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ABSTRACT. By applying a fixed point theorem of Kras-
nosel’skii type, we study the solvability and existence of
asymptotically stable solutions for a nonlinear Volterra-Hammerstein
integral equation on an infinite interval. In order to illustrate
the results obtained, two examples are also given.

1. Introduction. In this paper, we consider the following nonlinear
functional integral equation

(1.1)

x(t) = Q(t) + f(t, x(t), x(π(t)))

+

∫ μ(t)

0

V (t, s, x(σ1(s)), . . . , x(σp(s))) ds

+

∫ ∞

0

G(t, s, x(χ1(s)), . . . , x(χq(s))) ds, t ∈ R+,

where Q : R+ → E; f : R+ × E2 → E; V : Δμ × Ep → E;
G : R2

+ × Eq → E are supposed to be continuous and Δμ = {(t, s) ∈
R+ × R+ : s ≤ μ(t)}, the functions μ, π, σ1, . . . , σp, χ1, . . . , χq ∈
C(R+;R+) are continuous and E is a Banach space.

We call the integral equation (1.1) a Volterra-Hammerstein integral
equation because it includes the well-known Volterra integral equation
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and the Hammerstein integral equation on an infinite interval, see [3,
pages 151 160], [8]. The integral equation (1.1) is also called an integral
equation of mixed type, see [2].

In the case E = Rd, some types of (1.1) have been studied by
Avramescu and Vladimirescu [1, 2]. The authors have proved the
existence of asymptotically stable solutions to the following integral
equations
(1.2)

x(t) = Q(t) + f(t, x(t)) +

∫ t

0

V (t, s)x(s) ds +

∫ t

0

G(t, s, x(s)) ds,

t ∈ R+,

or

(1.3) x(t) = Q(t)+

∫ t

0

K(t, s, x(s)) ds+

∫ ∞

0

G(t, s, x(s)) ds, t ∈ R+,

under suitable hypotheses. In the proofs, a fixed point theorem of
Krasnosel’skii type is used, (see [1, 2]).

Applying a fixed point theorem of Krasnosel’skii type and giving the
suitable assumptions, Dhage and Ntouyas [4] and Purnaras [8] also
obtained some results on the existence of solutions to the following
nonlinear functional integral equation

(1.4)

x(t) = Q(t) +

∫ μ(t)

0

k(t, s)f(s, x(θ(s))) ds

+

∫ σ(t)

0

v(t, s)g(s, x(η(s))) ds, t ∈ [0, 1],

where E = R, 0 ≤ μ(t) ≤ t, 0 ≤ σ(t) ≤ t, 0 ≤ θ(t) ≤ t, 0 ≤ η(t) ≤ t,
for all t ∈ [0, 1].

In the case where E is the general Banach space, the existence of
asymptotically stable solutions of the integral equation

(1.5)

x(t) = Q(t) + f(t, x(t), x(π(t)))

+

∫ t

0

V (t, s, x(s), x(σ(s))) ds

+

∫ t

0

G(t, s, x(s), x(χ(s))) ds,
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t ∈ R+, was proved in [7] by using the fixed point theorem of
Krasnosel’skii type as follows.

Theorem 1.1. Let (X, |·|n) be a Fréchet space, and let U, C : X → X
be two operators. Assume that:

(i) U is a k-contraction operator, k ∈ [0, 1) (depending on n), with
respect to a family of seminorms ‖ · ‖n equivalent with the family | · |n;

(ii) C is completely continuous;

(iii) lim
|x|n→∞

|Cx|n/|x|n = 0, for all n ∈ N.

Then U + C has a fixed point.

Applying Theorem 1.1 while adding some suitable conditions, simi-
larly to (1.5), we get the same results for (1.1). These results may be
considered to be generalizations of [2], by combination of the proofs in
[7] and arguments of density and some techniques in [2]. The paper
consists of four sections and the existence of solutions, the existence of
asymptotically stable solutions for (1.1) will be presented in Sections 2
and 3. Finally, we give two illustrated examples.

2. Existence of solutions. Let X = C(R+;E) be the space
of all continuous functions on R+ to E which are equipped with the
numerable family of seminorms

|x|n = sup
t∈[0,n]

|x(t)| , n ≥ 1.

Then (X, | · |n) is complete in the metric

d(x, y) =

∞∑
n=1

2−n |x− y|n
1 + |x− y|n ,

and X is the Fréchet space. In X we also consider the family of
seminorms defined by

‖x‖n = |x|γn
+ |x|hn

, n ≥ 1,

where

|x|γn
= sup

t∈[0,γn]

|x(t)| , |x|hn
= sup

t∈[γn,n]

e−hn(t−γn) |x(t)| ,
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γn ∈ (0, n) and hn > 0 are arbitrary numbers, which is equivalent to
| · |n, since

e−hn(n−γn) |x|n ≤ ‖x‖n ≤ 2 |x|n , for all x ∈ X, for all n ≥ 1.

We make the following assumptions.

(A1) There exists a constant L ∈ [0, 1) such that

|f(t, u1, u2)− f(t, v1, v2, )| ≤ L

2
(|u1 − v1|+ |u2 − v2|) ,

for all u1, u2, v1, v2 ∈ E, for all t ∈ R+;

(A2) There exists a continuous function ω1 : Δμ → R+ such that

|V (t, s, u1, . . . , up)− V (t, s, v1, . . . , vp)| ≤ ω1(t, s)

p∑
i=1

|ui − vi| ,

for all (u1, . . . , up), (v1, . . . , vp) ∈ Ep and (t, s) ∈ Δμ;

(A3) G is completely continuous such that, for all bounded subsets
I1, I2 of [0,∞) and for any bounded subsets J of Eq, for all ε > 0,
there exists a δ > 0 such that for all t1, t2 ∈ I1,

|t1 − t2| < δ =⇒ |G(t1, s, u1, . . . , uq)−G(t2, s, u1, . . . , uq)| < ε,

for all (u1, . . . , uq) ∈ J and s ∈ I2;

(A4) There exists a continuous function ω2 : R+ × R+ → R+ such
that, for each bounded subset I of R+,∫ ∞

0

sup
t∈I

ω2(t, s) ds < ∞,

and
|G(t, s, u1, . . . , uq)| ≤ ω2(t, s),

for all (t, s) ∈ I ×R+, for all (u1, . . . , uq) ∈ Eq;

(A5) 0 ≤ μ(t) ≤ t, 0 ≤ π(t) ≤ t, 0 ≤ σi(t) ≤ t, χj(t) ≥ 0, for all
t ∈ R+, i = 1, . . . , p, j = 1, . . . , q.
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By hypothesis, (A1) and 0 ≤ π(t) ≤ t, it is easily seen that the
operator Φ : X → X , with Φx(t) = Q(t) + f(t, x(t), x(π(t))), x ∈ X ,
t ∈ R+, is the L-contraction mapping on the Fréchet space, (X, | · |n),
so the following lemma is obtained thanks to the known Banach’s
contraction principle.

Lemma 2.1. Let (A1) hold and 0 ≤ π(t) ≤ t. Then the equation

(2.1) x(t) = Q(t) + f(t, x(t), x(π(t))), t ∈ R+

has a unique solution x = ξ.

On the other hand, the following lemma for the relative compactness
of a subset in X is useful in order to prove our main results.

Lemma 2.2. Let X = C(R+;E) be the Fréchet space defined as
above, and let A be a subset of X. For each n ∈ N, let Xn = C([0, n];E)
be the Banach space of all continuous functions u : [0, n] → E with the
norm |u|n = supt∈[0,n] |u(t)| and An = {x|[0,n] : x ∈ A}.
The set A in X is relatively compact if and only if, for each n ∈ N,

An is equicontinuous in Xn and, for every s ∈ [0, n], the set An(s) =
{x(s) : x ∈ An} is relatively compact in E.

This condition was stated in [5] and proved in detail in [7]. The proof
follows from Ascoli-Arzela’s theorem, (see [6, page 211]).

Theorem 2.3. Let (A1) (A5) hold. Then (1.1) has a solution on
R+.

Proof. The proof consists of four steps.

Step 1. By the transformation x = y + ξ, where ξ is the unique
solution of equation (2.1), we can write equation (1.1) in the form

(2.2) y(t) = Ay(t) +By(t) + Cy(t), t ∈ R+,
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where
(2.3)⎧⎪⎨⎪⎩

Ay(t) = Q(t) + f(t, (y + ξ)(t), (y + ξ)(π(t))) − ξ(t), t ∈ R+,

By(t) =
∫ μ(t)

0 V (t, s, (y + ξ)(σ1(s)), . . . , (y + ξ)(σp(s))) ds,

Cy(t) =
∫∞
0

G(t, s, (y + ξ)(χ1(s)), . . . , (y + ξ)(χq(s))) ds.

Step 2. Put U = A + B. Then, U is a kn-contraction operator,
kn ∈ [0, 1) (depending on n), with respect to a family of seminorms
‖ · ‖n. Indeed, fix an arbitrary positive integer n ∈ N.

For all t ∈ [0, γn], with γn ∈ (0, n) to be chosen later, we have

(2.4)

|Uy(t)− Uỹ(t)| ≤ L

2
|y(t)− ỹ(t)|+ L

2
|y(π(t)) − ỹ(π(t))|

+

∫ μ(t)

0

ω1(t, s)

p∑
i=1

|y(σi(s)) − ỹ(σi(s))| ds

≤ (L+ pω̃1nγn) |y − ỹ|γn
,

where

(2.5)
ω̃1n = sup{ω1(t, s) : (t, s) ∈ Δn},
Δn = {(t, s) : 0 ≤ s ≤ μ(t), 0 ≤ t ≤ n}.

This implies that

(2.6) |Uy − Uỹ|γn
≤ (L+ pω̃1nγn) |y − ỹ|γn

.

For all t ∈ [γn, n], similarly, we also have

(2.7)

|Uy(t)− Uỹ(t)| ≤ L

2
|y(t)− ỹ(t)|+ L

2
|y(π(t))− ỹ(π(t))|

+ ω̃1n

∫ γn

0

p∑
i=1

|y(σi(s))− ỹ(σi(s))| ds

+ ω̃1n

∫ μ(t)

γn

p∑
i=1

|y(σi(s))− ỹ(σi(s))| ds.
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By the inequalities
(2.8)

0 < e−hn(t−γn) ≤ e−hn(π(t)−γn) < 1, for all t ∈ [γn, n],

0 < e−hn(t−γn) ≤ e−hn(σi(t)−γn) < 1, for all t ∈ [γn, n], i = 1, . . . , p,

in which hn > 0 is also chosen later, we get

(2.9) |Uy(t)− Uỹ(t)| e−hn(t−γn)

≤ L

2
|y(t)− ỹ(t)| e−hn(t−γn)

+
L

2
|y(π(t))− ỹ(π(t))| e−hn(π(t)−γn) + pω̃1nγn |y − ỹ|γn

+ ω̃1n

∫ μ(t)

γn

p∑
i=1

|y(σi(s))− ỹ(σi(s))| e−hn(t−γn)ds

≤ L

2
|y − ỹ|hn

+
L

2
‖y − ỹ‖n

+ pω̃1nγn |y − ỹ|γn
+ pω̃1n ‖y − ỹ‖n

∫ t

γn

ehn(s−t) ds

≤ L

2
|y − ỹ|hn

+ pω̃1nγn |y − ỹ|γn
+

(
L

2
+

pω̃1n

hn

)
‖y − ỹ‖n .

We get

(2.10)

|Uy − Uỹ|hn
≤ L

2
|y − ỹ|hn

+ pω̃1nγn |y − ỹ|γn

+

(
L

2
+

pω̃1n

hn

)
‖y − ỹ‖n .

Combining (2.6) and (2.10), we deduce that

‖Uy − Uỹ‖n = |Uy − Uỹ|γn
+ |Uy − Uỹ|hn

(2.11)

≤ (L+ pω̃1nγn) |y − ỹ|γn
+

L

2
|y − ỹ|hn

+ pω̃1nγn |y − ỹ|γn

+

(
L

2
+

pω̃1n

hn

)
‖y − ỹ‖n
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≤ (L+ 2pω̃1nγn) (|y − ỹ|γn
+ |y − ỹ|hn

)

+

(
L

2
+

pω̃1n

hn

)
‖y − ỹ‖n

≤ (L+ 2pω̃1nγn) ‖y − ỹ‖n +

(
L

2
+

pω̃1n

hn

)
‖y − ỹ‖n

≤ k̃n ‖y − ỹ‖n ,
where k̃n = max{L+ 2pω̃1nγn, (L/2) + (pω̃1n)/hn}. Choose

(2.12) 0 < γn < min

{
1− L

2pω̃1n
, n

}
, hn >

pω̃1n

1− (L/2)
;

then we have k̃n < 1 by (2.11), U is a k̃n-contraction operator with
respect to a family of seminorms ‖ · ‖n.
Step 3. We show that C : X → X is completely continuous. We first

show that C is continuous. For any y0 ∈ X , let (ym)m be a sequence
in X such that lim

m→∞ym = y0.

Let n ∈ N be fixed. For any given ε > 0, by
∫∞
0

supt∈[0,n] ω2(t, s) ds <
∞, there exists a Tn ∈ N (Tn is big enough) such that

(2.13)

∫ ∞

Tn

ω2(t, s) ds ≤
∫ ∞

Tn

sup
t∈[0,n]

ω2(t, s) ds <
ε

8
, for all t ∈ [0, n].

Put

(2.14)

K1 = {(ym + ξ)(χ1(s)) : s ∈ [0, Tn], m ∈ Z+},
...

Kq = {(ym + ξ)(χq(s)) : s ∈ [0, Tn], m ∈ Z+}.
Then K1, . . . ,Kq are compact in E since lim

m→∞|ym−y0|Tn = 0. Indeed,

let {(ymj + ξ)(χ1(sj))}j be a sequence in K1. We can assume that
lim
j→∞

sj = s0 and that lim
j→∞

ymj + ξ = y0 + ξ. We have

(2.15)
∣∣(ymj + ξ)(χ1(sj))− (y0 + ξ)(χ1(s0))

∣∣
≤ ∣∣(ymj + ξ)(χ1(sj))− (y0 + ξ)(χ1(sj))

∣∣
+ |(y0 + ξ)(χ1(sj))− (y0 + ξ)(χ1(s0))|

≤ ∣∣ymj − y0
∣∣
Tn

+ |(y0 + ξ)(χ1(sj))− (y0 + ξ)(χ1(s0))| ,
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which shows that lim
j→∞

(ymj + ξ)(χ1(sj)) = (y0 + ξ)(χ1(s0)) in E. It

means that K1 is compact in E and, in a similar manner, the same
holds true for K2, . . . ,Kq.

By G continuous on the compact set [0, n]× [0, Tn]×K1 × · · · ×Kq,
there exists a δ > 0 such that, for every (u1, . . . , uq), (v1, . . . , vq) ∈
K1 × · · · ×Kq, |ui − vi| < δ, i = 1, . . . , q,

(2.16)
|G(t, s, u1, . . . , uq)−G(t, s, v1, . . . , vq)| < ε

4Tn
,

for all (t, s) ∈ [0, n]× [0, Tn].

With i = 1, . . . , q, by

sup
0≤s≤Tn

|(ym + ξ)(χi(s))− (y0 + ξ)(χi(s))|

≤ sup
0≤s≤Tn

|(ym + ξ)(s) − (y0 + ξ)(s)| = |ym − y0|Tn
−→ 0,

as m → ∞; hence, there exists an m0 such that, for m > m0,

(2.17) |(ym + ξ)(χi(s))− (y0 + ξ)(χi(s))| < δ,

for all s ∈ [0, Tn], for all i = 1, . . . , q.

This implies that, for all t ∈ [0, n], for all m > m0,
(2.18)

|Cym(t)−Cy0(t)| ≤
∫ Tn

0

|G(t, s, (ym+ξ)(χ1(s)), . . ., (ym + ξ)(χq(s)))

− G(t, s,(y0 + ξ)(χ1(s)), . . ., (y0 + ξ)(χq(s)))| ds
+ 2

∫ ∞

Tn

ω2(t, s) ds < Tn
ε

4Tn
+ 2

ε

8
=

ε

2
,

so |Cym−Cy|n < ε, for all m > m0, and the continuity of C is proved.

It remains to show that C maps bounded sets into relatively compact
sets. We use Lemma 2.2.

Now, let Ω be a bounded subset of X . We have to prove that, for
n ∈ N,

(a) The set (CΩ)n is equicontinuous in Xn.
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(b) For every t ∈ [0, n], the set (CΩ)n(t) = {Cy|[0,n](t) : y ∈ Ω} is
relatively compact in E.

Let n ∈ N be fixed. Consider any ε > 0 given. Then, there exists a
Tn ∈ N (Tn big enough) such that (2.13) is valid.

Proof of (a). For any y ∈ Ω, for all t1, t2 ∈ [0, n],
(2.19)

|Cy(t1)− Cy(t2)| ≤
∫ Tn

0

|G (t1, s, (y + ξ)(χ1(s)), . . . , (y + ξ)(χq(s)))

− G (t2, s, (y + ξ)(χ1(s)), . . . , (y + ξ)(χq(s)))| ds
+

∫ ∞

Tn

(ω2(t1, s) + ω2(t2, s)) ds.

According to (2.13), (2.19) and the hypothesis (A3), (CΩ)n is equicon-
tinuous on Xn.

Proof of (b). Let {Cyk|[0,n](t)}k, yk ∈ Ω, be a sequence in (CΩ)n(t).
We have to show that there exists a convergent subsequence of
{Cyk|[0,n](t)}k. Put

(2.20)

S1 = {(y + ξ)(χ1(s)) : y ∈ Ω, s ∈ [0, Tn]},
...

Sq = {(y + ξ)(χq(s)) : y ∈ Ω, s ∈ [0, Tn]}.

Then S1, . . . , Sq are bounded in E and, consequently, the set G([0, n]×
[0, Tn]×S1×· · ·×Sq) is relatively compact in E, since G is completely
continuous.

Let Q̂ be the set of rational numbers in [0, Tn]; it means Q̂ =
Q∩ [0, Tn]. It is known that the set of rational numbers Q is countable

and Q = R. So, Q̂ is countable and has form Q̂ = {sm}.
Form = 1, the sequence {G(t, s1, (yk+ξ)(χ1(s1)), . . . , (yk+ξ)(χq(s1)))}k

belongs to G([0, n]× [0, Tn]× S1 × · · · × Sq), that is relatively compact

in E, so there exists a subsequence of {yk}, denoted by {y(1)k }k, such
that{
G
(
t, s1, (y

(1)
k + ξ)(χ1(s1)), . . . , (y

(1)
k + ξ)(χq(s1))

)}
k
converges in E.
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For m = 2, similarly, there exists a subsequence of {y(1)k }k, denoted
by {y(2)k }k, such that

{
G
(
t, s2, (y

(2)
k + ξ)(χ1(s2)), . . . , (y

(2)
k + ξ)(χq(s2))

)}
k
converges in E.

Therefore, for all m ∈ N, by induction, we can establish a subse-

quence {y(m+1)
k }k of {y(m)

k }k, such that

{
G
(
t, sm+1, (y

(m+1)
k + ξ)(χ1(sm+1)), . . . , (y

(m+1)
k + ξ)(χq(sm+1))

)}
k

converges in E.

Put zk = y
(k)
k . Then {zk}k is a subsequence of {yk}k and {G(t, sm, (zk+

ξ)(χ1(sm)), . . . , (zk + ξ)(χq(sm)))}k converges in E, for all sm ∈ Q̂.
Then, there exists a k0 ≥ 1 (depending only on ε) such that for all
k, l ≥ k0,

(2.21) |G(t, sm, (zk + ξ)(χ1(sm)), . . . , (zk + ξ)(χq(sm)))

− G(t, sm, (zl + ξ)(χ1(sm)), . . . , (zl + ξ)(χq(sm)))| < ε

8Tn
,

for all sm ∈ Q̂.

For each s ∈ [0, Tn], the sequence {sm}, sm ∈ Q̂, m = 1, 2, . . . , exists
such that lim

m→∞sm = s.

By continuity of the functions G, ξ, zk, zl, χ1, . . . , χq, passing (2.21)
to the limit, we obtain that, for all k, l ≥ k0,

(2.22) |G(t, s, (zk + ξ)(χ1(s)), . . . , (zk + ξ)(χq(s)))

−G(t, s, (zl + ξ)(χ1(s)), . . . , (zl + ξ)(χq(s)))| < ε

8Tn
,

for all s ∈ [0, Tn].



306 L.T.P. NGOC AND N.T. LONG

It follows that, for every t ∈ [0, n], for all k, l ≥ k0, we have
(2.23)

|Czk(t)− Czl(t)| ≤
∫ Tn

0

|G(t, s, (zk + ξ)(χ1(s)), . . . , (zk + ξ)(χq(s)))

−G(t, s, (zl + ξ)(χ1(s)), . . . , (zl + ξ)(χq(s)))| ds
+

∫ ∞

Tn

|G(t, s, (zk + ξ)(χ1(s)), . . . , (zk + ξ)(χq(s)))

−G(t, s, (zl + ξ)(χ1(s)), . . . , (zl + ξ)(χq(s)))| ds
≤ 3ε

8
+

2ε

8
< ε.

It implies that {Czk|[0,n](t)}k is the Cauchy sequence in the Banach
E; the convergence of {Czk|[0,n](t)}k follows. Note that {Czk|[0,n](t)}k
is a subsequence of {Cyk|[0,n](t)}k. Then, (CΩ)n(t) is relatively com-
pact in E.

In view of Lemma 2.2, C(Ω) is relatively compact in X .

Therefore, C is completely continuous. Step 3 is proved.

Step 4. Finally, we show that, for all n ∈ N,

(2.24) lim
|y|n→∞

|Cy|n
|y|n

= 0.

By the assumption (A4), for all t ∈ [0, n], we get

(2.25)

|Cy(t)| ≤
∫ ∞

0

|G (t, s, (y + ξ)(χ1(s)), . . . , (y + ξ)(χq(s)))| ds

≤
∫ ∞

0

ω2(t, s) ds < ∞.

It follows that

(2.26) lim
|y|n→∞

|Cy|n
|y|n

= 0.

By applying Theorem 1.1, operator U + C has a fixed point y in X .
Then equation (1.1) has a solution x = y + ξ on R+. Theorem 2.3 is
proved.
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3. Asymptotically stable solutions. We now consider the
asymptotically stable solutions for (1.1) defined as follows.

Definition. A function x is said to be an asymptotically stable
solution of (1.1) if, for any solution x̃ of (1.1),

lim
t→∞ |x(t) − x̃(t)| = 0.

In this section, we assume (A1) (A5) hold and assume, in addition,

(A6) π(t) = t, for all t ∈ R+,

(A7) V (t, s, 0, . . . , 0) = 0, for all (t, s) ∈ Δμ.

Then, by Theorem 2.3, equation (1.1) has a solution on [0,∞).

On the other hand, if x is a solution of (1.1), then, as Step 1 in the
proof of Theorem 2.3, y = x − ξ satisfies (2.2). This implies that, for
all t ∈ R+,

(3.1) |y(t)| ≤ |Ay(t)|+ |By(t)|+ |Cy(t)| ,
where Ay(t), By(t) and Cy(t) are as in (2.3). Using (A1), (A2),
(A5) (A7) and noting that A0 = 0, we obtain for all t ∈ R+,
(3.2)

|y(t)| ≤ L |y(t)|+
∫ μ(t)

0

ω1(t, s)

p∑
i=1

|(y + ξ)(σi(s))| ds+
∫ ∞

0

ω2(t, s) ds

≤ L |y(t)|+
∫ t

0

ω1(t, s)

p∑
i=1

|(y + ξ)(σi(s))| ds+
∫ ∞

0

ω2(t, s) ds.

It follows that
(3.3)

|y(t)| ≤ 1

1− L

∫ t

0

ω1(t, s)

p∑
i=1

|y(σi(s))| ds+ a(t), for all t ∈ R+,

where

(3.4) a(t) =
1

1− L

∫ t

0

ω1(t, s)

p∑
i=1

|ξ(σi(s))| ds+ 1

1− L

∫ ∞

0

ω2(t, s) ds.
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For all j = 1, . . . , p, (3.3) leads to:
(3.5)

|y(σj(t))| ≤ 1

1− L

∫ σj(t)

0

ω1(σj(t), s)

p∑
i=1

|y(σi(s))| ds + a(σj(t))

≤ 1

1− L

∫ t

0

ω1(σj(t), s)

p∑
i=1

|y(σi(s))| ds

+ a(σj(t)), for all t ∈ R+.

From (3.5), summing up with respect to j = 1, . . . , p, afterwards,
adding to (3.3), we obtain

(3.6) |y(t)|+
p∑

j=1

|y(σj(t))|

≤ 1

1− L

∫ t

0

[
ω1(t, s) +

p∑
j=1

ω1(σj(t), s)

] p∑
i=1

|y(σi(s))| ds

+ a(t) +

p∑
j=1

a(σj(t))

≤ 1

1− L

∫ t

0

ω̄1(t, s)

(
|y(s)|+

p∑
i=1

|y(σi(s))|
)
ds+ ā(t),

where

ω1(t, s) = ω1(t, s) +

p∑
j=1

ω1(σj(t), s),

a(t) = a(t) +

p∑
j=1

a(σj(t)).

Using the inequality (a+ b)2 ≤ 2(a2+ b2), for all a, b ∈ R, (3.6) leads
to:

(3.7)

(
|y(t)|+

p∑
i=1

|y(σi(t))|
)2

≤ 2

(1− L)2

∫ t

0

ω2
1(t, s) ds

∫ t

0

(
|y(s)|+

p∑
i=1

|y(σi(s))|
)2

ds+ 2a2(t).
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Put v(t) = (|y(t)| + ∑p
i=1 |y(σi(t))|)2, b(t) = 2/(1− L)2

∫ t

0
ω2
1(t, s) ds;

(3.7) is rewritten as follows:

(3.8) v(t) ≤ b(t)

∫ t

0

v(s) ds+ 2a2(t).

By (3.8), based on classical estimates, we obtain
(3.9)

v(t) ≤ 2a2(t) + 2b(t)

∫ t

0

a2(s) exp

(∫ t

s

b(u) du

)
ds, for all t ∈ R+.

Then we have the following theorem about asymptotically stable solu-
tions.

Theorem 3.1. Let (A1) (A7) hold. If

(3.10) lim
t→∞

[
â2(t) + b(t)

∫ t

0

â2(s) exp

(∫ t

s

b(u) du

)
ds

]
= 0,

where
(3.11)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

â(t) = 1
(1−L)2

∫ t

0
ω1(t, s)

∑p
i=1 |Q(σi(s)) + f(σi(s), 0, 0)| ds

+ 1
1−L

∫∞
0 ω2(t, s) ds,

ω2(t, s) = ω2(t, s) +
∑p

j=1 ω2(σj(t), s),

b(t) = 2
(1−L)2

∫ t

0
ω2
1(t, s) ds,

then every solution x to (1.1) is an asymptotically stable solution.
Furthermore,

(3.12) lim
t→∞ |x(t)− ξ(t)| = 0.

Proof. We first note

(3.13)

|ξ(t)| = |Q(t) + f(t, ξ(t), ξ(t))|
= |Q(t) + f(t, 0, 0) + f(t, ξ(t), ξ(t)) − f(t, 0, 0)|
≤ |Q(t) + f(t, 0, 0)|
+ |f(t, ξ(t), ξ(t))− f(t, 0, 0)|

≤ |Q(t) + f(t, 0, 0)|+ L |ξ(t)| , t ∈ R+.
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Then

(3.14) |ξ(t)| ≤ 1

1− L
|Q(t) + f(t, 0, 0)| , t ∈ R+;

hence,

(3.15)

a(t) ≤ 1

(1− L)2

∫ t

0

ω1(t, s)

p∑
i=1

|Q(σi(s)) + f(σi(s), 0, 0)| ds

+
1

1− L

∫ ∞

0

ω2(t, s) ds

≡ 1

(1− L)2

∫ t

0

ω1(t, s)λ(s) ds+
1

1− L

∫ ∞

0

ω2(t, s) ds,

where λ(s) =
∑p

i=1 |Q(σi(s)) + f(σi(s), 0, 0)|;

(3.16)

a(σj(t)) ≤ 1

(1− L)2

∫ σj(t)

0

ω1(σj(t), s)λ(s) ds

+
1

1− L

∫ ∞

0

ω2(σj(t), s) ds

≤ 1

(1− L)2

∫ t

0

ω1(σj(t), s)λ(s) ds

+
1

1− L

∫ ∞

0

ω2(σj(t), s) ds.

Hence,

(3.17)

a(t) = a(t) +

p∑
j=1

a(σj(t))

≤ 1

(1− L)2

∫ t

0

ω1(t, s)λ(s) ds +
1

1− L

∫ ∞

0

ω2(t, s) ds

≡ â(t),

where {
ω1(t, s) = ω1(t, s) +

∑p
j=1 ω1(σj(t), s),

ω2(t, s) = ω2(t, s) +
∑p

j=1 ω2(σj(t), s).
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Combining (3.9) (3.11) and (3.15) (3.17), we obtain

(3.18) lim
t→∞ |y(t)| = lim

t→∞ |x(t) − ξ(t)| = 0.

Theorem 3.1 is completely proved.

4. Examples. Let us give two examples illustrating the results
obtained. Let E = C([0, 1];R) be the Banach space of all continuous
functions u : [0, 1] → R with the norm

‖u‖ = sup
0≤η≤1

|u(η)| , u ∈ E.

Then, for all x ∈ X = C(R+;E), for any t ∈ R+, x(t) is an element of
E and we denote

x(t)(η) = x(t, η), 0 ≤ η ≤ 1.

Example 1. Consider (1.1) in the following with p = q = 2,
π(t) = t/2, μ(t) = t3/(1 + t2), σ1(s) = s, σ2(s) = s/3, χ1(s) = s,
χ2(s) = 4s,

(4.1)

x(t) = Q(t) + f

(
t, x(t), x

(
t

2

))
+

∫ t3/(1+t2)

0

V

(
t, s, x(s), x

(
s

3

))
ds+

∫ ∞

0

G(t, s, x(s), x(4s)) ds,

t ∈ R+, where Q, f , V and G are continuous functions defined,
respectively, as follows:

(i) Function Q. Q(t)(η) = Q(t, η) = 2(1 − k1 − k2)(1/(e
t + η)),

0 ≤ η ≤ 1, t ≥ 0,with k1, k2 are given constants such that

max{|k1| , |k2|} <
1

2
.

(ii) Function f . R+ × E2 → E,

f(t, u1, u2)(η) = k1 |u1(η)|+ k2
et/2 + η

et + η
u2(η),

0 ≤ η ≤ 1, (t, u1, u2) ∈ R+ × E2.
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(iii) Function V . Δμ × E2 → E, Δμ = {(t, s) ∈ R2
+ : 0 ≤ s ≤

μ(t), t ≥ 0},
V (t, s, u1, u2)(η)

=
1

et + η
e−2s

[
sin

(
π

2
(es + η)u1(η)

)
+ sin

(
3π

2
(es/3 + η)u2(η)

)]
,

0 ≤ η ≤ 1, (t, s, u1, u2) ∈ Δμ × E2.

(iv) Function G. R2
+ × E2 → E,

G(t, s, u1, u2)(η)

=
k

et + η
e−2s

[
sin

(
π

2

∫ 1

0

(es+ζ)u1(ζ) dζ

)
−sin

(
3π

2

∫ 1

0

(e4s+ζ)u2(ζ) dζ

)]
,

with k = k1 + k2 − 1, 0 ≤ η ≤ 1, (t, s, u1, u2) ∈ R2
+ × E2.

It is clear that (A5) holds. We can show that the functions Q, f , V
and G satisfy (A1) (A4).

Assumption (A1) is valid, since, for all (u1, u2), (ũ1, ũ2) ∈ E2, for all
t ≥ 0, for all η ∈ [0, 1],

|f(t, u1, u2)(η) − f(t, ũ1, ũ2)(η)|

≤ |k1| |u1(η)− ũ1(η)|+ |k2| e
t/2 + η

et + η
|u2(η)− ũ2(η)|

≤ |k1| ‖u1 − ũ1‖+ |k2| ‖u2 − ũ2‖
≤ L

2
[‖u1 − ũ1‖+ ‖u2 − ũ2‖] ,

in which
0 ≤ L = 2max{|k1| , |k2|} < 1.

Assumption (A2) holds since, for all (u1, u2), (ũ1, ũ2) ∈ E2 and
(t, s) ∈ Δμ, for all η ∈ [0, 1],

V (t, s, u1, u2)(η) − V (t, s, ũ1, ũ2)(η)

=
1

et + η
e−2s

[
sin

(
π

2
(es + η)u1(η)

)
− sin

(
π

2
(es + η)ũ1(η)

)]
+

1

et + η
e−2s

[
sin

(
3π

2
(es/3 + η)u2(η)

)
− sin

(
3π

2
(es/3 + η)ũ2(η)

)]
,
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note that

1

et + η
e−2s(es + η) ≤ 2e−t−s,

1

et + η
e−2s(es/3 + η) ≤ 2e−t−s,

so

|V (t, s, u1, u2)(η) − V (t, s, ũ1, ũ2)(η)|
≤ 1

et + η
e−2sπ

2
(es + η) |u1(η)− ũ1(η)|

+
1

et + η
e−2s 3π

2
(es/3 + η) |u2(η)− ũ2(η)|

≤ πe−t−s ‖u1 − ũ1‖+ 3πe−t−s ‖u2 − ũ2‖
≤ ω1(t, s) [‖u1 − ũ1‖+ ‖u2 − ũ2‖] ,

where

ω1(t, s) = 3πe−t−s.

Assumption (A3) is also fulfilled; the proof is as below.

First, we show G : R2
+ × E2 → E is continuous. For all (t, s, u1, u2),

(t̃, s̃, ũ1, ũ2) ∈ R2
+ × E2,

G(t, s, u1, u2)(η)−G(t̃, s̃, ũ1, ũ2)(η)

= k

(
1

et + η
e−2s − 1

et̃ + η
e−2s̃

)
×
[
sin

(
π

2

∫ 1

0

(es + ζ)u1(ζ )dζ

)
−sin

(
3π

2

∫ 1

0

(e4s + ζ)u2(ζ) dζ

)]
+

k

et̃ + η
e−2s̃

[
sin

(
π

2

∫ 1

0

(es + ζ)u1(ζ) dζ

)
− sin

(
π

2

∫ 1

0

(es̃ + ζ)ũ1(ζ) dζ

)]
− k

et̃ + η
e−2s̃

[
sin

(
3π

2

∫ 1

0

(e4s + ζ)u2(ζ) dζ

)
− sin

(
3π

2

∫ 1

0

(e4s̃ + ζ)ũ2(ζ) dζ

)]
.
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Then,∣∣G(t, s, u1, u2)(η) −G(t̃, s̃, ũ1, ũ2)(η)
∣∣

≤ 2 |k|
∣∣∣∣ 1

et + η
e−2s − 1

et̃ + η
e−2s̃

∣∣∣∣
+

π

2
|k| e−2s̃−t̃

∫ 1

0

∣∣(es + ζ)u1(ζ) − (es̃ + ζ)ũ1(ζ)
∣∣ dζ

+
3π

2
|k| e−2s̃−t̃

∫ 1

0

∣∣(e4s + ζ)u2(ζ)− (e4s̃ + ζ)ũ2(ζ)
∣∣ dζ

≤ 2 |k|
∣∣∣∣ 1

et + η

(
e−2s − e−2s̃

)
+

et̃ − et

(et + η)(et̃ + η)
e−2s̃

∣∣∣∣
+

π

2
|k| e−2s̃−t̃

∫ 1

0

∣∣(es − es̃
)
u1(ζ)

+(es̃ + ζ) (u1(ζ)− ũ1(ζ))
∣∣ dζ

+
3π

2
|k| e−2s̃−t̃

∫ 1

0

∣∣(e4s − e4s̃)u2(ζ)

+(e4s̃ + ζ) (u2(ζ)− ũ2(ζ))
∣∣ dζ

≤ 4 |k| (|s− s̃|+ ∣∣t− t̃
∣∣)

+
π

2
|k| e−s̃−t̃ [es |s− s̃| ‖u1‖+ 2 ‖u1 − ũ1‖]

+ 3π |k| e2s̃−t̃
[
2e4s |s− s̃| ‖u2‖+ ‖u2 − ũ2‖

]
≤ 4 |k| (|s− s̃|+ ∣∣t− t̃

∣∣)
+

π

2
|k| [es |s− s̃| ‖u1‖+ 2 ‖u1 − ũ1‖]

+ 3π |k| e2s̃ [2e4s |s− s̃| ‖u2‖+ ‖u2 − ũ2‖
]
.

So∥∥G(t, s, u1, u2)−G(t̃, s̃, ũ1, ũ2)
∥∥

≤ 4 |k| (|s− s̃|+ ∣∣t− t̃
∣∣)

+
π

2
|k| [es |s− s̃| ‖u1‖+ 2 ‖u1 − ũ1‖]

+ 3π |k| e2s̃ [2e4s |s− s̃| ‖u2‖+ ‖u2 − ũ2‖
]
,

and the continuity of G is proved.
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Next, we show G : R2
+ × E2 → E is compact. Let B be bounded in

R2
+ × E2. We have:

‖G(t, s, u1, u2)‖ ≤ 2 |k| e−t−2s ≤ 2 |k| ≡ M, for all (t, s, u1, u2) ∈ B,

which implies that G(B) is uniformly bounded in E. For all η1, η2 ∈
[0, 1], for all (t, s, u1, u2) ∈ B,

G(t, s, u1, u2)(η1)−G(t, s, u1, u2)(η2)

= k
η2 − η1

(et + η1) (et+η2)

× e−2s

[
sin

(
π

2

∫ 1

0

(es + ζ)u1(ζ) dζ

)
− sin

(
3π

2

∫ 1

0

(e4s+ζ)u2(ζ) dζ

)]
;

hence,

|G(t, s, u1, u2)(η1)−G(t, s, u1, u2)(η2)| ≤ 2 |k| e−2s |η2 − η1|
(et + η1) (et + η2)

≤ 2 |k| |η2 − η1| .
Consequently, G(B) is equicontinuous.

Finally, for all bounded subsets I1, I2 of R+ and for any bounded
subsets J of E2, for all ε > 0, there exists a δ > 0 such that for all
t1, t2 ∈ I1,

|t1 − t2| < δ =⇒ |G(t1, s, u1, u2)−G(t2, s, u1, u2)| < ε,

for all (u1, u2) ∈ J and s ∈ I2. Indeed, we get the above property since

G(t1, s, u1, u2)(η)−G(t2, s, u1, u2)(η)

= k

(
1

et1 + η
− 1

et2 + η

)
× e−2s

[
sin

(
π

2

∫ 1

0

(es+ζ)u1(ζ) dζ

)
− sin

(
3π

2

∫ 1

0

(e4s+ζ)u2(ζ) dζ

)]
.

Thus,

|G(t1, s, u1, u2)(η) −G(t2, s, u1, u2)(η)| ≤ 2 |k|
∣∣∣∣ 1

et1 + η
− 1

et2 + η

∣∣∣∣e−2s

= 2 |k| |et2 − et1 |
(et1 + η) (et2 + η)

e−2s

≤ 2 |k| |t1 − t2| .
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Assumption (A4) is also clearly seen by the facts that, for all η ∈ [0, 1],
for all (t, s, u1, u2) ∈ R2

+ × E2,

|G(t, s, u1, u2)(η)| ≤ 2 |k|
et + η

e−2s ≤ 2 |k| e−t−2s ≡ ω2(t, s),∫ ∞

0

sup
t∈I

ω2(t, s) ds = 2 |k|
∫ ∞

0

sup
t∈I

e−t−2sds ≤ 2 |k|
∫ ∞

0

e−2sds

= |k| < ∞.

We conclude that the result of Theorem 2.3 holds true for equation
(4.1).

For more details, let us consider

x : R+ −→ E; x(t)(η) = x(t, η) =
1

et + η
, for all η ∈ [0, 1].

It is clear that x defined as above is the solution of (4.1).

Example 2. Consider (1.1) in the following with p = q = 2, π(t) = t,
μ(t) = t3/(1 + t2), σ1(s) = s, σ2(s) = s/3, χ1(s) = s, χ2(s) = 4s,

(4.2)
x(t) = Q(t) + f1(t, x(t), x(t))

+

∫ t3/(1+t2)

0

V

(
t, s, x(s), x

(
s

3

))
ds+

∫ ∞

0

G(t, s, x(s), x(4s)) ds,

t ∈ R+, where V, G and Q are continuous functions defined as in
Example 1, and f1 is given as follows:

f1 : R+ × E2 −→ E

(t, u1, u2) �−→ f1(t, u1, u2),

f1(t, u1, u2)(η) = k1 |u1(η)| + k2u2(η),

0 ≤ η ≤ 1, t ≥ 0, (u1, u2) ∈ E2, with k1 and k2 being constants such
that

max{|k1| , |k2|} <
1

2
.
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It is obvious that f1 satisfies (A1) and that (A2) (A7) hold. On the
other hand, (3.10) is also valid. Indeed,

(i) Estimate â(t) = 1/(1− L)2
∫ t

0 ω1(t, s)
∑p

i=1 ‖Q(σi(s))+ f1(σi(s),

0, 0)‖ ds+ (1/(1− L))
∫∞
0 ω2(t, s) ds.

We have

p∑
i=1

‖Q(σi(s)) + f1(σi(s), 0, 0)‖

=
2∑

i=1

‖Q(σi(s))‖ = 2 |k|
(
e−s + e−s/3

)
≤ 4 |k| ,

ω1(t, s) = ω1(t, s) +
2∑

j=1

ω1(σj(t), s)

= 3πe−s
(
2e−t + e−t/3

)
≤ 9πe−se−t/3,

ω2(t, s) = ω2(t, s) +

p∑
j=1

ω2(σj(t), s)

= 2 |k| e−2s
(
2e−t + e−t/3

)
≤ 6 |k| e−2se−t/3,

∫ t

0

ω1(t, s)

p∑
i=1

|Q(σi(s))+f(σi(s), 0, 0)| ds ≤36 |k|πe−t/3

∫ t

0

e−sds

≤36 |k|πe−t/3=Const.e−t/3,∫ ∞

0

ω̄2(t, s) ds = 6 |k| e−t/3

∫ ∞

0

e−2sds ≤ 3 |k| e−t/3.

So

(4.3) â(t) ≤ C1e
−t/3.

(ii) Estimate b(t) = 2/(1− L)2
∫ t

0
ω2
1(t, s) ds. By∫ t

0

ω2
1(t, s) ds ≤ 81π2e−2t/3

∫ t

0

e−2sds

=
81π2

2
e−2t/3

(
1− e−2t

) ≤ Const.e−2t/3.
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Hence,
b(t) ≤ C2e

−2t/3.

(iii) Estimate
∫ t

s
b(u) du, s ≤ t.∫ t

s

b(u) du ≤ C2

∫ t

s

e−2u/3du =
3C2

2

(
e−2s/3 − e−2t/3

)
≤ 3C2

2
.

(iv) Estimate b(t)
∫ t

0 â
2(s) exp(

∫ t

s b(u) du) ds.

(4.4) b(t)

∫ t

0

â2(s) exp

(∫ t

s

b(u) du

)
ds

≤ C2C
2
1e

−2t/3

∫ t

0

e−2s/3 exp

(
3C2

2

)
ds

=
3

2
C2C

2
1 exp

(
3C2

2

)
e−2t/3

(
1− e−2t/3

)
≤ Const.e−2t/3.

Combining (4.3) and(4.4), (3.10) follows. We conclude that the result
of Theorem 3.1 holds true for equation (4.2).

For more details, the following equation

ξ(t) = Q(t) + f1 (t, ξ(t), ξ(t)) , t ≥ 0,

has a unique solution ξ defined by

ξ : R+ −→ E; ξ(t)(η) = ξ(t, η) =
2

et + η
, for all η ∈ [0, 1].

And we can compute to assert that

x : R+ −→ E; x(t)(η) = x(t, η) =
1

et + η
, for all η ∈ [0, 1],

is the solution of (4.1). Furthermore,

lim
t→∞ |x(t)− ξ(t)| = lim

t→∞ e−t = 0.

So, it is clear that x, ξ are asymptotically stable solutions of (4.2).
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