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ABSTRACT. Some direct segregated localized boundary-
domain integral equation (LBDIE) systems associated with
the Dirichlet and Neumann boundary value problems (BVP)
for a scalar ”Laplace” PDE with variable coefficient are for-
mulated and analysed. The parametrix is localized by multi-
plication with a radial localizing function. Mapping and jump
properties of surface and volume integral potentials based on a
localized parametrix and constituting the LBDIE systems are
studied in a scale of Sobolev (Bessel potential) spaces. The
main results established in the paper are the LBDIEs equiva-
lence to the original variable-coefficient BVPs and the invert-
ibility of the LBDIE operators in the corresponding Sobolev
spaces.

1. Introduction. Partial Differential Equations (PDEs) with
variable coefficients arise naturally in mathematical modelling of inho-
mogeneous media (e.g. functionally graded materials or materials with
damage induced inhomogeneity) in solid mechanics, electromagnetics,
thermo-conductivity, fluid flows trough porous media, and other areas
of physics and engineering.

The Boundary Integral Equation Method/Boundary Element Method
(BIEM/BEM) is a well established tool for solution Boundary Value
Problems (BVPs) with constant coefficients. The main ingredient for
reducing a BVP for a PDE to a BIE is a fundamental solution to the
original PDE. However, it is generally not available in an analytical
and/or cheaply calculated form for PDEs with variable coeflicients.
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Following Levi and Hilbert, one can use in this case a parametrix (Levi
function) as a substitute for the fundamental solution. Parametrices
are usually much wider available than fundamental solutions. They
correctly describes the main part of the fundamental solution although
do not have to satisfy the original PDE. This reduces the problem not
to a boundary integral equation but to a system of Boundary-Domain
Integral Equations (BDIEs), see e.g. [17, 18]. A discretization of the
BDIE leads then to a system of algebraic equations of the similar size
as in the FEM, however the matrix of the system is not sparse as in
the FEM but dense and thus less efficient for numerical solution.

The Localized Boundary-Domain Integral Equation Method (LB-
DIEM) emerged recently [12, 19, 21, 23, 24| addressing this issue
and making the BDIE competitive with the FEM for such problems.
The LBDIEM employs specially constructed localized parametrices to
reduce BVPs with variable coefficients to Localized Boundary-Domain
Integral or Integro-Differential Equations. After a locally-supported
mesh-based or mesh-less discretization this ends up in sparse systems of
algebraic equations. Further advancing the LBDIEM requires a deeper
analytical insight on properties of the corresponding integral operators,
particularly on LBDIE solvability, uniqueness of solution, equivalence
to original BVPs and invertibility of the LBDIEs. Analysis of non-
localized segregated BDIEs is presented in [3] and of united BDIDEs
in [14]. This paper develops analysis of some direct segregated localized
BDIEs for the Dirichlet and Neumann problems, based on a parametrix
localized by multiplying with a cut-off function, [12]. Some results on
analysis of two LBDIE systems were presented in [4] for smooth localiz-
ing functions with compact support. Here we provide complete proofs
of the results for four LBDIE systems associated with Dirichlet and
Neumann BVPs,; in the case of not necessarily compact and smooth
localization.

The paper is organized as follows. After introducing basic notations
in Section 2, we define classes of localizing functions and derive localized
boundary-domain integral identities in Section 3. In Section 4 we give
the localized boundary-domain integral equation formulations for the
Dirichlet and Neumann BVPs and formulate the main theorems of
the paper describing (i) equivalence of the LBDIEs to the original
BVPs and (ii) invertibility of the corresponding localized boundary-
domain integral operators in the appropriate Sobolev spaces. Section
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5 is devoted to the study of properties of localized single layer, double
layer and volume potentials, depending on the smoothness of the
localizing function. Section 6 deals with inverse to the localized Newton
potential and some boundary value problem for the localized Newton,
single and double layer potentials. The pseudo-differential operator
techniques used in Sections 5 and 6, although close to the standard
ones (see [1, 2, 7, 8]), are complicated by the limited smoothness of
the localizing function and thus of the operator kernels, which needed a
special consideration. Finally, in Section 7 we prove the main theorems
formulated in Section 4.

2. Basic notions and notations. Let QT be a bounded open
three—dimensional region of R3 and )~ := R3 \Q_"‘ For simplicity, we
assume that the boundary 99 := 907 is a simply connected, closed,
infinitely smooth surface. Let a € C*°(R3), 0 < a(x) < C for x € R3.
Let also 0 = 0,, := 0/0x; (j = 1,2,3), Or = (Oz,, Oy, Os)-

We consider below localized boundary-domain integral equations
associated with the following scalar elliptic differential equation

(1) Lu(@) = Lz, 0) u(@) =} aa. (at) o) )

where u is an unknown function and f is a given function in Q7.

In what follows, H*(Q%) = H3(Q%Y), H}.(Q7) = H5,, (),
H#(0Q) = H;(092) denote the Bessel potential spaces (coinciding
with the Sobolev-Slobodetski spaces if s > 0), Hi, = {g : g €
H*(R3),supp g C 9Q}. For an open set (2, we, as usual, denote
D(Q) = C,,,(Q2) endowed with sequential continuity, D*((2) is the

Schwartz space of sequentially continuous functionals on D(2), while
D(R) is the set of restrictions on 2 of functions from D(R?).

From the trace theorem (see, e.g., [10]) for v € HY(QT) (u €
HL _(Q7)) it follows that ulz, = v+ u € H?(09), where n* = v
is the trace operator on 9 from Q*. We will use 7 for 4% if y© =47,
We will use also notations u* for the traces u|?§97 when this will cause

no confusion.
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For the linear operator L, we introduce the following subspace of
H3(Q), cf. [9, 5, 14],

H(Q; L) :={g: g€ H(Q), Lg € Ly(Q)}
endowed with the norm
”gHHsvo(Q;L) = ”gHHs(Q) + HLQHLz(Q)'

For u € H'(QF) the co-normal derivative operators on 99 do not
generally exist in the trace sense. However if u € H“(Q*; L), one
can correctly define the generalized (canonical) co—normal derivative
THu = [Tu]* € H~%(80) with the help of the first Green identity (cf.,
for example, [5, Lemma 3.2], [11, Lemma 4.3]),

(22) (T*u, w>m = :l:/ [(ew)Lu+ E(u,ew) | dz, Ywe H?(09),
O*

where e is a right inverse to the trace operator,

E(u,v) := Za(m) 8;23) 8(;55),

i=1

and the symbol (g1,g2)an denotes the duality brackets between the
spaces H™2(9Q) and H2(99), coinciding with Jo 91(x)ga(x)dx if
g1,92 € LQ(@Q).

3. Localized parametrix and Green identities. Denote
by Pi(x,y) the parametrix (Levi function) of the operator L(z,d,)
considered in [3, 12],

1

YT E x,yeR?’, x#yv
Ara(y) [z -y

(3.1) Py(z,y) =

with the property

(3.2) L(x,0:) Pr(2,y) = 6(x — y) + Ra(2,y),
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where §(-) is the Dirac distribution, and the remainder

3

T — s Oa(x
(3.3)  Ri(z,y) = z_: Iraly) |xy_ e ag(:i)

, TyeR® x#y,

possesses a weak singularity of type O(|z — y|~2) for small |z — y|.

Let, as usual, Wf(a, b) denote the Sobolev space of functions belong-
ing along with their k—th derivative to the space L;(a,b) of absolutely
integrable functions on the interval (a,b). Note that if g € WF(0, o0),
k > 1, then g € C*71([0,00)) and dig(t)/dt! — 0 as t — oo for
=0, k1.

Further, let us introduce three classes for localizing functions.

Definition 3.1. We say x € X* for integer k > 0 if X(z) = X(|z|),
X € WF(0,00) and 0X(0) € L1(0, 00).

We say X € X% for integer k£ > 1 if X € X*, x(0) > 0 and

_ Xs(w)

(3.4) ox(w) : "

>0, VweR,

where

Xs(w) = /000 X(0) sin(o w)do.

We say X € Xﬁ_ for integer k£ > 1 if X € Xf_ and

(3.5) wis(w) < X(0), VYweR

Evidently, we have the following imbeddings: X% C X"z, X_]frl C
X5, X7 C X2 for ky > ko
The class X _’fr is defined in terms of the sine-transform. The following

lemma provides an easily verifiable sufficient condition for non-negative
non-increasing functions to belong to this class.

Lemma 3.2. Letk > 1. If x € X*, x(0) > 0, X(0) > 0 for
all 0 € (0,00), and X is a mon-increasing function on [0,+00), then
x e Xk,
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Proof. ~ 'We have to check (3.4). Let us first consider w > 0 and
rewrite the left hand side of (3.4) as

oo (o]
1 [ : 1 o (T
(36 onw) == [X(@) sin(ew)do= o5 [ (2) sing ay
0 0
1 0o 2rm—427
=2 Z / X (%) siny dr.
m=0 2mm

Taking into account that X is nonnegative and non-increasing we can
easily check the following inequalities for m = 0,1,2, ...,

2mm 27

(3.7) / X (1) siny dy
w
2mm
2mm+m 2mm+27
_ v (7 . o .
= / X (—) sin~y dy + / X(—) sin~y dy
w w
2mm 2mm+1

/ o (2 v (2
w w
0

These inequalities imply that oy (w) > 0 for any w > 0. Actually, we
have here a strict inequality. Indeed, if oy (w) = 0 for some w > 0, then
due to continuity and nonnegativity of the integrand in the third line
of (3.7), we get

(3.8) 5((27717‘(—1—’)/) :5((277171'4—’)/4-71'
w

), m=0,1,2....; ~€][0,n]
w

Taking into account the monotonicity and continuity of X, equality (3.8)
implies X(0) = X(0) > 0, V o > 0, which contradicts to the condition
X € WP(0,00) = L1(0,00). Thus oy (w) > 0 for any w > 0. Since oy (w)
is an even function, this implies oy (w) > 0 for any w € R\{0}. On the
other hand, by the Lebesgue convergence theorem,

w—0

0x(0) = Tim o (w) = / pX (o) do,
0
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and, consequently, oy (0) > 0 since X (o) is non-negative, continuous at
0 =0, and X (0) > 0. o

Note that the classes X* particularly include the localization func-
tions X with a compact support that are mostly interesting for appli-
cations, see e.g. [12, 16|, and also X with non-compact support that
can be useful in applications for unbounded domains.

Some examples for X,

x| 1k
(3.9) X, (z) = {1_%} for —lrf<e g,
0 for |z| > €,
(3.10)
2
X, (@) = exp [|x||2367|—62} for lz] < e,
0 for |z| > e,
(1—m)2<1—2m> for x| < e
(3.11) X,(x) = € € ’
0 for |x| > €,
(3.12)
X, (z) =e 2

One can observe that X,,, X,, X, are compactly supported while X, is
not. On the other hand, X,, € Xf_, k > 1, while X,,X, € X§° due to
Lemma 3.2. Evidently, X, € X? is non-monotonous and negative on
a part of its support, which prevents applying Lemma 3.2, however,
the direct integration gives sy, (w) = {ew[e’w? — 10 — 2cos(ew)] +
12sin(ew)}e3w™® > 0, w € R, implying X, € X?. Moreover, our
analysis of condition (3.5) (analytical for all X,,, X,, X,, and numerical
for x,) shown also that X,, ¢ X{, and X, ¢ X{%, while x,, € X{,,
X,5 € X7, X, € X{, and X, € X{%.

Now we define a localized parametrix

(3.13) Py(z,y) == X(z — y)Pr(z,y), x,y€R>
Evidently,

(3.15) L(y, 0y) Px(z,y) = X(0)6(x — y) + Rax(z,y),
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where
R 9 [da(z) X(z—y)
(3.16) Rx(xay)*_lma( ) Z{_(‘)_y] [ 0x; W
X(z—y) 1 8X($—y)i 1
ta(z)—— Oz |x—y|}+a($> oz; Oz Ix—y|}
3 X(x —y)
(3.17) Rux(z,y) = 1;;;{ &0[3% a(y) |z =yl

8Xx y) 1 ] X@—-y) 0 1 }
Ox; |z — vy Oz, Oz |z — y|
TyeR® z#y.
We see that the functions Ry (z,y) and R.x(x,y) possess a weak

singularity O(|z — y|=2) as x — y if X is smooth enough, e.g., X € X3.

Let us introduce the surface and volume potentials, based on the
localized parametrix Py, for y € R3,

(318)  Vagly) = — / P(z,y) g(x)dS,, y & 00,
o0

(319) Wigly) :=— /[T(x,n@c)8))Px(x,y>}g<x>dsz, y & 00,
(3.20)  Pyxgly /PX z,9) g

(321)  Ragly) = / Ry(2,y) g(x) dz.

(3.22) Ruxg(y /R*X z,y) g(x) dx

For the case X = 1 in R3, properties of the potentials (3.18 - 3.21)
and the operators generated by them are studied in [3]. In the case of
a non-constant localizing function X, properties of these potentials are
established in Section 5.
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Let us also define the corresponding boundary operators, for y € 0€2,

(323)  Vigly) = — / Py (x,y) g(x) dSa.
o0

(324)  Wygly) = — / [T(2,n(x),0:)) Pe(z,9)] g(x)dSs.

o0

(325 Wlg(y) = - / [Ty, n().8,)) ()] g(x) dS.
o0
(3.26)  LEgy) = [T(y,n(y),dy)) Wxg(y)]*.

Due to the results described in Section 5 these operators are well
defined.

We remark that from (3.1, 3.13, 3.16 - 3.26), we have,

1 1 1
(3-27) Pxg = EPXAQa Vxg = EVXAg7 Wxg = EWXA (ag),
1< 1
3.28 Rxg=———=> 0;Px (g90ja) + —Rx,(ag),
( ) X a(y)jz::l f] xa ( J ) a(y) xa(ag)

3
Oja
(329)  Ruxg=-) 0 {%ng] + Rxa9;

j=1
1 1
(3.30) Vyg = EVXAg, Wyg = EWXA (ag),
1 [0a
33D Wia=W.0) - | 5| s
1 [0a
tha = 6,00 -+ | 5] Wi o)

where the localized potentials Py, , Rxa, Vias Wxas Vxar Wxar Wyss
E%A are associated with the operator L for a = 1, i.e., with the Laplace
operator A.

Let us recall the second Green identity for the operator L(x, 0,),

on’

(3.32) / [v L(z, 0, )u—u L(z, 0y )v|dx = <T+u,v+>(952 —(T*v,u")
o+

where u,v € H*9(Q*; L) are real functions.
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Let y € @ and Q) be the domain QF with a neighbourhood of y
deleted. If X € X3, then Py(-,y) € H"°(Q;}; L) for any domain Qf by
Corollary 5.2, and for v(z) := Py(z,y) and u € HY°(QF; L), we obtain
from (3.2) and (3.32) by standard limiting procedures (see, e.g., [17])
the third Green identity,

(3.33) X(0)u 4+ Ryu — Wt u+Wyut =PyLu in Q7.

Then by the properties of the potentials presented in Section 5, taking
trace and co-normal derivative of (3.33), we derive,

(3.34) @ ut + Riu— WV TTu+Wyut =P Lu on 09,
(3.35) @ THu+ T Ryu—WiTYu+ LIut =TTPyLu on 0.
Here Riu:= (Ryu)t, PYf = (Pxf)T.

4. Direct segregated LBDIEs for the Dirichlet and Neumann
problems and main theorems.

To simplify the LBDIE form, we will assume in Section 4 that
X(0) = 1.

4.1. LBDIE formulations. Let us consider the Dirichlet problem

(4.1) Lu=f in ar,
(4.2) ut =y on o1,

where equation (4.1) is understood in the distributional sense and
condition (4.2) in the trace sense; po € H2(9Q) and f € HO(QH).

Denoting the unknown co-normal derivative T7u as a new variable
¢ and substituting (4.1, 4.2) in (3.33, 3.34), we arrive at the system of
direct segregated LBDIE (D1),

(43) u+ qu — Vx’lp = Pxf - Wng() in Q+,
1
(4.4) Riu= Vi = [Puf)* = 5 00— Wago on 09,

with the unknowns u € H0(Q*; L) and ¢ € H~2 (0Q).



BOUNDARY-DOMAIN INTEGRAL EQUATIONS 415

Alternatively, substituting (4.1, 4.2) in (3.33, 3.35) and denoting
again the co-normal derivative T7u as a new variable 1), we arrive
for the Dirichlet BVP at another direct segregated LBDIE system of
the second kind (D2),

(4.5) u+ Ryu—Vyp =Pxf—Wxpo in at,
(4.6)
1
TTRyu + 3 V= With =T Pyf — LIpy on o0

with the unknowns u € H-0(Q*; L) and ¢ € H~2 (Q).

Let us now consider the Neumann problem

(4.7 Lu=f in ot

(4.8) Ttu=1p on 09,

where equation (4.7) is understood in the distributional sense, while
equality (4.8) is understood in the functional sense in accordance with
(2.2); 1o € H2(09Q) and f € HO(QM).

Denoting the unknown trace u™ as a new variable ¢ and substituting
(4.7, 4.8) in (3.33, 3.34), we arrive at the direct segregated LBDIE
system of the second kind (IN2),

(4.9) u+Ryu+Wyp=Pxf+ Vg in  QF,
1
(410) R;’C_U -+ 5 Vo) =+ Wng = [Pxf]+ —+ Vx’ll)() on 5‘9,

with the unknowns u € H-0(Q+; L) and ¢ € Hz(9Q).

Now let us go over to the alternative LBDIEs formulation for the
Neumann BVP. Again, denoting the unknown trace ut as a new
variable ¢ and substituting relations (4.7, 4.8) into (3.33, 3.35), we
arrive at the LBDIE system (N1),

(411)  u+Ryu+ Wyp=Pyf +Vahy in  QF,
1
(4.12) TTRxyu+ Lo =T Pxf — 3 Yo + Wyt on 9.

with the unknowns u € H-0(Q; L) and ¢ € Hz (9%).
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The digits 1 or 2 in the notations (D1), (D2), (N1), (N2) indicate, re-
spectively, the first or the second kind of the boundary equation in these
systems. We entitled the above LBDIE systems segregated to underline
that the boundary unknown functions ¥ and ¢ are treated in the equa-
tions as independent (segregated) of the unknown function u defined in
the domain. If the unknown boundary traces and/or co-normal deriva-
tives are not replaced by segregated unknown functions, one can arrive
at some other systems of direct united localized boundary-domain in-
tegral or integro-differential equations for the Dirichlet, Neumann or
mixed problems, cf. [12, 14], but in the present paper we confine
ourselves with analysis of the LBDIE systems (D1), (D2), (N1), (N2)
only.

4.2. Main theorems. We will prove in Section 7 the following
equivalence and invertibility theorems.

Theorem 4.1. Let X(0) =1, ¢o € H2(dQ) and f € HO(QT).

(i) If a function u € H*(QF) solves the Dirichlet problem (4.1 - 4.2)
then the pair (u,v) with ¢ = THu € H=2(8Q) solves the LBDIEs (D1)
and LBDIEs (D2) with any X € X3.

(ii) Vice versa, if a pair (u,v)) € H(QT) x H2(99Q) solves the
LBDIEs (D1) with X € X% or LBDIEs (D2) with X € X}, , then u
solves the Dirichlet problem (4.1 - 4.2), and T u = .

(iii) The Dirichlet problem (4.1 - 4.2), the LBDIEs (D1) with X € X3
and LBDIEs (D2) with X € X}, are all uniquely solvable.

Let us denote the localized boundary-domain integral operator gen-
erated by the left hand sides in LBDIE (D1) and (D2), respectively,
as

AP . |:I+Z_?’X —Vx} AD? |:I+RX ) —Vx
X Rt W' T TR lr-wy

Theorem 4.2. Let x(0) = 1. The following operators are
continuous and continuously invertible,

(4.13) APY: HY(QF) x H™2(0Q) — H'(Q) x
(4.14) AP? . HY(QF) x H™2(0Q) — H'(Q) x
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Theorem 4.3. Let X(0) = 1, ¢o € H-2(0Q) and f € HO(Q).

(i) If a function u € H'(QT) solves the Neumann problem (4.7 - 4.8)
then the pair (u,¢) with ¢ = ut € Hz(Q) solves the LBDIEs (N2)
and LBDIEs (N1) with any X € X3.

(ii) Vice versa, if a pair (u,) € H Q) x Hz(Q) solves the
LBDIEs (N2) with X € X% or LBDIEs (N1) with X € X}, , then u
solves the Neumann problem (4.7 - 4.8) and ut = .

(iii) The homogeneous Neumann problem (4.7 - 4.8) admits only one
linearly independent solution u = 1 in HY(QT), while the homogeneous
LBDIEs (N2) with any X € X3 and LBDIEs (N1) with any X €
X3, admit olnly one linearly independent solution (u,p) = (1,1) in
HY Q) x H2(09).

(iv) The condition

(415) <f7 ]->Q+ - <1/)o, 1>an =0

1s mecessary and sufficient for solvability of the nonhomogeneous Neu-
mann problem (4.7 - 4.8) and nonhomogeneous LBDIEs (N2) with any
X € X2 and LBDIEs (N1) with any X € X},

Let us denote the localized boundary-domain integral operators gen-
erated by the left hand sides in LBDIEs (N2) and (N1), respectively,
as

v . | T+ Rx Wi Nt [ TR W
XL RY ST+ W T TRy LY |

Theorem 4.4. Let x(0) = 1. The following operators are
continuous Fredholm operators with zero index,

(4.16) AN?: HY(QF) x H?(8Q) — H'(Q") x
(4.17) ANV HY(QF) x H?(0Q) — H'(Q1) x

H2(0Q) ifxe X3,
H™2(09) ifxe X},

They have one—dimensional null-spaces, ker .Afcvl = ker .AXNQ, spanned
over the element (u, ) = (1,1).
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Remark that in Theorems 4.1 - 4.4 we needed X from X_‘T’_ for LBDIEs
(D1) and (N2), but X from much more narrow class X}, for LBDIEs
(D2) and (N1).

Before proving these theorems in Section 7, we provide necessary
tools for this, analysing in Section 5 mapping and jump properties of
the potentials, and constructing in Section 6 the inverse to the localized
volume potential operator.

5. Properties of localized potentials. We analyse here mapping
and jump properties of the localized operators Py, Ry, Rux, Vx, Wy,
Vx, Wy, Wy, and E%, defined in Subsection 3.1.

Let

> ,_ 1 X(@)] _ 1 X(®@)  _oria.
R3
be a Fourier transform of the localized parametrix Py, (x) for the
Laplace operator (i.e., corresponding to the case a(z) = 1, see (3.1) and
(3.13)). Here and in what follows F,_.¢ and fgjm are the distributional
direct and inverse Fourier transform operators, which on the integrable
functions take the form

é(é)=Tg(§)=/g(ar)e‘2m'fdx, f‘lg(x):/g(g)e%”fdg.

R3 R3

Denote by Py, the pseudodifferential operator with the symbol PX N
(5.2) P g=F [P (§)Fgl. geS'(RY),

where S’(R?) is the space of tempered distributions (Schwartz space).
For v € S(R?), where S(R?) is the space of rapidly decreasing functions,
we have,

1 X(x —y)

(5:3) Pryoly) = [ Pislo—p)ole)do =~
R3

de.
in P v(x)dx
R3

First of all we prove the following main lemma which is crucial in our
further analysis.
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Lemma 5.1. (i) Let X € X*, with k > 0. Then Py, € C(R3),

(5.4) Pea(0) = — / % (0) odo,
0

and for £ # 0 the following equality holds

. m+1 (2m)
(55) PXA Z |27T§|2m+2 (O)

1 r kmy o (k
—W/Sm(%lflﬁ 2) (o) do,
0

where k* is the integer part of (k—1)/2 and the sum disappears in (5.5)
ifk* <0, e, if k=0.

(ii) If x € X and condition (3.4) is satisfied, then

(5.6) Py, (€) <0 for all ¢ € R,

Proof. Let (g,0,p) be coordinates of the point x in the spherical
coordinate system with the azimuthal axis directed along . Then

S 1
61 Pa@=gy %emsd

™

00 27
1 v ;
"I ///x@)e*?“@‘f‘w%sin@deodﬂde
0 0 O

T

%//)u( _2”“"5‘“’599 sin 0 df do
0 0

1 Oou .
= “onldl O/X(Q) sin(2mo[¢]) do
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Integrating by parts, we have,

oo

- X (0 1 .,
Prea(6) = —# - o [ X' (@) costemeleh o
0
1 [,
- oo / X' (0) [1 - cos(2mo £])] de.

Further, successively integrating by parts, and taking into account that
all derivatives of the localizing function X up to the order k — 1 vanish
as o — oo, we easily derive (5.5). Equality (5.4) and continuity of
Py A (&) is obtained from penultimate equality in (5.7) by the Lebesgue
convergence theorem. Item (ii) of the lemma immediately follows from
the last inequality in (5.7). O

Lemma 5.1 implies the following important corollary.

Corollary 5.2. (i) There exists a positive constant ¢1 such that
(58)  [Pa@©l<a Q+[EP)7F forall ¢eR?
if xe Xk k=0,1,
(5.9)  [Pa@©l<a(@+[EP)7F forall ¢eR?
ifxeX¥ k=23 and Xx(0)=0,
and the following operators are continuous,
(5.10) Py, : H'(R?}) — H'™I(R3) V teR ifx e X* k=01,
(5.11) cHY(R3?) — HYFFFLUR3) V t e R
ifxeX* k=23, and Xx(0)=0.
(i) If x € X}H then there exist positive constants c¢; and co such that
(5.12) ca (14 1€ 7" < [Pra(©)]
<er (L+ (€)Y for all € €R?,
and the following operator is continuously invertible,

(5.13) Py, : H(R?) — H'™(R®) VtecR.
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Proof. Ttem (i) is implied by ansatz (5.5) and continuity of Py (€)
at £ =0.

Consider item (ii). The second inequality in (5.12) is given by (5.8).
Properties (5.4) and (5.6) imply the first inequality in (5.12) on any
finite interval of £. Since in (5.5) X(0) # 0, while the integral tends
to zero as |{| — oo due to the Lebesgue theorem, we obtain the
left inequality in (5.12) at all ¢ € R3. This implies the continuous
invertibility of operator (5.13). O

Let us now analyse properties of the operator Ry, involved in the
expressions of the operators Ry and R.x defined by (3.28) and (3.29).
Let us denote,

RXAg = /RXA ({E - y)g(x) dx = ‘7:71 (§XA }—g)v
R3
where ﬁXA = F Ry, and

3
o 0 [x(z—y) 1
(5.14) Rys(z—y) = Ar i {8:5]- [ Oz; |z —yl

+8X(m — ) i 1
Oz, Oz |z — y|
= APy, (v —y) —Xx(0)d(z - y),
cf. (3.16), (3.17) with a = 1 and (5.3).

Lemma 5.3. Let s € R, x € X*, k = 1,2,3. The following
operators are continuous,

(5.15) Ry, : H*(R?) — H*TF"L(R3), x e X"

_ Proof. Let X € X* k > 1. By definition (5.14) we have,
Ry, = —|27&* Py, — X(0) and then by Lemma 5.1,

A s (D™ em
(516) RXA (E) - Z |27T |2m X (O)

o0

1 ) kTN o (k
+ W/sm (27TQ|§|+ 7) X! )(Q)dg,
0
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where k* is the integer part of (k — 1)/2, and the sum disappears in
(5.16) if k* < 1, i.e., k < 3. Equality (5.16) gives the estimates,

R (O] <c @+ €)= forall £€R® ifxeX* k=123,
which imply (5.15). o

Taking into account that
(5.17)  Pxaf =Pxnf, Runf =Ry, ffor fe H(QF), seR,

we can write down the mapping properties for Py and Ry and R.x.

Theorem 5.4. The following operators are continuous

(5.18) Py : HS(QT) — HT2(QT), seR, xeX',
(5.19) CHA(QY) — HT2(QT), —% <s< % xexh
(5.20) Ry, Rux : H¥(Q) — H*(QH), seR, xeX!,
(5.21) CHS Q) — H5(QT), —%<s<%, xe X!,
(5.22) CHA(QY) — HPHQT), seR, xeX?
(5.23) CHA(QY) — HETHQT), Loc 1, X € X2

2 2

Proof. The mapping property (5.18) is implied by (5.17, 3.27)
and Corollary 5.2. Then (5.19) follows since H*(Q+) = H*(Q*) for
—% < s < i. Similarly, (5.20) and (5.22) are implied by (3.28) and
(3.29) if we take into account Lemma 5.3 and property (5.18). Then

again (5.21) and (5.23) follow from (5.20) and (5.22). o

Now we can prove also some mapping properties of the above oper-
ators to subspaces H*!(Q; L) C H*(Q) for a range of t. For t = 0,
the space H*!({); L) is described in Section 2, for other ¢ we present it
following [15].
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Definition 5.5. Let s € R and L, : H*(QF) — D*(Q%) be a linear
operator. For ¢t > —%, we introduce the space

HY Q5 L) = {g: g€ H*(QF), Luglos = fyla+, fy € H(QF)}

endowed with the norm ||g gret(+,1.) = 9]l meat) + ||fg|\ﬁ,mi).

The distribution f, € H'(QF), t > —2, in the above definition is an
extension of the distribution L.g|gx € H*(QF), and the extension is
unique (if it does exist) since any distribution from the space H(R?)
with a support in 9 is identical zero if ¢ > —1/2 (see e.g. [11,
Lemma 3.39], [15, Lemma 4]). The uniqueness implies that the norm
9!l st (2%, 1..) is well defined.

Theorem 5.6. The following operators are continuous

~ 1 1
(5.24) Py : H¥(QF) — H*25(Qt; L), —5<s<5. XE€ X
1 1
(5.25) CHE(QY) - HP25(QT L), —5<s<g. XE€ X
1
(5.26) CHS(QT) = H3 =37¢(QF; L), 3Ss< g xeXx!
Ve € (0,1),
~ 1 3
(5.27) Ry : H3(QT) — H* = 1(QF; L), 5 <5<5 XE X2,
1
(5.28) CHY(QT) = H2 =51t L), 5 <5< g X e X?,
Ve > 0.

Proof. Mapping properties (5.24, 5.25) directly follow from (5.18,
5.19). To prove (5.26) we take into account the imbedding H*(Q") C
Hz==(QF), for 2 < 's,e> 0, and continuity of (5.25).

Continuity of the operator (5.27) follows directly from continuity of

(5.22) in Theorem 5.4. To deal with (5.28), let us first of all remark

that for % <s < % and any ¢ > 0 the operator Ry : H5(Q") C
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H2¢(Qt) — H3<(Q%) is continuous due to property (5.23) from
Theorem 5.4.

Further, for any u € H*(QT), 1 <s < %,

da Ou o ~.
Lu—Au_Zaxz 7o e H1(QT) = H 1),

that is, the spaces H**~1(QT; L) and H**~1(Q*; A) coincide.

Let now 1 < s < 2. Applying the Laplace operator to (3.28), we

2 2
have,
1
(5:20) ARxg = 2o 9 = > " 9;APy, (g 05a) + ARy, (ag) ¢ + Qg
j=1
1 3
(530) Qg = <A@> Z PXA ga a +RXA(GQ)

3

3 1
2y ( (—> O {=3" 0/Ps (9.90) + R (a9)
k=1

7j=1

Due to properties (5.19) and (5.23) of Theorem 5.4, and imbedding
H3(Q") c H1(Q1), the operator Q : H*(QF) — Hs Q") is
continuous if X € X?2.

Further APy, h = h + Rux h in QF for any h € H*(Q1), where
Raxa = Rx, is defined by (3.15, 3.22) with a = 1. Due to Theorem 5.4,
the operator R.x, : H*(QT) C H*~Y(QF) — H*(Q") is continuous
and thus 9;APy, : H*(QT) — H*1(QT) is continuous as well.

On the other hand, the operator ARy, : H*(QT) ¢ H*1(QT) =
H=1(QT) — H*~1(QT) is continuous due to Lemma 5.3 if X €
X3. Thus the operator ARy : H*(QF) — H*1(QF) is continuous,
implying (5.28). O

Before proving mapping properties of co-normal derivatives of poten-
tials, we define following [15] the canonical co-normal derivative opera-
tor acting on functions from H**(§2; L), extending to a range of Sobolev
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spaces the definition of co-normal derivative given by (2.2). By defini-
tion, for u € H*'(Q; L), s € R, t > —1, the distribution Lu € H*(Q)
can be uniquely extended to a distribution in H (), which we will call
the canonical extension and denote by LOu.

For v € H*(Q%), v € H?>75(Q%), 1/2 < s < 3/2, let us define a

bilinear form,
3
EX (u,v) == Z (adiu, O;v) o
i=1
where ( -, - )o+ are the duality brackets between the spaces H*~1(Q%)
and H'~*(Q%), and we took into account that H'~*(Q*) = H'~*(QF)
when 1/2 < s < 3/2.

Definition 5.7. For u € HS’*%(Qi;L), % <s< %, we define the

canonical co-normal derivative T+u € H5~3 (8Q) as
(5.31) <Tiu, w>8Q = (Lo, ew) s £EF (u,ew) Yw e H%_S@Q),

where e : H*~3(9Q) — H*(R3) is a right inverse to the trace operator.
The canonical co-normal derivative 7w is independent of e, the
operator T= : H5~%(QF; L) — H*"3(dQ) is continuous, and the first
Green identity holds in the following form,

(5.32) +(T*u, vi>aﬂ = (Lou,v)q+ + EF(u,v) YV we H>75(QF).

Since H*'(Q*; L) c H>~3(Q0*; L) for t > —1, Definition 5.7 defines
the continuous operators T+ : H*'(Q*:L) — H* 2(8Q) for any
tz-% and%<s<%.

Corollary 5.8. The operators

1

(5.33) Ry : HS(QT) — H5(QT), 3 <8< g X € X?,
; 1

(5.34) R H¥5 Q1) — H¥ 2 (09), 3 <8< ; X € X2,
- 1

(5.35) TTRy: H Q) — H*~3(09), 5 <s<; X € X3,

are compact.
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Proof.  Compactness of (5.33) and (5.34) is implied by property
(5.23) of Theorem 5.4 along with the Rellich compact imbedding
theorem and the trace theorem. Continuity of the operator Ry :

H*(Qt) — H:—=s=1(Q+; L), 1 < s < 2 forany e > 0 due to

property (5.28) of Theorem 5.6, implies continuity of the operator
TRy : H* () — H¢(09), 1+ < s < 3, for sufficiently small € > 0,
and thus compactness of operator (5.35) due to the Rellich compact
imbedding theorem. i

To consider properties of the surface potentials, we remark that they
can be presented as

(536) Vi = X(O)Vi + VX*X(O)) Wy = X(O)Wl + WX*X(O)'

Here V7 and W; are the surface potentials based on the non-localized
parametrix (3.1) and studied in detail in [3], while Vi _y ) and Wy_x(q)
are given by (3.18, 3.19) with Py_y(o)(x,y) = Px(z,y) — X(0) Py (z,y).
Due to (3.27), the mapping and jump properties of V_y o) and Wy_x (o)
are defined by those of their counterparts for the Laplace opera-
tor, Vx_x(0),a and Wy_x() a, based on the corresponding function

Pex).a(®=y) = Pes(z —y) = X(0)Pra(z - y).

Let us state mapping properties of the operator

Px—x(o),A g(y) = /PX—X(O),A(x —y)g(r)dr
Q

_ _L/—X(x —9) =XO) ) .

Am lz =yl
Q

Lemma 5.9. Let X(v) € X*, k=1,2,3. The operator
(5.37) 1Py x(y.a: H(Q) — HPHHUR?) V teR
is continuous for any u € D(R?).

Proof. Let g € H'(2). Then §(¢) := Fg(€) belongs to C>(R?) since
) is bounded. Moreover,

PX—X(O),A g(y) = Px—x(o),A 9(y) == /3 Px—x(o),A g(z)dz, ye€ R3.
R



BOUNDARY-DOMAIN INTEGRAL EQUATIONS 427

Let first X € X*, k = 1,2. Taking into account that px—x(o),A =

Py, — X(0)Pia and Pya(€) = —|27€| 72 as the symbol of the volume
potential operator for the Laplace operator, Lemma 5.1 leads to the
following expression,

[e )

. B 1 ) kTN o (k)
5:38)  Proxo.ald) = =gy [ sin (2eelél+ 5 )XV (@) de
0

Further we have,

(539)  F[Pyx_x(0).a 9)(§) = Pxox(0).a(§)d(§)
= Px—x(o),A(f)Ml (£)a(6)
+ Pxx(0),a(§)[1 — p1(£)13(8),
where the cut-off function p1 € D(R?) and pq(€) = 1 for €] < 1. The
first term in the right hand side of (5.39) is integrable and compactly

supported, which implies its inverse Fourier transform is infinitely
smooth in R3. For the second term we have due to (5.38),

1Py a©l —m@)] <er (1+62)"F  forall ¢ eR?,

which implies continuity of the operator with the symbol Py _ x(0),a(§)[1—
p1(€)] from HY(R3) to HIT*1(R3) Vv t € R. Combining these state-
ments we obtain continuity of (5.37) for k =1, 2.

If X € X3, then integrating (5.38) with k = 2 by parts, we have,

540 Pxwal®) = ~ g / 1~ cos (2melé] )] X (o) do

This means

|Pex,a (O = m (@] < er (L+]€*)7?
for all £ e R® if x € X3,

which by the same arguments as above implies continuity of (5.37) for
k= 3. 0
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Let us introduce the distributions 9 dpq and 9, (¢ doq) defined by the
relations
(5'41) <¢ doq h> = <w7 7h>697
(On(pdaq), h) : = (¢, —0,h),, forall he DR?).

For ¢, ¢ € Hs % (09), s < %, one can observe from the right hand

sides of (5.41) (where 9, h is understood in the trace sense) that ¥ daq
and 9, (p daq) are actually continuous functionals on h € H27%(R?)
and h € H37*(R?), respectively. Moreover,

[{Wda, )| = (s Yh)aq | < 1l aeg ) VRN 3 5
< ez ll¥lle-3 50 |
[ (On(¢da0), P} | = (@, Onh)sol < el

S c3 ||SO||H§—%(8Q) ||h||H375(]R3)7

|2|| 2+ (3),

a”h”H%*S(

=% (09) I Q)

due to the usual duality estimation and the trace theorem. This
shows that ¢ dpq € H 2(R?), 0n(pdsq) € H*3(R3). Evidently,
supp [¢dan] C 92 and supp [0, (p dan)] C OS2, which implies ¥ Joq €
H352(Q) © H2(2),00(pd00) € Hio () € H*3(Q) . Thus the
following linear mappings are continuous,

(5.42) s baq: H2(00Q) — H2(Q) Cc H*2(R%), s <

)

W N W

(5.43) © — O (9 daa) : H™2(0Q) — H* 3 (QT)C H* 3(R?), s < 5

It is well-known that the single layer, double layer and volume po-
tentials can be represented as convolutions (see, e.g., [22] for harmonic
potentials):

40 Vi vl) = 1= [ A wiwyas, = [ X8 s )|,

4 |z — y| |z]
89
(5.45) Wi, p(y) = i an(?x) H o(x) dSy
BYy)
_ 1 [ X(@)
- [ 22+ Fouteamil] )

(5.46) Py vly) = ——— [ 2E=Y) -3

i Iz — y| U(J?)dxz—ﬂ W *U](y),
R3
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where the symbol * denotes the generalized convolution operation in
R3. This means that the potentials can be written as pseudodifferential
operators,

(5.47)  Via ¥ = —F H{ P (&) F(¥doq) } = —Px, (1 daq),
(5.48) Wiy = —F " { Py (&) F[—0n(9850) ]} = P [0n(0000) ],
(5.49) Py f=F H{ P (&) Ff} =Py,

where f is the extension by zero of the function f from € onto the
whole of R3.

Theorem 5.10. The following operators are continuous

(5.50) Vi : H* "3 (99Q) — H(R?), s<%, if x € X1,

(5.51) L HY5(09) — H>*~1(QF; L), % <s< ; if x € X2,
(5.52) Wy : H3(09) — H*(OF), s< ; . if X € X7,

. 1
(5.53) CHSTE(00) — H7HQF; L), 3<s<3 ifxe X3

Proof. Due to (3.27), it suffices to show mapping properties (5.50
- 5.52) for Vy,., Wy, respectively. In accordance with formula (5.47),
Via ¥ = —Px, (¥ 0pq). Then (5.50) holds due to (5.10) from Corollary
5.2 since ¢ dpq € H*2(R3).

For the double layer potential, let jo € D(R3) such that ug(0) = 1
and present X = Xo + Xoo, where Xo = 10X, Xoo = (1 — po)X, then
evidently, Wy, ¢ = Wy,.a ¢ + Wy_.a ¢. For X € X? we obtain that
Xo € X? and is compactly supported, while Xo, € X2 and X (0) = 0.
Then

3
(5.54) Wy a: H73(0Q) — H*(R?), s< 5

)

is continuous due to ansatz (5.48), continuity of operator (5.11) from
Corollary 5.2 and continuity of mapping (5.43).
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On the other hand, since 912 is closed, Wy, a ¢ has a compact support
independent of ¢, and in accordance with formulas (5.36, 5.48),

Wxo,a ¢ = X(0)Wia ¢ + WXWX(O),A 2
Wyo—x(0),a ¥ = Pxo—x(0),a[ On(®do0) ]

where the latter equality follows from (5.48). Taking into account that
X(0) = X0(0), then Lemma 5.9 and continuity of mapping (5.43) imply
continuity of the operator

. 3
(555)  pWy-x©.a: H3(09) — H'R?), s<3,

for any 1 € D(R?) and x € X2.

In addition, for Wi the following mapping properties are well known,

Wi : H#(09) — H*(Q),
Wi : H73(0Q) — H(Q7) VueDR?), seR,
which along with (5.55) proves continuity of the operator
(5.56) Wiy : H73(0Q) — H*(QF),
3
(Wiga: H73(0Q) - H*(Q7) VueDR?), s< 3

Taking p such that p(xz) = 1 on the support of Vi, a¢ and Wy, ae,
we have, Wy, A = Wx, A, i.e., pt can be dropped in the second line of

(5.56), and its combining with continuity of (5.54) leads to continuity
of (5.52).

To prove (5.51) and (5.53), we remark that these mappings are
evident for ViAo and Wia, respectively, since AVia =0, AWia =0 in
OF; thus (5.51) and (5.53) hold for Vi, and W;. On the other hand,

AVXO—X(O)Z/J = —APxo—x(o),AW) 589)7
AWXO—X(O)SO = APXO—X(O),A[an(SO doq) ]

which implies continuity of the operators
(5.57) PAVr, xo) @ H3(09Q) — H*'(R®) if  x e X2,
(5.58)  pAWy, @ @ H*“3(0Q) — H*Y(R®) if  xe X,
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for any p € D(R?) and s < 2 due to Lemma 5.9 and continuity

of mappings (5.42, 5.43). Taking again p such that p(z) = 1 on
the support of Vy, at¢ and Wy, ap, we have, uAVy, A = AVy, A,
pAWy, A = AWy, A, L.e., u can be dropped in (5.57, 5.58).

Taking into account that the operators

(5.59) AVi_ : H3(0Q) — H(R?) if x e X2,
(5.60) AWy : HS3(0Q) — H*'(R®) if xe X°

are continuous for s < %, due to (5.47, 5.48), continuity of operators
(5.11) from Corollary 5.2 and continuity of mappings (5.42, 5.43), then
(5.51) and (5.53) for Vy and Wy follow. O

Lemma 5.11. For any p € D(R), the following operators are
compact

5
(5.61)  pVi_xo) : H~2(0Q) — H*(R?), s< 5 ixe X2,

1

(5.62) : HSf%@Q) — Hs’sfl(Qi;L)7 3 <s< ;,
ifX € X3,

(5.63) Wy (o) : H"2(3Q) — H*(R?), s< ; ifx € X%,

(5.64) : H573(09) — H**~1(Q*; L), % <s< ;

if xe X3

Proof. We have,

Vi—x),a ¥ = —Px_x(0),a(¥ daq),
Wx—x0).a ¢ = Px—x(0),a[0.(¢ do0) ].

Then continuity of mappings (5.42, 5.43) and Lemma 5.9 imply that
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the following operators are continuous,

Since the imbeddings H*~ % (9Q) C H*5(9Q), H*~%(dQ) C H* 2 (9Q)
are compact due to the Rellich theorem, operators (5.61 - 5.64) are
compact. O

Theorem 5.10, the trace theorem and Definition 5.7 of the canonical
co-normal derivative imply the following boundary mapping properties
for the surface potentials.

Corollary 5.12. The following operators are continuous for
1<s<3,

=

(5.65) ViE =4V HT2(0Q) — HS72(09), x e X,
(5.66) Wi =y Wy : HS72(0Q) — H*"3(09), X € X2,
(5.67) TV, . H3(0Q) — H*3(09), X € X2,
(5.68) LE:=T*Wy: H3(0Q) — H*"2(99), X € X?.

We will use further the evident representations similar to (5.36),

(569) VX == X(O)Vl + fox(()),
Wy = X(0)W1 +Wx_x(0);
W,X = X(O)W’l + W/X—X(O)~
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Theorem 5.13. Let v € H*2(090) and ¢ € H* 2(8Q),
% <s< % Then there hold the following jump relations on OS2

(5.70) Viv—-Viy =0, xeX'
(5.72) THVitp — T~ Vap = x(0)¢, X € X2,
(5.73) T Wy — T Wyp = x(o)w%, X e X3
Moreover,
(5.74) V=V =V, xe X1,
1
(5.75) Wyp = S(Wip +Wyig), xe€X?,
1
(5.76) Wi = §(T+VX1/J +THV), x e X2

Proof. Similar to the proof of Theorem 5.10, for any p € D(R?) we
have from Lemma 5.9 continuity of the following operators,

(5.77) WV xoya s H73(0Q) — HY(R®), X e X!,
(5.78) L HS73(0Q) — H*PY(R?), X € X2,
(5.79) Wy xoy.a : HS72(0Q) — H*(R®), X e X2,
(5.80)  H73(09) — HtH(R?), x e X,

which (for appropriate memberships of X) imply continuity across
the boundary of corresponding traces and co-normal derivatives for
Vi—x(0),a and Wy_x),a and thus for Vy_y) and Wy_y() due to
(3.27). Because of (5.36) this means the jumps of Vy and Wy coincide,
up to the multiplier x(0), with these of V4 and W; considered in [3],
which give relations (5.70 - 5.73).

To prove (5.74 - 5.76), we use representation (5.69). For Vi, Wi,
W’1 the equations corresponding to (5.74 - 5.76) follow from results
in [3]. For Vx_x@), Wx—x), W'x—x(0) they are implied by the
continuity across the boundary of corresponding traces and co-normal
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derivatives for Vy_y(),a and Wx_y(0),a, mentioned above. Remark
that for Vx_y(0), Wx—x(0)> W' x—x(0) this can be also easily obtained
from analysis of the kernel singularities. O

Note that unlike the case of constant coefficient, a = const, there is
a non-zero jump of the co-normal derivative of the parametrix-based
double layer potential, see (5.73).

Theorem 5.14. Let % <5< % The following operators

(5.81) Vy: H73(0Q) — H2(89), X € X,
(5.82) Wy : HS73(0Q) — H¥ 3 (89), X € X2,
(5.83) WY H3(09) — H3(0Q), X € X2,
(5.84) LY H3(0Q) — H%(09), x e X?,
are continuous. Moreover, operators (5.82 - 5.83) and
(5.85) Vi x) : H3(09Q) — H*"3(0Q), X € X2,
(5.86) LE ot HT2(0Q) — H2(09), x € X,
are compact.
Proof. The continuity immediately follows from relations (5.75,

5.76) from Theorem 5.13. Compactness for the potentials W; and W'
follows from the well-known corresponding results for potentials Wia
and W'ia. On the other hand, compactness for potentials Wy_ (o)
and W'y _x(o) is implied by Lemma 5.11 due to relations (5.75, 5.76)
from Theorem 5.13. Then (5.36) completes the compactness proof for
(5.82, 5.83). Compactness for (5.85 - 5.86) is implied by Lemma 5.11,
relation (5.74) of Theorem 5.13, and the definition of Ei—x(o} similar
to (5.68). O

6. Inverse to the localized Newton potential.  Keeping in
mind the properties of Py, (§) and thus Py, studied in Section 5, let us
denote by P;i the pseudodifferential operator with symbol 1/Py, (§),

(6.1) P;iv:: FH A{Al(f)}"v].
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Remark 6.1. Let X € Xi. By Corollary 5.2, there exist positive
constants ¢; and ¢z, such that

(62) o' 1+ <

PO =t 1+ igP) foral eR?,

which implies that the operator P;i : HY(R3) — H!'"%(R3) is the
continuous inverse to the operator Py, : H'(R3) — H'2(R?) for
arbitrary t € R.

Note that (5.49) implies PXAfz Py f for f e H(QT), —% <s < %,
where fis the extension of f by zero from Q1 onto the whole of R3.

Now we can prove the following assertions for the localized potentials
associated with the Laplace operator, cf. (3.27).

Lemma 6.2. Let X € X1, ¢ € H_%@Q), Y € H%((‘)Q) and
f € HQT). Then

(6.3) Pyl Vi ¥ = — (¢ don),
(6.4) Pyl Wi, ¢ = 0n(pdan),
(6.5) P P f =T

and thus supp P;i Vxa ¥ C 09, supp P;i Wi, ¢ C 082, supp P;i Pxa f C
O+,

Proof. Taking into consideration (6.1) and (5.47) we get
Pl Vv =F " { Pl F(vav) |
= —F P P Ftda0) |
= —F H{F(¥doa)} = — (¢ doq).
Quite similarly we derive (6.4) and (6.5). o

Lemma 6.3. Let X € X1, ¢ e H 3(dQ), f € HO Q). If
(66) wa+Pxf =0 in QJr,
then v =0 on OQ and f =0 in QF.
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Proof. By (3.27) it suffices to prove the lemma for the case a = 1,
i.e., under assumption

(6.7) Via¥+Pxa f=0 in  QF,

instead of (6.6). Denote U := Vi, 9 + Py, f in R3. Let us show
that U is zero in R3. To this end, let us note that U € H*(Q~) due
to (6.7) and Theorems 5.6, 5.10. Therefore, there exists a sequence
U, € D(Q7), n = 1,00, converging to U in the space H'(Q27), i.e.,
lim ||U — Uy||1 ®s) = 0. Due to Lemma 6.2, P\ U is a distribution

n—oo
with compact support,

(6.8) Pl U= f— b,

where f is the extension by zero of the function f from Q% onto the
whole of R3. Therefore, P;i U =0in Q7 in the distributional sense,
ie., (PxiU,v) =0 for all v € D(Q7). In particular,

(PyrU,U,) =0, n=T1cx.
Then we have
(6.9) 0= (PxaU, Un) = (F ' [PLFU], Uy)
= (P FU, FU,) :/P;AlfU FU, d¢
R
= /PX—; |J~"U|2d§+/J5;A1 FU [FU, — FU] d¢.
R3 R3

By (6.2), we get from (6.9),

3

/ POl FUPdE < © / (1+ [€[2) | FU| [F (T — )] de
R3

< C||U||H1(R3) ||Un _U||H1(]R3) —0 as n — oo.

Thus
/P;Al |FU|?d¢ = 0,
R3
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whence FU = 0 due to the inequality (6.2) and negativity of PX_ Al, see
(5.6). Consequently, U = Vi, ¥ + Py, f =0 in R3.

Now, from (6.8) it follows that f— ¥ don = 0 in the distributional
sense in R?, which implies f=0 in Q% and =0 on 9. O

Let us prove a counterpart of Lemma 6.3 for the double layer potential
Wy, and its combination with the volume potential.

Lemma 6.4. LetX € X}, p € Hz(09), f e HO(QT). If
then f =0 in Q" and ¢ =0 on 0.

Proof. Let us define
(6.11) U:=Pxf+Wyye in R

which evidently belongs to H°(R?). By (3.27) it suffices to prove the
lemma for the case a = 1, i.e., under assumption U = 0 in Q" instead
of (6.10). Our goal is to show that U is zero in 0~ which immediately
leads to the proof of the lemma due to the jump properties of Wy, and
the invertibility of the operator Py,. Note that in accordance with
Theorems 5.6 and 5.10 we have the inclusions,

(6.12) Pxaf € HA(R?), (Wxuo)lox € HMO(Q5:A)

implying U € H'"0(Q*;A), U € Hz(9Q) and TEU € H™7(890).
Therefore, by [9, Lemma 1.5.3.9] (see also [15, Lemma 9]) there exists a
sequence U; € D(R?), [ =1, o0, such that llim U —Ui|l gro-;a) = 0.

Then due to the trace theorem and [15, Lemma 8]
(6.13) llg& U~ — Ul”H%(BQ) =0,

fm AU = 0nUl - oy =0

By Lemma 5.1 we easily derive
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ex(2m|€]) == /5(/(9) cos(27|€|o) do
0

— _x(0)+27r|5|/5<(9) sin(27|¢| o) do
0

= =X(0) + [27€[Pox (27 ¢]) = =X(0) = [27€[* Py (£).
Since X € X7, condition (3.5) implies

(6.15) ex(2ml€]) <0 VE € R3.
and by Lemma 5.1 we get ¢y (27[€]) = O(]¢]72) as € — oo, and thus
(6.16) 0<m()<C<oo VEeR3

with some positive constant C.

In accordance with equation (6.14) we can represent the pseudodif-

ferential operator Py} in the following form
1

6.17 Pl=——A- ,
( ) XA X(O) my
where A is the Laplace operator in the distributional sense (it corre-
sponds to the symbol —|27¢|?) and my, is a pseudodifferential opera-
tor with the symbol 7m(£). Evidently, my, is a bounded operator from
the space H(R?) into H°(R?) due to (6.16). Inclusions (6.12) imply
AU|Qi S HO(Qi).

From (6.11) and Lemma 6.2 we have, P31 U =0in Q7 i.e.,
(6.18) X(O0)PiU=AU-X(0)my,U=0 in Q.
By equation (6.11), U = 0 in Q7, and taking into account the jump

properties of the localized volume and double layer potentials, we
conclude T\ U = 0 on 092. Using Green’s identity, we then obtain,

0= /[x(o) Pl U U d

o
= /AU U, dz — x(0) /[mXAU] U, dzx
Q- Q-

:—/VU - VU dx — Xx(0) /[mXAU] U dx.

Q- Q-
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Whence, by standard limiting procedure and in view of equations (6.13—
6.18), we conclude,

6.19) - / VU - VU dz - x(0) /[mXAU] Udz =0,

Q- Q-

Evidently, my, U € H°(R?) since U € H°(R3). Therefore, taking into
account that U is supported in R?\ QF and using Plancherel’s theorem
we can rewrite (6.19) as follows

(6.20) - / VU - VU dx — X(0) /m(g) | FU |2 d¢ = 0.
]RS

Q-

By inequalities X(0) > 0 and (6.16), and inclusion U € H(Q7)
we get U = 0 in Q= and thus, U = 0 in Q*. Then the jump
relations of the localized boundary potentials (see Theorem 5.13) give,
X(0)p=U"—=U"'=0on dN.

Therefore, U = Py, f = 0 in R3, and by Lemma 6.2,

0=P U=P P f=fin QF. o

7. Proofs of main theorems. The uniqueness and existence results
for the Dirichlet and Neumann boundary value problems provided in
the following theorem are well known (see, e.g., [10]).

Theorem 7.1. The Dirichlet problem (4.1 - 4.2) with oo € H? (9%)
and f € HO(QV) has a unique solution in H-°(QF; L).

The homogeneous Neumann problem (4.7 - 4.8) admits a constant as
a general solution in HYO(QF; L), while condition (4.15) is necessary
and sufficient for solvability in H(QF; L) of the nonhomogeneous
Neumann problem (4.7 - 4.8) with 1y € H™2(99Q) and f € HO(QT).

Proof of Theorem 4.1. Let u € H'(QT) be a solution of the
Dirichlet problem (4.1 - 4.2). Then u € HY0(QF; L) since f € H°(Q),
and by (3.33 - 3.35) we see that the pair (u,) with ¢ = T"u solves
LBDIEs (D1) as well as LBDIEs (D2), which proves item (i).
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Let a pair (u,v) € H'(Q1) x H=2(99) solve LBDIEs (D1). From
(4.3) and Theorems 5.6 and 5.10 it follows that u € HY“°(QF;L).
Taking trace of (4.3) on 9Q and comparing the result with (4.4), we
easily derive that u™ = ¢ on 9. Therefore, subtracting Green’s
identity (3.33) from (4.3) we obtain

(7.1) Px(Lu— )+ Vi (TTu—1) =0 in Qr.

Since X € X%, Lemma 6.3 implies that Lu — f = 0 in Q% and
T*u—1 = 0 on 99, which completes the proof of item (ii) for LBDIEs
(D1).

Now, let a pair (u, ) solve (D2). From (4.5) we see that u € H-9(Q)
by Theorems 5.6 and 5.10. Taking the co-normal derivative of (4.5) on
99 and subtracting it from (4.6), we obtain 77 u = 1) on 9. Further,
take the difference of (4.5) and (3.33) to get

(7.2) Px(Lu — f) — Wy(ut — ) =0 in ot

Whence Lu = f in QT and u™ = g on 99 follow from Lemma 6.4 if
X € X}, completing item (ii) also for LBDIEs (D2).
The claim of item (iii) for the Dirichlet problem is covered by Theorem

7.1. Along with items (i) and (ii) this implies the claim of item (iii) for
LBDIEs (D1) and LBDIEs (D2). o

Proof of Theorem 4.2. Theorems 5.6, 5.10, 5.14 and Corollary 5.8
imply continuity of operators (4.13) and (4.14).

Let us introduce the operator

I -V

D1 ._
(7.3) Al .[0 Yy

] L HYQT) x H2(8Q) — H' () x H? (99)
where V; is the (non-localized) operator defined by (3.23) with x(z,y) =
1. The operator

ARV AP g Q) x H3(09) — HY Q) x H?(09)

is compact due to Lemma 5.11 and Theorem 5.14. Note that the
operator ) )
Vi« H 2(0Q) — H2(09)
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is invertible (see [3], Remark 3.7). Therefore, we conclude that the
operator (7.3) is invertible too. Thus, operator (4.13) is a Fredholm
operator with zero index. It is also injective by Theorem 4.1(iii),
implying invertibility of operator (4.13).

Similarly, operator (4.14) is a Fredholm operator with zero index since

it is a compact perturbation of the following triangular operator matrix
with invertible diagonal operators,

AP? .= {é ‘%‘ﬂ L HYQV) x H 3 (00Q) — HNQV) x H™}(00).

Then operator (4.14) is invertible since it is injective by Theorem
41(i). o

Proof of Theorem 4.3. Let u € H(QT) be a solution of the
Neumann problem (4.9 - 4.10). Then u € HYY(Q%;L) since f €
HO(QF), and by (3.33 - 3.35) we see that the pair (u, ) with ¢ = u™
solves LBDIEs (N2) as well as LBDIEs (N1), which proves item (i).

Let a pair (u, @) € H(QF) x H=(99) solve the LBDIEs (N2). From
mapping properties of the operators participating in LBDIEs (4.9) (see
Theorems 5.6 and 5.10) it follows that uw € H%(QT; L). Further, taking
the trace of (4.9) on 9Q and comparing the result with (4.10), we easily
derive that u™ = ¢ on 9. Therefore, from Green’s identity (3.33) for
the function u we have

Taking the difference of the equations (4.9) and (7.4) we arrive at the
relation

(7.5) Py(f — Lu) + Vi(bo —THu) =0 in  QF.

Since X € Xf’_, Lemma 6.3 then implies that Lu = f in Q7 and
TTu = 1y on 99, i.e., u solves the Neumann problem (4.9 - 4.10),
which completes the proof of item (ii) for LBDIEs (N2).

Now, let a pair (u,¢) € HY(QV) x H2(09) solve LBDIEs (N1).
Then u € H9(Q") by Theorems 5.6 and 5.10. Taking the co-normal
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derivative of (4.11) on 99 and subtracting it from (4.12), we obtain
TFu =1y on 9N. Further, from (4.11) and (3.33) we derive

Px(Lu — f) — Wy(ut —p) =0 in ot

Whence Lu = f in QF and u™ = ¢ on 99 follow by Lemma 6.4 if
X € X}, completing item (ii) also for LBDIEs (N1).
The claims of points (iii) and (iv) for the Neumann problem is covered

by Theorem 7.1. Along with items (i) and (ii) they imply the claims of
items (iii) and (iv) for LBDIEs (N2) and LBDIEs (N1). O

Proof of Theorem 4.4. Theorems 5.6, 5.10, 5.14 and Corollary 5.8
imply continuity of operators (4.16) and (4.17).

Further consider operator (4.17). Let us denote £1g = E;(O)A(ag) =
L{,(ag). The operator L; : Hz(9Q) — H~2(dQ) is a Fredholm

operator with zero index (cf. e.g. [5, Theorem 2], [6, Ch. XI, Part
B, §3,]). Therefore the operator

I Wy

(7.6) AL = {0 c{} L HY QY x H? (0Q) — H () x H™7(9).

is also Fredholm with zero index. Operator (4.17) is a compact
perturbation of A)! since the operators

Ry : HY(Q) — H(Q)
i — L H7(0Q) — H 3 (09),
THRy : HY(QT) — H 2 (9Q)
are compact, due to Corollary 5.8, relation (3.31) and Theorem 5.14.
Thus operator (4.17) is Fredholm with zero index. The claims that

ker AY! is one-dimensional and the pair (u,¢) = (1,1) belongs to
ker AN directly follow from Theorem 4.3(iii).

The proof for operator (4.16) is similar, cf. also the proof of Theorem
4.2 . o

Concluding remarks. Four segregated direct localized boundary-
domain integral equation systems associated with the Dirichlet and
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Neumann problems for a scalar ”Laplace” PDE with variable coeffi-
cient were formulated and analysed in the paper. Mapping and jump
properties of surface and volume integral potentials based on a localized
parametrix were studied in a scale of Sobolev (Bessel potential) spaces
for different smoothness of the localizing function. Equivalence of the
LBDIEs to the original variable-coefficient BVPs was proved in the
case when right-hand side of the PDE is from L2(27), and the Dirich-
let and the Neumann data from the spaces H2(9) and H~2(8%),
respectively. The invertibility of the LBDIE operators was proved in
the corresponding Sobolev spaces.

The main theorems for LBDIEs (D1) and (N2) were proved under
condition X € X% on the localizing function, while for LBDIEs (D2)
and (N1) under more restrictive condition X € X3 - This is an open
question whether the latter condition can be relaxed.

By the same approach, the corresponding LBDIE systems for un-
bounded domains can be analysed as well. The approach can be ex-
tended also to more general PDEs and to systems of PDEs, while
smoothness of the variable coefficients and the boundary can be es-
sentially relaxed, and the PDE right hand side can be considered in
more general spaces, c.f. [13, 14].

This study can serve as a basis for rigorous analysis of numerical,
especially mesh-less methods for the LBDIEs that after discretization
lead to sparsely populated systems of linear algebraic equations attrac-
tive for numerical computations (see e.g. [12, 16] for algorithm and
implementation), but this issue deserves a separate consideration.
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