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ABSTRACT. We prove results concerning the existence of
solutions for the problem

7a(ac,/ udz)Au = f(z,u) in Q,
Q

where Q is a bounded regular domain and f: 2 xR — R is a
function having subcritical growth. Although we are facing a
problem with lack of variational structure we will be able to
apply variational technique (the Mountain pass theorem) by
suitably using a device introduced in [6].

1. Introduction. In this paper we investigate questions of existence
of solutions for the following problem
—a(z, [yudz) Au= f(z,u) inQ,
(Pr) u=~0 on 0f)
u>0 for all z € Q,
where Q C R” is a bounded smooth domain, N > 3 and the functions
a and f enjoy the following assumptions:

The function a : & x R — R is continuous, and there are constants
a0, 000, R1 and Ly such that

(a1) 0 < ag <al(z,t) <as forall (z,t) € 2 xR,
and
(a2) ‘a(xasl) - a(x,52)| S Ll‘sl — S24,

for all 51,55 € [0, R;] and for all = € Q.
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The nonlinearity f: Q x R — R is a continuous function satisfying

(f1) f(z,8) =0 forall s<0andzce€,

Lo U@9)

E =0, uniformly in z € Q.
s|—0 S

(f2)

There exists a 2 < ¢ < 2* = 2N /(N — 2) such that

s—+400 |5|‘1*1

=0, uniformly in z € Q,

(f3)

where 2 < ¢ < 2* and 2* = 2N /(N —2).
From assumptions (f2)—(f3), given € > 0, there exist C. such that
(1.1) fla,s) < els| +Ccls|” 1,

forsc Rand z € Q.

In this article, the classical Palais-Smale condition will play a key
role. Related to this condition, we have the well known Ambrosetti-
Rabinowitz superlinear condition, that is, there exists a # € R with
2 < 0 < q such that

0 < 0F(z,s) ze/sf(:v,t)dtgsf(ac,s)
0

for all s > 0 and for all z € Q.

(f4)

(f5)

The function s — is increasing in (0, +00), for all z € Q.

f(z,s)

We also suppose that there exists a constant Lo such that

|[f(z,t1) — f(z,t2)| < Lalty — o]

(F6) for all t1,ts € [0, Ry] and for all = € Q.

We say that u € H}(Q) is a weak solution of the problem (P;) if

_ f(z,u)¢
/QVquzSd:c = /Q (o [ uds) (x,fﬂudx) dx,

for all ¢ € Hj ().



AN ELLIPTIC PROBLEM 551

Problem (P;) is a generalization of the equation

{—a(fﬂudx) Au=f inQ,

P.
(F2) u=20 on 09,

f € H Y(Q), which is the steady-state counterpart of the parabolic
problem

uw —a(foudr) Au=f inQx(0,T),
(P)) u(z,t) =0 on 99 x (0,7)
u(z,0) = up(z).

Such an equation arises in various situations. For instance, u could
describe the density of a population (bacteria, for instance) subject to
spreading. The diffusion coefficient a is then supposed to depend on
the entire population in the domain €2, rather than on the local density,
that is, moves are guided by considering the global state of the medium.

Furthermore, with respect to the stationary problem (P,), it has the
special feature of not being variational. It has been studied by several
authors such as [2-5] by using techniques such as the fixed point theory,
sub and supersolution, quasi-variational inequalities, Galerkin method
and so on.

In problem (P ), besides the lack of variational structure, the function
a also depends on the variable x € (Q situation that, at least to our
knowledge, has not been studied in the existing literature.

However, inspired by ideas developed in [6], we use the mountain pass
theorem to find a solution of (Py).

We point out that the techniques we will use are valid, mutatis
mutandis, for equations of the Kirchhoff-type like

—M (z, [ |Vu*dz) Au= f(z,u) inQ,
(P3) u=0 on 0N
u>0 for all z € Q,

where Q is as before and M : @ x RT — R is a given function.

In this work, we denote by S, is the best constant of the embedding
of H}(Q) into L"(2), that is, S, = inf,zo||ul//|ul., where [lu| =
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(Jo IVul?dz)'/? and |u|, = ([, |u|" dz)'/" are, respectively, the usual
norms in H}(Q) and L"(9).

Note that if there exists a constant Ks such that |s| < K, then,
from (1.1), there exists a constant C', depending on K», such that
Jo | f (=, 5)[2%<C1 for all z € €.

Our main result is as follows:
Theorem 1.1. Assume conditions (a1)—(az2) and (f1)—(fs) hold. If

SyLyCy "
Sl (a052 — Llaoo)

<1,

then problem (P1) has a positive solution.

2. The variational framework. As in [6], the technique used in
this paper consists of associating with problem (P;) a family of local
semilinear elliptic problems. Namely, for each w € H}(Q) we consider
the problem

(Py) {—Au = (f(z,u)/(a(z, [wdz)) inQ,
u=0o0on 0N and uv > 0 in Q.

Now, problem (P,) is variational and we can treat it by Variational
Methods.

As usual, a weak solution of a problem as in (P,) is obtained as a
critical point of the associated functional

=5 Jy vt [ e

The proof of Theorem 1.1 is broken in several lemmas. We prove that
the functional I, has the geometry of the mountain pass theorem, that
it satisfies the Palais-Smale condition and finally that the obtained
solutions have the uniform bounds stated in the theorem.

Lemma 2.1. Let w € H}(Q). Then there exist positive numbers p
and o, which are independent of w, such that

I,(u) > a >0, foraluc HyQ): |ul|=np
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Proof. From (a1), (1.1) and using Sobolev embedding theorem, we

conclude
Ce

1 €
I, >l == —— 2_ g,
) (5 - 5oz )1l = gz lul

Since 2 < g, the result follows. o

Lemma 2.2. Let w € H}(Q). Fiz vg € H}(Q), with vg > 0 and
llvo|| = 1. Then there is a T > 0, independent of w, such that

I,(tvg) <0, forallt>T.

Proof. 1t follows from (f4) that there exist constants C5 and C4 such
that ) ;
t Cst C
Lo(tve) < — — =2 — 24 |Q.

Since 6 > 2, we obtain 7" independent of vy and also of w, such that
the result holds. O

Lemma 2.3. Assume (f1)—(f1). Then problem (P,,) has at least one
positive solution u,, for any w € Hg ().

Proof. Lemmas 2.1 and 2.2 show that the functional I,, has the
mountain pass geometry. From (1.1) we conclude that I, satisfies the
(PS) condition. So, by the mountain pass theorem, a weak solution w,,
of (P,) is obtained as a critical point of I, at an inf max level. Namely,

Ly(uw) =0
and
2.1 Ly(ty) = ¢y = inf Lo (7(1)),
(2.1) (uw) =c Jnf max (v(t))

where Iy, = {y € C([0, 1], H}(Q)) : v(0) = 0,7(1) = Tvg}, for some vy
and T as in Lemma 2.2. From now on we fix such a vy and such a T.
Multiplying both sides of the equation in (P,) by u,,, using (f;) and
integrating by parts, we conclude that u; = 0. So u,, is positive. i
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Lemma 2.4. Let w € H}(Q). There exists a positive constant K;
independent of w, such that ||u,|| > K1, for all solutions u,, obtained
in Lemma 2.3.

Proof. Using wu,, as a test function in (P, ), we obtain

fxuwuw

(z, [qw dac)

From (a;), (1.1) and using Sobolev embedding theorem, we conclude

€ C.
]-* w 2 Uy 1
( —sga0>'“ I < gaeo luwwl”

So, the result follows. a

dzr.

[

Lemma 2.5. Let w € H}(Q). There exists a positive constant Ko
independent of w, such that ||u,|| < Ko, for all solutions u,, obtained
wn Lemma 2.3.

Proof. Using (f5), we obtain the inf max characterization of u,, in
Lemma 2.3. So,
Cw < max I,(tvo)

with vy chosen in Lemma 2.3. We estimate c,, using (f4):

12 Cst? t"

cw < max [, (tvg) < max
t>0 t>0

Also from (f4), we obtain

1 1 1 ~
572 <I - -1, =cy < K.
<2 0>||uw| — w(uw) 6 w(uw)uw Cuw =
The result follows by considering K, = [I~(((1/2) —(1/6))"1Y/2. o

Remark 2.6 (On the regularity of the solution of (P,)). In Lemma 2.3
we have obtained a weak solution u,, of (P,) for each given w € Hg ().
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Since ¢ < 2*, a standard bootstrap argument, using the LP-regularity
theory, shows that u,, is, in fact, in C1#(Q). As a consequence of the
Sobolev embedding theorems and Lemma 2.5, we conclude with the
following:

Lemma 2.7. Let w € H}(Q)NCYP(Q). Then there exists a positive
constant Ry, independent of w, such that the solution wu,, obtained in
Lemma 2.3 satisfies ||tuw| co.s < Ry.

3. Proof of Theorem 1.1. We construct a sequence (u,), n € N,
of solutions as

(Pn) { —Auy = (f(2,un))/(a(z, [qun-1dz)) inQ,

u, =0 on 0 and u, > 0 for all z € Q.

obtained by the mountain pass theorem, starting with an arbitrary
up € Hj(Q) N CH#(Q). By Remark 2.6, we see that ||us||co.s(0) < Ri.
On the other hand, using (P,) and (P,,+1) we obtain

/ Vup+1(Vupyr — Vu,)de = / M(un_;_l — up) dx
Q o a(z, [yun dz)

and

/ Vun(Vupi1 — Vuy,) de = / f(z, un) (Uns1 — up) dz.
Q o a(z, [oun_1dw)

Note that from (1.1) and Lemma 2.5, we have that ([, | f(z, u,)[? dz)/?
< C!? Thus,

l|tn+1 _un||2

< | [ unn) = f@un))a (2, [ s )funs — ual ]

Qp

+ai%[/ﬂf(x,un)(a<x,/un_ldx>
_ a<:p, / un dm)) st — ] dm] .



556 F.J.S.A CORREA AND G.M. FIGUEIREDO

Using (az2) and (fs),

l|tn+1 _un||2

Ly

a
< 200/ ‘un+1*un‘2dx
ap Ja

L
=7 |f<w,un>[ / un—unlqunﬂ—undm
ag Jqo Q

Using the Sobolev embedding theorem

Llaoo L2

2
—un | + =2 S
g s — ol + 2 [ s o

x / (@10t — ] do
Q

llunt1 — un||2 <

From the Holder inequality

2¢2 1/2
agS5 — Liaoo o LoCy
2022 U100 - < - —up |-
(2= Yl P < g s =l =
So
, CLZS% — Llaoo L201/2
(%052 Y — wnll < 2 i — .
Hence,

L,CY28,
Sl (G%S% — Llaoo)

[unt1 — unl < [t = un—1| =t kllun — ttn—1]]-

Since the coefficient k is less than 1, it follows, by a straightforward
argument, that the sequence (u,,) converges strongly in H}(2) to some
function u € H}(Q2). Since K; < |Ju,|| for all n, we have u > 0 in Q.

From (P,), we obtain

o [z, un)d
/QVuanzSd:c— /Q a(x,fﬂ — d:c) dzx.

Since u,, — u in H}(Q), we conclude that
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/ VuV ¢ dx :/ Mdm, for all ¢ € H} (),
Q Qa

(z, [, udz)
and the proof of the theorem is over. o
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