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ABSTRACT. We study the well-posedness of degenerate
fractional differential equations with infinite delay (Pa) :
D*(Mu)(t) = Au(t)+ [ __ a(t—s)Au(s)ds+ f(t), 0 < t < 2,
in Lebesgue-Bochner spaces LP(T;X) and Besov spaces
B‘;,q('[r; X), where A and M are closed linear operators on
a Banach space X satisfying D(A) C D(M), o > 0 and
a € LY (Ry) are fixed. Using well known operator-valued
Fourier multiplier theorems, we completely characterize the
well-posedness of (P) in the above vector-valued function
spaces on T.

1. Introduction. In a series of publications, operator-valued Fourier
multipliers on vector-valued function spaces were studied, see e.g.,
[2, 3, 14]. They are needed to study the existence and uniqueness
of differential equations on Banach spaces [7, 8, 9, 10, 12, 13, 14].
Recently, problems of the characterization of well-posedness for degen-
erate differential equations with periodic initial conditions have been
extensively studied. For instance, first order degenerate differential
equations:

(1.1) (Mu)'(t) = Au(t) + f(t), 0<t<2m,
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with periodic boundary condition (Mw)(0) = (Mu)(27), have recently
been studied by Lizama and Ponce [10], where A and M are closed
linear operators on a Banach space X. Under suitable assumptions
on the modified resolvent operator determined by (1.1), they gave
necessary and sufficient conditions to ensure the well-posedness of
(1.1) in Lebesgue-Bochner spaces LP(T;X), periodic Besov spaces
B; ,(T; X) and periodic Triebel-Lizorkin spaces F}; ,(T; X). In [4], Bu
studied the second order degenerate differential equations:

(1.2) (M) (t) = Au(t) + f(t), 0<t<2m,

with periodic boundary conditions u(0) =u(27), (Mu')(0) = (Mu')(27),
where A and M are closed linear operators on a Banach space X. He
also obtained necessary or sufficient conditions for the well-posedness
of (1.2) in Lebesgue-Bochner spaces LP(T; X), periodic Besov spaces
B, ,(T; X) and periodic Triebel-Lizorkin spaces [, ,(T; X) under some
suitable conditions on the modified resolvent operator determined by
(1.2).

Poblete and Pozo studied fractional order neutral differential equa-
tions with finite delay:

(1.3) D(u(t)—Bu(t—r)) = Au(t)+Fu;+GDPu+f(t), 0<t<2r,

where 7 > 0 is fixed, A and B are closed linear operators on a Banach
space X satisfying D(A) C D(B), u(0) = u(t +0), and F and G
are bounded linear operators on an appropriate space. Under suitable
assumptions on delay operators F and G, the authors were able to
give a sufficient condition for (1.3) to be well-posed in Besov spaces
B, ,(T; X) and Triebel-Lizorkin spaces F;  (T; X) [13].

On the other hand, Bu considered the well-posedness in different
function spaces of the following equations with fractional derivative
with infinite delay:

t
(14) Dou(t) = Au(t) +/ a(t — $)Au(s) ds + f(t), 0<t< 2m,

— 00
with symmetric boundary conditions, where A is a closed linear oper-
ator on a Banach space X, a > 0 and D%u is the fractional derivative
of u in the sense of Weyl, a € L'(R,). Under suitable assumptions
on the Laplace transform of a, the author completely characterized
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the well-posedness of (1.4) on Lebesgue-Bochner spaces LP(T; X) and
Besov spaces B (T; X) [5].

In this paper, we study the following degenerate fractional differen-
tial equations with infinite delay:

t
(P,) D*(Mu)(t) = Au(t) —|—/ a(t —s)Au(s)ds+ f(t), 0 <t < 2m,
where A and M are closed linear operators on a Banach space X
satisfying D(A) € D(M), a € L*(R4), a > 0. Tt is clear that (1.4) is a
special case of (P,) when M = Ix. When Q is a bounded domain in R”
with smooth boundary 02, m is a non-negative bounded measurable
function defined on © and X is the Hilbert space H~!(Q), we can
consider M as the multiplication operator on X by m. One may also
consider M as a differential operator on H () or L?(Q) with different
boundary conditions on 0f2.

The purpose of this paper is to characterize the well-posedness of
(Pa) in Lebesgue-Bochner spaces LP(T; X') and Besov spaces B, (T; X).
Our characterizations of the well-posedness of (P,) involve the Rade-
macher boundedness (or norm boundedness) of the M-resolvent set
of A. Our main tools in the study of the well-posedness of (P,) are the
operator-valued Fourier multiplier theorems obtained by Arendt and
Bu [2, 3] on LP(T; X) and B, ,(T; X). Indeed, we will transform the
well-posedness of (P,) to an operator-valued Fourier multiplier prob-
lem in the corresponding vector-valued function space. In this paper,
we are able to characterize the well-posedness of (P,) by the bound-
edness of the M-resolvent set of A. For instance, we show that, under
suitable assumptions on a, when the underlying Banach space X is a
UMD Banach space and 1 < p < oo, then (P,) is L? well-posed if and
only if

{ nt ke Z} C par(A)
1+cp
and the set

{r,(f‘)M[r,(f)M —(L+e)A ™ ke Z}

is R-bounded, where pps(A) is the M-resolvent set of A (see the precise
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definition in Section 2), r;" = |k|*e(t/2)sen(k)mia when k # 0, and
(()a) =0, c, = f+oo —ikt ( ) dt is the Fourier transform of a.

The results obtained in this paper recover the known results pre-
sented in [5] in the simpler case when M = Ix. Our results also
recover the results obtained in [10] in the special case when o = 1,
a = 0. Thus, one may also consider our results as generalizations of
the previous results obtained in [2, 3].

This work is organized as follows. In Section 2, we study the
well-posedness of (P,) in vector-valued Lebesgue spaces LP(T; X). In
Section 3, we consider the well-posedness of (P,) in Besov spaces
B; ,(T; X). In the last section, we give some examples that our abstract
results may be applied.

2. Well-posedness of (P,) in Lebesgue-Bochner spaces. Let
X and Y be complex Banach spaces, and let T := [0, 27]. We denote
by L(X,Y) the space of all bounded linear operators from X to Y. If
X =Y, we will simply denote it by £(X). For 1 < p < oo, we denote
by LP(T; X) the space of all equivalent classes of X-valued measurable
functions f defined on T satisfying

1l = (/ ol dt)l/p <

For f € L'(T; X), we denote by

1

F) = 5 /0 T (O f () dt

the kth Fourier coefficient of f, where k € Z and ex(t) = e** when
t € T. We denote by e ® x the X-valued function defined on T by

(ex @ z)(t) = ex(t)x.
The main tool in our study of L? well-posedness of (P,) is the next
LP-Fourier multiplier theorem [2].

Definition 2.1. Letting X and Y be complex Banach spaces and
1 < p < oo, we say that (My)kez C L£(X,Y) is an LP-Fourier multiplier
if, for each f € LP(T;X), there exists a v € LP(T;Y) such that
(k) = My f(k) for all k € Z.
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It easily follows from the Closed Graph theorem that, when (My)kez
C L(X,Y) is an LP-Fourier multiplier, then there exists a bounded lin-
ear operator T' € L(LP(T; X), LP(T;Y)) satistying (T'f)" (k) = Mkf(k')
when f € LP(T;X) and k € Z. The operator-valued Fourier multi-
plier theorem on LP(T;X) obtained in [2] involves the Rademacher
boundedness for sets of bounded linear operators. Let ; be the jth
Rademacher function on [0,1] given by ~;(t) = sgn(sin(2/7t)) when
j > 1. For x € X, we denote by v; ® = the vector-valued function
t — r;(t)z on [0, 1].

Definition 2.2. Let X and Y be Banach spaces. A set T C L(X,Y)
is said to be Rademacher bounded (R-bounded, in short), if a C > 0
exists such that

Z’Y]’ ® Tz, Z’Y]‘(@x]—
Jj=1 j=1

forall Ty,..., T, € T, x1,...,2, € X and n € N.

<C
L([0,1;Y)

L1([0,1];X)

Remark 2.3.

(i) Let S, T C £(X) be R-bounded sets. Then it can be easily seen
from the definition that

ST :={ST:5€8S,TeT}
and

S+T:={S+T:5¢8,TeT}

are still R-bounded.

(ii) Let X be a UMD Banach space, and let My = mylx with
my, € C, where Ix is the identity operator on X, if sup,cy |mi| < oo
and supycy |k(mg+1 —my)| < oo. Then (My)kez is an LP-Fourier
multiplier whenever 1 < p < oo [2].

The next results will be fundamental in the proof of our main result
of this section. For the notion of UMD Banach spaces, we refer the
reader to [2] and the references therein.
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Proposition 2.4 ([2, Proposition 1.11]). Let X and Y be Banach
spaces, 1 < p < oo, and let (My)rez C L(X,Y) be an LP-Fourier
multiplier. Then the set {My : k € Z} is R-bounded.

Theorem 2.5 ([2, Theorem 1.3]). Let X and Y be UMD Banach
spaces and (My)rez C L(X,Y). If the sets {My : k € Z} and
{k(My41 — My) : k € Z} are R-bounded, then (My)rez defines an
LP-Fourier multiplier whenever 1 < p < co.

The derivative operator (of order 1), denoted by D in LP(T; X), was
defined in [2] as
Du = Z iker ® u(k)
keZ

with domain W1?(T; X), where

(2.1) WUP(T; X) := {u € LP(T; X) : there exists v € LP(T; X)

such that (k) = iku(k) for k € Z}
is the first periodic Sobolev space. Let u € LP(T;X). Then u €
WLP(T; X) if and only if u is differentiable almost everywhere on T and

u’ € LP(T; X). In this case, u is actually continuous and «(0) = u(27)
[2, Lemma 2.1].

The unbounded operator D is non negative in L?(T; X) [11]; thus,
its fractional power makes sense. Let o« > 0. The fractional power D¢
of D is given by

D% := Z r,(f)ek @ u(k)
keZ
with domain WP (T; X), where W*?(T; X) is the fractional Sobolev
space of order « defined by

(2.2) W*P(T; X):= {u € LP(T; X) : there exists v € LP(T; X)
such that (k) = r.™a(k) for k € Z}.

(a) |k,|ae(1/2)sgn(k)7ria k 7& 0,
T =
' 0 k= 0.



WELL-POSEDNESS OF DIFFERENTIAL EQUATIONS 303

This notation r,(ca) will be fixed throughout this paper. D¢ is called the
fractional derivative (in the sense of Weyl) of u of order o [11]. Tt is
clear that definition (2.2) coincides with (2.1) when o = 1 and D = D*.
See [9] for an equivalent definition of the fractional derivative D* on
LP(T; X). W*P(T; X) is a Banach space with the norm

ullwer := [lullLr + [[Dul[Lr.
For 8 > 0, we let a5 = 1/7",(66) for k # 0 and ag = 0, and

Iy = Z e @ ag.
keZ
Then Fz € L'(T) [15, Chapter V, (1.5), (1.14)]. This implies that,
when a1 < g, then We2P(T; X) C W*:P(T; X) by Young’s inequality.
It is clear from the definition and [2, Lemma 2.1] that, when a > 1,
then v € W*P(T; X) if and only if u is differentiable almost everywhere
and u' € W LP(T; X).

It was shown in [15, Chapter XII, (9.1)] that, when 1/p < a <
14 1/p, then WoP(T; X) C Coax/P(T; X), where Clor /P (T; X) is the
space of all X valued (« — 1/p)-Holder continuous functions u on T
satisfying u(0) = u(27). This implies that, if « > 0, n € Ny := NU {0}
are such that 1 1

n+-<a<n+l+-—
b p

and, if u € W*P(T; X), then u is n-times continuously differentiable
on T, and u(®)(0) = u®) (27) when 0 < k < n. This means that (P,) is
in fact a problem with symmetric boundary conditions when 1/p < .

A scalar sequence (b)gez C C\{0} is called 1-regular if the sequence
(k(bg+1 — bi) /b)) kez is bounded; it is called 2-regular if it is 1-regular
and the sequence (k?(byi2 — 2b41 + bi)/bk)kez is bounded.

Remark 2.6. An easy computation shows that (r,(f))kez is 2-regular
whenever a > 0.

For a € LY(Ry) and u € LP(T; D(A)), we define

(2.4) (ax Au)(t) := / a(t — s)Au(s)ds, teT.

— 00
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Here we consider D(A) as a Banach space equipped with its graph
norm. It is clear that a * Au € LP(T; X) by Young’s inequality and

la * Aullpe < |la|lp1]|Aulre. Let @(X) := f0+oo e Ma(t)dt be the
Laplace transform of a for ReA > 0. An easy computation shows that:

(2.5) ax Au(k) = a(ik) At(k)

when k € Z. We note that a(ik) exists for all k € Z as a € L*(R,). In
what follows, we always use the notation:

(2.6) ¢ = a(ik),
for all k € Z.

Remark 2.7. Under the above assumptions on a, if a(ik) # —1 for
all k& € Z, then the sequences (a(ik))rez and (1/(1 4+ a(ik)))rez are
bounded by the Riemann-Lebesgue lemma.

Let (bg)rez C C be a scalar sequence. We will use the following
hypotheses:

(A1) by # —1 for all k € Z, (k(bgs1 — br))rez is bounded.

(A2) bk 7é —1 for all k € Z7 (k(bk+1 - bk))keZ and (k2(bk+2 - 2bk+1
+ by )kez are bounded.

Note that the sequences (bg+1 — bk )rezs (brt+2 — 2bk11 + bi))kez and
(br4+3—3bg1+2+3bk1+1—br)) ez may be considered as the first derivative,
the second derivative and the third derivative of (by)rez, respectively.

Let 1 <p < o0, a € L} (R;). We define the solution space of (P,)
in the L? well-posedness case by

Sy(A, M) := {u € LP(T; D(A)) : Mu € W*P(T; X)}.

Here, again, we consider D(A) to be a Banach space equipped with
its graph norm. If u € S,(A, M), then a * Au € LP(T; X) by Young’s
inequality. S,(A, M) is a Banach space with the norm

[ulls, a0y = l[ulle + [|Aullze + [ Mul[we.r.

Now we are ready to introduce the well-posedness of (P,).
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Definition 2.8. Let 1 < p < oo and f € LP(T; X); u € S,(A4, M)
is called a strong LP-solution of (P,), if (P,) is satisfied almost every-
where on T. We say that (P,) is LP well-posed if, for each f € LP(T; X),
there exists a unique strong LP-solution of (P,).

If (P,) is L? well-posed, there exists a constant C' > 0 such that, for
each f € LP(T; X), if u € Sp(A, M) is the unique strong LP-solution of
(P,), then

(2.7) [ulls,(a.ar) < ClIf|l Lo
This is an easy consequence of the Closed Graph theorem.

Now we introduce the M-resolvent set of A. We recall that, under
the assumption that D(A) C D(M), for any A € C, the sum operator
AM — A is a linear operator D(A) into X. We define

pm(A) :={ e C:AM — A: D(A) — X is bijective and
(AM — A~ e £(X)}

as the M-resolvent set of A. If A € pp(A), then the operator
MM — A)~! is well defined by the assumption D(A) C D(M), and
M(AM — A)~! € L(X) by the closedness of M and the boundedness
of (AM — A)~%.

In the proof of our main result of this section, we will use the next
result.

Proposition 2.9. Let A and M be closed linear operators defined
on a UMD Banach space X such that D(A) C D(M), a € L'(Ry).
Assume that (cy)rez defined by (2.6) satisfies (Al). We assume that
(ar)kez C C is 1-regular and satisfies

Qg
: 7 A).
{1+% ke }CPM()

Then the following assertions are equivalent.

(i) (axM[apM — (1 + cx)A] ez is an LP-Fourier multiplier for
1 <p<oo;
(ii) the set {apM[axM — (1 + c,)A]™! : k € Z} is R-bounded.
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Proof. Let N = [axM — (1 + ¢;)A]™! and M), = apyMNj. The
implication (i) = (ii) is clearly true by Proposition 2.4. Now assume
that the set {M} : k € Z} is R-bounded. To show that (i) is true, it
will suffice to show that the set {k(My4+1 — My) : k € Z} is R-bounded
by Theorem 2.5. We have

(2.8)
Nis1 = Nig = Nt [N = N NG
= Nk+1[akM - (1 + Ck)A - ak_HM + (1 + Ck+1)A]Nk
= Nyyi1(ag — ap41) M Ny + Ny (cpg1 — cx) AN,
ak —a
= Ni+1 %Mk + Ni+1(ckt1 — k) ANk,

when k # 0. It follows that
k(Myy1 — My)
= klag11 M Niy1 — ar M Ny]
= k[ak+1M(Nk+1 — Nk) + (ak+1 — ak)MNk]

A — Q41
= kak+1MNk+1a7Mk
k

+ kak+1MNk+1(Ck+1 — Ck)ANk + If(ak+1 — ak)MNk
k(ak — ak+1)

3

1 k(agy1 — ax)

+ M y1k(crt Clc)m[Mk Ix]+ TMk7
when k # 0. Hence, the set {k(My41 — M) : k € Z} is R-bounded
as (ag)gez is l-regular and (cg)gez satisfies (Al). This completes the
proof. O

= Mj 1 My,

The next result gives a necessary and sufficient condition for (P,)
to be LP-well-posed.

Theorem 2.10. Let X be a UMD Banach space, 1 < p < 0o, a > 0,
and let A, M be closed linear operators on X satisfying D(A) C D(M),
a € L'(Ry). We assume that (cy)rez defined by (2.6) satisfies (Al).
Then the following assertions are equivalent:

(i) (Pn) is LP-well-posed;
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(i) {r,(:‘)l +cpike Z} C pm(A) and the set
{r,(f)M[r,(f)M —(I+e)A ™ ke Z}
is R-bounded, where r,(ca) is defined by (2.3).

Proof.
(ii) = (i). We assume that

(a)
Tk~ .
{lJer .keZ} C pm(A)

and the set {M) : k € Z} is R-bounded, where N = [rl(f)M -
(1 + cx)A]™t and My, = r](ca)MNk. It follows from Proposition 2.9
that (My)rez is an LP-Fourier multiplier as the sequence (T;(f))kez is
clearly 1-regular. Then, for all f € LP(T; X), there exists u € L?(T; X)
satisfying

(2.9) u(k) = My f(k)
for all k£ € Z. We note that
1
2.1 AN, = —[M;, — Ix].
(2.10) FE T Ck[ Kk — Ix]

(Ix/1+ ci)rez is an LP-Fourier multiplier by Theorem 2.5 as we have
assumed that (cp)rez satisfies (Al). We deduce that (ANg)gez is
an LP Fourier multiplier as the product of LP Fourier multipliers is
still an LP Fourier multiplier. Thus, v € LP(T; X) exists and satisfies
u(k) = ANkf(k;) for all k € Z. We note that A~! is an isomorphism
from X onto D(A) as 0 € pp(A) by assumption; here, we consider
D(A) as a Banach space equipped with its graph norm. Hence,
A=1%5(k) = Ny f(k). Setting w = A~v, then w € LP(T; D(A)) and

(2.11) (k) = NeJ(k)

for all k € Z. This implies, in particular, that (Ng)gez is an LP Fourier
multiplier. It is clear that the sequence (Ix /T](Ca))kEZ satisfies the first
order Marcinkiewicz condition in Theorem 2.1; thus, it is an LP Fourier
multiplier. We deduce that (M Ny )kez is an LP Fourier multiplier. This
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implies that w € LP(T; D(M)). Here, D(M) is equipped with its graph
norm so that it becomes a Banach space.

Following from (2.9) and (2.11), we obtain that
(k) = ri™ Ma(k) = ri® (Mw) (k),

which implies that Mw € W*P(T;X). We have shown that w €
Sp(A, M). By (2.11), we have

i (Mw) (k) = AB(k) + cx Aw(k) + F(k)

for all k € Z. Thus, D*(Mw)(t) = Aw(t) + (ax Aw)(t) + f(t) for t € T
by the uniqueness theorem [2, page 314]. This shows the existence.

To show the uniqueness, we let u € S,(A, M) be another solution
of D¥(Mw)(t) = Aw(t) + (a * Aw)(t) + f(t). Then D*M (u — w)(t) =
A(u — w)(t) 4+ (a * A(u — w))(t) almost everywhere on T. Taking the
Fourier transform on both sides, we obtain r,ia)M(ﬂ(k) —o(k)) =
(1 + cx)A(i(k) — @(k)) when k € Z. This implies that [r® M —
(1 + ¢ex)A](u(k) — w(k)) = 0 when k € Z. Thus, u(k) — wk) =0
as r,ia)M — (1 4 ¢x)A is invertible, and so v = w by the uniqueness
theorem [2, page 314]. We have shown that the implication (i) = (i)
is true.

(i) = (ii). Assume that (P,) is L” well-posed. We shall show that
r,ﬁa)/l—i—ck € pm(A) for all k € Z. Let k € Z and y € X be fixed.
We define f(t) = e**y (t € T). Then, f € LP(T; X), f(k:) = y and
f(n) = 0 when n # k. There exists a unique u € S,(A, M) such that

(2.12) D(Mu)(t) = Au(t) + (a * Au)(t) + f(t)

almost everywhere on T. We have u(n) € D(A) when n € Z by [2,
Lemma 3.1] as u € LP(T; D(A)). Taking Fourier transforms on both
sides of (2.12), we obtain

(2.13) (FM = (14 ) A)i(k) = y

and (T%Q)Mf (14¢n)A)u(n) = 0 when n # k. Thus, r,ga)Mf (I4ck)A
is surjective. To show that r,(f)M — (14 ¢x)A is also injective, we take
x € D(A) such that

(M — (14 ¢)A)z = 0.
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Let u(t) = e**x when t € T. Then u € S,(A, M) and (P,) hold
almost everywhere on T when taking f = 0. Thus, u is a strong LP-
solution of (P,) when f = 0. We obtain & = 0 by the uniqueness

assumption. We have shown that r,ia)M — (1 4+ ¢x)A is injective.
Therefore, r,io‘)M — (14 ¢)A is bijective from D(A) onto X.

Next, we show that [r,(co‘)M— (14cx)A]™t € L(X). For f(t) = ey,
we let u be the unique strong LP-solution of (P,). Then

i(n) = 0 n # k,
= [r,(ﬁa)Mf(lJrck)A]*ly n =k,

by (2.13). This means that u(t) = eikt[rl(ca)M — (14 cp)A]"ty. By
(2.7), there exists a constant C' > 0 independent from f € LP(T; X)
such that

lullze + |Aull e + [Mullwe.r < C[|fllLe-

In particular ||u||z» < C||f|/Lr. Hence,
s M — (1 + o) Ayl < Clyll,

which implies
1M = (1 + ) A7 < C.

We have shown that r,(ca)/l +cx € pa(A) for all k € Z. Thus,

()
"k
kel A).
{1+% € }CPM()

Finally, we prove that, if M}, = rl(f)M[rl(ca)M — (14 ¢x)A]~! when
k € Z, then (My)gez defines an LP Fourier multiplier. Let f €
LP(T; X). Then there exists u € S,(A4, M), a strong LP-solution of
(P,) by assumption. Taking Fourier transforms on both sides of (P,),
we obtain that @(k) € D(A) by [2, Lemma 3.1] and

[ M = (1+ ) AJa(k) = F(k), (k € Z)
for all k € Z. Since r,(f)M — (14 ¢)A is invertible, we have

(k) = [rM — (1 + ex) A7 f (k)

2)
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for all k € Z. It follows from Mu € W*P(T; X) that [D*(Mu)]|"(k) =
rl(f)M u(k), which implies that

(DY (Mu)] (k) = ™ Mii(k) = My f(k)

for all kK € Z. We conclude that (My)rez defines an LP-Fourier
multiplier as Mu € W*P(T; X) C LP(T; X). We deduce that (My)kez
is R-bounded by Proposition 2.4. Therefore, the implication (i) = (ii)
is also true. This finishes the proof. O

Since the second statement in Theorem 2.10 does not depend on the
space parameter p, we immediately have the next corollary.

Corollary 2.11. Let X be a UMD Banach space, and let A, M
be closed linear operators on X satisfying D(A) C D(M), a > 0,
a € LY(Ry). We assume that (cx)kez defined by (2.6) satisfies (A1).
Then, if (Py) is LP well-posed for some 1 < p < oo, then it is LP
well-posed for all 1 < p < co.

When the underlying Banach space is isomorphic to a Hilbert space,
then each norm bounded subset of £(X) is actually R-bounded [2,
Proposition 1.13]. This fact, together with Theorem 2.5, immediately
gives the following result.

Corollary 2.12. Let H be a Hilbert space, 1 < p < oo, a > 0, and
let A, M be closed linear operators on H satisfying D(A) C D(M),
a € LY(R;). We assume that (cx)kez defined by (2.6) satisfies (A1).
Then the following assertions are equivalent:

(i) (P.) is LP well-posed;
(ii) {r,(ca)/(l +ci): k€Z} Cpu(A), and the set

{T,(CQ)M[T](CQ)M —(l+ep)A ke Z}
18 norm bounded,

where r,(ca) is defined by (2.3).
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3. Well-posedness of (P,) in Besov and Triebel-Lizorkin
spaces. In this section, we study the well-posedness of (P, ) in Besov
spaces B, ,(T; X) and Triebel-Lizorkin spaces F; (T; X). Firstly, we
briefly recall the definition of Besov spaces in the vector-valued case
introduced in [3]. Let S(R) be the Schwartz space of all rapidly
decreasing smooth functions on R. Let D(T) be the space of all
infinitely differentiable functions on T equipped with the locally convex
topology given by the seminorms || f||o = sup,er | () (x)| for a € N :=
N U {0}. Let D'(T;X) := L(D(T), X) be the space of all continuous
linear operators from D(T) to X. In order to define Besov spaces, we
consider the dyadic-like subsets of R:

Iy={tcR:|t| <2}, ILy={tcR:2F1 <t <2k}
for k € N. Let ¢(R) be the set of all systems ¢ = (¢x)ren, C S(R)
satisfying supp(¢r) C [y for each k € No, > oy, dk(z) = 1 for

r € R, and, for each o € Ny, sup,cg ren, 2k°‘|¢,(€a)(x)\ < oo. Let
¢ = () ken, C @(R) be fixed. For 1 < p, ¢ < 00, s € R, the X-valued
Besov space is defined by

Bs

p,q

B;,(TX) = { e DT s 11

= (Z 2574

=0

o~

a\ 1/q
Sasomin) ) <)
kez P
with the usual modification if ¢ = oo. The space B,  (T;X) is
independent from the choice of ¢, and different choices of ¢ lead
to equivalent norms on B, ,(T;X). B,  (T;X) equipped with the
norm ||'|B;‘,q is a Banach space. It is known that, if s; < so,
then B! (T; X) C B2 (T; X), and the embedding is continuous (3,
Theorem 2.3]. It was shown [3, Theorem 2.3] that, when s > 0, then
fe B;jzl (T; X) if and only if f is differentiable almost everywhere on T
and f' € By  (T; X) (this is equivalent to saying that Df € B,  (T; X)).
More generally, for a > 0 and s > 0, f € By /*(T; X) if and only if
Def € B; ,(T; X). See [3, Section 2] for more information about the
space B; (T; X).

Next, we give the definition of operator-valued Fourier multipliers in
the context of Besov spaces, which is fundamental in the proof of our
main result of this section.
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Definition 3.1. Let X and Y be Banach spaces, 1 < p, ¢ < oo, s € R,
and let (My)rez C L(X,Y). We say that (My)rez is a B, , Fourier
multiplier if, for each f € By (T; X), there exists u € B; ,(T;Y), such

~

that u(k) = My f(k) for all k € Z.

The next result was obtained in [3, Theorem 4.5], which gives a
sufficient condition for an operator-valued sequence to be a By , Fourier
multiplier.

Theorem 3.2. Let XY be Banach spaces, and let (My)rez C
L(X,Y). We assume that

(3.1) sup (1Ml + [[B(My1 — My)|]) < oo,
€

(3.2) sup [k? (Mjygo — 2My1 + My)| < oo.
S

Then (My)rez is a B,, ,-multiplier whenever 1 <p,q < oo and s € R. If
X is B-convex, then the first order condition (3.1) is already sufficient
for (My)kez to be a By -multiplier.

Recall that a Banach space X is B-convex if it does not contain
7" uniformly. This is equivalent to saying that X has a Fourier type
1 < p <2, i.e., the Fourier transform is a bounded linear operator from
LP(R; X) to LY(R; X), where 1/p+ 1/q = 1. It is well known that,
when 1 < p < oo, then LP(u) has Fourier type min{p,p/(p — 1)} [3].

Remark 3.3.

(i) If (My)rez is a B; , Fourier multiplier, then there exists a
bounded linear operator T from B, ,(T; X) to B, ,(T;Y) satisfying
ﬂ(/ﬂ) = Mkf(k) when k € Z. This implies in particular that (Mjy)rez
must be bounded.

(ii) If (Mk)rez and (Ni)kez are B, , Fourier multipliers, it can be
easily seen that the product sequence (Mg N ) ez and the sum sequence
(M + Ni)rez are still B, , Fourier multipliers.

(iil) Tt is easy to see that the sequence ((1/k)Ix)kez satisfies condi-
tions (3.1) and (3.2). Thus, the sequence ((1/k)Ix)rez is a B, , Fourier
multiplier by Theorem 3.2.
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Letting 1 < p, ¢ < 00, s >0 and a € L'(R,), we define the solution
space of (P,) in the By  well-posedness case by

Sp.g,s(A, M) == {u € B;,q(TQD(A)) : Mu e B]()X,—(;_S(T;X)}'

Here again we consider D(A) as a Banach space equipped with its graph
norm. When u € S}, 4 (A, M), then a x Au € B;, (T; X), by Young’s
inequality. Sp q.s(A, M) is a Banach space with the norm

[ulls, q.ca.00) = [l By, + [ AullBg , + [[Mu] goio

Now, we give the definition of the By , well-posedness of (P.,).

Definition 3.4. Let 1 < p, ¢ < 00, s > 0 and f € B, (T; X);
u € Spqs(A, M) is called a strong B,  -solution of (P,), if (Py) is
satisfied almost everywhere on T. We say that (P, ) is B, , well-posed

if, for each f € B,  (T; X), there exists a unique strong B,  -solution
of (Py).

If (Py) is B, , well-posed, a constant C' > 0 exists such that, for each
e B, (T;X), if u €S, qs(A, M) is the unique strong Bj ,-solution
of (P,), then

(3.3) [ulls, 4.ca00) < CllflB;,-

This can easily be obtained by the closedness of the operators A and
M and the closed graph theorem.

We need the following preparation in the proof of our main result of
this section.

Proposition 3.5. Let 1 < p, ¢ < oo, s > 0, and let A and M
be closed linear operators defined on a Banach space X such that
D(A) C D(M), a € L*(Ry). We assume that (ag)rez C C is 2-regular,
and (cx)rez C C\{0} defined by (2.6) satisfies (A2), such that

ag
ke A).
{1+ck € }CPM()

Then the following assertions are equivalent:
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(i) (axMlaxM — (1 + cx)A]"rez is a By -Fourier multiplier.
(ii) suppez [laxMarM — (1 + ;) A]7Y| < oo.

Proof. Let My, = arM Ny, where Ni, = [axM — (1 + cx)A]™! when
k € Z. The implication (i) = (ii) is clearly true by Remark 3.3.

We need only show that the implication (ii) = (i) is true. Assume
that supyey ||Mi|| < oco. It follows from the proof of Proposition 2.9
that

(3.4) sup ||k(Mg41 — My)|| < oo.
kEZ

On the other hand, we observe that

k*(Myq2 — 2Mpy 41 + My,)
= k?[ak+2M Nyt — 2aj41M Nj1 + a M Ny
=k’ M NypolapoN, ' = 2a541N, [y Nes 1 N+ ap N, LN
= k*M Nyio{arioNy ' — 2agi1[aktoM — (1 + cpi2) AJNg 1 N
+ aglagroM — (1 + cpy2) A} Ny
= k> M Nyio{ar2N, ' = 2001 [N + (aky2 — arpp) M
+ (k1 — Crr2) AINg Nt
+ ak[Nk_1 + (k42 — ar)M + (ck — cpy2)A]} Nk
= k*M Nyso{(ant2 — 2a11 + ag)Ix
= 2(akt2 — ag1) My y1 + (agy2 — ar) My
+ 2ap41(Cht2 — Chy1)ANgr1 — ag(crr2 — k) ANL}
(3.5)
= k> M Njio{(apto — 2ak41 + ag)(Ix — Myy1)
— (agy2 — ar)(Myy1 — My)
+ 2(ar+1—ag)(crr2—Chr1) ANk
+ ag(crt2—2ck41+cr) ANk
+ ak(ch+2 — ck)A(Np1 — Ni)}
k?(apyo — 2ap1 + ax)
Ak+2

= Mk+2{ (Ix — Myy1)
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_ Mart2 — ar)
Ak+2
2k(ags1 — ag) (My41 — Ix)
+ ———— k(42— —
s (Cht2 — Ch1) T

My+1 — Ix)
kQ C — 2C +c (7
ria (Crt2 k1 + k) T

a
k kj(ck+2 — Ck)k‘A(Nk_;,_l — Nk)},
Ax4-2

k(Mk+1 - Mk)

ak

+

+

when k # —2. We note that, by (2.8),

kA(Njp1 — Ny

k _
— ANy, PO = W)

M, -1 —

(3.6) _ (Mg — Ix) k(ak ak+1)Mk
1+ cpp1 ay

(Myg1 — Ix)

1+ cpq1

Mk + ANk—Hk(Ck—H - Ck)ANk

(My, — Ix)

k(ckt1 — cr) o

)

when k # 0. Noticing the assumption that (aj)rez satisfies (A2) and
(ck)kez is 2-regular, we deduce from (3.5) and (3.6) that

(3.7) iup |62 (Myyo — 2Myy1 + My,)|| < .

€z
This implies that (My)kez is a B, ,-Fourier multiplier by Theorem 3.2.
Therefore, the implication (ii) = (i) is also true. This completes the
proof. O

Lemma 3.6. Let X be a Banach space and 1 < p, ¢ < oo, s > 0,
a € LY(Ry). Suppose that (cy)kez defined by (2.6) satisfies (A2). Then
(1/(L + ex)Ix)kez is a By ,-Fourier multiplier.

Proof. Tt is clear that (cx)gez and (1/(1 + ¢g))rez are bounded by
Remark 2.3. We observe that

1 1 —k(cp+1 — ck)
3.8 k — =
(38) <1+Ck+1 1+Ck> (T4 cr)(1+ cpt1)
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(3.9)

2( 1 2 1 )
k - +
1+ cryo 1+crm 1+c
k2
= 1 1 —2(1 1
(1+Ck)(1+ckr+l)(1+ck+2)[( +Ck)( +Ck+1) ( +Ck)( +Ck+2)

+ (1 + cpp1) (1 + cry2)]

k2
= —(1 -2
(1 +Ck)(1 +Ck+1>(1 +ck+2>[ ( +C/€)(Ck+2 Ck+1 +Ck)

+ (Chy2 — c)(Crg1 — cx)]

1
- (T4 cp)(X+ cpp1) (1 + crp2) =+ )k (err = 2ehs1 + )

+ k(6k+2 — Ck)k(ck+1 — Ck)]

Noting that assumption (cg)rez satisfies (A2), it follows from (3.8) and

(3.9) that
(e~ w0)
sup |k - < o0,
kEZ 14+cp1 14ck
and . ) .
sup | k2 — + >’ < 00.
keg (1 terye 14coagr 14

By Theorem 3.2, (1/(1 + cx)Ix)rez is a B, ,-Fourier multiplier. This
finishes the proof. O

The next theorem is the main result of this section which gives a
necessary and sufficient condition for (Py) to be By , well-posed.

Theorem 3.7. Let X be a Banach space, 1 < p, ¢ < 00, s > 0, and
let A and M be closed linear operators on X satisfying D(A) C D(M),
a > 0 and a € L*(Ry). We assume that (cp)rez defined by (2.6)
satisfies (A2). Then the following assertions are equivalent:

(i) (Pa) is B, ,-well-posed;

(ii) {r,(ca)/(l—i-ck) ke Z} C pu(A) and supkeZHr,(f)M[r,(f)M —
(1+ci)A] 7Y < oo.



WELL-POSEDNESS OF DIFFERENTIAL EQUATIONS 317

Proof.

(ii) = (i). We assume that

o
tk€Z; C A
{ 1+cp } par(4)
and supyey | Mi]| < oo, where N = [r,ia)M — (1 + cx)A]™! and
My = r,(ca)M Ni when k € Z. It follows from Proposition 3.5 that
(My)rez is a By -Fourier multiplier. Then, for all f € B, (T;X),

there exists u € B,  (T; X) satisfying

~

(3.10) (k) = My Jk)
for all & € Z. By Lemma 3.6, (Ix/(1+ ck))rez is a B ,-Fourier
multiplier. We note that

1
14 ¢k

(3.11) ANy, = [My — Ix).

Thus, (ANy)rez is a B, -Fourier multiplier by Remark 3.3. Thus,

o~

v € By (T; X) exists and satisfies (k) = ANy f(k) for all k € Z. We
note that A~! is an isomorphism from X onto D(A) as 0 € pp(A). By
assumption, here we consider D(A) as a Banach space equipped with
its graph norm. Hence,, A~15(k) = Ny f(k). Putting w = A~ lv, then
w € By (T; D(A)) and

~

(3.12) (k) = NiJ (k)

for all k € Z. This implies, in particular, that (Ng)kez is a B, -

Fourier multiplier. It is clear that the sequence (Ix/ r,(ca)) kez satisfies
the second order Marcinkiewicz condition in Theorem 3.7; thus, it is a
B, -Fourier multiplier. We deduce that (M Ny)rez is a B, -Fourier
multiplier. This implies that w € B, (T;D(M)). Here, D(M) is

equipped with its graph norm so that it becomes a Banach space.

Combining (3.10) and (3.12), we obtain that
(k) = r\® Ma(k) = r\™ Mw(k)

for all k € Z, which implies that Mw € Bg‘;s (T; X). We have shown
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that w € Sp 4.s(A, M). By (3.12), we have

r{® Mw(k) = Aw(k) + e Aw(k) + f(k)
for k € Z. Thus, D*(Mw)(t) = Aw(t) + (a* Aw)(t) + f(t) for t € T by
the uniqueness theorem [7, page 314]. This shows the existence.

To show the uniqueness, we let u € S, 4,s(A4, M) be another solution
of D*(Mw)(t) = Aw(t) + (a * Aw)(t) + f(t). Then D*M (u — w)(t) =
A(u—w)(t) + (a* A(u—w))(t). Taking the Fourier transform, we have

M (u—w) k) = (14 ) Au — w)" (k).

This implies that [r*M — (1 + ¢x)A](u — w)"(k)) = 0. Thus,
(u —w)Mk) = 0 as r,ga)M — (1 4+ ¢x)A is invertible, and so u = w
by the uniqueness theorem [7, page 314]. Therefore, the implication
(ii) = (i) is true.

(i) = (ii). Assume that (P,) is B; , well-posed. We shall show that
T](Ca)/(l +cx) € pu(A) for all k € Z. Let k € Z and y € X be fixed.
We define f(t) = e'**y, t € T. Then, f € B; (T;X), f(k) = y and
f(n) =0 for n # k. There exists a unique u € S, 4 s(A4, M) satistying

D (Mu)(t) = Au(t) + (a x Au)(t) + (1)
almost everywhere on T. We have u(n) € D(A) when n € Z by [7,
Lemma 3.1]. Taking Fourier transforms on both sides, we obtain

(3.13) (FM = (14 ) A)a(k) = y

and (rﬁ[x)M— (14¢,)A)u(n) = 0 when n # k. Thus, r,ga)M— (14cx)A
is surjective. To show that r,(ca)M — (14 ¢x)A is also injective, we let
x € D(A) be such that

(M — (14 ¢)A)z = 0.

Let u(t) = e™**z when t € T. Then, clearly, we have u € S, , s(A, M)
and (P,) holds almost everywhere on T when f = 0. Thus, u is a
strong By  -solution of (P,) when f = 0. We obtain xz = 0 by the
uniqueness assumption. We have shown that r,(ca)M — (14 cp)Ais

injective. Therefore, r,(ca)M — (14 ¢x)A is bijective from D(A) onto X.
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Next, we show that [r,(ca)M— (14cx)A]™! € L(X). For f(t) = ey,
we let u be the unique strong B,  -solution of (P,). Then

i(n) = 0 n#k,
W= [r,(ca)M—(l—i—ck)A}_ly n==k,

by (3.13). This implies that u(t) = eikt[r,(co‘)M — (1 +ci)A]7ly. By
(3.3), a constant C' > 0 exists independent from f € B, (T; X) such
that

lullss, + IAullzy, + |Mullggie < Cllfl5;,,-

Hence,
[P M = (1+ en) Ayl < Clyll,

which implies that ||[7’,(€0‘)M — (1 + cex)A]7Y|] < C. We have shown
/(1 + i) € par(A) for all k € Z. Thus, {r\® /(1 + ) : k € Z} C
P (A).

Finally, we prove that, if My = rlia)M[r,ia)M—(1+ck)A]_1 when k €
Z, then (My)kez defines a B; -Fourier multiplier. Let f € By (T; X).
Then there exists u € Sy q.s(A, M), a strong B  -solution of (P,) by

assumption. Taking Fourier transforms on both sides of (P,) we have
that u(k) € D(A) by Lemma 3.6 and

[r M = (1 + e) ATak) = F(k)
for all k € Z. Since r,(f)M — (14 ¢)A is invertible, we have
(k) = 1M — (14 ) A7 (k)
for all k € Z. Tt follows from Mu € By+*(T; X) that [D*(Mu)]" (k) =
r,ga)Mﬂ(k). We obtain
(D (M) (k) = i Mia(k) = My (k)

when k € Z. We conclude that (My)rez defines a B -Fourier
multiplier as D*(Mwu) € B, ,(T; X). Thus, we have supy,z || M| < oo
by Remark 3.3. Therefore, the implication (i) = (ii) is also true. The
proof is completed. O

Since Theorem 3.7 (ii) does not depend on the parameters p, g and
s, we immediately have the next corollary.



320 SHANGQUAN BU AND GANG CAI

Corollary 3.8. Let X be a Banach space, and let A and M be closed
linear operators on X satisfying D(A) C D(M), a > 0, a € L*(Ry).
We assume that (cg)rez defined by (2.6) satisfies (A2). Then, if (Py)
is B, , well-posed for some 1 < p,q < oo and s > 0, then it is B, ,
well-posed for all 1 < p, ¢ < oo and s > 0.

When the underlying Banach space X is B-convex and 1 < p, ¢ < o0,
s € R, the first order condition (3.1) is already sufficient for an operator-
valued sequence to be a B; -Fourier multiplier by Theorem 3.7. From
this fact and the proof of Theorem 2.10, we easily deduce the following
result on the B, , well-posedness of the problem (P,) under a weaker
assumption on the sequence (c)rez when X is B-convex.

Corollary 3.9. Let X be a B-conver Banach space, 1 < p, q < 00,
s > 0, and let A and M be closed linear operators on X satisfying
D(A) C D(M), a >0, a € L*(R}). We assume that (cy)rez defined
by (2.6) satisfies (A1l). Then the following assertions are equivalent:

(i) (Pa) is B; ,-well-posed;
(i) {T(a)/l +ex ik €ZY Cpu(A) and

sup [[r\™ M[r{® M — (1 + ) A 7Y| < oo.
keZ

A Holder continuous function space is a particular case of Besov
space Bj (T;X). From [8, Theorem 3.1], we have BS _(T;X) =
C8 (T X) whenever 0 < B < 1, where CZ, (T; X) is the space of all

per per

X-valued functions f defined on T satisfying f(0) = f(27) and
sup 1f(s) = F@

< 00
st s —tfP

Moreover, the norm

- 17(e) = S0
g, = max 15Ol + sup 22—

per

on Cper(

We can similarly give the definition of C# well-posedness of ( ) when
0 < B < 1 as well as a characterization of the C’-well-posedness of (P,)

T; X) is an equivalent norm of the Besov space BY . (T; X).
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as a special case of Theorem 3.7 when p = ¢ = 400 and 0 < s < 1. We
omit the details.

We may also introduce the well-posedness of (P, ) in Triebel-Lizorkin
spaces I, (T; X). Using known operator-valued Fourier multiplier
results on Fy;  (T; X), we may give a similar characterization of the I, |
well-posedness under a stronger condition than (A2) on the sequence
(ck)rez.-

4. Applications. In this section, we give some examples where
our abstract results (Theorems 2.10 and 3.7) may be applied. The
degenerate fractional differential equations we consider depend on the
value of a > 0.

Example 4.1. Let Q2 be a bounded domain in R"™ with smooth
boundary 02 and m a non-negative bounded measurable function
defined on . Let X be the Hilbert space H~1(£2). We consider the
following degenerate fractional differential equations with infinite delay:

D(m(x)u(t,x)) = Au(t,z) + ffoo a(t — s)(Au)(s,z)ds + f(t,x),
(t,z) € [0,27] x £,
u(t,z) =0 (t,z) € [0,27] x 9Q,

where a € L'(R, ), the fractional derivative D® in the sense of Weyl,
acts on the first variable ¢t € [0, 27] and the Laplacian operator A acts
on the second variable x € Q.

Let M be the multiplication operator by m on H~1(Q2) with domain
of definition D(M). We assume that D(A) C D(M), where A is
the Laplacian operator on H ~!(£2) with Dirichlet boundary condition.
Then, it follows from [6, Section 3.7] that a constant C' > 0 exists such
that
C

1+ 2|

(4.1) 1M (=M — A)~H| <

when Re (z) > —5(1 + [Im (z)|) for some positive constant 8 depending
only on m. We assume that {r,ia)/l +ocp:k€Z}Y Cpu(A) and

sup [[r{™ M[r{ M — (1 + ) A]7Y| < o,
keZ

where ¢y, is defined by (2.6).
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We note that, if o > 0, then arg(r](ca)) = am/2 when k > 1, and

arg(r,(f)) = —an/2 when k < —1. This, together with fact that
lim | 4 o0 ¢ = 0, implies that

()
T T

4.2 li k = k)—

(42) |k|g£,l-oo are (1 +Ck> sn(k) 2

when k # 0. If 4n < a < 4n+1/2 for some non negative integer n, then
the estimates (4.1) and (4.2) imply that the above problem is LP well-
posed for all 1 < p < oo by Theorem 2.10 whenever (ci)rez satisfies
(A1l). Here, we have used the fact that, in a Hilbert space H, every
norm bounded subset T C L(H) is actually R-bounded [7, Proposition
1.13).

When the sequence (c)rez defined by (2.6) satisfies (A2), the
estimates (4.1) and (4.2) imply that the above problem is B, , well-
posed for all 1 < p, ¢ < oo and s > 0 by Theorem 3.7.

Under the same assumptions on €2, m and a, one may also consider
the degenerate fractional differential equations:

D (m(x)u(t, x)) + Ault, :—f a(t — s)(Au)(s,z)ds + f(t,x),
(t,x) € [0,27] x Q,
u(t,z) =0 (t,x) € [0,27] x ON.

The same argument used above shows that, when {r](ca)/(l +o) ke
Z} C pp(—A) and

sup [ri My M+ (1+ ) A 7| < oo,

kEZ
if dn +1 < a < 4n + 2 for some non negative integer n and (cx)kez
defined by (2.6) satisfies (A1), then the above problem is L? well-posed
for all 1 < p < oo by Theorem 2.10. If, furthermore, (cx)rez defined
by (2.6) satisfies (A2), then the above problem is B, , well-posed for
all 1 <p, g <ooand s> 0 by Theorem 3.7.

q
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