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1. Introduction. This paper is concerned with the characteriza­
tion and representation theory of topological selections of closed linear 
relations in Banach spaces, and with some applications to differential 
and integral operators. 

We first introduce some definitions. Let X and Y be real or com­
plex Banach spaces and let M be a subspace (i.e., a vector subspace) 
of X x Y. We can also view M as the graph of a multivalued linear 
mapping, and call it a linear relation in X x Y. We say that R is an 
algebraic selection (or algebraic operator part) of M if R is the graph of 
a single-valued linear operator on Dom M into Range M such that R 
C M. Equivalent^, R = NullP := {a G M : P(a) = 0} for some alge­
braic projector P on M with Range P = {0} x M(0). If P is continuous, 
then R is called a topological selection (or topological operator part) of 
M. If, in addition, P(x, y) — P(z, y) for all (x, y), (z, y) in M, then R is 
called a principal topological selection of M. Let M + be a subspace of 
F # x X# , where X^ is the dual of X. An algebraic selection of M + is 
called a iu*-topological selection of M + if the corresponding projector 
is u?*-continuous. 

We now summarize briefly the contents of this paper. In §2 we 
consider a general closed subspace (linear relation) M of X x Y 
and a w;*-closed subspace M + of Y# x X* such that M(0) and 
M+(0) are both finite dimensional. In Theorem 2.1 and Corollary 
2.2, any topological selection is expressed by an adjoint subspace, 
while in Theorem 2.3 and Corollary 2.4, any ^-topological selection is 
expressed by a preadjoint subspace. These theorems and corollaries 
generalize and complete the corresponding theorems of Coddington 
and Dijksma [1]. §3 is concerned with the problem of characterizing 
a topological selection for a subspace of a linear relation in terms of 
a known topological selection of that relation, and with some related 
consequences. More specifically, suppose that M\ is a known closed 
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linear relation in X x Y with dim Null Mi < oo. Let M be any closed 
subspace of Mi with d imMi/M < oo. In Theorem 3.5 we give a 
necessary and sufficient condition for the graph of an operator to be 
a topological selection of M - 1 . This is expressed via an arbitrary, 
but fixed topological selection, say R\, of Mf1 . Using this theorem 
we prove in Theorem 3.6 that any topological selection of M~l is 
necessarily a finite-rank "perturbation" of R\ restricted to Dom i?, and 
hence if #1 is compact, so is any topological selection of M~l. In §4 
we are concerned with M and Mi when X and Y are Lp-type spaces or 
the space of continuous functions on a compact Hausdorff space. Using 
notions of general integral operators as in [2], we give in Lemmas 4.1 
and 4.2 necessary conditions for certain functionals to be represented 
by integral operators. We prove in Theorem 4.3 that if a topological 
selection Ri of Mf 1 is an integral operator with a suitable kernel, 
then any topological selection of M _ 1 is also an integral operator with 
a related kernel. In §5 we give an application of Theorem 3.6 to a 
concrete case when Mi is a finite-dimensional "perturbation" of the 
graph of a regular ordinary differential operator in an Lp-type space. 
It is shown in Theorem 5.1 that if M is a closed subspace of Mi with 
dim Mi J M < 00, then any topological selection of M~l is a compact 
integral operator. This theorem, even in the special case when Mi 
is the graph of a maximal ordinary differential operator, generalizes 
the corresponding theorems in the literature that are concerned with 
two-point boundary conditions. 

2. Characterization of topological selections of multivalued 
linear operators by adjoints. When a linear ordinary differential 
operator is nondensely defined, its adjoint is a multivalued operator. It 
is sometimes desirable to describe the linear selections of its adjoint in 
terms of boundary conditions. In the present section we address this 
problem in an abstract setting. Thus we will describe all topological 
selections of certain linear relations via "boundary" conditions. The 
setting and results generalize and at the same time complete some 
results of Coddington and Dijksma [1]. Throughout this section X, Y 
are Banach spaces and M C X x Y is a closed linear relation. For 
a Banach space W with dual VF#, the natural pairing on W x W& 
is denoted by { •, • ). The adjoint (or adjoint subspace) of a linear 
relation M C X x Y is the linear relation M* C Y* x X* defined by 
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M* = {(y,x) '• (xi—y) £ ML} where M1 denotes the annihilator of 
M. In the case when M + C F # x X # , the preadjoint of M + is the 
linear relation * ( M + ) := {(x,y) G X x Y : (y,-x) G ^ M + j , where 
±M+ is the preannihilator of M + . 

THEOREM 2.1. Assume that dimM(O) = : n < oc. TAen i? zs a 
topological selection of M if and only if R = M fi * Z + / o r some n-
dimensional vector space 

Z+ := linear span { ( 0 ^ + iptu&ìi) : 1 < z" < ™}> 
w/iere 

(i) tó e x*, 
(ii) </>+ e (M(O))^, 

(iii) I/J^ G F # 7 and {ip^t : 1 < i < n} is a linearly independent set 
on M(0). 

In the case when Y is a Hilbert space, the condition (iii) is replaced by 

(iii)' {^2Ï, • •. , ̂ 2n} «5 a basis for M(0) . 

Moreover, when R, Z + are as above, the adjoint subspace of R is 
represented by 

R* = M* + Z+ {direct sum). 

PROOF. Suppose that R is a topological selection of M. Then 
R = M H N u l l P for some continuous projector P : M -* {0} x A/(0) 
with R a n g e P = {0} x M(0) . Let { 0 i , . . . , cj)n} be a basis for M(0) and 
let ^ + G ( M ( 0 ) ) # , the dual of M(0) , such that (cßu^j) = 6^(1 < i, 
j < n) , where <5?y is the Kronecker delta. Define Po : Range M —> Af(0) 
by 

(2.1) P0(2/) = ^ ( j , , ^ + ) ^ , y e Range M. 
7 = 1 

Then F 0 is a continuous projector of Range M onto A/(0). Thus by 
Sobczyk's lemma, which characterizes all continuous projectors with 
a prescribed range (see [7]), there exists a continuous linear operator 
A : M -+ A/(0) such that 

(2.2) P(x, y) = (0, A(x, y) + P0(y)), (*, y) G A/, 
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and 

(2.3) A(0,y) = 0 forali y G M(0). 

In our setting we can write 

n 

(2.4) A{x,y) = Yt(A(x,y), tf>+> fa. 
1 = 1 

Since M is closed, M x M(0) is Banach space. Let A* denote the 
graph of the adjoint operator of A in the Banach space M x M(0). 
Thus Dom A* = (M(0))# x M* and 

A, = {{y+,k+) : ^ G (M(0))#,fc+ G M#,(^fe,2/+) =(fe,fc+), 

k G Dom ,4}. 

Now A*(^^) G M#. By the Hahn-Banach extension theorem, we can 
extend A*(/0^) to F ^ x X#. Denote this extension again by A*(^J:). 
Thus A^(^+) G y # x X# . Let us write A*(^J) = (-<££, <^). T h e n 

(2.4) becomes 

n 

(2.5) 4 ( 1 , y) = 5 ] [<x, -</>+) + {VAÌÙ\ ti-

Let 

(2.6) P2(x, y) := A(x, y) + P0(y), (s, y) G M. 

Then substituting A in (2.5) and Po in (2.1) into (2.6) we obtain 

(2.7) P2(x, y) = ] T > , - 0 + ) + (y, </>+ + VÌ)] 0,-

Let Z + be the linear span of the set {(0^; + i^ti^tù '• 1 — * — n}-
Then it follows from (2.7) that (x,y) G M, P2{x,y) — 0 if and only 
if (x,y) G M Pi *Z + . Now the condition (2.3) implies, using (2.5), 
that 0^ G (Af(0))x for all i < n. Since (</>?:,tó) = <^p we see easily 
that {V ;J|M(()) : 1 < ^ < ^} is linearly independent. Moreover, since 
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ip2i £ (A^(0))^, we can treat ijj^t as an element of Y^. Thus Z + satisfies 
the required conditions. 

Conversely, suppose that Z + is defined as in the theorem. Let P2 be 
as in (2.7) and define P : M --> {0} x M(0) by 

P(x,2/) = (0,P2(a:,2/)). 

Then it is easy to check tha t P is a continuous projector on M onto 
{0} x M(0) . We now show tha t R a n g e P 2 = M(0) . This would then 
imply that R a n g e P = {0} x M(0) . Since { 0 i , . . . , 0 n } is a basis for 
M(0) , it is sufficient to show that the map n : M —» </?? defined by 

(TT(X, 2/))i = (x, -</>+;) + <2/, ̂  + ^2+) 

is surjective, where (?/)7; denotes the z th component of y. It is, in turn, 
sufficient to show that (Range n)1- = {0} since TT is of finite-dimensional 
range. Suppose that a7; G </) satisfy 

7 = 1 

for all (x, 2/) G M . This is true, in particular, for all (x, y) G {0} x A/(0). 
Thus £ " = 1 ^ (2 / , < ^ + ^ ) = 0 for all y G M(0) . Since 0+ G ( M ( 0 ) ) x 

and { ^ J I M I O ) : 1 < ^ < n} is linearly independent, ft, = 0 for all i. 

Thus (Range TT)1- = {0} and the claim is proved. Therefore P is a 
continuous projector of M onto {0} x A/(0) and so M H Nii l lP is a 
topological selection of M . Now M n N u l l P = M H * Z + . Finally since 
M* 4- Z + is w*-closed, R* is the direct sum of A/* and Z + . D 

COROLLARY 2.2. Assitme that diniA/(0) = : n < oc. Then R is a 
principal topological selection of M if and only if R — M Pi* Z+ for 
some n-dimensional vector subspace Z+ ofY^ x X # which is the same 
as in the above theorem with the additional condition: (j)^ = 0 for all 
1 < i < n. 

PROOF. Let P0 be the projector defined as in (2.1). It follows 
from the definition of a principal selection of M that R is a principal 
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selection of M if and only if there exists a continuous projector P on 
Range M onto M(0) such that R = {(x,y) G M : P(?/) = 0} (see 
[5]). Thus R is a principal topological selection of M if and only if 
R — {(x,y) e M : B(y) -f -Po(y) — 0} f° r some continuous linear 
operator B : Range M -> Af(0) such that P(?/) = 0 for all y e M(0) . 
We now argue similarly as we did in the proof of Theorem 2.1. D 

REMARK 2.1. Suppose tha t X, Y are Hilbert spaces and M a closed 
linear relation in X x y . Then M H ({0} x M ( 0 ) ) ± = : P 0 is called the 
orthogonal selection of M . This can be written as 

R0 = {(x,y)eM:ye(M(0))±}. 

Thus if dim M(0) = : n < oo, then we can write P 0 as 

P 0 = M H Z* 

for some Z —: linear span {(fa, 0) : 1 < i < n} where {fa,... , fa}} is a 
basis for M(0) . • 

The following is the dual of Theorem 2.1. 

THEOREM 2.3. Let M + 6e a w*-closed linear relation in Y* x X # 

wz£/& d i m M + ( 0 ) = : n + < oo. T/ien P + zs a w*-topological selection of 
M^ if and only if P + = M + D Z* for some n+-dimensional space 

Z := linear span {(fai + ^2iìfaì) : 1 < ^ < ^ + } 

(i) 0ii G l , l < i < n + , 

(ii) ^-e^M+to)), 
(iii) {ip2i : 1 < i < n+} is a subset of Y which is linearly independent 

m o d ± ( M + ( 0 ) ) . 

Moreover, when P + and Z are as above, 

* P + =* M + + Z (direct sum). 

The following is a dual of Corollary 2.2. 
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COROLLARY 2.4. Let M+ be as Theorem 2.3. Then R+ is a w*-
principal topological selection of M + if and only if 

R+ = M+ n Z* 

for some n+-dimensional space 

Z := linear span {(02?; -f fe,0) • 1 < ? < n^} 

where 

(i) 02); e
X (M+(0)), 

(ii) {^2; ' 1 < ^ < ^ + } is linearly independent mod (Af+(0)). 

REMARK 2.1. Theorem 2.1 and Corollary 2.2 generalize and complete 
Theorem 3.1 of Coddington and Dijksma [1], while Theorem 2.3 and 
Corollary 2.4 generalize and complete Theorem 3.4 of [1]. 

3. Representation theory of topological selections of in­
verses of linear relations. Let X, Y be Banach spaces and let M\ 
be a closed subspace of X x Y. Suppose that M is a closed subspace of 
Mi such that dim Mi /M < oo. Let R\ be a given topological selection 
of M _ 1 . In this section we consider the following problems: 

(i) Is it possible to express any topological selection of M~l in 
terms of R\ and possibly some other known quantities? 

(ii) If R\ is compact, then is every topological selection of M _ 1 also 
compact? 

(iii) If R\ is an "integral" operator, then is every topological selection 
of M~l also an "integral" operator? 

In the case when M\ is single-valued, the problems (i), (ii) arise, 
for example, in inverting ordinary differential operators (see also §5 
below). To address the above problems it is convenient to introduce a 
"minimal" closed subspace M0 such that Af0 C M C M\. In a concrete 
case Afo and Afx may be considered as the graphs of the minimal and 
maximal ordinary differential operators. Throughout this section unless 
otherwise mentioned Af0 is an arbitrary but fixed closed subspace of M\, 
where MQ and Afi satisfy the conditions: 

, . J dim Null Afi =: m < oo 
^ ' { M0 C Mi, dim Mi/M0 =: d < oo. 
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For the rest of this section, let B be an arbitrary, but fixed bounded 
linear operator on M\ onto </̂  with Nulli? = MQ. Such an operator 
clearly exists since M\/MQ is isometrically isomorphic to </**. 

LEMMA 3.1. Let M be a closed linear relation such that MQ C M C 
Mi. Then dim Mi /M = m if and only if there exists a m x d (m < d) 
constant matrix r such that 

(3.2) M = {a G Mi : f B ( a ) = 0TOXi}. 

PROOF. See [4]. D 

Let {0 i , . . . ,(/)ni} be a basis for Null Mi and let r be the d x n\ 
constant matrix defined by 

r = [5(0i,o),... ,s(0ni,o)]. 

Let it*i be an arbitrary but fixed topological selection of M-f . Let 
r be a m x d constant matrix. Let (rD)^ denote the Moore-Penrose 
generalized inverse of TD. For y G Range M, define r]r(y) by 

vr(y) := Ri(y) - 5>i[(rD)t fß^fe),;/)],. 

LEMMA 3.2. Let M be as in (3.2). Then 

M = j (7^(2/) + 5Z(a0) i^,2/) :y G Range(Mi), r D a 0 = 0, 
^ 7 = 1 

rß( JR1(2 /) ,y)eRange(rD)|. 

In particular. 

Null M = i ] T M<*o)i ' r D ö o = 0 I . 

PROOF. (x,y) G M if and only if (x,y) G Mi and rB{x,y) = 0. 
Now, since Ri is an algebraic selection of Mf1 , (x, ?/) G Afi if and only 
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if y G Range Mi and x = Ri (y) + k for some k G Null M i . Let us write 

k = Xir=i fai®)*- f ° r s o m e ÖL G </?11. Then 

M = l {R^y) + 5^0 i ( a )* , j / ) : y G Range M i , a G f?1, 
^ 2 = 1 

rS(Ä 1 (2 / ) , 2 / ) + r D a = o J 

= 1 for(î/) + 5^0i(«o)»,2/) : y É Range M i , a 0 G </in\rT>a0 = 0, 
^ 7 = 1 

and rPB(Rl{y),y) G R a n g e ( r D ) f. 

The last assertion of the theorem follows immediately from this char­
acterization of M . D 

In the following we express an arbitrary principal topological selec­
tion of M _ 1 in terms of a given selection of M f 1 . 

LEMMA 3.3. Let M be as in (3.2). Let R\ be a topological selection 
{principal or nonprincipal) of M~l. If RQ is a principal topological 
selection of M~l given by 

(3.3) fio = {(y,x) : (y,x) € M-\ V0(x) = 0} 

for some continuous projector VQ : Dom M —» Null M with Range VQ — 
N u l l M , then 
(3.4) 

f Dom fio = {y:ye Range M i , rB{Rl{y),y) G R a n g e ( r D ) } , 
\ R0{y) = (I - Vo)r]r(y), y G Dornig. 

Conversely, if RQ is defined as in (3.3) for some continuous projector 
VQ on Dom M onto Nu l lM, then RQ is a principal topological selection 
ofM-1. 

PROOF. Assume that RQ is given as in (3.3). Then (y,x) G RQ if and 
only if (i) (x,y) G M , and (ii) (x,y) G M , VQ(X) = 0. By Lemma 3.2, 
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(i) holds if and only if 

, (ye Range M i , rB(R1(y),y) e Range ( P D ) , 
[l) t * = rçr(y) + £ r = i & M * , r D a o = 0. 

Thus (ii) holds if and only if (i)' holds in addition to 

(ii)' Pofar(î /))+7>o ( ^ ^ ( a 0 ) ? ; J = 0 . 

Since r&ao = 0, we see tha t Yli-Li <t>i;(ao)i £ N u l l M , and so 
^o ( E ; = i M<*o)i) = E r = i 0 i ( a o) i . Then, using (ii)', we obtain 

* = ^7r(2/) - Voivriy)) = (I - V0)rjr(y). 

Thus (3.4) holds. Suppose now that (3.4) holds for some continuous 
projector VQ on Dom M onto N u l l M . We will show tha t 

Ro = {(yix)eM-1 :Vo(x) = 0}. 

First we will show tha t " c " holds. Note that , by Lemma 3.2, Domino = 
R a n g e M . Thus rjr(y) is well-defined for y G Domilo- Take any 
{y,x) e R(). Then y e Dom M and 

(y, x) = (y, (I - Vo)vr(y)) = (y, Vr(y)) + (0, -VoVr(y)). 

By Lemma 3.2, [y,rjr(y)) G M - 1 . Since Range Po C N u l l M , we see 
tha t (y,x) e M - 1 . Now V0{x) = V0R0(y) = Po[ / - ^o]vr(y) = 0. 
Thus 

RoC{(yix)eM-lVo(x) = 0}. 

If (?/,#) G M - 1 and VQ(X) = 0, then as in the first part of this proof, 
(y, x) G R. Hence 

Ro = {(y,x)eM-1:Po(x) = 0}.n 

LEMMA 3.4. (See [5]) Suppose that M is a linear relation in X xY. 
Assume that RQ is a principal topological selection of M _ 1 . Then R is 
a topological selection of M~l if and only if 

R{y) = Ro(y) - A(y,R0(y)), forali y e Range M 
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for some continuous linear operator A on M l into Null M such that 
A(0, x)=0 for all x G Null M. 

We now express an arbitrary (nonprincipal) topological selection of 
M _ 1 in terms of a given topological selection of M^1. 

THEOREM 3.5. Let R\ be a given topological selection of Mx
_1. Let 

M be as in (3.2) for some m x d constant matrix T'. Then R is a 
topological selection of M~l if and only if 

Domi? = {y:ye RangeMx, rB(Rl(y),y) G Range(rD)}, 

R(y) = (/ - Vo)vr(y) - A(y, (I - VoivAv)), V É DomÄ 

for some continuous projector VQ on Dom M onto Null M and a con­
tinuous linear operator A : M~l —» Null M such that A(0,x) — 0 for 
allx e Null M. 

PROOF. This follows Lemma 3.4 together with Lemma 3.3. D 

In the following we give a simpler necessary form for the topological 
selections of M~l. 

THEOREM 3.6. Suppose that M\ is a closed linear relation in X xY 
with dim Null Mi =: n\ < oc. Let R\ be an arbitrary, but fixed 
topological operator of M^1. If M is a closed linear relation in X xY 
with M C Mi, dim M i / M < oo and if R is any topological selection of 
M~l, then there exist x^ G X# and y^ e Y#(l < j < rt\) such that 

ni 

R{y) - Ri{y) 4- ^[(#1(2/) ,*+) + (î/,2//>]^, V e D o m £ 
J = I 

PROOF. Let M be as in the theorem. Since dim Mx/M < 00, without 
loss of a generality we may assume that there exists a closed linear 
relation M0 C X x Y such that M0 C M C M\. We may also assume 
that 

d imMi/M =: m < dimMi/M0 =: d. 
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Let B be a continuous linear operator on Mi onto </̂  annihilating M0. 
Using Lemma 3.1, we may also assume that 

M = {aeM1 : r ß ( a ) = 0 m x i } , 

for some m x d constant matrix r. This means that M fits into the 
setting described at the beginning of this section. Thus we assume that 
<j>i, D are as before. Take any topological selection R of M~l. Then by 
Theorem 3.5, 

Domi? = {y G Range M! : rS(Äi(2/),y) G Range(rD)}, 

Ä(2/) = (/ - P o t o r i ) - A(y, (J - 7>0>7r(2/)), V e Domfi, 

for some continuous projector Po on Dom M onto Null M and a con­
tinuous linear operator A : M~l —• Null M such that A(0,x) = 0 for 
all x G Null M, where 

(3.6) nr(y) = Äifo) ~ £ ^ [ ( ^ D ) t r B ( Ä 1 ( y ) , y ) ] i . 
z = l 

Since J5 is a bounded linear operator there exist h^x G X # , h% ^ ^ ^ 
such that 

(3.7) (B(x,y))j = (xìh+1) + (yìh%), (x,y) £ M^ 

Since Po : Dom M -+ Null M and A : M - 1 -> Null M are continuous 
and Null M C Null Mi, there exist #+ G X*, / + G X # , / + G V # such 
that 

(3.8) V<i{x) = YJ{x,gt)<t>n x e D o m M , 

(3.9) ^(y ,z )=f>, /+} + <*,/+)]</>, 
2 = 1 

for some / + G F # , / ^ G X # . Substituting B in (3.6), P 0 in (3.8) 
and A in (3.9) into (3.6) and then into (3.5), it follows, after a tedious 
calculation, that R(y) has the form claimed in the above corollary. D 
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COROLLARY 3.7. Suppose that Mi is a closed linear relation in X xY 
with dim Null M\ < oo. Suppose that M is a closed subspace of M\ such 
that dim Mi /M < oo. If some topological selection of M^1 is compact, 
then all topological selections of M~l are also compact. 

PROOF. The result follows immediately from Theorem 3.6. D 

REMARK 3.1. By the above corollary, if R\ is a compact topological 
selection of Mx

_ and if Null M\ is finite dimensional, then any topo­
logical selection of M^1 is also compact. It is proved in [5] that if M 
is a closed linear relation in X x F , then the continuity of a particular 
topological selection of M"1 implies the continuity of any topological 
selection of M~l. 

4. Applications to integral operators. In this section we 
consider the following question: Suppose that L and L\ are closed 
linear operators from a Banach space X into a Banach space Y such 
that Çr L C Qr L\, where Çr L denotes the graph of L. Assume that 
(Çr L\)~l, as a linear relation, has a topological selection which is an 
"integral" operator. Is every topological selection of (Qr L)~l also an 
"integral" operator? The question is, of course, trivially true if L\ is 
one-to-one. The above question arises naturally if L\ is an ordinary 
differential operator. We will answer this question under a certain 
finiteness condition. We will consider the problem when X and Y are 
Lp-type spaces or the space of continuous functions. Let (5, Es,/x) and 
(T, E^, v) be cr-finite nonnegative measure spaces, and for 1 < p < -foo, 
let Xp := Xp(S,Y,s, Li) be the Banach space of all complex-valued /1-
measurable functions x on S such that \\x\\p < 00, where 

IMIP := ( / I x(s)\pdfi(s)\ if 1 < p < 00, 

:= ess sup \x(s)\ if p = 00. 
ses 

For 1 < q < (X), we define Yq := Yq(T, E^, v) in a similar way. 

Let K be a compact Hausdorff space and let C(K) denote the Banach 
space of all complex-valued functions / on K with ||/||oo '•— SUP{|/(^)| '• 
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k G K} < oo. As in §3, for a Banach space Z, the natural pairing on 
Z x Z* is denoted by ( •, • ). 

DEFINITION 4.1. U is an integral operator from Xp into Yq if Dom [/ 
is a vector subspace of Xp and there exists a complex-valued function 
IC(s,t) (se S,teT) such that 

(i) /C(s, £) is // x i/-measurable, and 

(ii) for all x G Dom 17 and for z/-almost all t G T, /C(s,£)x(s), 
considered as a function of s, is /x-integrable, and 

(Ux)(t) := / JC{s,t)x(s)dß{s) G Y9. 

DEFINITION 4.2. 1/ is an integral operator from Xp into C(Ä') if 
Dom U is a vector subspace of Xp and there exists a complex-valued 
function /C(s, k)(s e S,k E K) such that 

(i) /C(s, k) is E5 x ß-measurable, where B is the a-algebra of all 
Borei subset of K, and 

(ii) for all x G Dom U and all k e K, JC(s,k)x(s) as a function of s 
is /x-integrable, and 

(Ux)(k) := / )C{s,k)x{s)dß{s) G C(üQ. 

The function /C is called the kernel of U. 

We recall that the natural pairing ( •, • ) on Xp x Xp , where p ; is 
the conjugate number to p > 1 (p _ 1 -h (p ' ) - 1 = 1), is given by 

(x,y) := / x(s)y{s)dn(s), 

and that the natural pairing on C(K) x (C(K))# is given by 

(x, 0) := / x{k) d(f)(k), x G C(K), (f> G (C(K))#. 
JK 

LEMMA 4.1. Let U be an integral operator from Xp into Yq with 
kernel K(x,t) (s G S,t G T). Suppose that 

(4.1) / \JC{s,t)x(s)\dfi{s) eYq 

Js 
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for all x G Dornt/. Then for any y+ G (Yq)#, the functional 
(U(x),y+), x G Dornt/, is an integral operator from Xp into </). In 
particular, (4.1) is satisfied if 

(4.2) f h(t) := ||/C(-,t)||p/ < oo, and 

w/iere p' is the conjugate number to p. 

LEMMA 4.2. Let U be an integral operator from Xp into C(K) with 
kernel /C(s, k) (s G 5, A: G if). Suppose that 

(4.3) / |/C(s, fe)x(s)| dfi(s) G C(A0. 

T/zen for any <fi G (C(K))#, the functional 

(t/(x),0>, a* G Dornt/ 

25 an integral operator from Xp into </'. In particular, (4.2) is satisfied 

(4.4) 
J fo(fc) := ||/C( •, k)\\p> < oo and 
\ he C(K) 

P R O O F OF LEMMA 4.1. 

Case (i). 1 < g < -foo. Assume (4.1) and take x G Xp and 
y+ ç. (Yqy. Let q' be the conjugate to q. Let 

Then 

f(t)) = JmSit)x(s)\dti(s). 

|2/+(*)I<M*) / /V(M)| 1*001 w i 
*/T US J 

= / / (< ) |2 / + (< )MK<)<II / I |y^ l l2 / + I ly , '<~-

Thus by Tonelli's theorem 

(U(x),y+)= J \J K(8,tW(t)dv{t)\ x(s)dfi(s). 
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Hence (U(x),y+) is an integral operator. 

Case (ii). q = oo. 

It is known (see Kantorovich & Akilov [2, p. 192] that (Y°°)# is the 
Banach space of all "bounded additive" functions on E T , that is, the 
set of all complex-valued additive functions (f) on E T such that (i) and 
(ii) hold: 

(i) If A G E T and v(A) = 0, then <j>(A) = 0. 

(ii) The total variation of </>, |0|(T), is finite. 

The norm ||0|| of (/) is given by \\(j)\\ := |0|(T). Thus for any y G F°° 
a n d ^ G (y°° ) # , 

(y^):= J y{t)dj(f), 

where the integral is a Stieltjes integral. Take any x G Xp and <fi G F 0 0 . 
Then 

(Ux,</))= I' (Ux)(t)d^{t) = f f iC(sit)x(s)dfjL{s)(ß(t), 
JT JT J S 

and 
r \IC(s,t)\\x(s)\dfjL(s)d\<l>\(t) 

JT J S 
sup / |/C(s,£)| \x(s)\d/j,(s) 
ter J s 

< I ess sup / |/C(s,t)| |x(5)|d//(s) ) 1I0H < oo. 
ter J s 

Thus the order of integration in the above expression for (Ux, (j>) may 
be interchanged, and so 

/ / 
J s UT 

(Ux,(/>) = \ K{s,t)d<t>{t) x(s)dfji(s). 

Hence (Ux,(j)) is an integral operator. Combining the cases (i) and 
(ii), we see that when (4.1) holds, (Ux,(fr), (j) G (Yq)#, is an integral 
operator. 

Suppose now that (4.2) holds. Take any x G Xp. Suppose 1 < q 
< oo. Then 

ms,t)\\x(x)\dfi(s)] dv(t) LW 
J(h(t)\\x\\p)<dv(t)=\\x\\l < I (h(t)\\x\\r,)vdv(t)=\\x\\l\\h\\l<oo. 
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Suppose q = -f-oo, Then 

ess sup I / \K,(s,t)\ \x(s)\d[i(s) 
ter \Js 

< ess sup(/i(£))||x||p = \\x\\p ||ft||oo < oo. 
ter 

Thus if (4.2) holds, then (4.1) holds. This proves Lemma 4.1. D 

PROOF OF LEMMA 4.2. It is known tha t (C(K))# is the Banach 
space of all regular countably additive complex-valued functions (j) on 
the cr-algebra B of the Borei sets in K such that |0 |( i^) < oo. In 
particular, for any x G C(-ftT), and </> G (C(Ä' ) )^ , x is 0-integrable (0 
is a cr-finite signed measure on B). Assume (4.3). Take any x G C(K) 
a n d ^ G {C(K))#. Then 

J J \tC(s,t)x(s)\dfJL(s)d\(/>\(t) 

< j ( s u p I \K{s\t)x{s)\d^{s)] d|0|(t) 
^ K \teKJs / 

|/C(s,£)x(s)|d//(s) < -foo. 

Hence, 

< M sup / 

( ( 7 x , 0 ) = / / JC(s,t)x(s)dfi(s)d(j)(s 
JK JS 

= [ I / £(M)#( 
5 

x(s) dfi(s). 
IK 

Thus (Ux,(j)) is an integral operator in x from X p into C(K). 

Assume now that (4.4) holds. Take any x G X p . Then 

/ . 
\}C(s,t)x{s)\dfi{s)<h(t)\\x\\p 

JS 

Thus 

sup / \JC(s,t)x(s)\dii(s) < sup/i(£) ||x||p < oc. 
teK J S t£K 

Thus (4.3) holds. This completes the proof for Lemma 4.2. o 

file:///teKJs


496 S.J. LEE AND M.Z. NASHED 

THEOREM 4.3 Let Z be either Yq or C(K), as defined earlier. Let 
Mi be a closed linear relation in Z x Xp such that dim Null Mi < oc. 
Let M be a closed subspace of Mi such that dim Mi /M < oo. Suppose 
that there exists a topological selection U\ of M{~ such that U\ is an 
integral operator with kernel JC(s,t) satisfying 

(4.5) / \)C(s,t)x(s)\dfi(s)eZ 
Js 

for all x G Dom[/i. Then any topological selection U of M~l is also 
an integral operator. Moreover, if U\ is continuous, so is U. 

PROOF. Let ri\ = dim Null Mi and let {0 i , . . . , </>m} be a basis for 
Null Mi. Take any topological selection U of M _ 1 . Then by Theorem 
3.6, U has the form 

(4.6) U(x) = Ui(x) + J2 [(ui(x)izî) + (xixt)]0ji xeDomU 
3 = 1 

for some elements x'j' G Xp , z^ G Z#. By Lemmas 4.1 and 4.2, 
{U\{x), Zj~) as a function of x is an integral operator. Hence by (4.6), 
U is also an integral operator from Xp into Z. The rest follows easily. 
D 

5. Applications to regular ordinary differential subspaces in 
Lp[a, b] x Lq[a, b]. In this section we consider concrete applications 
of Theorem 3.6 and Corollary 3.7 to ordinary differential subspaces. 
Let [a, 6] be a compact interval. Let l < p < o o , l < g < o o . Let 
^ ( 1 < V < oo) be the Banach space of all functions / : [a, b] —» </™ 
which are Lebesgue measurable on [a, b] and | |/ | |p < oo, where \\f\\p = 

Ùf*(t)f(t))pdt when p < oo; | | / |U := ess sup{/*(t)/(<) : t G [a, 6]}. 
Let n be a natural integer. Let T\ be the "maximal" differential 
operator from DomTi C Xp into Xq defined by 

x G Dom Ti if and only if x G Xp, x{n~l) G AC[a,b), x{n) G Xq, 

TiX = Qn{t)x{n) + Q n - l ^ ) ^ " " ^ + ' ' * + Ql(t)x{l) + Q o W * . 
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Here each Q7(t) is a m x m matrix-valued function of t G [a, 6] which 
is i-times continuously differentiable on [a, b] and Qn{t) is invertible 
for all t G [a,ò], and x ^ denotes the i t h derivative of x. Then it is 
well-known that T\ is closed, i.e., Qr(T\) is closed in Xp x X 9 . Let 

Mi := { a + (x ,Tix) : a G A , x G D o m T i } , 

where A is a finite dimensional subspace of Xp x Xq. Then it is not 
difficult to see that Null Mi is finite dimensional and Mi is closed. 
Thus, in particular, there exist topological selections of M-f1. 

THEOREM 5.1. Let T\ and Mi be as above. Let M be an arbitrary, 
but fixed closed subspace of Mi with dim M i / M < oo. Let R be any 
topological selection of M~~l. Then R is the graph of a compact integral 
operator on Range M. Moreover, Range M is closed. 

PROOF. Since the differential equation T\x — g has a solution for 
every g G Xq, we see that Range Ti = Xq. Since T\ is closed and 
dim Null T\ < oo, it is easy to see that (QrTi)~l has a topological 
selection which is a compact integral operator. Pick one and call it RQ. 
We will show that M ^ 1 has a topological selection which is a compact 
integral operator defined on Xq. It is clear that M f 1 has a principal 
topological selection. Call this R\. Then D o r n i g = Xq and 

(5.1) Ri(y) = (I- V)(x), x G M-'iy), y G Xq 

where V is a continuous projector on Dom Mi onto Null M i . Take any 
y G D o m f i i . Then R\(y) is given as in (5.1) for some (x,y) G M\. 
Write 

x = z + f, y = Tiz + g 

for some ( / ,#) G A. Then, in particular, z — Ro(y — g) + k for some 
A: G Null T. It then follows that Rx(y) = (I-V) [R0(y) + k- R{){g) + / ] . 
Since 

Null Mi = {u + h : u G Dom Ti, Txu + g = 0 for some (h, g) G A}, 

it follows that 
/ e - f i o (<?) + / G Null M i . 
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Thus 

R1(y) = (I-V)R*(y). 

This shows that R\ is a compact operator. Applying Fubini's theorem, 
if necessary, it follows that R\ is also an integral operator since V 
has a finite-dimensional range. Hence we have shown that M-f1 

has a topological operator which is also a compact integral operator. 
Therefore using Theorems 3.6 and 4.1 we see that any topological 
selection R of M~l is a compact integral operator. Finally Domi? := 
Range M must be closed since R is a closed bounded linear operator. 
This completes the proof. D 

REMARK 5.1. For a nonnegative integer m and complex constants 
aij, ßij define a differential operator T by 

DomT = I x G Dom Ti : ]T(o^x ( ? : )(a) + ßijX{i)(b)) = 0, 0 < j < m 1 

Tx = T\x, x G DomT, where T\ is as defined earlier in this sec­
tion. Then T is a closed operator, but is not necessarily one-to-one. 
Using Theorem 3.1 of [5] a linear operator R : RangeT —• DomT 
is a topological selection of (QrT)~l if and only if TR — I on 
RangeM, and RT is continuous on DomT. Since dim (Çr Ti/ÇrT) = 
dim (Dom Ti/DomT) < +oo, it follows from the above theorem that 
any topological selection of (QrT)'1 is a compact integral operator. 
The kernel of this selection is called a generalized Green function when 
T is not invertible, and the Green function when T is invertible. This 
has been extensively studied in the literature. 

REMARK 5.2. Let / and g be m x n mat rix-valued functions on [a, b] 
such that the columns of / are in Xpr and the columns of g are in Xq>. 
Define an operator T by 

DomT := l x G Dom Ti : / [x* (*)/(*) + (Tix)* g{t)] dt = 0ix 

Tx :— T\x, x G DomT. 
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Then QrT C QrT\, T is closed. Moreover dim(ÇrTi/ÇrT) < m < oo. 
Thus by the above theorem any topological selection of (QrT)~l is a 
compact integral operator. 

REMARK 5.3. Let /i(l < i < m < oo) be ra x n vector-valued 
functions of bounded variation on [a, 6]. Define T by 

DomT := Ix e Dom Ti : / (dfi(t))x(t) = 0 m x i > , 

Tx := T\x, x G DomT 

The integral is taken as a Riemann-Stieltjes integral. Clearly QrT 
C QrT\. Assume that T is closed. Then one can see easily that 
dim(GrTi/ÇrT) < oc and DomT can be written as in Remark 5.2, 
and so, by the above theorem, any topological selection of (QrT)~l is 
a compact integral operator. Special cases of this problem have been 
considered in the literature. See the survey paper by Krall [3]. 
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