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SMOOTHNESS RESULTS OF SINGLE AND DOUBLE
LAYER SOLUTIONS OF THE HELMHOLTZ EQUATIONS

TZU-CHU LIN

ABSTRACT. In this paper, we prove the smoothness re-
sults of single and double layer solutions for Helmholtz’s equa-
tion in two and three dimensions. For the most part, results
on the differentiability of single and double layer solutions of
Laplace’s equation extend to the corresponding results for the
Helmholtz equation.

1. Introduction. It is well known that smoothness results of
an integral operator are closely related to the rates of convergence of
the approximate numerical solutions to the true solution of the cor-
responding integral equation. Atkinson [1, 2] applied a particular
Galerkin method to the Laplace equation and gave a complete con-
vergence and error analysis. In [4 or 5], the author applied the same
Galerkin method to the exterior Dirichlet problem for the Helmholtz
equation in three dimensions. The convergence and error analysis of
this required smoothness results of single and double layer potentials.
These results are well known for Laplace’s equation (see [3]), but the
analogous results for Helmholtz’s equation are not available. In this
paper, we prove smoothness results of single and double layer solutions
of the Helmholtz equation in two and three dimensions. For the most
part, results on the differentiability of single and double layer solu-
tions of Laplace’s equation extend to the corresponding results for the
Helmholtz equation.

2. Definitions. We first introduce the following definitions in R®
(see [3, p. 97]).

DEFINITION 2.1. Let a function f(z,y,z) = f(M), defined in a
region D, be bounded and possess bounded and continuous derivatives
up to order £(£ > 0), and let the derivatives of order ¢ be Holder
continuous. Thus
orf
(21) ozP1 ayp28zp3

P1+p2+p3=p
’ p=0,1,2,...,¢ )’
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and for any pair of points M; and M, of D a distance 7 apart less
than a certain number rg < 1, the inequality

¢ ¢
(2:2) |(Gea5555 ) w, ~ (550585555 )

<Ar},, (0<A<1)

holds, where the number A and A are independent of the choice of the
point M. We shall say that f belongs to the class C** in D and write
f € C4*(D). If f satisfies only (2.1), we shall say that f belongs to
the class C¢ in D and write f € C¢(D).

DEFINITION 2.2. Let S be a closed and bounded surface in R3. At
each Q € S, assume there is a tangent plane to S. We use this plane
to introduce a local rectangular coordinate system with coordinates
(€,m,¢), choose @ as the origin, let the ¢-axis be perpendicular to the
plane, and let the tangent plane be the en-pane. Using this coordinate
system, we assume that there is some small d > 0 and a spherical
neighborhood Sy of @ of radius d such that the part of the surface S
within Sy can be represented by a function

§=F(5,77), (5,77) eDd;

where Dy is the domain of F', yielding the portion of S within S;. We
shall say that S belongs to the class C&*,0 < A < 1, if F(€,n) € C4>.
We shall say that S belongs to the class C¢ if F(¢,n) € C%. If the
surface S € C1* we call it a Lyapunov surface.

We shall say that a function f defined on S belongs to the class
C%* on S and write f € C**(S) if f(¢,1) € C** in D4 and the con-
stants A and ) are independent of the choice of the point Q. We shall
say that a function f defined on S belongs to the class C* on S and
write f € C%(S) if f(¢,n) € C? in D4 and the constant A is indepen-
dent of the choice of the point Q).

REMARK. If f € C¢, then f € Ct~11. Also, if f € C%*, then
fECLO< AL
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NOTATION 2.3. Let My be a fixed point of the surface S, Ms a
variable point of this surface, and rqg the distance between My and
M. Further let v be the outer normal to S at the point Ms and (roov)
the angle between the direction of o9 = My — My and v (Figure 2.1).
Sometimes we denote u(Maz) by u(2). If M; is another point on S, we
have similar notation: rey, u(1), (ro1v), ete.

M
0

Figure 2.1

DEFINITION 2.4. (see [8] or [9, 10]). We call

eiklp_ql 3
Lonp) = [ W) S —do, pe R,
s lp—d
a single layer function, and p(q) is called the single layer density
function. We call

0 e*lp—4
Mipu(p =_/ ——dUaP€R3a
(v) s wla) g lp—q
a double layer function, and u is called the double layer density
function. For simplicity, sometimes we write Ly and My only. We
note that, when k = 0, these are the single and double layer potentials
satisfying Laplace’s equation.

If we make the following changes we have the corresponding defini-
tions in two dimensions for f € C¢(D), f € C¥(S), S € C%*, Lyapunov
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curve, and the notations v, (reov), etc.

Three dimensions Two dimensions
f(z,y,2) f(z,9)

ar aP
dzxP1 6yP2 0zP3 ozP1 ayPZ
P1+p2+p3s=p P1+p2=p
surface curve
tangent plane tangent line

local coordinates (&,7,¢) (€,7m)

¢-axis n-axis
&n-plane ¢ line

(or line)
¢=F(&n) n=F(¢)
F(¢n) F(¢)

DEFINITION 2.5. Let Jp be the Bessel function of order zero,

oo

Bo@) = -1 e (3

n=0

Ny the Neumann function of order zero,

2 z
No(2) =;J0(z)(log 3 +C)
SR e (> h(5)”
m = ()2 \ &5 )\2
with
=1
C = lim (Z; —log m) ~ 0.5772156649,

m—oo ¢
=1

and let H((,l) be the Hankel function of first kind of order zero,

H{MY = Jo +iNp.
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We call
L/l,p = 1 —zH(l) kp— do p€R2
k ( ) (q)2 0 ( l QD q» )

a single layer function, and u(q) is called the single layer density
function. We call

0 1
Myutp) = = [ o) 553" (o= adoy, peRE,
q

a double layer function, and u is called the double layer density func-
tion. For simplicity, we sometimes write only Ly and M u.

REMARK. We can write

) 1
SH{V (klp - ql) = ~log —— + E(r),

Ip—dl
where r = |p — q| and E is a continuously differentiable function with
respect to r.

3. Smoothness results of Helmholtz single and double
layer solutions in three dimensions. We prove the following
smoothness results in three dimensions.

THEOREM 3.1. Let S € C**% and u € C*(£ > 0) on S, and assume
E(rqg) 1s an infinitely differentiable function with respect to rog. If

W) = [ u2)Blra)don,
then W(u) € C¢*2 on S.

PROOF. We partially adopt the idea and notations used by Giinter
(3, pp. 312-325] to prove this theorem. Let My be some point of the
surface S; let (&,7¢) be a local coordinate system about My. Let ¥
be a subregion of the surface S, laying inside S; about My and having



88 T.C. LIN

a projection A on the (&,7) plane that is a circle about My of radius
> d/2. Let the radius dy of the circle Ag about My in the (&, n) plane be
so small that the circle A; of radius 2dg in the (£,7) plane, concentric
with Ag, is contained in the projection A of ¥. Let ¥y and ¥; be parts
of S corresponding to Ag and A; under the mapping F(&,n). (For its
two dimensional picture, see §4, Figure 4.1).

We shall start with the fact that, in Ay, u(¢,7) € C¢ and F(&,n) €
C**2, and show that W (u) € C**2 in Ag. We have

W W= [ u@Bnde+ [ w2

The integral over S — ¥ is a function of M; = (&,7,¢). In
some region containing the surface ¥y, it has bounded and continuous
derivatives of arbitrary order with respect to £,7n and ¢. If we replace
¢ by F(&,n) we obtain the value of this integral for points M; on Xg.
Since F'(&,n) has derivatives with respect to & and 7 up to order £+ 2,
this is also the case for the first integral. Hence the first integral belongs
to the class Ct*2 in Ao.

We denote the coordinates of the point My by (&,7,¢) and those
of the integration point M by (z,y, z). Hence

[ 1@B)dos = [ [ ulo ) BCa) (14 (@) +FE (29) 2 dady

where 21 = ((z — €)% + (y — n)* + (F(z,9) — F(§,7))%)"/2. Since
u(z,y)(1 + F@(z,y) + F,’: (z,y))'/? is an element of the class C* if
u(z,y) is, it suffices to show that the integral

() / /A (2, y)E(ra1)dz dy

belongs to the class C¢+2 if u € C¢ and F € C¢+2,

Let w(y) be a function which has continuous derivatives up to
order £ + 3 for all r > 0 and which is equal to one for r < %do and to
zero for r > 2dy. We put

pi(z,y) = p(z, y)w(v 22 +y?),
F](fL‘, y) = F(z,y)w( V z? 4+ yZ),
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where we shall assume that u;(z,y) and Fi(z,y) are defined in the
entire (z,y) plane and are equal to zero outside A;.

In the circle /22 + y2 < %do it is clear that u(z,y) = u1(z,y) and
F(z,y) = Fi(z,y). Therefore, the integral (2) differs from the integral
obtained upon replacing u(z,y) by pi1(z,y) and F(z,y) by Fi(z,y) by
an integral which extends over the subregion outside this circle. Inside
the circle Ag this last integral also belongs to the class C¢*+2.

Just as u(z,y) and F(z,y), the functions u;(z,y) and Fi(z,y) also
have continuous derivatives up to order ¢ and £ + 2 respectively in A;.
The functions u; (z,y) and Fj(z,y), moreover, have these properties in
the entire (z,y) plane, for on the boundary of the disk A; and outside
of it, u; and F; and their derivatives up to order £ and £+ 2 respectively
are equal to zero. To prove our theorem it suffices to show that

90(6,77)=/_°° /_oo p1(z,y)E((z — €)* + (y —n)?

+ (Fi(z,y) — F1(&,71))*)"/?)dz dy

3)

belongs to the class C**2? in Ag. In place of u;(z,y) and Fi(z,y)
we shall henceforth write u(z,y) and F(z,y), again the region of
integration will be the entire (z,y) plane. We denote

(&= &%+ @ —n)’+ (Fz,y) — F(&m))"?
by r for the rest of the proof. Since

(£ —2) - (Fz,y) - F(&m)) - Fe(&m)

r

is bounded,
(4)
3so(~£ n _

/ / u(z, ) E'(r) (€ —Z)—(F(m,y)—F(f,n))Fé(S,n).dxdy‘

r
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We differentiate it again with respect to &,
©)
9%p(&n)
0¢€2

/ / (z,y)E" r)((é’ —z) - (F(z,y)r— F(f’"))Fé(E,n)y

[ e
.(1

— (F(z,y) — F(&,n))FL(€,n) + FL (&7)

r

dz dy.

_((ﬁ—z)—(F(l‘,y) F(&n))Fe (E,n))? 1)

r

We note that all of the integrands in the above integrals have only weak
singularities.

We go over to polar coordinates, with origin the point M;(&,n),
and put ¢ = £ 4+ pcosf,y =n + psinf. Then

F(M. F(M;y) —/ F(é+tpcosf,n + tpsinf)dt
=/0 (F¢(M)pcost + F, (M)psin6)dt

1
=p/ (F¢(M) cos 0 + F} (M) sin 0)dt
0

where M denotes the point with coordinates (€ +tpcos8,n + tpsin).
The function

01(€,m; p,0) = LM2) = F(My)

(6) L
- / (FL(M) cos 0 + F.,(M)sin 6)dt
0

has continuous derivatives with respect to all its arguments &, 7, p, § up
to order £+ 1. We denote F(e+ pcosf,n+ psind) — F(&,n) by [F] and
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{;()xay) - F(&sn) by [F] Then
0%p(&,m)
0€2

2m
- / / W(E + peosh,n + psin 0)E" (5% + [F?)V2)
0 0

—cos 8 —1(&,m; 0, 0)Fg(€,m)\2
( (L+92(&,m;p,0))1/2 )pdpd0

2T o) -
+ / / W(E + peosh,n + psin 0)E'((? + [F?)1/?)
0 0

' (1 — p1(&,m; 9, O)FE (€,m) + FL (€,)
(1 +93(& m;p,0))1/2
B <—C089—wl(ﬁ,ﬂ;P,a)Fé(E,ﬂ))z_ 1
(L +9F(&m; p,0))1/2 (L+93(€,m;p,0))1/2

By induction, we see that the derivative of order k of the function

)dpdo.

E(\/p? + [F]?) with respect to &,7 is a finite linear combination of
functions of the form

[ (BIEW) o T Fe)
®)  ECWe2+[FP)(—=) ] 50
(\/p2 + [FP) JI=I: (p? + [F12)Pi~%
with n,s,b,p;,v; integers and 0 < n,s,b,p;,v; < k, v; depends on
pj,b+n=s. If p; =0, we let H?i"l[ﬁ'(”‘)] =1and (p®®+[F])P"2 = 1.
If n =0, we let

2”1 [F(V.)]

————=1.
1;[ (02 + [F)2)pi~3

We note that the above expression is also true for E'((p?+[F]?)!/?)
and E” (p+[F]?)Y/2, if we replace b+n = s by b+n = s—1,b+n = s—2
respectively. If 0 < v; < £+ 1, we have F(*:) € C! and hence

[FCI)) = [FM) (2,y) = FC (&,m) < ep
for some constant c. Since p% + [F]? > p? we also have

H?ZJ (Cp)zp
(p2 + [F]2)p—% p2p—1

= c?p.
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Thus the expression (8) is bounded if 0 < v; < £+ 1, each integrand
of (7) has continuous derivatives up to order £ with respect to &,7. So
d%p(€,1n)/9€? has continuous derivatives up to order £ with respect to

&,7n. Similarly, we can show that %@, %}% have continuous deriva-
tives up to order £ with respect to &,7. Thus, p € C¢t2. 0

THEOREM 3.2. Let S € C**? and u € C(€ > 0) on S, and let
E(rq0) be an infinitely differentiable function with respect to reo. If
W () = [5(2)E(rg0) cos(raoua)doy, then W (u) € C4*2 on S.

PROOF. Let My, (&,m,¢),A0,A1,do, Z be defined as in the proof of
Theorem 3.1. We have

W(/I,) Z/; = /1,(2)E(’l‘21) COS(T21V2)d0'2
(1) -
+Lu(2)E(rgl)cos(r21V2)d02

For the same reason as before, we only need consider the second integral
on the right-hand side of (1).

We denote the coordinates of the point M; by (€,7,¢) and those
of the integration point M; by (z,¥, z). From the relations

riz=((z— 6%+ (y—n)?+ (F(z,y) - F(&n))H)"/?
and

F(€,n) = F(z,y) + (z — §)FL(z,y) + (y — n)F, (z,y)
riz(1+ FE (z,y) + FY (z,y))/? ’

COS(T]2Z/2) =

/}:u(2)E(r12)cos(r12v2)d02

(2) =/A/N(-’E,y)E(7‘12)
F(&n
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We define w(r), u1(z,y), F1(z,y) the same as in the proof of Theorem
3.1. To prove our theorem it suffices to show that ¢ € Ctt2? on Ay,
where

©)

/_oo [oo pa(z, y)E(((x — 6)2 +(y— 7’)2 + (Fy(z,y) — Fi(e, 77))2)1/2)

CFi(&n) - Fi(z,y) + (@ - §Fi(2,9) + (y — n)Fiy (2,9)
(z— 8%+ (y—n)? + (Fi(z,y) - F1(§,7))2)'/?

dz dy.

In place of u;i(z,y) and Fi(z,y) we shall henceforth write u(z,y) and
F(z,y), and again we take the region of integration to be the entire

(z,y) plane.

Our approach to this theorem is the same as in Theorem 3.1. We
first differentiate twice, and then change to polar coordinates to show
that the second derivative is in C¥.

For simplicity, we denote F(&,n) — F(z,y) + (z — §)F¢(z,y)
+(y —n)Fy(z,y) by {F} and F(z,y) — F(&,n) by [F].

We denote r12 by r for the rest of the proof. Applying the mean
value theorem, we see that

Fé(fﬂ?) _Fé(fl,‘,y) and %

r

are bounded. So

Bw(é,n)
/ / (2. 9)E'(7) E—z— [f]Ff(f’")@dzdy
(4) +/ / u(m,y)E(r)Fé(g’n) ;Fg(x,y)dzdy
/ / {f;} E—z— [f]Fg(f, dzdy

=0 + 1 — Is.
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We differentiate it again,

3I1

LIN

[ [

- [F]Fé(é,n))zif—}dibdy

r

—z — [F]F{(§ )

+/ / u(z,y)E'(r)
—00 —00

r

r

)d:c dy

2(Eﬂ?)

r

B ( € —z — [FIF{(€, n))2) dzdy,

5) <Fé(€ )= Fiew) {F) €= 2= [FR(E
/ / e E' () {F} 1 — [F]Fge(€,m) +

(6)

812

r3

F¢(§,m) — Fe(z,y)

/ / (z.9) E,(r) —z— [FlFg(§m)

r

(Fé(f,ﬂ) -

Fe(2,9))

o[ s (R

—IE—

[F]Fe(&m)

(9[3

[ Lot

r

—z — [F]Fe(§m)\2

r2

)dz dy,

r

) de dy

dz dy
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/ / u(z,y)E {F}<1—[F]F" L(&,m) + FL (€,7)

r

_(emn-inrenny,

r3

— [F|FL(¢,
/ / (z,9)E(r ) [7.] g(f n)
. (Fé(&n) F(z,y) 2{F} €-z-— [F]Fé(ﬁ,n))dzdy'

2 r3 r

|
‘ We go over to polar coordinates with origin the point M; (¢, 7) and put
| z=&+pcosh, y=n+psind.

Then

F(M;) — F(M,) = / F(&+tpcosf,n + tpsin@)dt

—p /0 (FL(M) cos 0 + F! (M) sin 0)dt,

where M denotes the point with coordinates (€ +tpcos8,n + tpsin8).
The function
F(My) — F(M
¥1(&m;p,0) = (o) 5 (¥1)
(8) 1
= / (F¢(M) cos§ + F, (M) sin 0)dt
0

therefore has continuous derivatives up to order £ + 1. Integrating by
parts, we further obtain

1
F(Ms) — F(M;) =/ %F M)t
0

F(M ' d2
t% ( )|0 dt2

= F¢(My)pcosf + F,’,(Mg)psinﬁ

2 F(M)dt

1
-p? / t(Fge(M)cos® 6 + 2F(, (M) cos 0'sin §
0
+ Fyl, (M) sin® 0)dt.
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From this it follows that the function

Y2(€,m; 0, 0)
_ F(My) — F(M3) + peos 0F¢(M3) + psin 0Fy (M2)

9) p?

1
= / t(Fge(M) cos® § + 2F{, (M) cos 0sin 8 + F, (M) sin® )dt
0

has continuous derivatives with respect to all the arguments &,n, p, 0
up to order 4.

1
d .
Fi(My) — Fe(My) = A EFé(E-’-tpcos,nﬁ-tpsmf))dt

1
- P/O (Fge(M) cos 0 + Fg, (M) sin 0)dt,

where M denote the points with coordinates (£ + tpcos@,n + tpsing).
Let

b3(€,m;p,0) = Fe(Ms) — Fe(My)
(10) p

1
- / (FL(M) cos0 + FZ (M) sin 0)dt
0

have continuous derivatives with respect to &,7, p,0 up to order £. In
the expression of {F} and [F], if we replace z and y by £ + pcosé and
n+psin 0 respectively, we obtain a function of £, n, p, 6 which we denote
by {F} and [F] respectively. So
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(11)
611 /2 / u(€+ peosh,n + psin)E" ((p* + [F]*)'/?)

( cosf — ¢1(§aﬂ P )Fg(é’ ))2 P1/J2(§,7I:Pa )
(1 +93(&,m; p,0))1/2 (1 +92(&,m; p,0))Y/

2m [e) ~
+/ / (& + peos,n + psin ) E' ((p* + [FI*)'/?)
0 0

- —cosf — i (&,m5p,0)Fg(€,m)
(1 +%E(&m;0,0))1/2
. ( —1/13(5,77, P 0)
(L+%3(&m;p,0)*/2
_ ¥2(&m;p,0)(— cos b — (&, m; p, ) Fg(€,m))
(T +93(&m;p,0)1/2)

27 ~
+/0 /0 u(€ + peos,n + psin ) E'((p* + [F]?)'/?)
. pwz(E,n;p,B) (1_p¢1(§7n;p30)Fg§(£»n)+Fé(€177)
(1+93(€,7m;0,0))1/2 p(1+ 93(E,m;p,0))1/2

_ (=peost — pyu (& m; 0, 0)FE(E,m)°
(p(1+ 93 (€,m;0,0))1/2)3

5 pdpdd

pdpdf

)pdpds,

(12)
2m
612 / / w(€+ peos,n + psin ) E' ((p* + [F]?)*/?)

—cos—9i(§mp O)Fe(&m)  —y3(&,m3p,0)
(1+92(€,m;p,0))1/2 (1 +93(€,m;p,0))1/2

27T o)
+ / / W(E + peost,n + psinO)E((0* + [F]?)V2)
0 0
. ( Fgf(f’ﬂ) —1/)3(5,77;,0, 0)
(

pdpdd

p(L+93(&,m;0,0))1/2  p(1+93(€,m;50,0))
—cos 0 —p1(&,m; p,0)Fg(&,m)

e e Ll
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(13)
oIy
Fr

2m [e5e)
/ / W(E + peosd,n + psin ) E' (2 + [F?)/?)
0 0

~_Ya(&m;p,0) (—0080 —1(&,m;p,0)F¢(€,m)
1+ 93(&m;p0,0) (1+92(&m;p0,0))1/2

2w poo .
[ 7 e+ pcostn+ psimd)B(( + (PP GO
0 0

T+ 93(€m;0,0)
. (1 — p¥1(&,m;p,0) e (&) + FL (&)
p(1+93(€,m;p,0))1/2
(—pcosd — py1 (€, m; p,0) F((€,n))?

_ (p(1 4 42(€,m;p,0))1/2)3 )pdpda

2m oo .
+ / / U(E + peost,n + psin 0)E((5* + [F12)2)
0 0

= cos8 — (& m, p, 0)F ()
(1 +93(&m;0,0))1/2
. ( ~3(&,m; p,0)
p(L+¥3(€m;p,0))
_ 2a(&m; p, 0)(—cos B — (&, m; p,0) Fe(€,m))
p(1+9F(€,m50,0))?

It is easy to see that 0I,/3¢&, dI2/0€, and 0I3/0€ have continuous
derivatives up to order £ with respect to &,7, so does 9%p/d¢2.
Similarly, we can prove that 8%p/dn? and 8%¢/dnd¢ belong to the
class C* with respect to £,7. Thus ¢(&,n) belongs to the class Cct2?. o

)2pdpd0

) pdpdd.

Since smoothness results for the Laplacian single layer potential
are not known, we prove the following theorem, following the same
arguments as Giinter [3, pp. 312-325] for the Laplacian double layer
potential. For details of the proof of Theorem 3.3, see [4].

THEOREM 3.3. If S € C*+22 e C4* (£ >0) on S, and

W) = /S u(2)——das,
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then W (u) € C1N | where X is arbitrary in 0 < X' < A
Now we prove our major result, Theorem 3.4, in this section.

THEOREM 3.4. If S € C**2 and u € C4*(£ > 0) on S, then
the Helmholtz single layer L (u) and double layer My (u) belong to the
class C4H1A" | with N arbitrary, 0 < X < A.

PROOF. We split

eik'rgo

Lmo=Lum dor

720

1 etkr2o0 _ 1
= [ wO) Lo+ [ w0 Lo,
S 720 S 720
8 eikrzo
M, = - / 2)— do
k(1) s &( Bvs T20 2

0 1 0 etkro _ 1
= - 2)— —do- 2 ——dos.
/Sli( )81/2 ro /s g )31/2 20 ?

The functions (e¥720 — 1) /799 and 8/dv; ((e**720 —1)/r20) can be writ-
ten in the form E(rqo) and E(rgg) cos(rgov2). Thus, by Theorems 3.1,
3.2, 3.3, and [3; Theorem 3., p. 106], we obtain the theorem. O

REMARK. For £ = 0. Werner [10] proved the following stronger
result under a weaker hypothesis on S:

If S e C? and u € C%*, with 0 < A < 1, then the Helmholtz
single and double layer belong to the class C1*.

We also prove the following theorems, if u is bounded and integrable
on S.

THEOREM 3.5. Let S € C1, u be bounded by a constant A and inte-
grable on S, and E(rzo) be an inﬁnitely differentiable function with re-
spect to roo. IfW(u) = [ u(2)E(ra0) cos(raora)doy, then W (u) € C1
on S.
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PROOF. With the same notation as Theorem 3.-1, we know that it
suffices to consider only

p(&n) =
/ / w12, 9)E(((z — €)% + (y — 1)? + (Fi(z,) — F1(£,7))2)"?)

(F)
G-+ =+ (B - FEmr

We replace u; and Fy by u and F, respectively, for simplicity. Let
R(&m;2,y) =E((z — &® + (y = n)* + (F(z,y) — F(£,1)))"/?)

. {F}
(=82 +(y—n)?+ (F(z,y) - F(&n))?)/?

Then
+E( )(Fﬁ(g’ )T (IIJ y) {Tiz}'g_z_[f]FE(g’n)>

We have a similar equality for R/dn. Let My(&,n) and M;(€,n1) be
two points a distance § apart. We denote the distance of the points
My, M from the integration point Ms(z,y) by p, p1 respectively. And
let R(Mo,MQ) = R(0,2),R(M1,M2) = R(1,2) Since

[{F} |
=| F(§n) = F(z,9) + (z — ) F'(z,9) + (y — n) Fy (z,v) |
=| (@ = O(Fe(z, ) — Fe(&',n) + (v —n) - (Fy(z,9) — Fy(€',n) I< cp,

where (¢',n') is some point in the interior of the segment joining the
points (z,y) and (£,7n), we have

(1) | R [<ei,
OR c2
@ 156l <5
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Then

’/ / u(z,9)R(1,2)dz dy - / / (. 9)R(0,2)dz dy
//,,>25 u(z,y)(R(1,2) — R(0,2)) | dzdy
//m p(z,y) | | R(1,2) | dzdy
#[[ . tutan 1RO | dzay

From (1),

26
// (z,9) | | R(O, 2)|dzdy<27rAc1/ pdp
<25 0

2
= 21 Ac, (22) < c3é.

3)

Since the circle p < 26 is contained in the circle p; < 36 we
obtain for the second integral on the right-hand side of (3 )mmﬂarly the
estimate c46. From the triangle inequality, we see that % p<p < % p
is valid for the region p > 28, where p’ is the distance of the point M,
from an arbitrary point of the segment MoM;. From the inequality

(2),

|R1,2) - RO.2) | = |(32R),, (€& - O+ (5oR),, (n =)
<§_22<ﬁ
sz,

M’ here denotes some point of the segment MyM;. Recalling that R
vanishes for all sufficiently large p, e.g., for p > a, we find

//,,> u(z, y)(R(1,2) = R(0,2)) | dedy

a -
< 2meh dp <cé.
26
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This completes the proof.o

THEOREM 3.6. Let S € C!, pu be bounded by a constant A and
integrable on S, and E (1'20) be an inﬁm’tely differentiable function with
respect to ra0. If W (u) = [ u(2)E(ra0)dos, then W(u) € C™' on S.

PROOF. With the same notation as Theorem 3.1, we know that it
suffices to show that

p(&,n) =
/_ /_Nl(x, YE(((z - €)*+(y — )2 +(Fu(z,y)—F1(&,1)?)?)dz dy

belongs to the class C%!. We replace y; and F; by u and F for
simplicity. Let

R(&mz,y) =E((z— %+ (y—n)* + (F(z,y) — F(&n)*)?);
then

OB _B((e-€2+ -+ (Fley) - F&:n))?)

€
—I—[F]F’ fa
'((z—&) T (y—n)? + [FP)2

As before, it is clear that

| R |< e1, ,<c2

el <o |5
43
We use the same argument as in Theorem 3.5 to prove the theorem. O

With the same argument as Theorem 3.4 we can prove the follow-
ing theorem by using Theorem 3.5, 3.6 and [3, p. 44, p.49].

THEOREM 3.7. If S € C1* and p is bounded and integrable on S,
then the Helmho]z single layer Li(u) and double layer My (u) belongs
to the class CO* | with X' = X if 0 < A < 1; X arbitrary, 0 < X < X if
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A=1

REMARK. Werner [9] proved the same result under stronger as-
sumptions that u is continuous on S and S € C2.

4. Smoothness results of Helmholtz single and double
layer solutions in two dimensions. In this section, we prove sim-
ilar smoothness results of Helmholtz single and double layer solutions
in two dimensions.

THEOREM 4.1. Let S € C**2 and p € C*(€£ > 0) on S, and assume

B}rz(rm = iH{ (krao) — Llog(1/ra0). If W(k) = [g u(2)E(ra)dos,
then

W (k) € Ct1A on S,

where X arbitrary in 0 < N < 1.

PROOF. We adopt the same notations as §3. Let My be some point
of the curve S; let (£,7) be a local coordinate system about Mp. Let
Y be an arc of the curve S, laying inside S; about My and having a
projection A on the £-axis that is an interval about My of radius > d/2
(here radius means half length of the interval). Let the radius dy of
the interval Ag about My in the £-axis be so small that the interval
A; of radius 2dp in the £-axis, concentric with Ag, is contained in the
projection A of ¥ (Figure 4.1).

We shall start with the facts that in Ay, u(€) € Cf and F(€) €
C**2, and show that W (u) € C¢***" in Ag. We have, for the value of
W(/l) at M],

(1) W () =/s—z: w(2)E(rq1)do2 +/2u(2)E(rgl)d02.

The integral over S — X is a function of M; = (&, 77) in some region
containing the curve ¥y and away from the curve S —X, it has bounded
and continuous derivatives of arbitrary order with respect to (£, 7). If
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Figure 4.1

we replace 7 by F(£) we obtain the value of this integral for points M;
on 20.

Since F(&) € C%*2, this is also the case for the first integral. Hence
the first integral belongs to the class C**2 in Ao.

We denote the coordinates of the point M; by (£,7) and those of
the integration point M, by (z,y). Hence

/ p(2)E(ra1)dos = / p(2)E(ra) (1 + F" (2))"/?dz,
z A

where ro1 = (¢ = €)? + (F(z) - F(€))*)/*.

Since p(z,y)(1+ F” (2))'/2 € Ct if u € CY, it suffices to show that
the integral

(2) /A,u(z)E(rgl)dz

belongs to the class C¢+1 if y e C* and F € C¢+2.

Let w(r) be a function which has continuous derivatives up to order
£+ 3 for all r > 0, which equals one for r < %do and equals zero for
r > 2dg. We put

pa(z) = p(z)w(| = |),
Fi(z) = F(z)w(| z ]),
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where we shall assume that p;i(z) and Fj(z) are defined in the entire
real line and are equal to zero outside A;. In the interval | z |< 3/2dp
it is clear that p(z) = p1(z) and F(z) = Fi(z). Therefore, integral
(2) differs from the integral obtained upon replacing u(z) by p1(x) and
F(z) by Fi(z) by an integral which extends over the subinterval outside
the interval | z |< 3.2dp. Inside the interval Ag, this last integral also
belongs to the class C¢+1:2,

Just as p(z) and F(z), the functions y;(z) and Fi(z) also belong
to the classes C¢ and C%*? in A, respectively; moreover, the functions
p1(z) and Fy(z) have these properties i the entire real line, for on the
boundary of the interval A; and outside of it, u; and F; and their
derivatives up to order £ and £ + 2 respectively are equal to zero.

To prove our theorem it suffices to show that

oo

B) (@)= / p1(2)E(((z — €)% + (Fi(z) — F1(€))%)Y/?)dz

—00

belongs to the class C+1:A" in Ag. In place of uy(z) and F (z) we shall
henceforth write u(z) and F(z), and again the interval of integration
will be the entire real line. We will denote ((z—¢)2+(F(z)—F(£))?)'/?
by r for the rest of the proof. Since ((£ — z) — (F(z) — F(&))F'(€))/r
is bounded,

30/(6) _/oo /I,(Z)El(”') (E - .’II) — (F(.’L‘) — F(E))F/(f)dz

—oo T

I3 _ _ _ !
[ wppn 2= - rOrQ,

o [ e DD FEOQ),,

=p1(£) + p2(8)-
We will show ¢'(€) € C%* in Ag. We first introduce the function
1
wiea) = [ e+ -,
0

and we have

F(z) = F(§) = (z — ¢1(¢,2).
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Let = £ + p, with p = z — £ > 0; we denote F(€ + p) — F(€) by [F]
and F(z) — F(¢) by [F].

By induction, we see that the derivative of order & of the function
E((p* + [F])*)'/?) with respect to ¢ is a finite linear combination of
functions of the form

. _
(2 Fayzy . [ _FIE)] I1:24 [F<"")l
(5)  E“((p* +[FI)'?) ((p 2 4 [F2) 1/2) H + [F]2)Ps-

with n,s,b,p;,v; integers and 0 < n,s,b,p;,v; < k, b+n = s, y;
depends on p;. Ifp; =0, we let

Pj

[TIF“)) =1 and (0 +[F?)»~% =1.

=1

If n =0, we let
IEBFS)
H p? + [Fpi=3

Without loss of generahty, we can assume that n = 1 if n > 0 and
then denote p; by p. We note that the above expression is also true for
E'((p? + [F]?)Y/2) and E"((p? + [F]?)Y/?), if we replace b+n = s by
b+n=s—1, b+n = s— 2, respectively. If 0 < v; < £+ 1, we have
F®) € C1 and hence

| [F("‘)] |=| F&)(z) — F&9)(€) < ep

for some constant c. Since p? + [F]? > p? we also have

122, (F )
(2 + (PR

(CP)2P 2
< p2p—l =c¢ pp.

Thus the expression (5) is bounded if 0 < v; < £+ 1. Since u(¢) € C*
and v; € C**! with respect to ¢ and p,

— (& €+ P)F(E)
(1 + 93 €+ p))l/2

p2(€) = /Ooo p(€+ p)E' (0 + [F11)V/?)—
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belongs to the class Cl. Letz=¢—p, p>0,and F(€—p)— F(€) by
[F]. Applying the same argument, we can show

1—91(& €= p)F'()
(1 +97(& € - p)'/?

o1(6) = /0 - DB (07 + V) dp

also belongs to the class C¢. Therefore ¢'(¢) € C¢ and p(€) € C¢1.
It remains to show that o(¢+1)(¢) € C%* in A,.

The derivative of order £ of p3(&) is a certain linear combination
of a finite number of integrals of the type

[o o]
(6) / W™ (€ + KE™ (€, p)dp, m=0,1,...,¢,
0

where (™) denotes some derivative of order m of u(¢) and K(¢—™)
some derivative of order £ — m with respect to € of K (¢, p), with

—p— [F]- F'(¢)

K& =B+ ) i

To prove the theorem, it suffices to show that an integral of type
(6) belongs to C%*'. We investigate K(¢=™)(¢, p) more closely. By
induction we can show that a derivative of order k of the function
—p + [FIF'(¢)
(77 + [F12)1/2

is a finite linear combination of the form
~ 2p ~ ~
(0 + [F]2)—(%+p) H[F(v)] (FWD). F@(g)
i=1
or
2p
~ 1 - -
(0® + [F1?)~GH) [[[F“)] - (—p + [FIF'()),
=1

with p, v;, v, a integers, 0 < p,v;,v < kand 1 <a<k+1. Ifp=0, we
let [T2?,[F*)] = 1. Thus each of the derivatives K (£=™)(¢, p) is some
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linear combination of a finite number of expressions of the form

()P0 y,nﬁwmn
(

MWW+WHW(

™ (W +FP)2 ) (o2 + [F12)P~4
G2,
et T
where

TERM = —p + [FIF'(¢) or [FM|F@ (¢),
0<p,q,v,bv;,w; <L—-—m<¥,
1<s<0+1, 1<a<til-m<es1, b={5"2 Hp>0
s—1, ifp=0
If p = 0, we assume [J22,[F(*)] = 1 and (p? + [F]?)?~% =1, and
similarly for ¢ = 0. We denote expression (7) by R(§, p), and the func-
tion obtained on replacing in (7) the quantities [F ()], [F(:)], [F], p by
[F®)), [F),z — €, by R(€, ). Since | [F*)] |< cp and p? + [F)? > p?,
it is easily seen that R is bounded. Now we claim that
OR c
— | < -
15e1<1
Indeed, denote F(**) by F;, [T, [F“9)] by 1, thopr~(P~1 by Q,,, 1hger—(24+1)
by Q4. We have
oR
Oft _ p(s+1)((,2 4 [F12)1/2) .
= (6 + (1))

£~z — [FIF'(§)
@+ )72

b
(_[F”.__F“)] ) ., -0, - TERM

@+ ()
IR b—1

.(—wyF%o—F%@uﬂn_[ﬂuﬂn,e—z—ww%@)
(0 + [F]2)1/2 P (P + [F]2)17

LGSR
-Qp - Q- TERM + (W)

00,

(OTERM | rERM. (Qp.3£—+nq-a—;lgi))].

’(QP'Q(I 86
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Since
o0 ¢ —z)— [FIF'(¢ 1 &
79—52 =-(2a+1) : )rqus] ( )%" Yo D P Yaa-1
k=1

with 19q—1,k = 24/ Fk, it is easy to see that ‘(‘mq/ag’ < Bi/p? for
some constant B;. Similarly we can show that

OTERM

l%—%’ < By, l—a{—l < Bs.

Also it is clear that
Q| < 1P, Qp-TERM| < ¢y,
0] < —3 ITERM]| < cqp.
Therefore |0R/0&| < c¢/p for some constant c¢. For derivatives of

©1(€) we have the same expressions of R(¢, p),R(&,z),|R| < ¢ and
|OR/IE| < c/p, if we replace p by & — z. Thus, in general,

OR c
®) Rl<e |56 < o
Now we will show that

2= " ™ (@)R(€, 7)dz

belongs to C%*" on Ag. In place of u(™ we shall simply write x, where
it is assumed that u € C°. Let My(&) and M;(€;1) be two points a
distance 6 apart, then

9)
l/_oou(m:)f‘Z(El,a:)dac—/_oo u(z)R(E, x)dx‘
: /|z—£1525 W@IRE )l + [ @)l R(E )l

|lz—€|<2s

s @R, - R D)
lz—&]>25
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Let p be bounded by a constant, say A, then

/ Iu(@)||R(€,2)ldz < Ac - 46.
|z—€|<26

Since the interval |z — £| < 2§ is contained in the interval |z—&;| <
36,

[ @R, 2lde < 64es
|z—¢€|<26

Now we consider the third integral on the right-hand side of (9). Using
the mean value theorem and (8),

|R(&1,2) — R(&, = |—6\(8€)M’ = Izé—cf'l

where M'(¢') lies on My, M;. We note that |z — &'| > |z — §|/2 for
|z — €| > 26. We can also assume that R = 0 for |z — €| > a, then

/ |u(z)(R(&1,2) — R(E, z))|dx
|[z—£&|>25

< Acé/ —2—d:c
a>|z—§&|>2 l:l: - El

£+a 1 £—25 1
= 2Acb dz +/ dz
5+25 r—¢ —a §—2

= 4Acé log % < 1 A8V,

where ) arbitrary in 0 < M < 1.0

THEOREM 4.2. Let S € C**2, and u € C* (¢ > 0) on S, and
assume E(rqg) 18 defined the same as Theorem 4.1. At Ma € S, define

W) = /S 1(2) E(ra0) cos(raoua)do.

Then W () € CHT1 on S, where N is arbitrary in 0 < X' < 1.
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PROOF. Since the proof is about the same as Theorem 4.1, we only
mention the following differences:

v(&) =/°° u1(2)E(((z = €)* + (Fi(z) - F1(6))'?)

' RO -F@)+ (- O dz
(= )2 + (Fi(z) — F1(8))2)V/2

As before, we still denote uy, Fy by u, F, respectively. In addition to
11 defined in the proof of Theorem 4.1, let

Y2(€,7) = /0 tF" (& + (z — &)t)dt,
1
Y3(€,7) = /0 F"(€+ (z — &)t)dt.

Then
F'(z) = F'(€) = (z - )¥s(¢&, 2),

and, applying integration by parts to s,

F(z) = F(€) + (€ ~ 2)F'(z) = — (€ — 2)*¢a(&, 7).
We denote r12 by 7 for the rest of the proof.

)= [ uap S 2= I = FENFE

 FO-F@tE-OF@),
(1) + /_oo w(z)E(r) - wdm
_ [:: u(z)E(r) . F(E) — F((II);I;(Z — ‘S)Fl(x)
ez () - FEOIF(E)

We split each integral into ff ot/ E°° and change the variable to show
these integrals belong to C¥, as in the proof of Theorem 4.1. Therefore
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©'(€) € Ct and p € C*+1. It remains to show that o(¢+t1) € CON'. We
call p3(¢&) for the | :° part of the third integral of (1).

The derivative of order £ of p3(&) is a certain linear combination
of a finite number of integrals of the type

(2) / u™ (& + p)KE™) (€, p)dp,
0
where

F(§) = F(E+p) +pF'(E+p) —p—[F]-F'(§)
P2 + [F]2 (p? + [F]2)1/2
Let {F} = F(§) - F(z) + (z — §)F'(z) and {F} = F(§) - F(£ +p) +

pF'(€ + p). We can show that each of the derivatives K(¢—™)(¢; p) is
some linear combination of a finite number of expressions of the form

(3) K(&,p) = E(r)-

[mmn)” 132 [F¢9)
(F + PP 5 6+ 1Py
APy TP g
(0? + [F]?)1t= (0? + [F]2) 3+ |

EWW+®W%(
(@)

0<s,b,p;,4, 81,Vi,82,w; < £—m < £,b+n =s,v; depends on p;®and
81. TERM is the same as in Theorem 4.1. Without loss of generality,
we can assume that n = 1, if n > 0, and then denote p; by p. We
denote the above expression by 1~2(§ ; p), and correspondingly, we have
R(&,z) as before. By the mean value theorem,

{F(2)}| < Bp?

for some constant B. By a complicated (but not deep) algebraic
computation, as in the proof of Theorem 4.1, we can show that

(%) RIS, |54 <2

We can get the same estimate for the ff o Part of the third integral of
(1). Proceeding as in Theorem 4.1, we can show that the third integral
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of (1) belongs to C¢*1:A". Similar arguments hold for the second and
the first integrals of (1). We note they also have the same estimates of
R and ‘g—?. Therefore ¢'(£) € C4, ie., p(€) € CH1Y .0

THEOREM 4.3. If S € C**2* and u € C4* (£>0) on S, and

5}
W(p) = —/8;1(2)8—1,210gr20d02

_ _/ ,u(2)cos(r20y2)d02,
s

720

then W (u) € CtTLX on S, where X' arbitrary in 0 < X' < A.

PROOF. The proof is quite similar to [3, p. 312-325] for the Lapla-
cian double layer potential in three dimensions. We omit the proof, for
details see [4].0

REMARK. For the case £ = 0,0 < A < 1, Schippers (7] showed
W (u) € C** on S under a weaker assumption: u is bounded and inte-
grable on S.

For the Laplacian single layer potential, we give a completely dif-
ferent proof using trigonometric series. '

THEOREM 4.4. Let S € C**3 and u € C4*(£ > 0) on S. If
W (u)(p) = /S u(g)log |p — qldog, pES,

then W (u) € C1A on S, where

Vo I Fo<A<1
T larbitrary im0< N <1, fArA=1.
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PROOF. Let the curve S be parametrized by (f(s),g(s)),0 < s < L,
where s is the arc length, f and g € C*+3. Let p = (f(¢),9(t)), then
considering W (u)(p) is equivalent to considering W (u)(t) where

L
W0 = [ (o) 08(((5) = S0 + a(e) = o(0)") /s

Let (fc(s),gc(s)) = (L/2n)(cos(2ms/L),sin(2ws/L)),0 < s < L, bea
point on a circle of radius L/27. We split W into two parts,

(1
1 ((5) = F(1)* + (als) - g(0))?
W0 =5 [ w08 G e e

L ) L
+/0 u(s)log((f(8) = fe()* + (9o (s) — go(1))?) 2 ds
=W1(u)(t) + Wa(u)(2).

If 4 is continuous on S, then Wy (u)(t) € C**2,¥ 0 <t < L. Indeed,
let

++

Y1(s,t) = / (s + (t — s)u)du,
o

Ya(s,t) =/ g (s + (t — s)u)du,
o

va(s,0) = [ fols+ (= Su)da,
°

Y4(s,t) = /0 g (s+ (t — s)u)du

f(s) = f(t) = (s = )i (s,),
g(s) — g(t) = (s — t)h2(s, 1),
fe(s) = fe(t) = (s — t)¥s(s,t)
gc(s) — go(t) = (s — t)a(s,t)

Therefore

L 2 2
v [ one et
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also belongs to C¢*2.
Now we consider W5 (u)(t). By [6, p. 517]

log((fc(s) — fo(t)? + (g (s) — go(1)?)?

L 21 2mns 2mnt
2) logé—;—g—(cos—[/——-cos—f—

+sin 2mns sin 27rnt)
L L/
which is convergent in the L? sense. We write

a0 — 2mn 2mns
u(s) = ?+n§1 (ancos T +b sin —— )

where L
2 2mnt
an = E/o u(t) cos —L—dt
2 [ 2
by = 2 / u(t) sin 27 gy
L Jo
n=0,1,2,....
Then

L oo
L 1 2mns 27t
Wa(u)(t) —/0 (logg—— E ﬁ(cos 7 o8 ——

n=1
+sin 2mns sin 2mnt ))
L L

" <—z< e

If 4 is a constant ¢, then

(4) Walu)(t) = eLlog o,
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is still a constant. Assuming £ > 1, we have u(9(s) € C0* V0 < s <
L. By the periodicity of u(¢=1),

[o o]

2mns . 2mns
(5) u®(s) = Z (an c0s —— + by, sin 7 )

n=1

in L2-sense, where

an L / 'u,(l) COS 37_rn_t.dt

2 2mnt
=2 O () s
bn I /0 o (t) sin T dt,

n=0,1,2,....
Integrate (5) and use the periodicity of u(*)(s),0 <4 < £~ 2, to obtain
(6)
(8) (%)l( 1)8/2 Zn 1(“'} COS =5 — 27m8 + %‘} sin q""s) +e¢, {even.
(£)4~1)F 12, (28 sin 22ns 2’”‘3 — by cos 2mma) 4 ¢ ¢ odd.

If £ is even, then

Wa(u)(0) =(

Yen(-3

(an 2mnt b, . 2mnt

91

0s

L
) c T ) sin I ) + cLlog o

M8

1

3
Il

Differentiating it £+ 1 times,

L & 27rnt b 2mnt
(l’) - _= ™ gin
(8) (Wap) 5 E: ( =t 7 )
ad 2mnt 2mnt
(e+1) (4) — in 200 nddiidd
(9) (Wap) (t) 71-"2:1 (ansm 7 bp, cos 7 )

In fact, since u(® € CO* (see [11, p. 221]), and

C
lan] < —5 Ibnl <
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then all the series expansions of Wau, (Wou)V), ... (Wou)® are uni-
formly convergent, and hence differentiation is possible.

The last differentiation (W2 w)*1) can be justified for the follow-
ing reason. Let p(t) =Y oo (an s1n(27mt/L) — by cos(2mnt/L)). B
the assumption that u(® is in L2 given in (5), let

(10) wit) = /0 9(s)ds.

Then
ad . 2mns 2mns
/ (Zansm—L— — b, cos i3 )ds
L
2

n=1

2\ /an 2mnt b, . 27nt
= - Z( cs—+— n——)+c
n L

n=1

= (W) 9 (1) +c.
From (10), 9'(t) = ©(t). Therefore (Wou)¢+1(t) exists and

(Wap) 1 () = @(t)

= Z (an sm — by, cos 27;:nt)~

If £ is odd, we can obtain exactly the same expansion of (Wau)® (t)
and (Wou) &1 (¢).

We note that the series Zf 1 (an sin nt—b, cos nt) is called the con-
jugate of the trigonometric series (1/2)ag+ Z 1 (an, cosnt+by, sinnt).
We note that the series expansion of (Wapu) e+1)/7r is the conjugate of
the Fourier series expansion of u(9). By [11, p. 242], the series ex-
pansion of (Wou)®+1) /x is also the Fourier series expansion for #(%),
the conjugate function of u(¥). For definitions, see [11, p. 225]. From
[11, p. 259], (1/7)(Wap) D) = 4® . From (12, p. 121], f € O, if
f€C%0< X< 1. Thus (Wop)EtV(t) € C°*, V0 <t < L, and
therefore

Wa(u)(t) € CH*1Y, Vo<t <L

For the case £ =0, let

= ?0 ; (an cos + by, sin 27}?3)
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Then
Wan(t) = FLlo é——ZC“ o 2L 1 P i 220,
= 2mnt
Wap) D (t) zx%m 4WBT)

By the same reasoning as with £ > 1, we can show (Wou)(D(t) € OV,
and hence Wou(t) € C**,0<t < L.O

THEOREM 4.5. If S € C**** and p € C**(£ 2 0) on S, then
My € CHUVY on S, where N is arbitrary in 0 < N o< A If, in
addition, S € Ct+3, then Lu € C*1> on S where

v ™ fo<A<1
T )oarbitraryin0< N <1, ifrA=1

PROOF. Since (i/2)H{" (k|p — ql) = (1/7)log ;27 + E(lp — ql),
combining Theorem 4.1 and Theorem 4.4, we obtain Ly € C¢t% Yo

S. Slmllarly, combining Theorem 4.2 and Theorem 4.3, we obtaln
MpeCH1X on S. o

Using the same arguments as in §3, Theorem 3.5-Theorem 3.7, but
changing to the two-dimensional analogues, we can obtain the following
theorems.

THEOREM 4.6. If S € C!, u is bounded and integrable on S, and
W) = [ W)Era)ion

then W(u) € C%1 on S.

THEOREM 4.7. If S € C'*, u is bounded and integrable on S, and

W (u) =/SN(Z)E(Tzo)COS(Tzovz)daz,
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then W(u) € C%1 on S.

REMARK. If S € C!, i is bounded and integrable on S in Theorem
4.7, then W (u) € C%*, where A arbitrary in 0 < A < 1.

THEOREM 4.8. If S € CY*, u is bounded and integrable on S, and
0
Wn) == | n(2)5 ~lograodos,
S V2

then W (1) € C°', where

/\I — )‘a 2f0 < A <1
T \arbitraryin0< XN <1, if A=1.
THEOREM 4.9. Let S € C? and p be continuous on S. If

W (u)(p) = /S u(q) log |p — g|dog,p € S,

then W (u) € CO* on S, where A arbitrary in 0 < A < 1.

PROOF. Let f, g, W;,Ws, 11,12, 13,14 be defined as in the proof
of Theorem 4.4. Applying the same argument as Theorem 4.4, we can
show that Wy (u)(t) € C%*, V0 <t < L. Now we consider W ()(t).

We write -,
_ _0 2mns
=3 Z (an cos b"—L ),
convergent in L2-sense, where
2 / L 2mnt
ap = — u(t) cos dt,
"L | L
2 (L 2mnt
by, = — u(t) sin dt,
" LJ, L
n=20,1,2,
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Since u(s) is continuous, so is u(s) — &. Let
t ao
(1) o= [ (u(s) - %)as.
Then L X /an sin 2rnt by, 2mnt
=%nz=:1( ——;cosT)+c.

From (1), ( ) = u(t) — ao/2, and therefore <p(t) —c € C'. Since
Wa(p)(t) = @ Llog & — £ 1 (88 cos 220t 4 ba i 220t the series
expansion of (52)(Wa(u)(t) — (ao / 2)L log(L /27r)) and the series expan-
sion of (2m/L)((t) — ¢) are conjugate. Since (p(t) —c)(2r/L) € CO*,
for the same reason as in the proof of Theorem 2.4, Wa(u)(t) G
Co* 0<t<L.o

THEOREM 4.10. If S € CY*, i is bounded and integrable on S,
then My € C%*' where

v [ F0<A<1,
T larbitrary in0< N <1, fr=1.

If, in addition, S € C? and u is continuous on S, then Ly € CO* on
S where X arbitrary in 0 < X' < 1.

PROOF. Combining Theorem 4.6-Theorem 4.9, we obtain our re-
sults. O
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