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SMOOTHNESS RESULTS OF SINGLE A N D DOUBLE 
LAYER SOLUTIONS OF THE HELMHOLTZ EQUATIONS 

TZU-CHU LIN 

ABSTRACT. In this paper, we prove the smoothness re­
sults of single and double layer solutions for Helmholtz's equa­
tion in two and three dimensions. For the most part, results 
on the differentiability of single and double layer solutions of 
Laplace's equation extend to the corresponding results for the 
Helmholtz equation. 

1. Introduction. It is well known that smoothness results of 
an integral operator are closely related to the rates of convergence of 
the approximate numerical solutions to the true solution of the cor­
responding integral equation. Atkinson [1, 2] applied a particular 
Galerkin method to the Laplace equation and gave a complete con­
vergence and error analysis. In [4 or 5], the author applied the same 
Galerkin method to the exterior Dirichlet problem for the Helmholtz 
equation in three dimensions. The convergence and error analysis of 
this required smoothness results of single and double layer potentials. 
These results are well known for Laplace's equation (see [3]), but the 
analogous results for Helmholtz's equation are not available. In this 
paper, we prove smoothness results of single and double layer solutions 
of the Helmholtz equation in two and three dimensions. For the most 
part, results on the differentiability of single and double layer solu­
tions of Laplace's equation extend to the corresponding results for the 
Helmholtz equation. 

2. Definitions. We first introduce the following definitions in R 3 

(see [3, p. 97]). 

DEFINITION 2.1. Let a function f{x,y,z) = / ( M ) , defined in a 
region D, be bounded and possess bounded and continuous derivatives 
up to order £(£ > 0), and let the derivatives of order I be Holder 
continuous. Thus 

(2 l ì I dPf' 1 c A (Pi+P2+P3=p\ 
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and for any pair of points Mi and M<i of D a distance r\2 apart less 
than a certain number TQ < 1, the inequality 

def \ ( def \ I 
(2*2) \\dx*idv**dz'*JMi V < dxil dyÌ2 dzÌ3 J MX V dxei dyÌ2 dzÌ3 J M2 I 

<Arx
2, ( 0 < A < 1 ) 

holds, where the number A and À are independent of the choice of the 
point M. We shall say that / belongs to the class Ce,x in D and write 
/ G Ce>x(D). If / satisfies only (2.1), we shall say that / belongs to 
the class Ce in D and write / G Ce(D). 

DEFINITION 2.2. Let S be a closed and bounded surface in R3. At 
each Q G S, assume there is a tangent plane to S. We use this plane 
to introduce a local rectangular coordinate system with coordinates 
(fjtyj?)? choose Q as the origin, let the £-axis be perpendicular to the 
plane, and let the tangent plane be the er/-pane. Using this coordinate 
system, we assume that there is some small d > 0 and a spherical 
neighborhood Sd of Q of radius d such that the part of the surface S 
within Sd can be represented by a function 

Ç = F(^rj)i (£,r/)G£>d, 

where D& is the domain of F , yielding the portion of S within Sd- We 
shall say that S belongs to the class C* ' \ 0 < A < 1, if F(£, rj) G C£ 'A. 
We shall say that S belongs to the class Ce if F(ç,rj) G Cê. If the 
surface S EC1,X we call it a Lyapunov surface. 

We shall say that a function / defined on S belongs to the class 
C*'A on S and write / G Ce>x{S) if / (^ry) G C£'A in L>d and the con­
stants A and A are independent of the choice of the point Q. We shall 
say that a function / defined on S belongs to the class Ce on S and 
write / G Ce(S) if f{^rj) G Ce in Dd and the constant A is indepen­
dent of the choice of the point Q. 

REMARK. If / G Ce, then / G Ce~hl. Also, if / G C*>\ then 
/ G C * , 0 < A < 1 . 
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NOTATION 2.3. Let M0 be a fixed point of the surface 5, M2 a 
variable point of this surface, and r2o the distance between Mo and 
M2 . Further let v be the outer normal to S at the point M2 and (r2o^) 
the angle between the direction of r2o = M2 — M0 and z/ (Figure 2.1). 
Sometimes we denote //(M2) by /i(2). If Mi is another point on S, we 
have similar notation: r 2 i , / i ( l ) , (r2iJ/), etc. 

1/ 

M 
0 

Figure 2.1 

DEFINITION 2.4. (see [8] or [9, 10]). We call 

r eik\p-q\ 

Lkv{p)= v{q) | _ | daq, peR3, 

a single layer function, and ß{q) is called the single layer density 
function. We call 

Mkß{p) = - [ ß(q)JLey-fdaq,pe R\ 
J S VVq \P - Q\ 

a double layer function, and /i is called the double layer density 
function. For simplicity, sometimes we write L/J, and M/J, only. We 
note that, when k = 0, these are the single and double layer potentials 
satisfying Laplace's equation. 

If we make the following changes we have the corresponding defini­
tions in two dimensions for / G C*(2?), / €Ce(S),S G CiìX, Lyapunov 
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curve, and the notations i/, (r2o^)5 etc. 

Three dimensions 

f(x,y,z) 
dpf 

dxPidyP2dzP3 

Pi + Pi + P3 = P 
surface 

tangent plane 

local coordinates (£, r/,^) 

£-axis 

^ry-plane 

S = F(t,v) 
F(Ç,v) 

Two dimensions 

ffay) 
dpf 

dxPidyP2 

Pl+P2=P 
curve 

tangent line 

(t,v) 
77-axis 

£ line 
(or line) 

r, = F ( 0 

ne) 

DEFINITION 2.5. Let Jo be the Bessel function of order zero, 

ex? 1 

n = 0 
(n!)2V2^ 

TVQ the Neumann function of order zero, 

NQ{z)=h0{z){\ogZ- + C) 

2 A ( - l ) " / A l \ M 2 " 
"Aï (n!)2 V ^ i / W 

with 

C = ^lirn^ f J T ì _ l 0gm J sa 0.5772156649, 

and let H^ ' be the Hankel function of first kind of order zero, 

H^^JQ + ÌNQ. 
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We call 

Lkßip) = j ß{q)\H$\k\p - q\)daq, p € R2, 

a single layer function, and fi(q) is called the single layer density 
function. We call 

Mkß{p) = -Jß(q)-^r
t-H^)(k\p-q\)daq, p G R2, 

a double layer function, and p, is called the double layer density func­
tion. For simplicity, we sometimes write only Lp and M p. 

REMARK. We can write 

i-H^\k\p-q\)=
l-Xo^^E{r), 

where r = \p — q\ and E is a continuously differentiable function with 
respect to r. 

3. Smoothness results of Helmholtz single and double 
layer solutions in three dimensions. We prove the following 
smoothness results in three dimensions. 

THEOREM 3.1. Let S e Ce+2 and ßeCe(£>0) on S, and assume 
E(r2o) is an infinitely differentiable function with respect to r20- If 

W(p)= f ß(2)E(r20)do-2, 
Js 

then W(n) G C*+2 on S. 

PROOF. We partially adopt the idea and notations used by Günter 
[3, pp. 312-325] to prove this theorem. Let Mo be some point of the 
surface 5; let (£, rjç) be a local coordinate system about MQ. Let E 
be a subregion of the surface S, laying inside Sd about M0 and having 
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a projection A on the (£, 77) plane that is a circle about Mo of radius 
> d/2. Let the radius do of the circle Ao about Mo in the (£, rj) plane be 
so small that the circle Ai of radius 2do in the (£, rj) plane, concentric 
with Ao, is contained in the projection A of E. Let Eo and Ei be parts 
of S corresponding to A0 and Ai under the mapping F(^rj). (For its 
two dimensional picture, see §4, Figure 4.1). 

We shall start with the fact that, in Ai, /i(£, rj) G Ce and F(£, rj) G 
C*+2, and show that W{p) G Cw in A0. We have 

(1) W{ii) = [ fi(2)E(r21)da2 + / ji{2)E{r21)dcj2 

The integral over S — E is a function of M\ = (£,77,f). In 
some region containing the surface Eo, it has bounded and continuous 
derivatives of arbitrary order with respect to f, rj and Ç. If we replace 
ç by F(Ç,rj) we obtain the value of this integral for points M\ on EQ. 
Since F(£, rj) has derivatives with respect to f and rj up to order £ + 2, 
this is also the case for the first integral. Hence the first integral belongs 
to the class C £ + 2 in Ao-

We denote the coordinates of the point Mi by (£, rj, ç) and those 
of the integration point M2 by (x,y,z). Hence 

J »(2)E(r21)da2 = J J p{x,y)E{r2i)(l+F£{x,y)+F^{x,y))^2dxdy 

where r21 = ({x - Ç)2 + {v ~ v)2 + {F{x,y) - F^rf))2)1/2. Since 
fi(x,y)(l + F£(x,y) + F^ (x, y))1^2 is an element of the class Cl if 
ix{x,y) is, it suffices to show that the integral 

(2) f f ii{x,y)E(r21)dxdy 

belongs to the class C*+2 if p e Ce and F e C w . 

Let a; (7) be a function which has continuous derivatives up to 
order I + 3 for all r > 0 and which is equal to one for r < §do and to 
zero for r > 2do- We put 

Pi(x,y) =//(x,2/)a;(\/x2+2/2), 

F i (x ,y )=F(x ,y )o ; (> /x 2 +y 2 ) , 
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where we shall assume that /j,i(x,y) and F\(x,y) are defined in the 
entire (x,y) plane and are equal to zero outside Ai. 

In the circle \Jx2 + y2 < §do it is clear that /J<(x,y) — //i (x, y) and 
F(x,y) = Fi(x,y). Therefore, the integral (2) differs from the integral 
obtained upon replacing //(x,y) by //i(x,y) and F{x,y) by F\(x,y) by 
an integral which extends over the subregion outside this circle. Inside 
the circle Ao this last integral also belongs to the class C^+2. 

Just as /i(x, y) and F(x, y), the functions ji\ (x, y) and F\ (x, y) also 
have continuous derivatives up to order £ and £ + 2 respectively in Ai. 
The functions /ii(x, y) and JF\(X, y), moreover, have these properties in 
the entire (x, y) plane, for on the boundary of the disk Ai and outside 
of it, ßi and Fi and their derivatives up to order £ and £+2 respectively 
are equal to zero. To prove our theorem it suffices to show that 

/

OO / * 0 0 

/ / i i ( aM , )£ ( ( * - 0 2 + (y-»?)2 

v , -oo J — oo 

+ (F1(x,y)-F1(Ç,ri))
2)1/2)dxdy 

belongs to the class Ce+2 in Ao- In place of /ii(x,?/) and Fi(x,y) 
we shall henceforth write /i(x, y) and F(x,y), again the region of 
integration will be the entire (x, y) plane. We denote 

((* - 02 + (y- r])2 + (F(x,y) - F(tri))2)1^ 

by r for the rest of the proof. Since 

{t-x)-{F{x,y)-F(t,r,))-F't(t,r,) 
r 

is bounded, 
(4) 

d<p(£,v) = 

f°° f°° , , „ , , ,{t-x)-(F{x,y).-F(t,r,))F't(&r,\j 

/ / ß{x,y)E'{r) 5 dxdy. 
J—oo J—oo T 
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We differentiate it again with respect to £, 
(5) 

=££^^-w(K'I )- (F(I'r i; fK'' l"n(^ ))' 
/

OO /«OO 

/ / i ( x , » ) ^ ( 7 ) -
-oo «/ —oo 

/ l - (F(»,y) - F(e,f?))^e(e,i?) + *f (£,??) 

- / ( ^ ~ a : ) - ( f ( a : ^ ) - j r ( ^ ? ? ) ) ^ ( ^ ? ? ) \ 2 l\dxdy 

We note that all of the integrands in the above integrals have only weak 
singularities. 

We go over to polar coordinates, with origin the point Mi(£, r/), 
and put x = £ + p cos 9, y = rj -f p sin 0. Then 

f1 d 
F(M2)-F(M1)= / — F(£ + tp cos 0,r) + tp sin 0)d* 

= /" (F't(M)pcosO + F'(M)psmO)dt 
Jo 

= p[ (F,ç(M)cosO + F'(M)sm6)dt, 
Jo 

where M denotes the point with coordinates (£ + tp cos 0, r/ + tp sin 0). 
The function 

^ , ^ ) = f ( M 2 ) - F ( M l ) 

(6) 
= /V€(M) 

Jo 
cos0 + F'(M)sin0)d* 

has continuous derivatives with respect to all its arguments £, rj, p, 0 up 
to order £ + 1 . We denote F(e + pcos0,rj + p sin 0) -F(Ç,rj) by [F] and 
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F(x,y) - F(Ç, ri) by [F\. Then 
(7) 

de 
= / ß^ + pcos9,ri + psme)E"((p2 + [F}2)1^) 

Jo Jo 

• y a+<*(*,*KW* ) p d p d e 

p2n /*oo 

+ / / ft{Ç + pcoae,ri + psàa9)E'{{fii + [F]3)1^) 
Jo Jo 

,i-/ni>iit,mp, ö)F'^ (t,v) + F£ fé, i?) 
A {i + ift{t,mp,e))1/3 

_ /-cosfl-V>i(g,??;p,fl)^(g,?7)\2 i x 
l (l + iPÎ&WpJ))1/* ) '{l + rpKtMPW' P ' 

By induction, we see that the derivative of order k of the function 

E(yp2 + [F]2) with respect to f, rj is a finite linear combination of 
functions of the form 

with ri)8,b,pj,Vi integers and 0 < n , s , 6 , p j , ^ < fc, ^ depends on 

p i 5ò + n = 5. If P i = 0, we let ifil^^i = 1 a n d (p2 + [^ ] ) P i _ i = 1-
If n = 0, we let 

;}1{p2 + [F\*)Pi-i 

We note that the above expression is also true for E' {{p2 + [F)2)1/2) 
and F ^ p ^ F ] 2 ) 1 / 2 , if we replace 6+n = s by b+n = s - l , 6 + n = 5-2 
respectively. If 0 < J/2 < £ + 1, we have F ^ ) G C1 and hence 

|[FC")]| = | F ^ ) ( x , y ) - F ^ ( e ^ ) | < c p 

for some constant c. Since p2 + [F]2 > p2 we also have 

(p2 + [F)*)r-i 
< ( ^ = , * 

n2p-l c'"p. 
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Thus the expression (8) is bounded if 0 < V{ < I + 1, each integrand 
of (7) has continuous derivatives up to order I with respect to £,77. So 
d2<p{£, rç)/d£2 has continuous derivatives up to order I with respect to 
£,77. Similarly, we can show that §-Ç, §^§z have continuous deriva­
tives up to order I with respect to £,77. Thus, <p € Ci+2. u 

THEOREM 3.2. Let S e Cw and fi e Ce(£ > 0) on S, and let 
F(r2o) be an infinitely differentiable function with respect to r2Q. If 
W{p) = fs{2)E(r20) cos(r20v2)da2, then W{fx) G C£+2 on S. 

PROOF. Let Mo, (£, r/,^),Ao,Ai,do5^ be defined as in the proof of 
Theorem 3.1. We have 

W{p) = / li{2)E(r2i) cos{r21v2)da2 
Js-x 

+ / fj,(2)E(r21)cos{r21v2)da2 

(1) Js~* 

For the same reason as before, we only need consider the second integral 
on the right-hand side of (1). 

We denote the coordinates of the point Mi by (£, rç, f) and those 
of the integration point M2 by (x,y, z). From the relations 

ria = ((* - tf + (y - r,? + (F{x, y) - F(t, r?))2)1/2 

and 

F(Ç,rj) - F(x,y) + (x - QFfay) + (y-^F^y) 
cos(r12is2) 

L 

r12(l + F£(x,y)+Ff(x,y)y/* 

(j,(2)E(ri2) cos(ri2V2)da2 

(2) = j jß(x,y)E(r12) 

F(e,i?) - F(x,y) + (x- Q ^ ( » , y ) + (y - r,)Fi,{x,y) 

{{x-W + iy-nY + iF^-F^nWy/* x v' 
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We define u(r), ßi(x, y), Fi(x, y) the same as in the proof of Theorem 
3.1. To prove our theorem it suffices to show that <p G (7£+2

 0 n Ao, 
where 
(3) 

/

oo /*oo 
/ Hi (x, y)E(((x - 02 + {y- V)2 + (Fi (x, y) - F, (£, r?))2)1/2) 

-oo J — oo 

Fi(t,y) - Fjfay) + (x - QFj^y) + (y - v)Fjv(x,y) 

({x-W + iy-W + Wx^-F^r,))*)!/* * V' 

In place of ii\{x,y) and F\{x,y) we shall henceforth write /J>{x,y) and 
F(x,y), and again we take the region of integration to be the entire 
(x,y) plane. 

Our approach to this theorem is the same as in Theorem 3.1. We 
first differentiate twice, and then change to polar coordinates to show 
that the second derivative is in Ce. 

For simplicity, we denote F(£,rj) - F(x,y) + (x - Ç)Fç(x,y) 
+(y - ri)F'n(x,y) by {F} and F{x,y) - F^rj) by [F]. 

We denote 7*12 by r for the rest of the proof. Applying the mean 
value theorem, we see that 

r r2 

are bounded. So 

/•OO rOC 

,y)E'(r)" " l->-<"'•" ^-Ldxdy 
r r 

(4) 

r r f ^,^-X-IF]F'^,V){F} 
: / / ß(x,y)E'(r) — ^ i - i - -

«/—OO J — OO ' ' 

f°° f00 F'J£,n) - F'Jx,y) 

J — OO J —OO r 

r r < M=V ^{F}Z-x-[F\F'i(Ziri) 
- / / fx{x,y)E(r)^- —-S dx 

J — OO J —OO ' ' 

dy 

dy 
- 0 0 J —00 

= / i + h - h-
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We differentiate it again, 

t-x-[F\FW,ri)\*{F} 
dxdy 

(5) 
J — oo J — oo ' 

tF£Z,rl)-F'i{x,y) _ {F} g - x - W é ^ h ^ 
\ r r2 r J 

+ / p(x,y)E/{r)±-!-l SS 5 
J—oo J—oo ' x ' 

^-x-[F}F'^,r,))\j 
3~- Jdxdy, 

(6) 
dJl _ 
of 
I00 r , , „ , , . j-x-\F\F'^n) F^)-F^y) 
/ / n(x,y)E'(r) s S S dxdy 

J — OO J — OO r r 

+ / / ß(x,y)E{r)[-^- S _ 5 
J —OO J — OO x ' ' 

jdxdy, 

2 

r 

(7) r r < ^^w^-'-MMi2^ 
/ / n{x,y)E'{r)^-[ —S ) dxdy 

J—00 J—00 r \ r / 
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J — oo J — oo V \ r 

-3 )dxdy 

+ / / n{x,y)E{r) 5 
J — oo J — oo T 

V r2 r 3 r J 

We go over to polar coordinates with origin the point Mi(f, rj) and put 

z = £ + pcos#, y = rj + psin9. 

Then 

F ( M 2 ) - F ( M i ) = / -r;F{Ç + tpcos0,ri + tpsm0)dt 
Jo dt 

= p [ {F'c{M)cos0 + Fl1{M)sin0)dt, 

where M denotes the point with coordinates (£ + £/? cos 0,rj + tp sin 0). 

The function 

= / (F^(Af)coso + F^(M)sin0)dt 
Jo 

therefore has continuous derivatives up to order I + 1. Integrating by 
parts, we further obtain 

f1 d 
F(M2) - F{M1) = / —F(M)dt 

Jo dt 

= ,if<M»iò-/0'4F<M"" 
= F'^(M2)pcos0 + F^(M2)psm0 

-p2 f t (F'^ (M) cos2 9 + 2F'ln (M) cos 6 sin 6» 
Jo 

+ F%V{M) sin2 0)dt. 
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From this it follows that the function 

</>2(£,??;p,0) 
_ F{MX) - F{M2) + pcos6F'ç{M2) + psm6F^(M2) 

(9) = ^ 

= f t{F^{M) cos2 6+ 2F£' (Af) cosÖsinö + F^(M) sin2 0)dt 
Jo 

has continuous derivatives with respect to all the arguments £, r/,p, 0 
up to order L 

f1 d 
F,^M2)-F^M1) = / -F'^ + tpcos^ + tpsmO^t 

= p f (Ff^{M)cos0 + F^{M)sm0)dt, 

where M denote the points with coordinates (£ 4- tp cos 0,r} + £psin0). 
Let 

F'jMJ-F'jM!) 
1>z{t,mpJ) = — 

(io) 1
 p 

= f (F^ (M) coso + Ff^(M) sin 0)dt 
Jo 

have continuous derivatives with respect to £, r/,p, 0 up to order L In 
the expression of {F} and [F], if we replace x and 2/ by £ + pcos0 and 
77-hpsin # respectively, we obtain a function of £, rç, p, 0 which we denote 
by {F} and [F] respectively. So 
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(H) 
a r /*^7T /*00 

W = 7 o Jo ^ + Pcos$>r> + P^0)E"((P2 + lF}2)1/2) 

/•27T /«OO 

+ / / ß^ + pcos9,ri + psm0)E'((p2 + {F\2)1/2) 
Jo Jo 
-COS0-Mt rì;P,0)F'^, TÌ) 

{l + MtMPW 
( -ip3ÌtV,P,9) 
\(i + ^(tmp,0)1/2 

((i+iï(^P,o)m* pp 

+ / / Kî + pcos^V + psm0)E'((p2 + [F}2)1/2) 
Jo Jo 

pM^VPJ) (i-t»Pi{^mP,8)F'^,r,)+F'^,ri) 
)i/2 I {i + W(t,mp,o))x p{l + tf(t,ri;p,e)y/* 

(-pcaae-fnpiitMpJW&y))* 

(p(i + iï(ç,mp,0)y/iy 
) pdpd6, 

(12) 

-C08g-^i(^i?,/>,g)J^(^,»7) -^zi^-n; p,0) 

{l + tf&npW* 
r*27T /«oo 

+ 
/*^7T /«OO 

/ / ^ + pcoS0,ri + psm0)E((p2 + [F}2)1/2) 
Jo Jo 

/ l&fo»?) -V>3(e,r/;/>,0) 

pdpdO 

p(l + ^(tri;p,0)y^ p{l + 1>Kt>1-,P,0)) 

(i + tPUt,v,P,o))1/2 
-cœ9-Mt,mP,9)Ft(t,v)\ . M 

• I pdpd0, 
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(13) 
dh 
di 

r2iT /«oo 

/ ' /%(e + ?cosM + psin^W + [W /2) 
Jo Jo 

Mt,n;p,0) /-coso-M^V;P,O)F'Ì(^V)\2
 a 

' i + #(e,»?;p,*)V (i + 4>Kt,mp,e))W ) pp 

• f f „(€ + ,cos M + ,sin W ( ^ + fi W.^^) 

' l-^i(6*?;p,g)*& (6 »?) + *? (£,»?) 

rti + ^fotj;/»,*))1/* 

(-pco8fl-^i(€, t?;p,f l )K(e,»7)) a-

( : 

-j pdpdO 
(p(l + rPUC,V,P,0))1/2)3 

r2ir /«oo 

+ / / ^ + pcosÖ,V + psm0)E({p2 + {F}2)1/2) 
Jo Jo 

- e o a g - ^ ( 6 ^ , 0 ) ^ ( 6 * 7 ) 

(l + ^ (6»? ; / ' . « ) ) 1 / a 

p ( l + V? (6 r?;/>,#)) 

2^a(6»?;p ,g) ( -co8g-^ i (6*? ;p ,g)^(6*?) ) 

( 

Jpdpd9. 

It is easy to see that dli/dÇ, dh/d^ and dls/dt; have continuous 
derivatives up to order ^ with respect to £,77, so does d2(p/d£2. 
Similarly, we can prove that d2<p/drj2 and d2(p/drjd^ belong to the 
class Ce with respect to £,77. Thus <£>(£, 77) belongs to the class C £ + 2 . a 

Since smoothness results for the Laplacian single layer potential 
are not known, we prove the following theorem, following the same 
arguments as Günter [3, pp. 312-325] for the Laplacian double layer 
potential. For details of the proof of Theorem 3.3, see [4]. 

THEOREM 3.3. If S e C*+2'\/* e C£>x(e > 0) on S, and 

W(VL) = [ fi(2)—da2i 

J S r20 
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then W(fi) G C£ + 1 'A , where A' is arbitrary in 0 < A7 < A. 

Now we prove our major result, Theorem 3.4, in this section. 

THEOREM 3.4. If S e Ce+2>x and p e Ce>x(£ > 0) on S, then 
the Helmholtz single layer Lk (//) and double layer Mk (/i) belong to the 
class Ce+liX', with A' arbitrary, 0 < A' < A. 

P R O O F . We split 

r eikr20 
Lfc(/i) = / /i(2) da2 

JS r20 

= / / i(2)—da2 + / fi(2) do~2, 
JS r20 JS r20 

f d eikr2° 
Mk(fj) = - / / i ( 2 ) - d<72 

J 5 dz/2 r20 

/* d 1 f d eikr20 -1 
= - / / i (2)- da2- / / i (2)- da2. 

J s ov2r20 J s d"2 r20 
The functions (eikr20 - l ) / r 2 0 and d/dv2 ((eikr20 - l ) / r 2 0 ) can be writ­
ten in the form E(r20) and £ ,(r2o)cos(r20^2). Thus, by Theorems 3.1, 
3.2, 3.3, and [3; Theorem 3., p. 106], we obtain the theorem. D 

REMARK. For £ — 0. Werner [10] proved the following stronger 
result under a weaker hypothesis on S: 

If S G C2 and [x G C ° ' \ with 0 < A < 1, then the Helmholtz 

single and double layer belong to the class C1,A. 

We also prove the following theorems, if \x is bounded and integrable 
on S. 

THEOREM 3.5. Let S G e 1 , fi be bounded by a constant A and inte­
grable on S, and E(r2o) be an infinitely differentiable function with re­
spect to r20. IfW(fi) = fs fi(2)E(r20) cos(r20^2)dcr2, then W(fi) G C0 '1 

on S. 
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PROOF. With the same notation as Theorem 3.1, we know that it 
suffices to consider only 

/

oo /*oo 
/ to{x,y)E{{(x - 02 + (y - n? + (Fi(x,y) - Fi(^))2)1/2) 

-oo «/—oo 

HÛ dxdv 
((x - Ç)2 + (y- V)2 + (Fi(x,y) - F(t,r,)W* V 

We replace ßi and F\ by /i and F, respectively, for simplicity. Let 

Ä(e, m x, y) =E(((x - & + (y- r,)2 + (F(x, y) - F(t, r?))2)1/2) 

{F} 
((x - 02 + (y- V)2 + (F(x, y) - F(t, r,))2)i/2 

Then 

d_R _e{M-*)-mm«). m 
d£ r r 

l ^ f ^ f o ^ - ^ f o y ) {F} Z-x-jFlF^r,), 
V r r2 r J 

We have a similar equality for dR/drj. Let MQ(^TJ) and Mi(£,r/i) be 
two points a distance 6 apart. We denote the distance of the points 
Mo, Mi from the integration point M^x^y) by p, pi respectively. And 
let fi(M0,M2) = Ä(0,2),Ä(Mi,M2) = #(1,2). Since 

\{F}\ 
=| F(^rj) - F(x,y) + (x - O ^ ' M + (y - ^F'^y) \ 

where (£',77') is some point in the interior of the segment joining the 
points (x, y) and (£, 77), we have 

(1) | Ä | < c i , 

<2> I f l<7- l|l<7-
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Then 

/

OO rOO rOO /*00 

/ p{x,y)R(l,2)dxdy- / fi{x,y)R{0,2)dxdy 
-OO J — OO J— OO J — OO /"/" |M*»tf ) (Ä( l ,2) -Ä(0 ,2) ) |dzdi / 
././p>26 

/ / \»(x,y)\\R(l,2)\dxdy 
J Jp<26 

[f |/i(x,y) | | fi(0,2) | da; dy. 
. / . /p<2 Ä 

From (1), 

(3) ~J»26 

' !p<26 

/ / \ p,(xiy)\\R(0,2)\dxdy <2TTAC1 pdp 
JJp<26 JO 

= 2 7 ^ A c l ^ 7 - < c36. 

Since the circle p < 26 is contained in the circle p\ < 36 we 
obtain for the second integral on the right-hand side of (3)similarly the 
estimate C46. From the triangle inequality, we see that \p < p' < \p 
is valid for the region p > 2<5, where p' is the distance of the point Mi 
from an arbitrary point of the segment MQM\. From the inequality 
(2), 

I Ä(i,2) -*(o,2) I = | ( £* ) M , ( 6 - 0 + (±*)jm -v) 

p' p 

M' here denotes some point of the segment MQM\. Recalling that R 
vanishes for all sufficiently large /?, e.g., for p > a, we find 

If \fi(x,y)(R(l,2)-R(0,2))\dxdy 
JJp>26 

< 2TTC6 / dp < c'6. 
J26 
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This completes the proof.D 

THEOREM 3.6. Let S G C1, JJL be bounded by a constant A and 
integrable on S, and E(v2o) be an infinitely differentiable function with 
respect to r20. IfW(fi) = fs fi{2)E(r2o)d(J2, then W{/J,) G C0 '1 on S. 

PROOF. With the same notation as Theorem 3.1, we know that it 
suffices to show that 

£>(&*/) = 

/

OO / * 0 0 

/ ßl(x,y)E(((x- ^ + (y-rì)
2 + (F1(x,y)-F1^,rì))

2)1/2)dxdy 
-ooJ — oo 

belongs to the class C0,1. We replace /ii and F\ by JJL and F for 
simplicity. Let 

Ätf, T, x, y) = E(((x- O a + (y - V)2 + (F(x, y) - F(£, »?))2)1/2); 

then 

H =E'(((x - Ç)2 + (y- V)2 + (F(x,y) - F(e,»7))2)1/2) 

Ç-x-lFjF'^r,) 

((x-02 + (y-v)2 + [F}2y/2-

As before, it is clear that 

Ä | < C i , 
dR 

< c2, 
dR 

<c2. 

We use the same argument as in Theorem 3.5 to prove the theorem. D 

With the same argument as Theorem 3.4 we can prove the follow­
ing theorem by using Theorem 3.5, 3.6 and [3, p. 44, p.49]. 

THEOREM 3.7. If S E C1,A and /i is bounded and integrable on S, 
then the Helmholz single layer Lk{ß) and double layer Mk{ß) belongs 
to the class C ° ' V , with A' = A ifO < A < 1; A' arbitrary, 0 < A' < A if 
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A = l. 

REMARK. Werner [9] proved the same result under stronger as­
sumptions that fi is continuous on S and S G C2 . 

4. Smoothness results of Helmholtz single and double 
layer solutions in two dimensions. In this section, we prove sim­
ilar smoothness results of Helmholtz single and double layer solutions 
in two dimensions. 

THEOREM 4.1. Let S G Ce+2 and p G Ce{£ > 0) on S, and assume 

E(r20) = ÌHpHkrm) ~ $log{l/rx). IfW(») = fs ß(2)E(r20)da2, 
then 

W{fi) G C ' + 1 ' V on S, 

where A' arbitrary in 0 < A7 < 1. 

PROOF. We adopt the same notations as §3. Let Mo be some point 
of the curve S] let (£, rj) be a local coordinate system about Mo. Let 
E be an arc of the curve 5, laying inside Sd about Mo and having a 
projection A on the £-axis that is an interval about Mo of radius > d/2 
(here radius means half length of the interval). Let the radius do of 
the interval Ao about MQ in the £-axis be so small that the interval 
Ai of radius 2do in the £-axis, concentric with Ao, is contained in the 
projection A of S (Figure 4.1). 

We shall start with the facts that in Ai,/i(£) E Ce and F(£) G 
Ce+2, and show that W(/J,) G C^+1,A ' in A0. We have, for the value of 
W{p) at M1? 

(1) W{p) = [ fi(2)E(r21)da2 + f ß(2)E(r21)da2. 
JS-'E JT, 

The integral over S — E is a function of M\ = (£, rj) in some region 
containing the curve E0 and away from the curve S — E, it has bounded 
and continuous derivatives of arbitrary order with respect to (£, ^) . If 
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^ I - -

Figure 4.1 

we replace rj by F(£) we obtain the value of this integral for points M\ 
on So-

Since F($) G C £ + 2 , this is also the case for the first integral. Hence 
the first integral belongs to the class Ce+2 in Ao-

We denote the coordinates of the point Mi by (C,ry) and those of 
the integration point M2 by (x,y). Hence 

/ ß(z)E(r21)da2 = J ß(x)E(r21){l + F'\x))lt2dx, 
JY, JA 

where r21 = ((* - £)2 + (F(x) - F ( 0 ) 2 ) 1 / a . 

Since /i(x,y)(l + F /2(a:))1/2 G C* if // G C£, it suffices to show that 
the integral 

(2) / /i(x)i7(r2i)da 

belongs to the class C*+ 1 'V if // G C£ and F G C £ + 2 . 

Let u)(r) be a function which has continuous derivatives up to order 
I + 3 for all r > 0, which equals one for r < |do and equals zero for 
r > 2d0. We put 

/ii(x) =/i(x)w(| x |), 

F!(x) = F(a :M| x |), 
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where we shall assume that fii(x) and Fi(x) are defined in the entire 
real line and are equal to zero outside Ai. In the interval | x \< 3/2do 
it is clear that /i(x) = /JLI(X) and F(x) = Fi(x). Therefore, integral 
(2) differs from the integral obtained upon replacing /i(x) by pi{x) and 
F(x) by Fi (x) by an integral which extends over the subinterval outside 
the interval | x |< 3.2do- Inside the interval Ao, this last integral also 
belongs to the class C^+1 'A. 

Just as ß(x) and F(x), the functions /ii(x) and Fi(x) also belong 
to the classes Ce and Ce+2 in Ai, respectively; moreover, the functions 
ßi{x) and F\(x) have these properties i the entire real line, for on the 
boundary of the interval Ai and outside of it, ß\ and F\ and their 
derivatives up to order £ and £ + 2 respectively are equal to zero. 

To prove our theorem it suffices to show that 

/

oo 
Mi(*)£(((* - £)2 + (F1(x) - F1(0)2)1/2)dx 

-oo 

belongs to the class C^+1 'A in Ao- In place of ß\{x) and F\{x) we shall 
henceforth write fi(x) and F(x), and again the interval of integration 
will be the entire real line. We will denote ( ( x - f ) H ( F ( x ) - F ( 0 ) 2 ) 1 / 2 

by r for the rest of the proof. Since ((£ - x) - (F{x) - F(Ç))F'{Ç))/r 
is bounded, 

M . r >(,)g(f)«-'')-w)-^)*,K)<, 
. / -oo r 

(4) . /%W<-"-< fM-JW» f '«>,i , 

+" f ,(I)P w (t-x)V(*)-W-(fldl 

We will show ^ ' ( 0 € C f 'A in Ao- We first introduce the function 

tl>i(t,*)= I F'{ti + {x-(i)t)dt, 
Jo 

and we have 

F(x)-F(t) = (x-Z)MZ,x)-
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Let x = Ç + p, with p = x - Ç > 0; we denote F{£ + p) - F(£) by [F] 
and F(x) - F(0 by [F\. 

By induction, we see that the derivative of order k of the function 
E((p2 + [F]2)1/2) with respect to £ is a finite linear combination of 
functions of the form 

(5) E^{{p2 + [F)2)1'2)-
[F][FW] TT n?JAF{Ui)L 

K(j? + [F]*)1/2J ,-=i(P3 + [^I2)Py-* 

with n, s,&,p^, v% integers and 0 < n, s,è,Pj, v% < fc, b + n = s, U{ 
depends on pj. Ifp3 = 0, we let 

PJ 

HiFi"*)] = 1 and (p2 + [F]2)p '-s = 1. 
2 = 1 

If n = 0, we let 

A ras [***>] _ r 

Without loss of generality, we can assume that n = 1 if n > 0 and 
then denote pj by p. We note that the above expression is also true for 
E'{{p2 + [F]2)1/2) and £"((p2 + [F]2)1/2), if we replace b + n = s by 
6 + n = s — 1, ò + n = s — 2, respectively. If 0 < Vi < 1+1, we have 
F M G C 1 and hence 

| [FM] I = | F™{x) - F^tf) | < cp 

for some constant c. Since p2 H- [i*1]2 > p2 we also have 

rfëii^] 
(p2 + [F]2)P-è 

< M » - -2P 
- p 2 p - l c " > 

Thus the expression (5) is bounded if 0 < i/< < I + 1. Since p(£) G C£ 

and Vi G C^+1 with respect to £ and p, 
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belongs to the class Ce. Let x = £ — p, p > 0, and F(£ — p) — F(£) by 
[F], Applying the same argument, we can show 

also belongs to the class Ce. Therefore <p'(Ç) G Ce and <p(Ç) G C*+1. 
It remains to show that <p^+1^(0 £ C0,A ' m Ao-

The derivative of order £ of <£>2(£) is a certain linear combination 
of a finite number of integrals of the type 

(6) 
/•OO 

/ pW(t + p)K(e-™Hl;,p)dp, m = 0,1,...,A 
./o 

where //(m) denotes some derivative of order m of /i(£) and K^e m) 
some derivative of order £ — m with respect to £ of if (£, /?), with 

üf(£,p) = E'((p2 + [F]2)1/2) • - ^ - ^ 1 - ^ ) . 

To prove the theorem, it suffices to show that an integral of type 
(6) belongs to C ° ' V . We investigate K^-m\^p) more closely. By 
induction we can show that a derivative of order k of the function 

-P + I W 0 

is a finite linear combination of the form 

2p 

(p2 + [F] 2 ) - (HP) J ] [I'M] . [£(«*)] • F^(£) 
2 = 1 

or 
2p 

(p2 + [F] 2 ) - (HP) JJ[F^)] • (-p + [F]F'(0), 

with p, Vi,v,a integers, 0 < p, i^, v < k and 1 < a < k + 1 . If p = 0, wé 
let r i i f i f ^ 0 ] = 1- T h u s e a c h o f t h e derivatives i f^" m ) (£ ,p) is some 
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linear combination of a finite number of expressions of the form 

EisW+[W/a) ( n^\ y. M^X 
(7) W + [F?Y'2) (P2 + [F?r-i 

• l l t = 1 i -1— • TERM, 
(^2 + [F]2)l/2+g 

where __^ 
TERM = - p + [F\F'{£,) or [F<">]F<o>(0, 

0 <p,q,v,b,Vi,Wi < £ — m < £, 

Ka<l + 1, Ka<l+l-m<l+l, b=\S~2' ! ! P > Ü-— — — — — ^ s — 1, if p = 0 

If p = 0, we assume I l E i t ^ ] = 1 and (p2 + [F]2)P~i = 1, and 
similarly for q — 0. We denote expression (7) by R(£, p), and the func­
tion obtained on replacing in (7) the quantities [F*"*)], [F'™*'], [F], p by 
[F("«>], [F],x - £, by R(t,x). Since | [F<"«)] |< cp and p2 + [F]2 > p2 , 
it is easily seen that R is bounded. Now we claim that 

1 dÇ ' - ~p 

Indeed, denote F<"') by Ft, Yl"=1[F^} by V«, ^ „ r ^ 2 " - 1 ) by Qp, </>2<,r-(2«+1) 
by fi,. We have 

dR =E(s+i){(p2 m 2 ) 1 / 2 ) . t-x-[F]F>(Q 

(-[F}.F"(Q-F'(0[FW] [F][FW) Z-X-IF}F>(Q\ 
\ (p2 + [F]2)V2 p2 + [F]2 (p2 + [F]2)l/2 J 

( \F\\FM\ V 
• np-n,-TERM + ' l u J • (p2 + [F]2)!/2y 
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Since 

di 
fc=l 

with ip2q-i,k = i>2q/Fk, it is easy to see that d n g / d q < Bi/p2 for 

some constant Bi. Similarly we can show that 

dû, 

di 
<B2, 

dTERM 

di 
<B3 

Also it is clear that 

|Op| < dP, nq • TERM | < c2, 

| n , | < —, | T E R M | < c 4 p . 

Therefore \dR/dÇ\ < c/p for some constant c. For derivatives of 
<Pi(Ì) we have the same expressions of R(i, p),R(i, x), \R\ < c and 
\dR/di\ < c/p, if we replace p by £ — x. Thus, in general, 

(8) |Ä| < c, 

Now we will show that 

dR 

di I * - É l 

/

OO 

H^(x)R(i,x)dx 
-oo 

belongs to C°'A on Ao- In place of / / m ) we shall simply write //, where 
it is assumed that /z G C°. Let M0(£) and Mi(fi) be two points a 
distance ô apart, then 
(9) 

/ //(x)i2(fi,x)dx — / /i(x)i?(f, x)dx 
' J — oo «/ — oo ' 

< / |/i(i)||Ä(e1,a:)|da;+ /" |/x(x)||fi(e,x)|dx 
•'|s-el<26 >'|a!-€|<2« 

+ / | / i (x) (Ä(ei ,x) - Ä(^,x)) |dx. 
J\x-i\>2f, 
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Let fi be bounded by a constant, say A, then 

f \p{x)\\R(t,x)\dx<Ac46. 

Since the interval \x— £| < 26 is contained in the interval \x — £1 \ < 
3<5, 

f |/i(x)||Ä(fi,a;)|da;<6i4c«. 

Now we consider the third integral on the right-hand side of (9). Using 
the mean value theorem and (8), 

|fi(€i,x)-Ä«,x)| = *|( | f)^| < i ^ , 

where Af'(f') lies on M 0 ,Mi . We note that \x - £'| > \x - £|/2 for 
\x — £| > 26. We can also assume that R — 0 for \x — £| > a, then 

/ \fi(x)(R(^x)-R(^x))\da 
J\x-£\>26 l\x-i\>28 " V /V 

_2_ 

*>\x-Z\>26 \
x~ C| 

-dx 

< Ac6 / i——zîdx 
Ja>\x-i 

= 2Ac6 / -dx + / — 
Jz+2s x~£ JZ-a £~x 

= 4Ac<51og— < ciA6x\ 
20 

where A' arbitrary in 0 < A' < l.D 

THEOREM 4.2. Let S E Ce+2, and /i e Ce (£ > 0) on S, and 
assume E(r2o) is defined the same as Theorem 4.1. At M2 G S, define 

W(ii)= / /i(2)£(r2o)cos(r2o^2)da2. 
Js 

Then W(fi) E C£ + 1 'A ' on S, where A' is arbitrary in 0 < A' < 1. 
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PROOF. Since the proof is about the same as Theorem 4.1, we only 
mention the following differences: 

/

oo 
Mx)m(x-02 + (F1(x)-F1(t)f)

1/2 

-oo 

F1(0-F1(x) + (x-OF{(x) _dx 

((x-^ + (F1(x)-F1(0)2)^ 

As before, we still denote /ii,Fi by /i,F, respectively. In addition to 
ipi defined in the proof of Theorem 4.1, let 

tfr 
JO 

Jo 

Then 

F'(x)-F'(l;) = (x-OMt,x), 

and, applying integration by parts to ^2, 

F(x) - F(t) + {Ç- x)F'(x) = - (£ - x)2ih(Z,x)-

We denote 7*12 by r for the rest of the proof. 

e-x-(F(x)-F(0)F'(i) 
/

OO 

ß(x)E'(r) 
-OO r 

F(0-F(x) + (x-0F'(x) dx 
r 

00 

/

oo 
n(x)E(r) • 

-OO 

/ O O 

/*(*)£ (r) • 
-OO 

n^iMdx 
r 

F(0 - F(x) + (x- Ç)F'(x) 

t-z-iFW-FiWit)^ 

We split each integral into / j ^ + /f° and change the variable to show 
these integrals belong to Ce, as in the proof of Theorem 4.1. Therefore 
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<p'(0 G Ce and <p G Ci+1. It remains to show that ^ + 1 ) € C°'A ' . We 
call (fs(C) for the / f ° part of the third integral of (1). 

The derivative of order I of <pz(Ç) is a certain linear combination 
of a finite number of integrals of the type 

/»OO 

(2) / ^{^p)K^-^{^p)dp, 
Jo 

where 

F(Ç)-F(Z + p) + pF'(t + p) -p-[F}-F'(Q 
(3) K{t,p) = E(r)-

p2 + [F]2 (p2 + [f]2)1/2 

Let {F} = F ( 0 - F(x) + (x - £)F'(z) and {F} = F(0 -F(Ç + p) + 
pF'(£ + p). We can show that each of the derivatives K^~m\^\ p) is 
some linear combination of a finite number of expressions of the form 

6 

js?(-)((p2 + r W ' a ) • ( [P][pil)] ) TT n ^ [ i ^ ) ] 

. l l t = i l r J . /p(s2)\ . lU=ilr J . TERM 

0 < 5, ft,p3-, #, si , i^, S2, wz < -£ — m < I, ft + n = s, ^ depends on p/*and 
«i. TERM is the same as in Theorem 4.1. Without loss of generality, 
we can assume that n = 1, if n > 0, and then denote p0 by p. We 
denote the above expression by R(£',p), and correspondingly, we have 
fi(£, x) as before. By the mean value theorem, 

\{F^}\<Bp2 

for some constant B. By a complicated (but not deep) algebraic 
computation, as in the proof of Theorem 4.1, we can show that 

(5) \R\ < Cl, 
dR 

dÇ 
<X 

We can get the same estimate for the J j ^ part of the third integral of 
(1). Proceeding as in Theorem 4.1, we can show that the third integral 
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of (1) belongs to Ce+1'x . Similar arguments hold for the second and 
the first integrals of (1). We note they also have the same estimates of 
R and §f. Therefore £>'(£) € Cl<y', i.e., <p(Ç) e Ct+1'y. • 

THEOREM 4.3. If S G Ce+2'x and /i € Ce'x {t > 0) on S, and 

W{p) = - / / i ( 2 )—logr 2 0 *7 2 

tfien W(/i) G C£ + 1 'A ' on S, w/iere A' arbitrary in 0 < A' < A. 

PROOF. The proof is quite similar to [3, p. 312-325] for the Lapla-
cian double layer potential in three dimensions. We omit the proof, for 
details see [4].D 

REMARK. For the case £ = 0, 0 < A < 1, Schippers [7] showed 
W(IA) G C 1 , A on S under a weaker assumption: /i is bounded and inte­
g r a t e on 5 . 

For the Laplacian single layer potential, we give a completely dif­
ferent proof using trigonometric series. 

THEOREM 4.4. Let S e C w and p e C^x{£ > 0) on S. If 

W{p)(p)= / p{q)\og\p-q\daq, peS, 
Js 

then W(jj) e C£ + 1 'A ' on S, where 

A, = | A , t / 0 < A < l 
\ arbitrary in 0 < A' < 1, if A = 1. 
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PROOF. Let the curve S be parametrized by (/(s), g{s)), 0 < s < L, 
where s is the arc length, / and g G Ce+3. Let p = (f(t),g(t)), then 
considering W(n)(p) is equivalent to considering W(ß)(t) where 

W<ji){t) = fL fa) log((/(«) - /(*))2 + (?(*) - ff(<))2)1/2^-

Let (/cOO,0cOO) = (V 2 7 r ) ( C 0 S ( 2 W^)^ s i n ( 2 7 r s / ^ ) ) 5 0 < s < L, be a 
point on a circle of radius L/27T. We split VF into two parts, 

(i) 

Wt,A(f\ 1 fL „ M l n r (/(*) ~ W + (?(«) ~ g(*))2 ,„ 
W ) 2 / 0 ^ ( S ) l 0 g (fc(s)-fc(t))> + (9c(s)-9c(t))>dS 

+ / % ( S ) l o g ( ( / c ( S ) - / c ( 0 ) 2 + (gc(s) - gc(t))2)ids 
Jo 

If p is continuous on S, then Wi (/*)(*) G C*+2, V 0 < « < L. Indeed, 
let 

^ i (*,*) = / f'{s + {t-s)u)du, 
Jo 

xj)2{s,t)= I gf{s + (t - s)u)du, 
Jo 

ip3(s, t)= f'c{s + (t - s)u)du, 
Jo 

^4(3, £) = / g'(s + (t — s)u)du. 
Jo 

Then ^1,^2,^3,^4 G C £ + 2 ,V0 <t<L, and 

f(s)-f{t) = ( s - t t y i ( M ) , 

/cW-/cW = (« -*)<fe(M), 
0c( s) - gc W = (« - *)^4(«, *)• 

Therefore 
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also belongs to Ce+2. 

Now we consider W2{ß){t). By [6, p. 517] 

log((/c(«) - fc{t)f + (gc(s) - 9c{t))2)i 

(2) 
. L v-^ 1 / 27TTIS 27rnt 
l°g ö / - cos —— • cos —— 

7 1 = 1 

27rns . 2irnt \ 
+ sin —-— • sm • 

L L J 

which is convergent in the L2 sense. We write 

/ x ao v ^ / 2-KÏIS , . 27rns\ 
M s) = y 4- 2 ^ ( an c o s -J- + fcn sm —— I. 

n = l ^ ' 

where 
2 /*L 

0,71=1 1 J ^ 

2 fL 

bn = I I ^ 

27rnt . 
cos —-—at 

LJ 

. 2irnt . 
sm —-—at 

Li 

n = 0 ,1 ,2 , . . . . 

Then 

u n = l 

(3) 

27rns 27rnt 
cos —-— • cos —-— 

. 2ims . 27rnt\\ 
+ sm —-— • sm —^— J J 

L L 
2-Kms , . 27rms /ao v ^ / Z7rms , . Z7rms\\ 

[Y + 2^ va m c o s~T~~ + msm~L~J) 
ds 

m = l 

ao£ ! £ £ v ^ 1 / 2imt _ . 27rnt\ 

n = l 

If /i is a constant c, then 

(4) W3(ii)(t) = cLiog^, 
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is still a constant. Assuming I > 1, we have ß^{s) G C0 ,A, V 0 < s < 
L. By the periodicity of / i ^ _ 1 \ 

. x {9\, x ^ / 27rns , . 2irns. 
(5) / i W (5) = 2 ^ ^ n COS —— + 6 n Sin —— ) 

n=l 

in L2-sense, where 

2 /*L m , x 2 7 r n * 1 an = - ß^)(t)cos——dt, 

. 2 /*L
 ( 0 . 27TO* 

I / M ^ s m ~T~ 
n = 0 ,1 ,2 , . . . . 

Integrate (5) and use the periodicity of //M (s), 0 < i < t — 2, to obtain 
(6) 

n = / ^ ) ' ( " 1 ) ' / 2 5 T = i ( ^ c o s ^ + ^ s i n W + c> *even-

l ( ^ ( - l ) ^ i E ~ = i ( ^ s m 2 ^ - ^ c o s ^ ) + c , *odd. 

If £ is even, then 

H*)0)=(|)'(-D<"(-§) 

l^+rcos T" + ^ s m — ) + cLlog a?" 
n = l 

Differentiating it £ + 1 times, 

•o\ m/ \(l)u\ L^/an 2-imt bn . 2irnt\ 
n = l 

(9) ( V ^ ) ( m ) (t) = TT £ (a n sin ^ - 6„ cos ^ ) . 
n = l 

In fact, since /i<£> G C ° ' A (see [11 , p . 221]), a n d 

c c 

Kl < -T, IM < -r, 
n A n A 
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then all the series expansions of W2ß, ( W ^ / i ) ^ , . . . , (W2fi)^ are uni­
formly convergent, and hence differentiation is possible. 

The last differentiation (W2/j,)(
e+1>} c a n be justified for the follow­

ing reason. Let <p(t) = ^Yl^Li^n sin(27ra£jL) — bn cos(2irnt / L)). By 
the assumption that / / ^ is in L2 , given in (5), let 

(10) t/>(t) = f (ß{s)ds. 
Jo 

xj){t) = TT ( V " ûn sin — bn cos —— Ids 

L v-^ fan 27rnt bn . 27rnt\ 
= - - > ( — cos —— + — sin ——- 1 + c 

2 z—' \ n L n L / 

Then 

n = l 

From (10), r/)'(t) = <p{t). Therefore ( W 2 A O ( € + 1 ) W exists and 

(^2M) ( '+ 1 )W = ^ W 

E ( . 27ra£ . 2imt\ 

\an sin — 6n cos —— J. 
n = l 

If £ is odd, we can obtain exactly the same expansion of {W2ß)^\i) 
and(^2 / i )(£ + 1)(*). 

We note that the series X^Li (an sin nt—bn cos ni) is called the con­
jugate of the trigonometric series (l/2)ao + X^Li (an cos nt + bn sin n£). 
We note that the series expansion of (W2/j,)(

i+1ì /ir *S ^n e conjugate of 
the Fourier series expansion of ß^\ By [11, p. 242], the series ex­
pansion of (W^AO^" 1 ' / 7 1 "

 1S a^ so ^n e Fourier series expansion for u^\ 
the conjugate function of / i ^ . For definitions, see [11, p. 225]. From 
[11, p. 259], (l/7r){W2ß){e+1) = öW. From [12, p. 121], / e c°'A, if 
/ G C°»\0 < A < 1. Thus (W2Ji) ( '+ 1 )(0 € C ° ' V , V 0 < * < L, and 
therefore 

w2{n){t) e ct+1>x', vo<t<L. 

For the case £ = 0, let 

27ms ¥ . 27ras\ 
la ncos 

n = l 
AH5) = y + 2 ^ \an cos ~~jf~ + ̂  sm "IT/ • 
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Then 

"~~ n = l 

( W ^ 1 ) (*) - x £ (an sin ^ - 6n cos ^ ) . 
7 1 = 1 

By the same reasoning as with I > 1, we can show (W2//)^(£) ^ ^ ° , A J 
and hence W2/*(*) G C 1 ' ^ < £ < L. D 

THEOREM 4.5. / / S € C £ + 2 ' A and p G C*'A(^ > 0) on S, then 
Mfj, G Ce+lìX on S, where X' is arbitrary in 0 < Xf < X. If, in 
addition, S G Ce+Z, then Ly G Ci+liX' on S where 

A, = | A , 2 / 0 < A < l 
\ arbitrary in 0 < A' < 1, if X = 1 

PROOF. Since (i/2)H^(k\p - q\) = ( l / ^ l o g ^ y + E{\p - a|), 

combining Theorem 4.1 and Theorem 4.4, we obtain L/i G C*+1'A on 
S. Similarly, combining Theorem 4.2 and Theorem 4.3, we obtain 

Using the same arguments as in §3, Theorem 3.5-Theorem 3.7, but 
changing to the two-dimensional analogues, we can obtain the following 
theorems. 

THEOREM 4.6. If S EC1, ß is bounded and integrable on S, and 

W{p) = f //(2)£(r20)d<72, 
Js 

then W(IA) G C0 '1 on S. 

THEOREM 4.7. If S G C 1 , A , / Ì is bounded and integrable on S, and 

W(fi)= / /i(2)£(r2o)cos(r2o^2)d02, 
Js 
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then W{n) G C0 '1 on S. 

REMARK. If S G C1, /i is bounded and integrable on S in Theorem 
4.7, then W(p) G C°'A, where A arbitrary in 0 < A < 1. 

THEOREM 4.8. If S E C1 '*,// is bounded and integrable on 5 , and 

r f) 
W{fj) = - / /i(2)—logr20dcT2, 

then W{fi) E C ° ' V , w/iere 

y = | A , 2 / 0 < A < l 
\ arbitrary in 0 < A' < 1, if \ = 1. 

THEOREM 4.9. Let S EC2 and // 6e continuous on S. If 

W{v){p)= / / i ( t f ) l og |p -g |da g , peS , 

£/ien W(/i) G C°'A on 5 , w/iere A arbitrary in 0 < A < 1. 

PROOF. Let / , 0 , ^ 1 , ^ 2 ^ 1 ^ 2 ^ 3 5 ^4 be defined as in the proof 
of Theorem 4.4. Applying the same argument as Theorem 4.4, we can 
show that Wi(/i)(£) G C ° ' \ V 0 < K X . Now we consider W2(n)(t). 
We write 

/ x ao v ^ / 2ims , 27rns\ 
M s) = y + 2Lf ^ n c o s — — +bn—— J, 

n = l 

convergent in L2-sense, where 

2 fL 

0/71 = I ^ 
2imt -

cos —— at, 
Li 

2 fL , ' . 27m* , 

Z / ^ s m ~ ~ L ~ 
n = 0 ,1 ,2 , . . . . 
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Since fi(s) is continuous, so is ß(s) — g^-. Let 

(1) <p{t) = J*(p(8)-?f)d8. 

Then 
, x L x~^ (an . 2irnt bn 2/Knt\ 
w 2?r ^ V n L n L I 

From (1), <p'(t) = fj,(t) — ao/2, and therefore <p(t) — e E C1. Since 
Wa(/i)(t) = MLiog £ _ £ £ ~ = 1 ( ^ cos 2 ^ î + ^ sin ^ ) , the series 
expansion of ( - ^ X W M A O W ~~ (ao/2)£log(L/27r)) and the series expan­
sion of (2ir/L)(<p(t) - c) are conjugate. Since (<p(t) - c)(2w/L) G C0 ,A , 
for the same reason as in the proof of Theorem 2.4, W^CAOW ^ 
C ° ' \ 0 < * < L . D 

THEOREM 4.10. If S e ClìX,ti is bounded and integrable on S, 
then Mfi G C0 ,A ' where 

A / = f A, I / 0 < A < 1 , 

[ arbitrary in 0 < A' < 1, if X = 1. 

If in addition, S G C 2 and /i is continuous on S, then Lß G C°'A on 
5 w/iere A' arbitrary in 0 < A' < 1. 

PROOF. Combining Theorem 4.6-Theorem 4.9, we obtain our re­
sults. D 
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