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ABSTRACT. In the present work, we are concerned with
approximations of solutions to a retarded type fractional
differential equation with a deviated argument in a separable
Hilbert space H. We consider an integral equation associated
with a given problem and then consider a sequence of
approximate integral equations. We prove the existence,
uniqueness and convergence to each of the approximate
integral equations by using analytic semigroup theory and
the fixed point method. We also prove that the limiting
function satisfies the associated integral equation. Finally,
we consider Faedo-Galerkin approximations of solutions and
prove some convergence results.

1. Introduction. In this article, we consider the following retarded
type fractional differential equation with a deviated argument in a
separable Hilbert space (H, || - |, (-,-)):

(1.1)

D [u(t) + g(t, u(t))] + Au(t) = f(t, u(t), ulh(u(®),)]), n€0,1), }
u(0) = uyg, 0<t<T <

where “D}! is the Caputo fractional derivative of order n and A : D(A) C
H — H is a closed, densely defined, positive definite, self-adjoint linear
operator which satisfies assumption (H1), stated later. Functions f, g
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and h are suitably defined and satisfy certain conditions to be stated
later.

In the present work, we are interested in Faedo-Galerkin approxi-
mations of solutions to problem (1.1). In [20], Milleta has discussed
the Faedo-Galerkin approximations of solutions to the particular case
of (1.1) in the cases when n =1, h =0 and f(¢,u) = M(u). For a nice
introduction and related study of various problems in this direction, we
refer to the reader to [1, 2, 3, 4, 20, 22, 23] and the references cited
therein.

In [23], Muslim et al. have established the existence, uniqueness and
convergence of approximations of solutions in a separable Hilbert space
and convergence of the Faedo-Galerkin approximations of solutions to
the following problem:

t

1 -1
u(t) = wo+ 3 J, (t — 5)P~H(—Au(s))ds

— t —8)P 7 (s, u(s), ula(s S
+F,30(t )7 f (s, uls), ula(s))) ds,

where —A is the infinitesimal generator of an analytic semigroup of
bounded linear operators {S(t), ¢ > 0} on a Banach space (H, |-, (-, )),
the functions f : [T] x H x H — H and a : [0,T] — [0,T] are suitable
functions.

In [24], Ntouyas et al. proved existence results for semilinear neutral
functional differential inclusions with finite or infinite delay in Banach
spaces to the following problem

(1.2)
%[y(t)ff(t,yt)] = Ay(t)+F(t,y;), almost everywhere t€J := [0,T],
(1.3) y(t) = ®(t), teJy:=][-r0],

where f : Jx D — E, F :Jx D — P(E) is a multivalued map,
D={V:[-r0 — E:Vis continuous}, ® € D, 0 < r < o0, Eis a
real separable Banach space with norm || - || and P(F) is the family of
all nonempty subsets of F.

For earlier work on the existence and uniqueness of solutions to
differential equations of fractional order, we refer to [5, 12, 14, 15,
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16, 17, 18, 19, 21, 27, 28, 31, 33] and the references cited therein.

The book [6] by El’sgol’ts and Norkin provides a comprehensive
study of differential equations with deviated arguments. The existence,
uniqueness, almost automorphic solutions and asymptotic behaviors of
differential equations with deviating arguments has been studied by
many authors like Grimm [8], Obreg [25], Driver [10], Gal [7] (see
also [9, 11, 13, 29, 32]) and the references cited therein.

The rest of the paper is organized as follows. In Section 2, we put
some notations, notions and results that are required for proving the
main results. In Section 3, we consider an integral equation associated
with problem (1.1) and then consider a sequence of approximate inte-
gral equations and establish the existence and uniqueness of solutions
to each of the approximate integral equations. We also prove the con-
vergence of solutions to each of the approximate integral equations in
Section 4 and then prove that the limiting function satisfies the asso-
ciated integral equation. In Section 5, we consider the Faedo-Galerkin
approximations of solutions and prove some convergence results for
such approximations. Finally, we give an example to demonstrate the
applications of abstract results obtained in the earlier sections.

2. Preliminaries and assumptions. In this section, we present
some assumptions, preliminaries and lemmas required for proving the
main results. The details of the material presented here can be found
n [26]. We shall use the following assumption on operator A:

(H1) Let A be a closed, positive definite, self-adjoint linear operator
from the domain D(A) C H into H with D(A) dense in H. We
also assume that A has the pure point spectrum

O<)\0§)\1§)\2§§)\m§a

where \,, — 00 as m — oo and a corresponding complete
orthonormal system of eigenfunctions {¢;}, i.e.,

Agi = Ni¢i and  (¢i, ¢;) = ij,
where §;; = 1 for ¢ = j, zero otherwise.

Assumption (H1) implies that —A generates an analytic semigroup of
bounded linear operators S(t), ¢ > 0. Then there exist constants M > 1
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and w > 0 such that
1S(8)]| < Me®t, t>0.
We also note that [26, Lemma 4.2, page 52]
‘ dZ.S(t)H < M;, t>tg
dtt
for some positive constant M;.

Without loss of generality, we may assume that ||.S(¢)|| is uniformly
bounded by M, i.e., ||S(t)]] < M for t > 0, and that 0 € p(—A), i.e.,
—A is invertible. This allows us to define the positive fractional power
A% for 0 < a < 1 as closed linear operator with domain D(A*) C H.
Furthermore, D(A%) is dense in H endowed with the norm

[2fla = [[A%]].

Henceforth, we denote the space D(A%) by H,, endowed with the norm
I |la- Also, for each o > 0, we define H_,, = (H,)*, the dual space of
H,, endowed with the norm ||z||_, = ||[A™%z]||.

Lemma 2.1 ([26, pages 72, 74, 195-196]). Suppose that —A ‘s the
infinitesimal generator of an analytic semigroup S(t), t > 0 with
IS <M fort>0 and 0 € p(—A). Then

(i) Hy is a Hilbert space for 0 < a < 1;
(ii) for any 0 < & < « implies D(A®) C D(A?), the embedding
H, — Hj is continuous;
(iii) the operator A*S(t) is bounded for every t > 0 and

1425 (1) < Cut .
We denote the space of all H,-valued continuous functions on [0, ¢]

by Cf* = C([0,t]; Hy), for all t € (0,7]. Then Cf* is a Banach space
endowed with the norm,

[¥[lt,a == sup [l¥(r)lla, @ €CP
0<r<t

For 0 < a < 1, define

C5t = {y € CF : ly() — y(s)llas < Ll — 5|, Ve,s € [0.T},
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where L is a suitable positive constant to be specified later.

We assume the following conditions:

(H2) Let Uy C Dom (f) be an open subset of Ry x H, X H,—1 and,

for each (t,u,v) € Uj, there is a neighborhood Vi C U; of
(t,u,v). The nonlinear map f : Ry x H, x H,—1 — H satisfies
the following condition:

£t z,9) — f(s,5,0)|| < Lyt — 8| + |l — ylla + ¥ — Pllal,

where 0 < 6; < 1, 0 < o < 1, Ly > 0 is a constant,

(t,z,¢) € V1 and (s,y,¥) € V;.

(H3) Let Uy C Dom (h) be an open subset of H, x R4 and, for each

(z,t) € Uy, there is a neighborhood Vo C U; of (x,t). The map
h: H, x [0,T] — [0, T] satisfies the following condition:

|A(z,t) = h(y, s)| < La[llz = ylla + [t - s|*],

where 0 < 6 < 1, 0 < o < 1, L, > 0 is a constant,
(z,t), (y,s) € Vo and h(-,0) = 0.

(H4) Let Us C Dom (g) be an open subset of [0,T] x H,—1 and, for

each (t,z) € Us, there is a neighborhood V3 C Usz of (z,t).
There exists a positive constant 5, 0 < a« < 8 < 1, such that
the function A%g is continuous for (t,u) € [0,Tp] x Ha_1 such
that

1A% g(t, 2) — A%(s,9)ll < Lo{lt = s + [l = ylla—1},

and
LjA*P ) <5< 1

where Ly, > 0 is a positive constant and (z,t), (y,s) € Va.

3. Approximate integral equations. The existence of a solution
to (1.1) is closely related to the following integral equation (3.9).

Definition 1 ([31, Definition 1.2]). Let f € L'((0,T), H) and o > 0.
Then the expression

- o | = s

t>0, a>0,

I7f(t) = (f % ©a)(t)
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where I? f(t) = f(t) and

1 tafl
O.(t) =< Ta ’
0, t<0,

t>0,

and ©¢(t) = 0, is called the Riemann-Liouville integral of order « of f.

Definition 2 ([31, Definition 1.3]). Let f € C™ 1((0,T), H), (O —ax*
f) € WmH(0,T),H) (m € N, 0 <m—1< a < m). Then the ex-
pression

(32)  DY(t) = DIy (f(t) S fi(0)®i+1(t)),
0

where D" = d™/(dt™), is called the Caputo fractional derivative of
order « of f.

Then, by definitions (1) and (3.2), we can rewrite (1.1) as

(3.3)

u(t) = (ot + 9(0,10)) ~ g(1,uf))
o [ )7 Au(s) + gl u(s)] ds
@ Jo

t

+ % ; (t — )L f(s,u(s), u(h(u(s),s)))ds, tel0,T).

For a fixed R > 0, we choose 0 < Ty = Tp(a, 8, up) < T sufficiently
small, such that

G =)
34) Coy1-pLg||A™ CoL¢2+ LL <1-9§
(34) ComrpLylld™ | + Caly 2+ LIS — <14,

where § = L,[|A*"#~1|| < 1 and Ty < min(dy, d2) with

)

1/In(B-a)]
4 )

(35) = (Rw ) (CryagLy) !

1/[n(1-a)]
3O b= (G- oGl iniz) )



RETARDED FRACTIONAL DIFFERENTIAL EQUATION 221

and satisfying the following

=

(3.7) [1(S(0) = 1) A [to+gn (0, uo)] ||+ A* | Lg [T+ [ AH| R] < 7,

for all ¢t € [0,Tp] and

Tg(ﬁfa) Tg(lf‘x) R
. [ - « S a
(3.8) Cot1-8N1 = +CN1—a >

For more details of choosing such a T, we refer to [7, Theorem 2.2].

We set
W ={uecCfp, ﬂC’%{l cu(0) =wuo, |lu—uollm,o < R}

Clearly, W is a closed, bounded subset of C%O_l and complete.

Definition 3 ([5, page 434]). By a solution of problem (1.1), we mean
a function w : [0,T] — H, satisfying the following three conditions:

Su() € CgtnC([0,T), H).
t,u(t)) € D(A) and (¢, u(t),u[h(u(t),t)]) € Uy for all

(iii) d7/dt"Tu(t) + g(t, u(t))] + Au(t) = F(t, u(t), ulh(u(t), t)]) for all

Definition 4 ([30, Definition 2.7]). By the mild solution of Cauchy
problem (1.1), we mean a continuous function « : (0,7p] — H which
satisfies the following integral equation associated with (1.1):

/ 0&,(0)S(t"0)[u(0) + g(0, up)] db — g(t, u(t))

+n/0 /O 0¢,(0)(t — s)""LAS((t — 5)"0)g(s, u(s)) df ds
N ) Ay

+"/0 /0 0¢,(0)(t — )" 1S((t — 5)"0)

(3.9) x f(s,u(s),u[h(u(s),s)])ddds, te (0,Tp.
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where 1
(0) = 07~ Dp, (677 2 0,
1 . n—1lp—n —1F(n7l+1) :
pn(0) = ;;(—1) o= TSIH(WTU)’ 0 € (0,00),

&, is a probability density function defined on (0, c0), that is,

/OOO &,(0)d0 = 1.

Also, we have

o0 * 1 I'(1+7)
07¢,(0) = —pp(0) = ——, for any v € [0,1].
| rao= [ Gaeo= i vy e

For more details, we refer to [5, 31, 33].

Let H, C H denote the finite dimensional subspace spanned by
{up,u1, -+ ,up}, and let P™: H — H,, be the corresponding projection
operator for n =0,1,2,.... We define

(310) gn:Ry xH— H as gu(t,u(t)) =g(t, P u(t)) and
fni Ry xHXxH — H given by

(B11)  fuls,u(s),ulb(u(s),5)]) = £(s, P uls), P ulh(u(s), 5)]).
For n=0,1,..., we define a map F, : W — W given by
(Faad(®) = [ 06,0)S(E0)(0) + g0 0.00)] 40 ~ g t,u(0)
[ | / ) 06, (0) (t — )" AS((t — )0)gu (5. u(s)) O d
0 [ [ og0 =5 s =50)
(3.12) % fuls, u(s), ulh(u(s), s)]) d ds, t € (0,Tp).

Theorem 3.1. Let assumptions (H1)—(H4) hold and also let ug € H,
for 0 < o < 1. Then there exists a unique u, € C%O_l NCE, such
that Fpu, = u, for each n = 0,1,2,..., u, satisfies the following



RETARDED FRACTIONAL DIFFERENTIAL EQUATION 223

approrimate integral equation corresponding to the integral equation
(3.9),

/ 86,(6)S(170)[u(0) + g (0, u0)] dB — g (£, un (1))

— )t — s)" S, Un (S S
+n/0/0 06, (0)(t — 5)""LAS((t — 5)70)gn (5, un(s)) dO d
T / / 06, (0)(t — 5)"LS((t — 5)76)

(3.13) X fn(8,un(s), ulh(un(s),s)])ddds, te (0,Tp].

Proof. In order to prove this theorem, first we need to show that
Fou € C%:l for any u € C%;l. Clearly, F,, : Cf, — Cg, -

IfueCf ', Ty >ty >t >0, and 0 < a < 1, then we get
(3.14)
[(Fru)(t2) — (Fru)(t1)lla-1
/ 06, (6)]|(S(129) — S(£16)) (10 + 91 (0. 40)) | -1 9
+ | AP AP g (t2, u(ta)) — AP g (tr, u(ty)) ||

+/0“/O°Osn<e>

| (n0(t2= )7 AS (12— 5)"0) (12 )" AS (11 -5)"0) ) |
< |47 g, (s, u(s)) | A9 ds

+[7[ exonmte - sy asic - sy

A gn (s, u(s))| df ds

e [ o0t — 50— 0~ s — o

S((tr — 8)"0)A* ||| fu (5, u(s), ulh(u(s), s)])|| df ds

[ et s - sporae
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1fn (s, u(s), ulh(u(s), s)])|| d6 ds
For the first part of the right hand side of (3.14), we have

| 6 @N@10) = S8 0 + 00,10 o1
%] to d , o
< [Teo| [ GSn) ]l o+ 0,000 d

< [ @@t~ 0))lA7 o+ 9 (0. w0 d8
0
(3.15) < Ci(ta —ta),
where €1 = [[uofla—1 + [A*77|[]|gn (0, uo) 5] M.
For the second part of the right hand side of (3.14), we can see that
1A= AP gn (b, u(t2)) — AZgn(ty, u(t)) |
< AP Lgl(t2 = ta) + [lu(t2) — u(tr)]la-1]
(3.16) < Oty — th),

where Cy = ||A*~P~1||[L,(1 + L)]. To handle the third and fifth parts
of the right hand side of (3.14), observe that

/0 | /OOO £ (0)|[n0(t2 — 5" AS((t2 — 5)70) — 0 (t: — 5)"*
AS((ty — 5)"0)]]
X ||A0¢72fn(s,u(s),u[h(u(s)7 $)))|| d6 ds

<[ ! [ e | 5= 90)
x ||A“72||N df ds

<[ L sl

< /0 /0 £0(0)[Ma(ts — £1)][|A°2 || N d ds

d n
— 2 5((t—5)"0)

t=to

t—tl}

d2
_ S\ AX—2
St ) 9)’dt]| N df ds

(3.17)
< Cs(ta — t1),
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where C3 = N Ma||A%~2||Ty. Similarly, for the third part of (3.14), we
have

/0 1 /OOO En(O)][n0(t2 — 5)" 1 S((t2 — )"0)
— 0ty — )" S((t — 8)70)] A7
X HA'Bgn(s,u(s))H dfds
(3.18) < Cylta —t1)

where Cy = Ny M;||A“=B~Y|Ty. For the sixth part of (3.14), we have

/t 2 / 6 OBt — 57 AS (12— 5)76)]
1A% £, (5, u(s), u[h(u( ), ) d6 ds

/tt/ &0

(3.19) < Cs(ta — 1),

((t— 8)779) | A%~2||N df ds

dt

=to

where C5 = |[|[A®72||[M1N. Finally, for the fourth part of (3.14), we
have

[ e, — syt asiie - spoya-ty
1A% g, (s, u(s)) || d6 ds
(3.20) < Co(ta —t1),

where Cg = ||Aa7ﬁ71||M1N1.
We use (3.15), (3.16) and (3.17)-(3.20) in (3.14) to get the following
inequality:

(3.21) [(Fnu)(te) = (Fnw)(tr) a1 < Ltz —tal,

where L = max{C;, i =1,2,...6}. Hence, F, : C%O_l — C%O_l follows.

Our next task is to show that 7, : W — W. Now, for ¢t € [0, 7))
and u € W, we have

[(Fnu)(t) = uolla
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< [ 06O ~ DA w0 + 20,0 0

+ AP | A% ga (5, u(s))) — AP g, (0,u(0)) |

+ 77/; /OOO 0¢,(0)(t — )" S((t — s)"0) ATTB|
142 gu(s, u(=)]) | d0 ds

v [ [ o6 s - o)

[[fn (s, u(s), u(h(u(s), s))])|| 6 ds
< [I(S(#"0) — 1) A% [uo + gn (0, uo)]|
+ | A Ly[To + | A7 R)

T”/(/B_a) T’r](l—(x)
Ciia_gN1 =2 CyN=Y
+ Crta-pM1 5_a T CalN =7

Hence, from (3.7) and (3.8), we get
H]:nu - UQHT(M} < R.

Therefore, F,, : W — W.
Now, if ¢t € [0,Tp] and u,v € W, then

| Fa)(t) — (Far) ()]l
< [ A°B | AP gt u(s)) — APga(t,0(s))]
b —g)" 1 —3s)" 1+a-p
tn / / 06, (0)(t — 5" |S((t — 5)10) AP
X |42 g (s, u(s))) — AP gn(s,v(s))]| dB ds
t oo ., n—1 ., . N
+n / / 06, (0)(t — 5)" S ((t — 5)70) A

[/ (s, u(s), u(hlu(s), s1))
(3.22) = fu(s,v(s), v(h[v(s), 5])))l| dO ds.

We have the following inequalities:

(323)  [|A%n(s,u(s))) — A%ga(t, o))l < Lo A7 [lu = v 75,0,
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(3.24) [ fn(s, u(s), ulh(u(s), s)]) — fu(s, v(s), v[h(v(s), s)])]
< L2+ LLp)|lu = v1y,0-
We use the inequalities (3.23) and (3.24) in (3.22) and get

o B Tﬂ(ﬁ_a)
[(Fn)(t) = (Fav)(B)la < |Lgl[A* P + Crya—pLyl A 1llgﬁ
n(l-a)
(3.25) +CoL¢(2+ LLy) g_a lu —v|1,.a

Hence, from inequality (3.4), we get the following inequality:
[Frnu — Favllry,a < [[u—"2vl1,a

i.e., the map F,, is a contraction on W. Therefore, the map F,, has a
unique fixed point u,, € W, given by

up(t) = /OOO 08,(0)S(t)[uo + gn(0,u0)] dO — g (t, un(t))
+77/0 /0 06, (0)(t — )" AS((t — 5)"0)gu (s, un(s))) dB ds,

t o)
+ 77/ / 0, (0)(t — )" 1S((t — 5)"0)

0o Jo

(3.26)
(s, un(8), un(h(un(s),s)))ddds, t e (0,Tp).

This completes the proof of Theorem 3.1. O
Lemma 3.2. Assume that assumptions (H1)-(H3) are satisfied. We
have the following results

(i) If ugp € D(A®), then u,(t) € D(AY) for all t € (0,Ty),
(ii) If ug € D(A), then u,(t) € D(A?) for all t € (0,Ty],

foro< 9 < p<1.
Proof. Since we have proved that u, € W C C%:l, then u,, must be

Holder continuous on [0, Tp]. Furthermore, the inequalities (H2)—(H4)
imply the Holder continuity of f (¢, un (), un (h(un(t),1))) and g(¢, un(t))
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on [0,T,]. We also note that [26, Theorem 3.2, page 111]

77/0 /0 06, (0)(t — s)""LAS((t — 5)"0)gn (s, un(s)) df ds € D(A).

Hence, we can easily prove that u,(t) € D(A). For more details, we
refer to [5, Theorem 2.2]. Part (i) follows from (ii) and the fact that
D(A) € D(A”),0 < ¥ <1 (see Lemma 2.1 (ii)). O

Lemma 3.3. Suppose that assumptions (H1)—(H4) are satisfied. We
have the following inequalities:
(i) If up € D(A®), then for any ty € (0, Tp]
[un()llo < Uy, t € [to, To], n=1,2,...,

for some constant Uy,, independent of n.
(ii) Ifuo € D(A), then there exists a constant Uy such that

fun®) o < Uo, t€0,To), n=1,2,....
Proof. Let ug € D(A®). Applying A” on both sides of (3.26), for
t € [to, To] and a < ¥ < 3, we have
un(®)llo < /OOO &,(0) || A7 S(t76) (uo + g4 (0, uo)|| 6
+ (1A 1A% ga(t un (1)l

+77/ /oo 0&,(0)(t — s)" | AMTITES((t - 5)"0)|
x || A g (s, un(s))|| d6 ds

+n// 0¢,(0)(t —s)"™

x [[S((t - 5)"0)A”|
| £ (85 1 (5), un (h(un(s), 8)))|| d6 ds
< Coty ™ ([[uoll + g (0, uo) |
+ 47PNy
Tn(6=9) Tn(1—9)

(3.27) + Cr149-5N1 G=9 T~
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Similarly, we can find the estimate

lun ()]0 < M(IA uoll + [l94(0,w0ls) + | A7 |[ Ny

T7(B=9) Tn(1-9)
(3.28) + Cl+19_5N1 + CyN < Uy,
g—1 1-—
for given up € D(A) and ¢ € (0, Tp]. O

4. Convergence of solutions. In this section we establish the
convergence of the solution w,, € H,(Tp) of each approximate integral
equation to a unique solution u of (3.9).

Theorem 4.1. Let us assume that conditions (H1)-(H3) are satisfied.
If ug € D(A®), then for to € (0, Tp]

lun — wm|lTy.a — 0, as m,n — oo,

i.e., Uy is a Cauchy sequence in W on [to, Tp).

Proof. Let 0 < a < ¥ < 8. For n > m, we have

([ (&, wn (8) wn [P(un (8), )]) = fon (8t (8), [P (2), £)])]]
< (s un(8), un[A(un (), 1))
= Fu(t, tum (8), tm [P (um (2), £)])]
1t 1 (8), i [P (2),£)])
= fin (b, wm (8), wm [A(wm (2), )]))|
< L2+ LLp)[[un(t) = wm (8)]|a
+ Ly [[I(P™ = P )um(t )Ila

HATHHEP™ = P™ )t (i (£),6)) [la]-

Also,
[(P" = P™ )t (t)]la < A7 (P™ = P™) A% up (1)
1
(4.1) < Aﬂ,allAﬂum(t)ll-

Thus, we have

[t wn (), [P(un (), )]) = fon (85 i (8), o [P(wn (£), )]
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1
Aﬁfa

1At (B (8), )|

S Lp2 4 LLp)l[un(t) = um(B)lla + Ly 1A (1)

1A~

+ N

Similarly,

AP g (£, un (£) — AP g (£, um (1)) |
< [|AP g (t, un(t)) — AP gt um ()]
+ [|AZ g, (t, i (£)) = AP g (£, un (1)) |

_ 1
SLgnA.1|[nuna>—-um(wna4-ﬂanAﬂum<w
Am
Now, for 0 < t, < to, we may write

[ (8) = tm (8]l < /Om & (O)[S(£70) A% (9 (0, u0) — gm (0, u0))]| dO

AP AP gt un(t)) — A% g (t, um (1)) |

ol ) [ o

[AMe=E5 (8~ 5)"9)
HA gn(s,un(s)) — AP Im (8, um(s))|| dO ds

o [ ) [ oo

14%S((t = 5)"0)]
X || (8, un(8), un(h(un(s), s)))
— P (8, U (8), thm (Bt (5), 5))) || dOs.

We estimate the first term as
/ En(O)[1S(2"0) A% (9n (0, u0) — gm (0, u0))|| dO
0
s/'@@MM%WMBumwABmemw

< M| A F VL, (P lew/ £(6
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< M| AP Lg[[(P" = P™) A% |

< S MIATP Ll A ).

The first and third integrals are estimated as

fo o _ gyl glte—8 gy
7 / / 06, (0)(t — 5)7 | AR S((t — 5)70) |
| AP g (5, n () — AP g (5, um (5))|| dO ds

2C140-N1 - -
< 2rtas o0y _ (4 gypio-o)
2C14a-pN-
201 10N
b < ey,

//en )t — 571 AS((t - 5)0)]

[ (s, un(s), un(h(un(s),s)))
= fm (85 tm(s), um (P(um(s),5)))|| 40 ds

20N 1w .
< m(tn(l ) (t — t())n(l ))
2C,N
e Sotp) 1=l 0 < by < 1,
—
2C,N
(4.3) < Tt to)n=e)=1y’,
—

For the second and fourth integrals, we have

Y — g1 1+a—p — 5"
n/%/o 06, (0)(t — 5) | ATFRB (1 — 5)70)|
148 gy, (5, un(5)) — AP gon (5, um (s))|| dO ds
Ut,TOTI(ﬁ—Oé)
<>\%“"77(5—04)
= ()~ w5

0

(4.4) <0C1tamsLllA”!

231
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¢LA 06,(6)(t — )1 A°S((t — 5)70)]
X ful, 0 (5), [t (5), )]
— fm (8, Um (8), wm [P (um(5), 8)]) dO ds
U%Ton(lfa)

<nC.L:((1+||A7 )=
<y fQ L

(4.5) +(2+ LLy) /t (t = )"t (5) = um(s) |ad5) :

0

Therefore,

AP L[| Ao |

[n () = wm ()]0 <

a—fB-1 Ut()
+1A4 g { lun(8) = um ®)lloc + 525

Cita-pMN1 CuN )
- 2<(t0 — th)n(B=a) + (to — t})1—n(i—e) to

o

A ©

n " (CoLy(2+LLy) | Cipa_pLg||A7Y|
t (t — 5)77(0‘*1)+1 (t — s)n(a*ﬁ)ﬂ

[ten (8) — wm(8)]lads,

+Co

where

n(l-a) n(B—a)

- 1o 1 To
Cap=01+]A 1||)CaLfﬁ + Crta—plLgllA luﬂ'

Since |4 #71||L, < 1, we have

[un(t) — um(t)|la < ||A0‘ A=1||L,)

=

Uy
 {1am 1y (M 147wl + 5% )
+

Cl+o¢ ﬁNl
(to — tfy)1—n(B—)
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CN , U,
o o Gt}

N /t (caLf(Q + LLy)

, \ = sy
 CrapLy A7t s)’ﬂa-f”“)

|t (8) = U (5)||ads.

Applying Gronwall’s inequality and estimating ¢t — s by Ty, we get the
following:

1

[t (£) =t ()| < (1 — [[A—F-1||L,)

{(|Aaﬁ1||LgM||A%o|

a— B 1
+ [lA*=F 1||LgUt{] + Coc,ﬂUt()> oo
Crya-pNi CoN /
+ 2((t0 — t(/))lfn(ﬂfa) + (to = t6)1*?7(1*04) ty ¢ C.

Letting m — oo and taking the supremum over [tg, 7], we obtain

un — wmllTy,a

2 Cl«HX*,@Nl CaN ’
< tnC.
= {1 [Ae1]L,) ((to —ap) ) (1 — )i )10

As t[, is arbitrary, the right hand side may be made as small as
desired by taking t{, sufficiently small. This completes the proof of
Theorem 4.1. |

Similarly, we can prove the following corollary.

Corollary 4.2. Ifug € D(A), then
”Un _umHTo,a — 0, asm,n — oo,

i.e., up s a Cauchy sequence in W on (0,Tp].
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With the help of Theorems 3.1 and 4.1, we have the following result
for the convergence of solutions to each of the approximate integral
equations.

Theorem 4.3. Let us suppose that assumptions (H1)—(H4) are satis-
fied, and let ug € D(A®) or D(A). Then there exists a unique function
U, €W,

/ £,(0)S(t"0)[u(0) + gn(0,u0)] dO — g (t, un(t))
+n/0 /0 0¢,(0)(t — )" L AS((t — 5)"0) gn (5, un(s)) dO ds

t o0 ., ne1 ., .
+n / / 06, (0)(t — 5 1S((t — 5)"0)
X fr (8, Un(8), Un(hn(un(s),s)))d0ds, te (0,Tp]

and u € W,
(0= [ &OSE0N0) + 900,u0)] 8 - g(t. 1)
+77/ / 0&,(0)(t —s)"™ LAS((t — 5)"0)g(s,u(s)) dO ds

v [ [ o6 - sys (e oo
x f(s,u(s), u(h(u(s), s)))dfds, t e (0,Tp),
such that up, — u as n — oo in W and u satisfies (3.9) on (0,Tp].
5. Faedo-Galerkin approximations. In this section, we will study

the Faedo-Galerkin approximation solution of (1.1) and prove the con-
vergence result for such an approximation.

We have proved a unique solution u € W of the integral equation:
/ £(0)S(170)[u(0) + 9(0,u0)] d — g, (¢, u(t))

—8)" —5)"0)g(s, u(s s
+7’/0/0 08, (0)(t — 5)" T AS((t — 5)"0)g(s, u(s)) dO d
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i "/o /ooo 08, (0)(t — 5)" 1 S((t = 5)"0)
(5.1) f(s,u(s),u(h(u(s),s)))ddds, te0,Tp).
Then it has the representation
(52) u(t) = Z ai(t)¢i7 ai(t) = (u(t)7 (bi)ﬂ i=0,1,...;
i=0

where the ¢;’s are defined in (H1).

Also, we have a unique solution u,, € W of the approximate integral
equation

/ £1(0)S(E70)[u(0) + g (0, 10)] 8 — g (t, 1 (1))

— )1 — )" S, Un (s s
+17/0/0 06,(0)(t — )"~ AS((t — 5)70)gu (5, wn(s)) dO.d
n / / 0,(0)(t — )" 1S((t — 5)76)

(5.3)  fu(s,un(s), un(h(un(s),s)))dods, te[0,To).

Let P"uy,(t) = Uy (t) be the orthogonal projection of (5.3) on the first
n elements of {¢;} satisfying the following equation:

/ £,(0)S(70) P [u(0) + gn (0, u0)] 6 — P" gu(t, un (1))

U —s)" "0, (S, un (s s
+77/0/0 06,(6)(t — 5"~V AS((t — $)0) P" gy (5, un (5)) dB d
+n / / 06,(6)(t — )" S((t — 5)76)P"

(5.4)
Fa(s,un(8), un(h(u,(s),8)))d0ds, t€][0,Tq).

Using (3.10) and (3.11) in (5.4), we get

/ £,(0)S(t70) P [u(0) + g (0, up)] dB — P"g(t, n(£)



236 PRADEEP KUMAR, D.N. PANDEY AND D. BAHUGUNA

" ”/o /0 0¢,(0)(t — )"~ AS((t — 5)"0) P" g(s, i (s)) O ds

+n/0 /OOO 0€,(0)(t — )" 1S((t — 5)"0) P"
(5.5)
F(5, T (), i (h(@n(5), 8))) dOds, ¢ € [0,To].

The solution 4, of (5.5) has the following representation

(56) a’ﬂ(t) = Za?(t)¢ia a?(t) = (’an(t)7¢z>7 i=0,1,..;

=0

Then we get a system of equations from (5.4) and (5.6)

B
[O‘?(t) + Hin(t7 aBL?a?ﬂ T 7a2)] + Aia?(t)

dth
= Fin(tvag,a?a”' 704277'577'1”,”' 37-777?)
(5.7) ' (0) = u;,
where
Fin = <f(ta Za?(ﬁia Z’Tzngbz)v ¢Z> )
i=0 i=0
2 = (0.3 a0
i=0
Tz‘n = O‘Z‘l(h(ag,a?fa ) O‘:Lmt))
and u; = (ug, ¢;) for i = 1,2,...,n. Convergence of al'(t) — «;(t)

follows from the following theorem and the fact that

Au(t) — a(1)] = A° [Zmi(t) - a?(t»cm}

=0

= 3" X (ult) — ol (1))
=0
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Thus, we have
[ A [u(t) — @ (O]]* > Z N (ailt) — i (1)
i=0

Theorem 5.1. Let us suppose that propositions (H1)—(H4) are satis-
fied. Then we have the following:

(a) If ug € D(A%), then for any 0 < to < Tp,

sup [Z M2 (i (t) — a?(t))ﬂ — 0, asn— oo
to<t<Tp i=0
(b) Ifug € D(A), then

sup [Z N2 (i (t) — a?(t))Q} — 0, asn— oo
0<t<Ty 455

As a consequence of Theorems 3.1 and 4.1, we have the following
result.

Proposition 5.2. Let us suppose that assumptions (H1)—(H4) are
satisfied. Then we have the following:
(a) If ug € D(A%), then for any 0 < to < Tp,
l@n — UmllT. — 0, as m,n — oo,

i.e., Uy s a cauchy sequence in W on [tg, Tp).

(b) Ifug € D(A), then
l@n, — |7, — 0, as m,n — oo,
i.e., Uy s a cauchy sequence in W on [0, Tp].
Proof. Letting n > m and 0 < a < 1, we have
[ (t) = Um (t)lla = [[P"un(t) = P™ tm (t)]|
<P [un (@) = um®)]la + [1(P" = P™)tim||a

1
< fua(t) = ()l + 1=

1A 4.
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If ug € D(A®), then the result in (a) follows from Theorem 4.1. If
ug € D(A), (b) follows from Corollary 4.2. O

For the convergence of @, (t) — u(t), we have the following theorem.

Theorem 5.3. Let assumptions (H1)—(H4) be satisfied, and let ug €
D(A%) or D(A). Then there exists a unique function u, € W satisfying

/ £ (0)S(E70)[1(0) + g0 (0, 110)] dO — g (t, 1 (1))
T+ / / 06,(0)(t — )" AS((t — 5)70)gu (5, n(s)) dO ds

T / | oo 9 sie - syo)
Frn(8,Un(8), Gn(hn(Un(s),8)))d0ds, te][0,Tpl,
and u € W

/ &,(0)S(t70)[u(0) + ¢(0, uo)|dd — gn (£, (1))
1 / / 06,(0)(t — 5)" L AS((t — 5)"6)g(s, u(s)) dB ds

o / / 06,(60)(t — 5)"S((t — 5)76)

f(s,u(s), u(h(u(s), s))) do ds, t € [0,To],

such that U, — u as n — oo in W and u satisfies (3.9) on [0, To].

6. Example. We consider the following fractional order partial dif-
ferential equation with a deviated argument:

(6.1)
O w(t,x) + 0, f1(t, w(t, x))] — z[w(t,z)]

= fo(z,w(t,z)) + f3(t,z,w(t,z)), =€ (0,1), t>0,n€]0,1),
w(t,0) =w(t,1) =0,
w(0,2) =up, z€(0,1),

fole, w(t,2)) = / " K (e, syw(s, k(t)|uw(s, 1)) ds.
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The function f5 : Ry x [0,1] x R — R is measurable in its second

variable z, locally Holder continuous in its first variable ¢, locally

Lipschitz continuous in its third variable w and uniformly in z. Further,

we assume that £ : Ry — Ry is locally Holder continuous in ¢ with

k(0) =0 and K(-,-) € C*([0,1] x [0,1]; R).
1

(

Let X = L2((0,1); R), Au = d?u/dz?, D(A) = H2(0,1) N H (0,1
X1z = D((A)V?) = H§(0,1) and X_, 5 = (Hg(
H'(0,1).

For z € (0,1), we define the function f: Ry x X190 x X_1/5 = X
by

(62) f(t,’u,f)(fﬁ):fg(x,£)+f3(t,.’£,u),

o
—_
~—
~
*
I
|
—
—~
=
—
~—
Il

where fo:[0,1] x X — HE(0,1) is given by

(63 £ = [ Ko dy

0
and f3: R x [0,1] x H?(0,1) — H}(0,1) satisfies the following
(6.4) st 2, w)l| < Q(z, ) (1 + [[ullz2(0,1))

with Q(-,t) € X and @ is continuous in its second argument. Next we
assume that the function h : H}(0,1) x Ry — Ry is defined by

(6.5) h(u(z,t),t) = k(t)|u(z,t)].

For u € D(A) and A € R with —Au = Au, we have
(—Au, u) = (Au, u)

(6.6) [0/l 22 = Allul 2,

so we have A > 0. The solution u of —Au = Au is

(6.7) u(x) = Dy cos(VAz) + Dysin(VAz).

Using the boundary condition, we get D; = 0 and A = A\, = n?x? for
n € N. Thus, for n € N, we have

Un () = Do sin(y/Ana).
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Also (un,um) = 0,m # n and (up,u,) = 1. So, for u € D(A), there
exists a sequence oy, of real numbers such that u(z) = > . anun(x)
with ZnEN(a")z < 0o and ZneN(an)z()\n)Q < 00.

The semigroup is given by

St)u = Z exp(—12t) (U, U YUy

neN

The abstract formulation of (6.1) can be written as the following:

%[u(t) + g(t,u(®)] + Au(t) = f(t, u(t), ulh(u(t),t)]), t>0, n0,1),
(6.8) u(0) = uo,

where u(t) = w(t,-) that is u(t)(z) = w(t, z), x € (0,1). The function
g: Ry x Xq/9 — X, such that g(t,u(t))(x) = 0, f1(t, w(t, x)).

It’s not difficult to prove that all the assumptions (H1)—(H4) are
satisfied. For more details, see [7].
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