spectrum for  real; symmetry and 7 # 0 are unnecessary.

We turn now to proving part (b) of Theorem 3.1, i.e., the finite-
dimensionality of the null space Hy of G. We shall deduce this from

LemMma 3.4. The unit sphere of Hy is compact. According to a clas-
sical result of F. Riesz, this implies the finite-dimensionality of Ho,

Proor oF LEMMa 3.4. f belongs to H,, if it satisfies
(3.10) Gf=0.

Since G is elliptic, one can estimate the Ly norm of f and of its first two
derivatives in terms of f:

(3.11) |Dof| = const |f], || =2
Set
(3.12) Gof = g;

since G and Go have the same coeflicients for |x| > p, the function g
is zero for |x| > p; for |x| < p, g is a linear combination of f and its
first derivatives. It follows then from estimate (3.11) and the Rellich
compactness criterion that the set of g corresponding to f in the unit
ball of Hy is precompact.

We now take the Radon transform of (3.12):

Go(@w)DJ& = h.
Integrating with respect to s we get
(3.13) AUk = Gy=l(w)ds (1 +RI2h,

We use now the Parseval relation for fand g to conclude:
(i) Since 84'7%/% is square integrable, and since h is zero for
Is| > p, it follows that 8! ~%/2¢ is zero for [s| > p.
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(i) Since the functions g form a precompact set, so do {d(!~*/2h};
therefore so do the functions 9,(1-%/2 as given by (3.13), over the
compact set [—p,p] X Sk-L

This completes the proof of Lemma 3.4.

4. The wave operators. As before we denote by V(¢) and U(#) the
solution operators for the free space and perturbed systems respective-
ly. They define one-parameter groups of unitary operators on H,
symbolically

V(t) = exp(Got) and U(t) = exp(Gt).
Again let Hy denote the null space of G. For convenience we take
Cmin = 1.

The wave operators for these two groups are defined as

(4.1) W. = slim U(—t)V(¢) .

t—>+®
The main result of this section is

THEOREM 4.1. (a) The wave operators exist,
(b) Range W, = Range W_= H©O H, .

It follows that the scattering operator
(4.2) S=wi'w_

exists and is unitary on H. In order to prove Theorem 4.1 we require
several intermediary results.
A given fin H can be represented as in §2 by

n/2

(4.3) 2 hy(s, @)ri( ).

We define the subspaces D, [and D_] to consist of all those f
whose representers h; (j =1, 2, * -+, n/2) are supported on the posi-
tive [negative] real s-axis. It follows from Lemma 2.2 that D, and D_
are orthogonal and that H= D,®D_. It follows from (2.9) and
Cmin = 1 that V(¢£)f = 0 for |x| < ¢ if f belongs to D, and for |x| < — ¢
if f belongs to D_. We next define the subspaces D{ and D” by

(4.4a) D% = V(p) D, ,
(4.4b) D? = V(—p) D_
LemMma 4.2. With D, defined as above and fin D", |
Uf=v)f, t=0.
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Proor. We need only note that, by (2.9), V(¢)f is zero in a truncated
cone |x| < t + p; outside of this and for t > 0 the coefficients of G are
constant. Both G and Gy act in the same way on such data so that
U(t)f = V(t)ffor t= 0.

Using the above lemma we can now prove
LemMma 4.3. W exists for all fin V(—r)D?.
Proor. Letf= V(—r)gfor some g in D?. Then

U(—t)V(t)f = U(—t)V(t)V(—nr)g ,
o U(=t)V(t)f = U(—=nU(—t+n)V(t—r)g .
Making use of Lemma 4.2 this becomes for all t = r
| U(=1) V()f = U(=r)g = U(=1) V(r)f .
so that
W f=U(—r) V(r)f .

Now if f vanishes outside the ball {|x| < R} then its Radon transform
vanishes for |s| > R and it follows from this and (2.9) that V(R + p)f
belongs to Df. Since data of this sort is dense in H, and since
U(—1t)V(t) is unitary, part (a) of Theorem 4.1 now follows from the
principle of dense convergence. Part (b) which is considerably more
difficult will follow from the

Density LEmMa. {U(—1)D%|Vr > 0} is dense in H © H,,.

We shall show that if there exists an m in H © H, orthogonal to
U(—=r)D% for all r then m must be zero. Now m L U(—r)D’, is the
same as U(r)m L D%. With this in mind we shall list as lemmas some
facts about U(r) which we shall use in the proof of the Density Lemma.

LemMa 4.4. Define X = U(—2p) — V(—2p) and Q, by
(@A) =f Kl=p,

=0, k|>p,
then
(4.5) Qo2 X=X,
(46) XQp+4Cp = X 5

here ¢ = maximum sound speed.

Proor. The relation (4.5) asserts that the range of X consists of
functions supported in |x| < p + 2c¢p. This is true because U and V
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satisfy the same equation outside of |x| = p and because signals propa-
gate with speed = c¢. For the same reason the values of U(—2p)f and
V(—2p)f in |x| = p + 2cp are not influenced by values of f at [x| >
p + 4cp, proving (4.6). We also have the

LemMma 4.5. Forall fin HO H, and every p we have
(4.7) lim inf||Q,U(t)f| = 0 .
t—
This is a very weak decay theorem whose proof will be deferred.
Using these two lemmas we are now in a position to prove the Density
Lemma.

Note. For every f in U(—r)D%, U(t)f is zero for |x| < t—r+ p so
that for such f

(48) lim [Q,U(e)] = 0

Combining this with the Density Lemma it follows that (4.8) holds for
all fin H© H,. In a later section we will investigate the rate of decay
in (4.8) and its uniformity with respect to f.

Proor oF DEensity LEMMA. Suppose m L U(—r)Df. From the
Lemma 4.5 there exist arbitrarily large T such that

Qs 16, U(T)m|| <€ .
Set
U(T)m = a.

Since m L U(—T)D£ we have a L D{.Now a 1 D {implies V(—p)a
1 V(=p)D, = D, which implies V(—p)a € D_ so that V(—2p)a
€ V(—p)D_- = D’; thatis

(4.9) V(—2p)a € D? .
Now define
n= V(—=Ta

and rewrite V(—T) to get n= V(2p — T)V(—2p)a. Using (4.9) and
the incoming property of D? we deduce that

(4.10) n(x) = 0, x| < T—p .
Also
n= U(2o—T)V(—2p)a

since by Lemma 4.2 U(t) = V(¢) in D? for ¢ < 0. Subtracting this ex-
pression for n from



190 P. D. LAX AND R. S. PHILLIPS

m= U(20—T)U(—2p)a
gives

m—n = U(20—T)Xa .
Now using the isometric property of U, property (4.6) of X and the fact
that | X|| = 2, we get

[m = n|| = |[Xa| = |XQ,+400 all = 2[| Q100 0]l < 2€ .
Since by (4.10) n vanishes for [x| < T — p it follows that
|Qr—pm| < 2€ .

Since € is arbitrarily small and T arbitrarily large, we see that m = 0.
Now we proceed to the

Proor oF LEMMa 4.5. It is enough to prove (4.7) for a dense set of
f L H,. Take fin the domain of G. For such an f

Icuf] = umch] = A

and

luof = I
that is, {U(t)f} = {f;} is a collection of elements for which ||f;| and
|Gf:|| are uniformly bounded. Since G is elliptic
| Dsf:|| = constant

which means, by Rellich’s compactness criterion, that {f;} is pre-
compact in the Ly-norm over any bounded subset. In view of this
compactness it suffices, in order to prove (4.7), to construct a sequence
{tn}— o such that

(411) Ulty)f weskty 0
That means that
(4.12) (g, U(tN)f) -0

for all g in H. Again it suffices to show (4.12) for a dense subset of g.
By the spectral resolution

(g U = [endig Ef)= [endm,
i.e., (g, U(t)f) is the Fourier transform 1i,(t) of the measure m,. The

total variation of m, is = ||g|||f]|. If m; were absolutely continuous it
would follow from the Riemann-Lebesgue lemma that

limm,(t) =0 .
to o
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We cannot verify directly that m, is absolutely continuous; we have
shown, however, that G has no point spectrum, except possibly 0.
Since f was taken to be orthogonal to the null space Hy of G, it follows
that my = d(g, E(\)f) has no point mass. Wiener has shown:

Let m be any complex measure of finite total variation, and no point
mass. Then its Fourier transform tends to zero in the mean, i.e.

lim —L T e df =
lim o [, bR de=0 .
From this fact one can produce a sequence ty— ® such that (4.12)
holds for a denumerable set of g. This completes the proof of the
Density Lemma.

Proor oF Parr (b) iNn TuEOREM 4.1. It is clear from Lemma 4.2
that W, acts like the identity in D}. On the other hand, by the inter-
twining property for W,

U)W, = W, V(t)
we see that the range of W contains
Uu@wD,

and by the Density Lemma this set is dense in H © Hp. This com-
pletes the proof of Theorem 4.1.

5. Properties of the scattering operator. In §4 we have proved the
existence of the wave operators W ., defined as the following limits:

(5.1)4 W, = slim U(—¢§)V(t) ,
(5.1)- W_= slim U(r)V(—r)

r—

and we have shown that the range of W, is H © H,. In what follows
we shall, for simplicity, take Hy to be zero so that W are unitary.
The scattering operator S was defined as

(5.2) S=WwW,w_ .
Using the definitions (5.1). we can write S as the double limit
(5.3) S = s-lim V(=t)U(r+6)V(—r).

t,r—

The following theorem expresses the basic properties of S:

TueoREM 5.1. (a) S is unitary,
(b) S commutes with V(p),
(c) Smaps D into the orthogonal complement of D,
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Proor. Since by definition (5.2) S is the product of two unitary
operators, (a) follows. To prove (b) denote by S(r, ) the operator on
the right of (5.3). Using the group property of V we easily verify that
for any p

S(r, )V(p) = V(p)S(r—p, t+p);

letting r, ¢ tend to infinity we get SV(p) = V(p)S which proves part (b).

To prove part (c) we recall from Lemma 4.2 that U(¢) = V(t) on D%
for t > 0, and on D? for t < 0. From this and definition (5.1) it fol-
lows that

W_f=f for finD?,

(5.4)
W,g=g for ginDf .

For f and g as in (5.4) we get using (5.2) and the orthogonality of
D% and D” that

(Sfg) = (WiW_fg)= (W_f,W.g) = (f.g) = 0.

This proves part (c).

Spectral theory tells us that an operator S commuting with a group
of unitary operators in a Hilbert space H can be studied advantageous-
ly by introducing a spectral representation of H for the group, i.e.,
one in which the action of V(t) goes over into multiplication by e®t.
We shall now describe in two stages such a representation. We start
with the translation representation for V(t) constructed in Theorem
2.4; this gives a linear mapping M of H onto the space Ly(R; N) of
square integrable functions on R whose values lie in some auxiliary
Hilbert space N. This becomes more apparent if we write ko of (2.16)
in component form

ko~ {k(V, k@, .. ., kg*}
where

k)= (rj())* Li(rj(w)s, w)
lies in Lg(R, N), N = Ly(Sk_,); that is ko consists of n/2-tuples of
square integrable functions on R to N. In this case

vy

n/2 .
= tkoll = [ 3 [ [IKhts, )P dsdo ]
j=1
We summarize what we have proved so far and point out an addi-
tional property:

THEOREM 5.2. Denote by M the assignment f— ko defined by
Theorem 2.4; then
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(a) M isunitary.
(b) M is a translation representation of H for the group V().
(c) M maps D, onto Ly(R+; N), D_ onto Le(R_; N).

We have already verified the first two properties; (c) follows from
the definitions of D...

According to (4.4), D% is defined as the image of D. under V(=*p).
Combining (b) and (c) we get

CoroLLary 53. (d) M maps D{ onto Ly((p, ©); N), D2 onto
Ly((— %, —p); N).

Next we study the action of S in this representation. Denote
MSM?* by Sy. Combining Theorem 5.1 and Theorem 5.2 we get

THEOREM 5.4. (a) Sy is a unitary map of Ly(R; N) onto Ly(R; N).

(b) Sy commutes with translation.

(c) Smmaps Lo(— ®, —p) into Ly(— , p).
Using (b) we can restate (c) in the following form:

(c)'T(—20)Su maps Lo(R_; N) into Ly(R_; N), where T(a)denotes
translation to the right by a units.

According to a semiclassical theorem, an operator Sy which com-
mutes with translation is convolution:

(5.5) (Swh)(s) = j S(r)h(s—r)dr.

where S(r) is an operator valued (N — N) distribution on R.

T(—2p)Sym is convolution with S(r + 2p); according to part (c) of
Theorem 5.4, T(—2p)Sy maps functions supported on R_ into func-
tions supported on R_. According to a semiclassical corollary, this
implies that S(r + 2p) has its support on the negative axis; thus

(5.6) S(s)=0 fors>2p

We shall not prove precisely these statements; a rigorous proof can
be found in Chapter 2 of [3]. Rather we pass to the spectral representa-
tion, obtained from the translation representation by Fourier trans-
formation. We denote the dual variable by o, and the Fourier trans-
form of Ly(R+, N) by A.(N):

(5.7) A.(N) = 9Ly(R,, N).

In what follows we shall use the vector version of the Paley-Wiener
theorem, which gives an intrinsic characterization of A,

PaLEY-WIENER THEOREM. A, (N) consists of N-valued analytic
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functions in the upper half-plane whose square integral along lines of
constant imaginary part is bounded.

The proof of the vectorial case is the same as that of the scalar case.
As a consequence multiplication by any scalar function f analytic and
bounded in the upper half-plane maps A, into itself.

We shall denote by S the action of the scattering operator in this
spectral representation. Fourier transforming Theorem 5.4 yields

THEOREM 5.5. (a) S is a unitary map of Ly(R, N) onto Lo(R, N).

(b) S commutes with multiplication by e“”, p any real number.

(c) e~ S maps A_ into A_.

It follows from (b) that S commutes with multiplication by linear
combination of imaginary exponentials. Since every bounded meas-
urable scalar function can be approximated boundedly a.e. by such
linear combinations, we deduce

(b) S commutes with multiplication by any bounded scalar func-
tion.

Tueorem 5.6. Every operator S which has the three properties
listed in Theorem 5.5 is multiplication by an operator valued function
S(o) with the following properties:

(a) S(o) is unitary foro real.

(b) S(o) is analytic in lower half-plane.

(c)

(5.8) |S(z)] = elim 2l
where | -| denotes the operator norm of S(z):N— N.

This is a simple case of a more general theorem of Segal and Fourés:
Trans. Amer. Math. Soc. 78(1955), 385-405; see also Chapter 2 of [3].

The unitary character of S(o) for o real can be used to continue S
analytically to the upper half-plane:

For Im 2> 0, S(z) = (S*(z))~!. As this formula shows, if S(z) has
a zero at some point z, in the lower half-plane (i.e., is not invertible
there), its analytic continuation has a singularity at zo. In the next
section we will show that the zeros of S in the lower half-plane are
isolated; it is not hard to deduce from this that the singularities of its
analytic continuation to the upper half-plane are poles. Furthermore
we will explain the significance of these poles for the asymptotic
description for large ¢ of solutions u(x, t) of (1).

6. The associated semigroup. We begin by obtaining the incoming
and outgoing translation representations for the perturbed group
U(t) from the corresponding representation for V(t), namely M: H—
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Lsy(R; N), and the wave operators W ...

Recall that
6.1) MV(t) = T(t)M.
Hence setting
6.2) M. = MW,

and making use of the intertwining property of the wave operators, we
have

(6.3) M.U(t) = MW.U(t) = MV()Wa = T()MW- = T(t)M..
The previously mentioned properties of M now imply

Tueorem 6.1. (a) M. isunitary,

(b) M. isa translation representation for U(t),
() M. maps D% onto Lg(p, ®; N),

(d) M. maps D’ into Ly(— @, p; N); in fact

(6.4) M, DZ = SyLy(—», —p; N) .

Proor. Property (a) follows trivially from the fact that M, is the
product of two unitary operators; (b) from (6.3); and (c) from the fact
that W, and hence W} when restricted to DY is the identity. To prove
(d) we use the analogous property of W_, namely that W_ when re-
stricted to D? is the identity. Since D’ fills out Ly(—, —p; N) in
the M representation we have for f in D2 and hence for any k = Mf
in L2(— ®, =p; N)

M.f= MW, W_f= MSM*® Mf = Syk .

The operator M_ has analogous properties; the representations
given by M_ and M are called the incoming and outgoing translation
representations of U(t). Finally we note that the M-translation repre-
sentation of S takes the form

(6.5) Sy= MSM* = MW W_M*= M, M* .

Thus Sy can be defined intrinsically in terms of the pair of translation
representations M _ and M, without reference to wave operators.

Taking Fourier transforms we obtain the incoming and outgoing
spectral representations M _ and oM, respectively, onto Ly(R, N)
and from Theorem 6.1 we see for instance that ¢+ maps D£ onto
eiec A (N).

We turn now to the family of operators already introduced in §1
as a very useful tool for studying the properties of S:

6.6) Z(t)= PR U(t)P* t=0.
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Here P? and P? denote the orthogonal projections onto D?* and D** |
respectively. The operator P? removes that component of the signal
which might be coming in from very far away and which would not be
scattered for a long time; the factor P£ removes all components which
cannot undergo any further scattering. Thus Z(¢) retains all of the
interesting features of U(t), while at the same time neglecting data
which is unessential to the scattering process.

Tueorem 6.2. (a) Forf 1 D?

(6.7) Z(t)f = U(t)f
for |x| < p.
(b) Z(t) annihilates D% and D? and maps H into
(6.8) K= HO(D? ® D%).
(c) Z(t) forms a one-parameter semigroup over K”.
@ |z@o)| = 1

Proor. Since f is orthogonal to D2, P’f= f. Likewise, since ele-
ments of Df vanish in [x| = p, for any g, Pfg = g for |x| < p; this
proves part (a).

We turn to (b); clearly

Z(t)f = PLU(t)P*f

annihilates every f in D?, since P£ does. For fin Df, P2f= f, U(t)
maps D into D, and the resulting element is annihilated by P?.

To show that Z maps H into K”we have to verify that Zf is orthog-
onal to both D£ and D?. We have

(6.9) (2f,g) = (P.UP_f,g) = (UP_f, P.g);

if g belongs to D, P,g = 0 so (6.9) is zero. Suppose g is in D?; then
P.g = g and so we have from (6.9) that

(6.10) (Zf,g) = (UP_f, g) = (f, P-U%g) .

Since U forms a unitary group, U®(t) = U(—t); recall that U(—¢t)D*
C D’ fort> 0 and so P_U*g = 0 for g in D”. This shows that (6.10)
is zero for g in D_ and completes the proof of part (b).
(c) To show the semigroup property over K”, we note that for f
inK”*
ZO) =P, P_f=f .

Next we look at

Z(t)Z(s)f = PLU(t)P_P,U(S)P_f .
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Since we have shown that the range of Z(s) is in K *, we can omit P_
in the middle and write

Z(t)Z(s)f = P.[U{U(S)Pf + g}l

where g is some element of D{. Since for ¢t > 0, U(t) maps D, into
itself we conclude that P, U(t)g = 0, and so

Z()Z(s)f = P,UGU(s)P_f = Z(t + s)f

which is the semigroup property.
Remark. Our proof shows that

U(s)f = Z(t + s)f forfin K *;

we will have occasion to use this later on.

Part (d) is obvious; Z, being the product of three operators, each of
which has norm 1, has itself norm = 1.

ReMaRrk. Since P. are orthogonal projections, ||P.f]| = ||f] implies
P.f= f It follows from this that ||Z(¢)f| = ||f|| implies Z(t)f = U(¢)f.

This concludes the proof of Theorem 6.2.

Since {Z(t), t= 0} is a semigroup of operators with norm =1, it
has, according to the Hille-Yosida theorem, a densely defined in-
finitesimal generator B. Symbolically, Z(t) = exp Bt. The spectrum of
B is confined to the half-plane of complex numbers with nonpositive
real part; every z with Re z > 0 belongs to the resolvent set, the re-
solvent being given by the Laplace transform

6.11) (z—B)- j Z(t)e-#dt.

TueoreM 6.3. The spectrum of B is a discrete point spectrum in
Re A < 0.

We shall prove that the operator (z— B)~1Z(2p) is compact; this im-
plies that (z— B)~!'Z(2p) has a discrete point spectrum, from which it
follows by the known functional calculus for semigroups, see Chapter
3 of [3], that so does B.

Again we make use of the fact that V(2p) maps D**into D ; this
shows that P,.V(2p)P_ = 0. Subtracting this from the definition
P,U(2p)P_ = Z(2p) we get, using the abbreviation

(6.12) U(2p) — V(2p) =
that
(6.13) P.XP_ = Z(2p)

We turn now to studying
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(6.14) (x— B)-1Z(2p) = f: Z(2p)Z(t)e—=dt .

As we have remarked in the course of proving the semigroup property
of Z,

Z(2p)Z(t) = Z(20)U(t) on K’ .
Using this relation and (6.13) we can write the right side of (6.14) as

(6.14) P,XP_ j : Ut)e-=dt

Since U(¢) maps D’ into itself for ¢ > 0, P_ can be omitted. Next
we use the resolvent relation for G:

(6.15) f " Uy dt = (= G)!

and appeal to a domain of dependence argument according to which
the value of Xf does not depend on values of fin [x| > p + 4cp. This
can be expressed as (see (4.6)) X = XQ,+45, where the projection Q,
is multiplication by the characteristic function of |x| = p. Using the
above identity for X, and (6.15), we can rewrite (6.14)" as

(6.14)" P.XQuie(z — G)1 .

We claim that this operator is compact; for (z—G)~! maps the unit
sphere in H into a set of functions {g} with the property that | g|| and
|Gg|| are uniformly bounded. Since G is an elliptic operator, it follows
from standard elliptic estimates that for such a set of functions {g},
[l9:g| is uniformly bounded, and so by Rellich’s criterion this set of
functions is precompact in the Ly norm over the ball of radius p + 4cp.
This shows that (6.14)" maps the unit ball in H into a precompact set,
and completes the proof of the discreteness of o(B).

Next we show that the spectrum of B lies in ReA< 0. For suppose
that A were an eigenvalue of B with Re A= 0; denote by f the corres-
ponding eigenfunction. Then Z(¢)f = exp(At)f; this shows that Z(¢)
preserves the norm of f. From the definition of Z as P, UP_ it follows
that if Z(¢) preserves the norm of f; then Z(t)f = U(t)f. Therefore the
above relation implies that

Uf = expdf

Differentiating with respect to t we get Gf = Af; but according to
Theorem 3.1 the only point eigenvalue of G is A = 0 and we have
assumed that A = 0 was not an eigenvalue. This completes the proof
of Theorem 6.3.
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ReMark. In case A = 0 were an eigenvalue for G we would have
limited our considerations to H = H © H,, where H, denotes the
null space of G. As can be readily verified D are contained in H' so
that the theory goes through as before if we now take K” equal to
HO© (D@ D?).

TuEOREM 6.4. \ is an eigenvalue of B iff z = iX is a zero of the scat-
tering matrix S*(z).

Proor. Consider Z.(t) = M.Z(t)M;!, i.e., the action of Z in the
outgoing translation representation for U. Omitting P_, which acts as
the identity on K”, we have

(6.16) Z.(t)= M,P,M;'M, UM = Q,T(t)

where T is translation and (), is orthogonal projection onto

L2( - ® ap)
Next we determine the image K, of K under M, : using parts (c)
and (d) of Theorem 4.1 we have

K,=M,(HO D!O© D?)= M,(HO D!)© M,D*
= Ly(—®,p) © SyLo(— >, —p).

ReEMaRrk. From (6.16) and (6.17) it is easy to devise a new proof of
Theorem 6.2.

Let h(s) in K, be an eigenfunction of B, with eigenvalue \; then h
is an eigenfunction of Z,(¢) with eigenvalue e''; by (6.16) this means

h(s—t) = eMh(s), s=p .

(6.17)

Setting s = p we get, withr = p — ¢

h(r)=e>n on (—x,p),
(6.18) Zo on e

where n = e*h(0) is some vector in N.
According to (6.17), h belongs to K, iff it is orthogonal to

SMLZ( - @, _p>:

(6.19) 0 = (h, Syk)

for all k in Ly(— o, —p). Using Parseval’s theorem we write (6.19) as
(6.20) (Sk,h) =0

where R, k denote the Fourier transforms of h and k.
The Fourier transform of h can be calculated explicitly from (6.18):
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I e — e —P—io)
ko) = J_m h(r)eiedr = N —io n
Substituting this into (6.20) we get
6.21 i P Ay
621) |7, (sekern L2 dr =0,

where [ , ] denotes the scalar product in N. According to
Theorem 5.6, S(z) is analytic in the lower half-plane and grows there
at most like e2°lim =,

ko) = j ” k(s)e ds

also is analytic in the lower half-plane and its Ly norm along Im z =
const decreases like O(e#lm#). It follows by the Paley-Wiener
theorem that [S(o)k@) n] e~ belongs to A_.

Now we shift the line of integration in (6.21) from the real axis
to the line z=o0— iR; since the L, norm along Im z= — R of
[S(2)k(z), n] e*** remains bounded, the resulting integral tends to 0 as
R— . Since the integrand has a simple pole at z = i\ we conclude
that the residue there must be zero:

[S(N)k(@X),n] =0 .

Finally we note that k(ix) may be any element of N, and therefore
S*(i\)n = 0. The converse assertion follows by reversing the above
argument. This completes the proof of Theorem 6.4.

7. Energy decay. In what follows we shall investigate the rate of
decay of the energy contained in bounded sets, and the uniformity of
the decay with respect to f. These turn out to hinge on the behavior
of the bicharacteristic rays associated with the equation (1). Rays are
solutions of the Hamiltonian system of ordinary differential equations

d = d, — _
dt X Tﬁi) Epl Txi3

(7.1)
where 7 = 7(x, p) is an eigenvalue of A(x, p) = 2Ai(x)p;, and where
subscripts refer to partial differentiation. There are n/2 families of
eigenvalues: consequently there are n/2 Hamiltonian systems (7.1).

We say that the rays of the operator 3, — X Ad; — B tend to in-
finity if for each solution of (7.1) m =1, ..., nf2, |x(t)|—> © ast—> .
More specifically we require that there exist a time T called the
sojourn time such that each ray which at time ¢ = 0 lies inside the
sphere {|x| = p} lies for t = T outside {|x| = p}.
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Remark. Since outside {|x| = p} the rays are straight lines propa-
gating with speed = 1, it follows that for any values of a and b > p,
any ray which at time ¢t =0 lies inside {|]x| = a} will be outside
x| =bfort>T+ a+ b.

Tueorem 7.1. If the rays of (1) tend to infinity, then (a) for any
f1 Hy

(7.2) QU] = Ae=|If]

where d and A are positive constants independent of f.
(b) The nonzero eigenvalues {\} of B can be arranged so that

(7.3) 0> ReA; = ReAp = -,

with Rely — — ©.
(c) The asymptotic expansion

(7.4) U(t)f~ iake*k'wk(x) ,

where wy, are eigenfunctions of B, holds uniformly for |x| < p for every
fl Ho+ D2
(d) The eigenvalues \ of B satisfy

(7.5) ReA=a—blog|A|, b>0.
The proof is based on

Tueorem 7.2. If the rays tend to «©, Z(ty) is compact for to > T
+ 6cp + 6p where T is the sojourn time. Furthermore the range of
Z(to) lies in the domain of B, and BZ(t,) is bounded.

We show how Theorem 7.2 implies Theorem 7.1. According to the
spectral theory of semigroups, if Z(t,) is compact

(1.5) 0(Z(to)) = exp(too(B));

here o(B) denotes the spectrum of the operator B. Since Z({p) is com-
pact, its spectrum accumulates only at 0; it follows then from (7.5)’
that the real part of the spectrum of B accumulates only at — .
Since according to Theorem 6.3 the nonzero eigenvalues of B have
negative real parts, this proves (7.3) and part (b).

As we have shown in the proof of Theorem 6.3, the null space of B
is Hp. Since |Z|| = 1, it follows that 0 is a simple eigenvalue. It fol-
lows from this that the spectrum of B on H © H, does not include 0;
from this and (7.5)' it follows that o(Z(ty)) = {exp(foAx)} where the
numbers A satisfy (7.3). This implies
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lo(Z(t0))| = exp(toRe )< 1,

i.e., that the spectral radius of Z(t,) is < 1.
According to the Gelfand formula for the spectral radius

(7.6) lim|| Z"(ty)||''» = exp(toRe Ay).

By the semigroup property, for ¢t = nty, Z(¢) = Z"(t), so it follows
from (7.6) that for any € > 0 and for ¢ large enough

(7.6Y IZ(2)]| < exp(t(Re A, + €)).

Since elements of Df are zero for |x| < p, it follows, as already
stated in Theorem 6.2, that U(¢)f = Z(t)f for |x| = p and f1 D’. There-
fore ||Q, U(#)|| = || Z(t)||. Combining this with (7.6)' we deduce (7.2).

The seemingly stronger conclusion (7.4) follows by a similar argu-
ment. We denote by K™ the subspace of K” consisting of all functions
which are orthogonal to the eigenfunctions of B* corresponding to the
first N—1 eigenvalues of B. The spectral radius of Z(t,) restricted to
K™ is exp(toReAy), and applying the Gelfand formula gives an esti-
mate analogous to (7.6)':

(7.6)" | Z(t)r™)|| < exp(t(ReAy + €))[r™|

for every ™) in K™,
Denote by Py the spectral projection onto the eigenspaces associated
with A, . .., Ay_1; for any f, Pyfis of the form

N-1
Prf = Y awn
0

and f — Pyf = r®™) belongs to K™, So
Z(t)f = Z(t)Pnf + Z(tf;
= 3 aetwy + Z(t)rV.

The estimate (7.6)" proves the asymptotic character of this series, as
asserted in (7.4). Further results of this kind are contained in [6].

ReMark. If A is an eigenvalue of index > 1, the kth term in (7.4)
is an exponential polynomial rather than an exponential.

We turn next to part (d); if A is an eigenvalue of B then A exp(At) is

an eigenvalue of BZ(t). Denote by ¢ the norm of BZ(t); since this is a
bound for the spectral radius we have |\ exp(At)| = ¢ which implies

Rex=logc —%log Al

as asserted in (7.5).
We return now to the proof of Theorem 7.2. We write
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(17 Zt) = P.U®P- = P.UE)U(t—4p)U(20)P- .

It is clear that V(2p) maps the orthogonal complement of D’ into D ?;
using this fact we can subtract V(2p) from U(2p) on the right in (7.7)
and get

Z(t) = P.[U(2p) — V(20)] U(t—4p)[U(20) — V(2p)] P
= P, XU(t—4p)XP_,

where X = U(2p) — V(2p). We use now the identities (4.5) and (4.6)
of Lemma 4.4 derived in §4 for X; we get

Z(t) = P,XQ, 140, Ult—4p)Q, 1200 XP_ .

We claim that the product in the middle Q,U(s)Qs is compact for
§> T + a + b; clearly this implies the compactness of Z(t) for t > T
+ 6¢p + 6p.

U(s) can be represented as an integral operator:

[UGs)g) () = [ Rly, z 9)g(@)dz

where the kernel R is the Riemann function. It is known, see Ludwig
[8], that singularities of solutions of hyperbolic equations propagate
along characteristics; this implies that R(y, z; s) is a C* function of
y, z atall pairs except when y = x(s), z = x(0), where x(t) denotes any
bicharacteristic. Since we have assumed that all bicharacteristics
starting inside [x| = b lie at time > T + a + b outside [x| = g, it
follows that for s > T + a + b the operator has, except for jump dis-
continuities along |y| = a and |z| = b, a C~ kemel and so is a com-
pact operator. This completes the proof of the first part of Theorem 7.2.

To prove the second part of Theorem 7.2 we observe that in the
identities (4.5) and (4.6) of Lemma 4.4 we may replace the operator
Q, by the operator Q; defined as multiplication by a C% function
{(X) which equals 1 for [X| = p and equals zero for |x| > p + €. We
have analogously to (7.7)

7.7y Z(t) = P, XCXP_
where

C(t) = Qp€+4cp U(t—4p) Qp€+20p

This operator has for t > T + 6¢cp + 6p a C7 kernel and therefore it
is differentiable with respect to ¢ in the uniform topology.

We claim that for t > T + 6¢cp + 6p the range of Z(t) is contained
in the domain of B, and BZ(t) is a bounded operator. To see this we
write



204 P. D. LAX AND R. S. PHILLIPS

BZ(t) = tim 2P~ 20

= lim P, X C(t+hh_c txp_

= P, XC, XP_

Since C, is a bounded operator, this proves the boundedness of BZ(t);
thus the proof of Theorem 7.2 is complete.

Theorem 7.1 is sharp, i.e., the hypothesis concerning the rays cannot
be omitted:

THeOREM 7.3. If the bicharacteristics do not tend to «, i.e., if there
are bicharacteristics which stay inside |x| = p for an arbitrary length of
time, then | Z(t)| = 1 for all ¢.

CoroLLARY. Z(t) is not compact for any value of t.

To prove this one would have to construct highly oscillatory solu-
tions of (1) which follow a given ray; for particulars see Ralston, [13].
To conclude we give an example of a simple system where the bi-
characteristics do not tend to . Take
m(x,p) = [x|lp] .

where

: p ’ 2
kP= Xz  pP=Zpi.
The ray equations (7.1) are

di_lxl  dp_ _lpl
78 a P @ R

We compute now the ¢-derivatives of x -p and of |x[2; using (7.8) we
get

d,.. _dx, .dp_
(7.9) dtxp 7 p+x it 0,
1 dx? dx _ |x|
7.10 S OEE Py
(7.10) 2 dt “dt |l P

If at t = 0 the variables x,p are chosen to be orthogonal then (7.9)
shows that they remain orthogonal and (7.10) shows that |x| remains
constant; thus it does not tend to = .

On the other hand it is easy to show that if 7 does not vary too fast
with x, and if p is not too large then all rays tend to infinity. Suppose
that
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(7.11) Irx| = €lp| .
From the second ray equations (7.1) we have therefore
|2 |= = elpl
which implies that
(7.12) IP(T) = [p(O)]e .
In what follows we shall choose
(7.13) p(0) = w, lo|]=1.

Using (7.12) we get

(T.14)  |p(T) — o = HZ C—(lﬁdt | =e j: Ipldt = (eT—1) .

Using the first ray equation we get
(7.15) o dx/dt = wr, = pr, + (0—p)1) .
Since 7 is homogeneous of degree 1 in p
prp=17 and |r,|=k.
Furthermore we have assumed that 7 = cpin[p| = [p| -
Using these estimates on the right side in (7.15) we get
odx/dt= |p| — kle—p|Z=1—(k+ 1) |0 —p|.
Using (7.14) we get
odedt=1— (k+ 1)(et—1) .

We integrate this with respect to t; since x(0) lies in [x| = p, |wx(0)]
= p and we get

ox(TVZ —p+T—(k+1)[eT—1—€T]le

(7.16) )

=—-p + —E—a(e T)
where
(7.17) a(s) =s— (k+ 1)(e¢ —1—s) .
Clearly, a(s) is positive for s small; this guarantees that
(7.17Y M= Itflﬁ)x a(s)

is positive. If sy is the value where the maximum is achieved, then for
T = syle we have from (7.16) that w ‘x(T) = —p + Mle; if
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(7.18) pe < M/2
we have
ox(TVZ —-p+20>p
which shows that x(T) has gotten out of the ball [x| = p and is on its
way to © . This proves

Tueorem 7.4. If (7.11) and (7.18) are satisfied, then all rays tend
to @,

8. Explicit form of the spectral representation and the scattering
matrix. In §6 we have proved the existence of two unitary spectral
representations &M, and M _ for the group U, which map H onto
Ly(— o, ®; N)with the properties thatsM , maps D onto €'**A(N),
andM_ maps D’ onto e~ *A_(N). In this section we shall display a
fairly explicit analytic form forsM, and M_.

We start with the observation that the spectral representation <M for
the unperturbed group V, which is both incoming and outgoing, is
essentially the Fourier transformation, suitably adjusted to take care
of the dependence of the propagation speeds on direction. Denoting

Mfby f= (fi.fo, . . ., fu) we have
(8.1) flo, ) = (f (0, @),

where ¢ is the (1 X n/2)-matrix function whose jth column is

%) — iox-
8.9 o W, )= _1,2( o > ( wxw>'
82) ¢(x;0, 0, j)=0 o) exp (@) ()

Observe that ¢ satisfies Gop = g, i.e., ¢ is a generalized eigenfunc-
tion of Gy.
DenoteM- f by f.; we expect f= to be given by similar formulas:

(8.3). filo, 0)=fo=0, 0) ,
where ¢ . are generalized eigenfunctions of G:

(84) Go.=wp. .

We further expect ¢ . not to differ too much from ¢:
(8.5) p=¢tv..

Our task now is to determine the correction terms v.; clearly they
must satisfy the eigenvalue equation (8.4) so that

(8.6) (G— o, =— (G— i) .

From our construction of M. from o/ we know that /M agrees with
M on Df, and with s/_ on DZ; this implies that
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8.7) (D4 v.)=0.

So far this discussion has been heuristic; next we sketch a rigorous

proof.

TueoreM 8.1. The spectral representation theorem:

(A) Equation (8.6) has a pair of solutions v . which satisfy (8.7).

(B) These solutions are locally L.

(C) f, defined by (8.3) where ¢.. is given by (8.5), ¢ by (8.2) and
v. are as constructed, is an outgoing, respectively incoming spectral
representation for U.

As a first step we prove an auxiliary result on the analytic continua-
tion of the resolvent of G.

Tueorem 8.2. For every g with support in |x| < p, v = (G—\)"!g
can be continued analytically from the half-plane Re X > 0 into the
complement ofo(B). The analytic continuation has these properties

(a) vislocally Lo,

(b) v satisfies the differential equation

(8.8) (G=Av=g,
(c) v is orthogonal to those elements of D’ which have compact
support.

Proor. Recall that the semigroup Z(t) was defined as P, U(t)P_; the
resolvent of its infinitesimal generator B is given by the Laplace
transform

Q—mﬂ=ﬁjamww=PJ U(t)e-dt P_ = P,(\—G)~'P_ .

0
Let f be any element of H with support in |x| < p; then P.f= f, and
since P_g = g we have

(B=N)"'g.f) = (Po(G—N"'P_g,f) = (G — N)"'P_g,P.f)
=({(G—=MN""gf).

Since the left side can be continued analytically into the resolvent set
of B, so can the right side. The analytic continuation is, for each
A €o(B), a linear functional of f, bounded by const ||f]|, where const
= ||(B=A)"!||. Therefore by the Riesz representation theorem for
each A € o(B) there exists a square integrable function v such that
in |x| <p (G — A)~!g = v. Since p is arbitrary, we see that v can be
defined in all of R* and is locally L,. As a function of A, v is weakly
locally analytic outsidea(B). This completes the proof of part (a).
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Next we show that v satisfies the differential equation (8.8) in the
distribution sense, i.e. that for all f in Co, (v,(—G—)_\)f) = (g, f). This
is certainly true for Re A > 0, and therefore continues to hold under
analytic continuation. We complete the proof of (b) by remarking that
if g is a C, function, then it follows from elliptic theory that the dis-
tribution solution v of (8.8) is actually a C* solution.

We turn to part (c); since g is zero for x| > p, certainly g is orthog-
onal to D?, and since for ¢ > 0 U(— ¢) maps D’ into D?, U(t)g L D*
for t > 0. It follows then that for Re A > 0

—O)-lo= [T -

A—G)!g jo e MU(t)g dt

is L D?,i.e., that

(8.9) (G=X)"'g,f)=0 forallfinD? |

in particular for those with compact support. Since relation (8.9)
remains true under analytic continuation, our proof of part (c) is com-
plete.

CoroLLARY 8.3. It is easily seen that if g depends piecewise smooth-
ly on some parameters then (G — \)~'g = v also depends piecewise
smoothly on these parameters in the local Ly topology.

The following characterization of functions satisfying property (c)
is useful:

LemMma 8.4. Suppose that v is locally L, and that (v, f) = 0 for all
fin D? with compact support. Then

[V(t)o] (x) =0 for x| < t—p.

Proor. We note first that, on account of the finiteness of signal
speed, V(t)v is well defined for all locally L, functions v, and is itself
locally L,. To show that V(t)v vanishes in |x| < t—p we have to verify
that (V(t)v, h) = 0 for all h with support in |x| < t—p. According to
the explicit formula derived for solutions of the unperturbed equation,
for such h, V( — t)h belongs to D *; clearly it has compact support, and
SO

(V(t)o, h) = (v, V(—t)h) = 0 .

This completes the proof of the lemma.

We are now ready to prove the spectral representation theorem.
Let ¢ = ¢(0, w) be the generalized matrix-valued eigenfunction of
Go defined by (8.2); since G and Gy are the same for |x| > p, it follows
that
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(8.10) g0, @)= — (G— )

is zero for |x| > p. Now set

(8.11) 00, w) = (G— o) g0, ) ,

where the right-hand side is defined by analytic continuation from
Re A > 0; according to part (a) of Theorem 8.2, v, has properties (A),
(B) asserted in the spectral representation theorem.

Since ¢(0, w) depends smoothly on o and piecewise smoothly on
so does g(@, w) and it follows from Corollary 8.3 that v.(o, w)
= (G — i) g, w) defined by analytic continuation also depends
piecewise smoothly ono, @ in the L, norm over every compact subset
of Rk,

We define now

(8.12) pr=¢tuv,;

clearly ¢, is a piecewise smooth function of o, ® in the L, norm over
any compact set of R"; therefore for any f with compact support,

(8.13) fo.0)= (o)

is a piecewise smooth function of o, w.
We appeal now to part (b) of Theorem 8.2; since v, is defined by
(8.11) we get, using the definition (8.10) of g that
(G— o)., 0)=— (G- o) ;
this shows that
(8.14) (G—o)p. =0,

i.e., that ¢, is indeed a generalized eigenfunction of G.

We turn now to proving part (C) i.e., that we have an incoming
spectral representation. We shall show that

(i) For every fin Co

(Gf.o+) = b(f, @) = b’f— .

(ii) ForfinD* N ¢y, fo =7 .

(iii) f— f- is an isometry.

(iv) The set of f is dense in Ly(— %, % ; N).

Property (i) follows by integrating by parts and using (8.14):

(G=b)fps) = = (£ (G—i)ps) =0

as asserted in (i).
(if Forevery finCy,
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(8.15) (U@, 0+) = et(f, ) = e¥'f ;
to see this just differentiate with respect to ¢ and use (i).

To prove part (ii) we have to show that (f, v.), the difference be-
tween f, and f, is zero for fin D? NCy’; but this is an immediate
consequence of part (c) of Theorem 8.2. Since f— f is an isometry
(this is the Parseval relation for the Fourier transform) it follows that
for fin D2NCy, f— f- is an isometry. Using (8.15) and the isometry
of U(t) we conclude that f— f_ is an isometry for all fin U(t)D*NC, .
Since according to the Density Lemma the set of these elements is
dense in H, property (iii) follows.

There remains to show that the mapping is onto Ly(—®, ®; N).
This follows from the fact that the image of D £ under the unperturbed
spectral representation is e¥» A_(N); therefore its image is the same
under the incoming spectral representation. The image of U(t)D? is
€e*r) A_(N), and the union for these for all ¢ is a dense subset of
Ly(—®, ®;N).

Having properties (i)—(iv) for fin Co we define f for all f by com-
pletion. We point out that the classical Fourier transform on Ly is
also defined by completion.

The outgoing representation f— f can be treated similarly. This
completes the proof of Theorem 8.1.

We turn now to deriving an explicit form for the scattering matrix.
For this we need to extend the notion of the Radon transform; the
generalized Radon transform turns out to be a very useful tool.

We recall that in extending the Fourier transform to tempered dis-
tributions we had to overcome both bad local behavior as well as bad
behavior at infinity. In generalizing the Radon transform we have to
overcome precisely these two difficulties. Local bad behavior causes
no difficulty at all, if f is a distribution in R* with compact support,

(8.16) Ws,w)= 5" [ flods

X w=§
makes perfectly good sense as a distribution in s,@. On the other hand
if f does not tend to zero fast enough at infinity there is no immediate
way to give a meaning to (8.16). To get around this difficulty we turn
to the inverse 4 of the Radon transform.

(8.17) ﬂﬂ=ﬂh=er@wa;

clearly this defines f as a distribution for any distribution h, no matter
how h behaves near infinity. We define the domain of the generalized
Radon transform to consist of all functions f of the form (8.17) and set
Rf= h.

Consider the following example: take h to be
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(8.18) h(s, w) = e~ §y(w)ry( w)

where 84(w) is the § function of S¥~! at some point 6. Using the defini-
tion (8.17) of 7 we get

(8.19) @ =9 h=¢0x.0050) 1(0) .

Note that ¢ satisfies Gop = Ap.
The trouble with this definition is that it is not at all clear which f
belong to the domain of K. We shall prove

Tueorem 8.5. Let g be any distribution whose support lies in
|x| < p, A any complex number; then the equation

(8.20) (Go—Ap=g

has two solutions v, and v_, one orthogonal to D N Cy, the other to
DfNCy. The solutions v, and v_ are uniquely determined by these
conditions. Both v, and v_ have Radon transforms which have the
following properties:

Rv. =0 fors<-—p,

(8.21)
Ro_=0 fors>p.

Proor. Anticipating the conclusion we Radon transform (8.20); de-
noting RKv by h we get
(8.22) Go(w)dsh —Ah=R g .
Since g = 0 for |x| > p, R g = 0 for |s| > p; the ordinary differential
equation (8.22) has two distinguished solutions k. and h_, vanishing
on (— o, —p), respectively (p, ®). Denote 4h, by vy, 4h_ by v_;
we claim that they solve (8.20); for

(Go=No = (Go=AN)g h = 7(Go(w)dh—Ah) =0 Rg=g .

The relation (8.21) follows by the construction. Since

n/2
V(ito, = ¢ [ Ehj(s — 1i(o)t, w)rj] ,
(8.23) 1
[V(t)o+](x) =0 forjx|]<t—p
We show next that v, is uniquely determined by condition (8.21),
for if there were two, their difference d would satisfy both

(8.24) God = A
and

(8.25) V(it)d=0 for x| <t—p .
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But (8.24) implies that
—dd—tV(t)d = V(8)God = AV(8)d ,

which implies that V(t)d = e'd. It then follows from (8.25) that
d=0.

The properties of v_ can be deduced similarly; this completes the
proof of Theorem 8.5.

CoroLLARY 8.6.

n/2

£D+ = 2 a;—(w)e—}\sl‘rj(m)rj(w) fOT s> P>
(8.26) !

n/2

Ro_= ¥ afw)ekin(w) fors< —p.
1

This can be deduced from the fact that both R v, and Rv_ satisfy
a homogeneous differential equation for |s| > p.

CoroLLARY 8.7. Let v be a solution of
(8.27) (G=Av =g, g=0 forkx|>p

which is orthogonal toD* NCy ; then v has a Radon transform which
satisfies

Rov=0 fors< —p
= Y by(w)e i« r(w) fors>p .
This follows by rewriting (8.27) as
(Go—Ao=g+ (Go— Gr=¢g

(8.28)

and noting that g’ also is supported in |x| = p.The relation (8.28) then

follows from Theorem 8.5.
Combining example (8.19) and Corollary 8.6 we conclude that the

jth column of Rig . is given by

' 12 o n/2 s
(R )(s, w0, 0,j)=a"V <—-—27r1'~(w) ) e~ osh(@) § o(w)rj( @)
J

fors< —p,
(8.29) +

= oo (52— ) e 5 w)ry(w)
2n7i(w) ’
/
+ at (w; 0,0, jle=osh @ (w) fors>p.
2 =1

S
[

Il
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An analogous formula holds forR ¢ _.

TueoreM 8.8. The scattering matrix S(o) equals the identity plus an
integral operator whose kernel K is the n/2 X nf2 matrix-valued
function

(8.30) K, (0, w;0) = oll2 ( 271"1',ir 0

n/2
> (1_5(0, g, w,j) >
where ag is defined by (8.29)_; that is

filo, o:5) = f~0, w; )
n/2 -~
+ g2 2 -[|0I=I(M> ay(0;0, 0,§)f-(0, 6;2)d6

2=1 d

(8.31)

Proor. In order to verify (8.31) we substitute in it the previously
obtained expressions for f; and f_ and replace a by K, ;; we then
obtain

(f, ¢-0, w.))) = (f, 0+00, @, ))

(8.32) n12
j (f, 40, 0',2))K, (0", 0;0)d0 " .

Interchanging the order of x and 6 integration, we conclude that (8.32)
holds if and only if the quantity

U(x5;0, 0,j) = ¢-(%:0, 0,j) — ¢.(x;0, ®,)
(8.33) w2
Jm (x;0,0',2)K, (0", 0;0)d0’

is zero.

It suffices therefore to show that ¢ = 0. We note that each term of
the sum is annihilated by (G—i0) and therefore so is §. Next we show
that for K defined as in (8.30) ¢ is orthogonal to DZNCy. It will
then follow from a generalization of the Rellich uniqueness theorem
(see [3, Theorem 2.5 of Chapter 6] ) that § vanishes identically.

We now verify that ¢ is orthogonal to D* M Cy by showing that its
Radon transform is zero for s < —p as required by Corollary 8.7. The
Radon transform of ¢_ — ¢ is the same as that of v_ for s < —p,
namely

n/2
Rlp- — ¢04)0, 0,)) = X a3(6;0, o, jle e @1, (0) fors< —p .
2-1
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On the other hand the Radon transform of ¢, is the same as that of
¢ for s < —p, that is

R(p+)0, w,j) = 0-1/2( g )nlze—"‘“/’j @5 (0)ri(8) fors< —p .
271’7']'(0)

Substituting this in (8.33) we find that for s < — p, (R¥)(s, 6;0, o, j)

is

n/2

—(0- N — 12 g )"’2_ _ . —ioslr, (6)
1=21 [02(0,0, w,j)—0o < 2n1, (0) K, i, w,a)] e~wshy O 1, (0),

which is indeed zero if K is chosen as in (8.30).

Part I1. THE WAvVE EQuaTION

9. Purely decaying modes for the wave equation in the exterior of
an obstacle. Next we consider the behavior of solutions of the wave
equation in the exterior of an obstacle. The differences between the
exterior and interior problems are so great that they tend to hide the
points of similarity. Our purpose in the remaining sections of this
paper is to bring out certain analogies between these two problems
and to this end we first discuss the relevant, but familiar, facts about
the interior problem; that is the behavior of solutions of the wave
equation

(9.1) utt - Au = 0

in some smoothly bounded compact domain © on whose boundary u
is required to satisfy a boundary condition, say

9.2) u=0 ondO.

The spectral decomposition of A over © leads to the following
representation of the totality of solutions of (9.1), (9.2):

(9.3) u(x, t) = 3, (axe*r' + bre~#xt)ve(x) ;
k=1

here {u2} are the eigenvalues of —A arranged in increasing order with
M > 0 and {vi} are the corresponding eigenfunctions:

(9.4) Avg +y,}2<uk =0, v(x)=0 onddO .

For the interior problem (— A)~! is a positive compact operator and
therefore the {ux} form a sequence of positive numbers tending to %;
each solution of the wave equation is represented in (9.3) as a super-
position of harmonic motions with frequencies p. These frequencies



SCATTERING THEORY 215

are functionals of the domain ®, and much effort has gone into study-
ing the dependence of the set of numbers {u;} on the geometrical
properties of © . The following results described in [1] are particular-
ly interesting mathematically and significant from the point of view
of physics:

(1) mi(®©) depends monotonically on O, thatis if O, C O, then

(9.5) m(©1) = p(O2) forallk .
(2) The asymptotic distribution of the u, for large k is
()
(96) me~ 2 (o)

where n is the dimension of the x-space, () the volume of the n-dimen-
sional unit ball and V the volume of ©.

(3) Among all domains © with given volume V, the sphere has the
smallest fundamental frequency u,.

We turn now to the behavior of solutions of the wave equation in
the exterior G of ©, subject to the same boundary condition (9.2).
In this case —A has a continuous spectrum (of infinite multiplicity)
extending from 0 to ® and one can again express all solutions of the
wave equation as a superposition of harmonic motions involving all
frequencies. It turns out that such a representation as it stands sheds
no light on the asymptotic behavior of u(x, ¢) for large ¢ with x fixed.

To get some idea of what kind of asymptotic representation to look
for, we first recall that the solution to the wave equation in free space
of an odd number of dimensions obeys Huyghens’ Principle; thus for
initial data having compact support, say contained in{x : |x| < R}, the
solution will vanish in the cone {x:|x| < t— R}. If an obstacle is
present this is no longer true. Nevertheless if the obstacle satisfies
certain geometrical conditions described below and if the space di-
mension is odd, then all such solutions decay exponentially for fixed
x as t tends to infinity. In fact for large ¢ such solutions behave asymp-
totically as follows:

o

(9.7) u(x, t) ~ Y cxetk twy(x)

k=0
where the numbers cx depend on the initial data but the numbers A
and the functions wy are determined solely by the obstacle © and are
in a generalized sense eigenpairs for the operator A in the exterior
domain. Each Ax has a negative real part and they have been indexed
so that

(9.8) 0>ReA = Relpg= > — .
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A precise meaning for (9.7) can be given in terms of the familiar
semigroup of operators

(9.9) Z(ty= PL U@M)PE, t=0
defined on
(9.10) K=HO (D*® DY),

when Z(t) compact for some ¢ > 0. In this case for f in K” one can ex-
press Z(t)f asymptotically as

(9.11) Z(t)f ~ D oxe k twy(x)

where the {A} are the eigenvalues and the {wy}the eigenfunctions of
the infinitesimal generator B of {Z(t)}. This was proved in §7.

The parameter p is arbitrary; happily however the eigenvalues
{\x} do not depend on p, and neither do the eigenfunctions for
[x| < p. In fact the wy(x) obtained for various values of p converge as
p— © to an eigenfunction of A, with A} as eigenvalue:

(9.12) Aw, = )\iwk ing .

These eigenfunctions behave asymptotically like |x|~lexp(—Ax |x])
for large |x| and therefore lie outside the Hilbert space H. They do
however satisfy an outgoing radiation condition.

To connect the eventual compactness of Z(t) with the geometrical
properties of © we introduce the following notation: Consider all rays
starting on the sphere of radius p which proceed toward the obstacle
and are continued according to the law of reflection whenever they
impinge on O until they leave the ball {|]x| < p}. We call © confining
if there are arbitrarily long rays of this kind; otherwise © is called
nonconfining. Surmising that sharp signals propagate along rays we
conjectured (see pp. 155-157 of [3]) that Z(t) is eventually compact if
and only if © is nonconfining. Ralston [13] has shown in an im-
portant special case of confining obstacles that Z(t) is not compact for
any t. In the opposite direction Ludwig and Morawetz |10] (see also
Phillips [12]) have shown that if © is convex then Z(t) is eventually
compact. For star-shaped obstacles Lax, Morawetz and Phillips [3]
have proved a related result, namely that Z(t) decays in norm ex-
ponentially; i.e., | Z(t)| = C exp(—vt) with C,y > 0.

In [5] we have made a start in studying the dependence of the set
of ‘exterior’ eigenvalues {Ax} on the geometry of the obstacle ©. We
have shown that the real eigenvalues, corresponding to purely decay-
ing modes, depend monotonically on the obstacle © , both for the
Dirichlet and Neumann boundary conditions. From this we deduced,
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by comparison with spheres—for which the eigenvalues {Ac} can be
determined as roots of special functions—upper and lower bounds for
the density of the real {A+} and upper and lower bounds for A, the rate
of decay of the fundamental real decaying mode.

We sketch the proofs of these statements in the next three sections;
a complete discussion is given in [5] .

10. The transmission coefficient. Rather than working directly with
the eigenvalue problem (9.12) we found it convenient to make use
of a different characterization of the eigenvalues {Ax} of the generator
B of Z(t), one which involves the scattering matrix. The correspond-
ence between the scattering matrix and the eigenvalues of B has been
previously stated: A is an eigenvalue of B if and only if iX is a zero of
the scattering matrix S(z) and the degree of multiplicity is the same
(see Theorem 6.4). Moreover S(z) is meromorphic having as its poles
precisely the points — i\ for which i\ is a zero of S(z) (see [3, Theorem
5.1 of Chapter 3] ).

The scattering matrix S(z) is an operator on Ly(Sz) and can be repre-
sented analogously to the representation given in Theorem 8.8:

(10.1) S(z) = I+ K*(z),

where K*“(z) is an integral operator with kernel
(10.2) K(@, 6;2) = Zpse(w, —0; ) ;
2

here k**(w, 8; z) is the transmission coefficient (see [3, Theorem 5.4 of
Chapter 5]). We shall be concerned with values of z in the lower half-
plane, Im z = 0, and for such z the transmission coefficient is deter-

mined by the solution of the reduced wave equation:
Z2o+ Av=0 in G,

(10.3) , L

v(x, w; 2) = exp(izx*w) ond&G (Dirichlet problem).

It can be shown that the asymptotic behavior of the solution v for large
x| is given by

o(r6, w; 7) = e;"” [k‘”(w, 0,2) + O (L)]

r

where 6 is a unit vector and x = r0. It is known that the transmission
coefficient is smooth in ®,0 and analytic in z in the lower half-plane.

We begin by stating a useful integral representation for the trans-
mission coefficient. Since we shall be concerned with the purely
imaginary zeros of S(z) in the lower half-plane it is convenient to work
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with 0 = iz. In what follows o will denote a positive real number
and, again for notational convenience, we set

(10.4) k(w, 6;0) = k*(w, 0; —ig)
and

K(w, 6,0) =2lk(w, —6,0) = K*(w, 0, —io).
T
In this case (10.3) becomes
o2v—Av=0 ingG,

(10.3)
v(x, w;0) = ¢** on @ G (Dirichlet problem),

or
d0(x, w; 0)/dn = 3 exp(—ox w)/dn on 3G (Neumann problem);

and the asymptotic behavior of v is given by

v(r8, w;a) = e_:r [ k(w, 6;0) + O(”:-)] ;

here n denotes the outer normal to 459 .
TueoreMm 10.1. If we denote by q, the bilinear form:
Go(u, w) = c2uw + Vu-Vw ,

then the transmission coefficient is given by

K, 050) = & [, alenp(— ox-0), exp(— ox-0))ds

10.5
1o * ijg 4o(v(x, @;0), v(x, 6;0))dx

where o= 1 for the Dirichlet problem and —1 for the Neumann prob-
lem, v is the solution of (10.3) and O the interior, & the exterior of
the obstacle.

As an immediate consequence we have

CoroLLary 10.2. For the Dirichlet and Neumann problems
ak(w, 0; o) is the kernel of a symmetric nonnegative Hilbert-Schmidt
operator on Ly(Sz).

Theorem 10.1 can be reformulated so as to give the following varia-
tional characterization of (10.5):

CoroLLAry 10.3. In the case of the Dirichlet problem
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= infL 232 2
(ka, a) 1nf47TJ'R3 [02B2 + (VB)?] dx

over all smooth functions B with compact support in Rs which are

equal to [ explox - w)a(w)dw in O . In the case of the Neumann prob-
lem

_ .1 2 s )
— (ka, a) = inf - | o [02B + (VB dx

over all smooth functions B in ©® U G, vanishing near infinity, and

which are equal to | exp(ox-w)a(w)dw in O and have a continuous
normal derivative (but need not be continuous) across 9.

We come now to one of our main results.

TueEoREM 10.4. Denote by k, and ko the transmission coefficients for
the scattering objects © | and O 5, respectively. If © 1 C ©,, then
considered as operators on Ly(Ss)

(10.6) ak,(@) = aky(0) forall o > 0;
here a =1 for the Dirichlet problem and a = —1 for the Neumann
problem.

It can be shown that ak(o) is strictly positive for a spherical scat-
terer. Since every scatterer with a nonempty interior contains a
sphere, from this and the monotonicity theorem we conclude

CoroLLary 10.5. If the scatterer © has a nonempty interior, a
times the transmission coefficient is the kernel of a strictly positive
operator.

11. On the purely imaginary zeros of the scattering matrix. We re-
call that a purely decaying mode of Z(t) with eigenvalue e=* cor-
responds to a purely imaginary zero of the scattering matrix S(z) at
z = —io with the same degree of multiplicity. Since in the notation of
the previous section S(—io) = I + K(o), this simply means that the
purely decaying modes of Z(t) correspond to those positive values of
o for which —1 is an eigenvalue of K(@); the kernel of K(@) is given by

(11.1) K(w, 8;0) = T k(w, —6;0) ,

2
where k is the transmission coefficient. Denoting reflection through
the origin by W: [Wa] (0) = a(— 0), the relation (11.1) can be written
in operator form as

(11.2) Ko) = ;—ﬂk(a)W .

According to Corollary 10.2 and Theorem 10.4, ak(o) is a symmetric
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strictly positive Hilbert-Schmidt operator on Ly(S;); a= 1 for the
Dirichlet problem and —1 for the Neumann problem.

The presence of W complicates the problem since K need not be
symmetric and even when it is symmetric it is not positive. Neverthe-
less the following comparison theorem for K is valid.

Tueorem 11.1. Suppose k, and ky are compact strictly positive
operators such that 0 < k; = ky and set K; = k;W. Then the eigen-
values of K, are real and nonzero; if they are ordered taking multi-
plicities into account:

WZwz->0>z2xd Z4), i=12
then for all integers n
1 2) ! 2
(11.3) vW=v? and k) =k

We have devised two proofs for this theorem. The first is fairly
direct and is accomplished by means of a symmetric operator with the
same spectrum as K. The second proof gives a minimax characteriza-
tion of the eigenvalues of K in terms of K itself in the setting of a Hil-
bert space with an indefinite metric (see [8]).

Theorem 11.1 provides us with a substantial grip on the problem of
determining the purely imaginary zeros of the scattering matrix; we
must find positive values of o for which —1 is a eigenvalue of K().
It therefore suffices to study the growth of the negative eigenvalues
{kn(0)} of K(o) as a functions of o, picking out those values of o and n
for which k,(@) = —1. It is known that k() is analytic in o for real
o = 0; it therefore follows from the relation (11.2) that K(o) converges
to zero as 0 — 0 +. Thus the smallest purely imaginary zero of the
scattering matrix comes from the smallest root o', of k;(0) = —1 and
hence we obtain as an immediate consequence of Theorems 10.4 and
11.1 the following;:

Tueorem 11.2. If ©, C Oy then the smallest purely imaginary
zero of S, is greater than or equal to the smallest purely imaginary zero
Ofsz; that ’L'S(]'ﬁ])go'(lz).

In general the negative eigenvalues {k,()} are not monotone
decreasing functions of . However the situation is comparatively
simple for star-shaped obstacles.

Lemma 11.3. If © is star-shaped then the negative eigenvalues of
K(o) are monotone decreasing functions of o.

CoroLLarY 11.4. If O is star-shaped and if for a given o, n of the
eigenvalues of K@) are less than or equal to —1, then the scattering
matrix has exactly n purely imaginary zeros {—iox } withox =o.
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For a general obstacle it seems likely that the negative eigenvalues
of K(o) are not monotone decreasing functions of o. In this case the
comparison theorem furnishes us with a lower bound for the number
of zeros of the scattering matrix in a given interval.

TueoreM 11.5. If © D ©, where O is star-shaped and if S, has n
purely imaginary zeros {—iox} with ox =0, then S has at least n
purely imaginary zeros {—ioi } with o, = ¢.

It is clear that a comparison of © with contained and containing

spheres will furnish us with good estimates of the purely imaginary
zeros of S. This will be discussed in the next section.

12. Estimates for the distribution of the purely imaginary zeros of
the scattering matrix. In Corollary 10.3, we derived the following
characterization for the quadratic form associated with the transmis-
sion coefficient: For Dirichlet boundary conditions

(12.1) (ka, a) = inf;rl— jﬂs [02B2 + (VB dx ,

where B ranges over all smooth functions with compact support which
are equal to A in © ; A is defined by

(12.2) Alx) = j _ explor-)a(w)do .

A similar characterization holds for the Neumann boundary condition.
This variational characterization for k leads very naturally to upper
and lower bounds in the operator sense.

TrueOREM 12.1. Define

(12.3) ko(w, 0,0) = (1 + w90 L expox (o + 8))dx,

where a =1 for the Dirichlet problem and —1 for the Neumann
problem. Then

(12.4) ako(a) = ak(o) = 3ako(o);

the first inequality holds for all o > 0, the second for all sufficiently
large .

Combining Theorems 11.1 and 12.1 we now have a way of obtaining
the asymptotic distribution of the purely imaginary modes for a star-
shaped obstacle from the eigenvalues of the associated integral opera-
tor ko(@)W. Despite the rather simple form of this operator, so far we
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have succeeded in this endeavor only for the case of the sphere; a
somewhat lengthy calculation yields

ProposiTionN 12.2. Let C(o) denote the number of purely imagin-
ary zeros of the scattering matrix for a sphere of radius R which are

= o in absolute value, under either Dirichlet or Neumann boundary
conditions. Then

C@)~ 3 @Rko)?

where yo = 66274 ... .

Remagrk. The exact values of the purely imaginary zeros of the scat-
tering matrix for a sphere of radius R can of course be computed
directly; this has been done by Wilcox [11] for the Dirichlet problem;
o, tor the nth mode occurs at the real zero of K, y2(—0R) where
K, 12 is the modified Hankel function. The asymptotic expression
for this zero for large n has been found by Olver [15]; it iso,R ~ yon,
in agreement with our estimate. The exact value for the lowest mode
for both the Dirichlet and Neumann problems is easily computed; it
iso, = 1/R.

We can now apply the comparison Theorems 11.2 and 11.5 to any
obstacle which is bracketed between two spheres.

Tueorem 12.3. Suppose that the obstacle O contains a sphere of
radius R, and is contained in a sphere of radius Ry. Let C(o) denote
the number of purely imaginary zeros of the scattering matrix for O
under either Dirichlet or Neumann boundary conditions which are
<o in absolute value. Then

2
lim inf C(‘_I> = L <& ) ,
o? 2 Yo
whereyo = 66274 .... Ifin addition O is star-shaped, then

limsupio')<i<_lﬁ>2_

0'2=2 Yo

g ®

o>

We surmise that the limit

lim C(o)/a?

o> ®

exists.
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