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VOLTERRA INTEGRAL INCLUSIONS 
IN B A N A C H SPACES 

NIKOLAOS S. PAPAGEORGIOU 

ABSTRACT. We prove the existence of solutions for Volterra 
integral inclusions governed by a nonconvex valued multifunc­
tion, with values in a separable Banach space. Then we ex­
amine some special kinds of solutions (like extremal solutions 
and quasitrajectories). In doing that we also prove some other 
results of independent interests (like a generalization of a re­
sult of Kato on weak convergence in the Lebesgue-Bochner 
spaces Lp

x and a set valued version of Fatou's lemma). 

1. Introduction. In several areas of applied mathematics, like 
control theory, mathematical economics, mechanics, etc., we encounter 
problems that involve various types of ambiguity, indeterminacy or 
uncertainty (which in particular includes the impossibility of a com­
prehensive description of the dynamics of the system). The evolution 
of such systems is then described by a multivalued equation (differen­
tial or integral). In recent years a number of papers have appeared 
concerning integral inclusions. In particular we mention the works 
Ragimhanov [20], Lyapin [15], Cuong [5], Angeli [1] and the recent 
work of the author [19]. The first two are treating inclusions of the 
Hammerstein type, while the last three treat general convex valued 
Urysohn inclusions of the Volterra type (Angeli [1] examines Volterra 
integral inclusions with delays). Integral inclusions (as well as differ­
ential inclusions) arise naturally in control theory when the method of 
deparametrization is applied and in the study of feedback control (see 
Aubin-Cellina [2]). A different application of integral inclusions can be 
found in two recent papers of Glashoff and Prekels [9], [10], who con­
sider problems related to thermostatic regulation in which the heating 
devices controlling the temperature of the system are governed by a 
relay switch. 

The purpose of this note is to investigate the existence of solutions 
for nonconvex valued Volterra integral inclusions defined in a separable 
Banach space and to examine some properties of the solutions. 
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2. Preliminaries. Let (fi,£,/z) be a complete, <r-finite measure 
space and X a separable Banach space. We will be using the following 
notations: 

P/(C)(X) = {A Ç X : nonempty, closed, (convex)}, 

Pi \w)k(c){X) = {A Ç X : nonempty, (w) — compact, (convex)}. 

For A G 2 X \{0}, the norm \A\ of A and the support function GA{') 
of A are defined by 

\A\ = sup| |x| | and OA{X*) — sup(x*,x) 
x€A xÇiA 

where x* G X* the topological dual of X. Also, by dA, we will 
denote the boundary of A and, by ext A, the extreme points of A. 
A multifunction F : fi —• Pf(X) is said to be measurable if it satisfies 
any of the following three equivalent statements. 

(i) GrG = {(w, x) G fi x X : x G F(w)} G E x B(X), where B(X) is 
the Borei cr-field of X. 

(ii) üj —• diT(u;)(x) = infz€jp(w) ||x — J2T11 is measurable for all x G X. 

(iii) There exists {fn{')}n>i measurable functions such that, for all 
a; G fi, F(ÜJ) = cl{/n(a;)}n>i (Castaing's representation). 

Any multifunction (not necessarily closed valued) satisfying (i) is said 
to be graph measurable. 

For more details the reader can look at Castaing-Valadier [4], Him­
melberg [12] and Wagner [22]. 

For any multifunction F : fi - • 2X \{0}, let 

S}r = {/(•) G L^fi inf H.ii f(w) G F{w) G F(u>)n - a.e.}. 
xGF(w) 

If F(-) is measurable, then Sp is nonempty if and only if inf x€jp(u;) INI € 
L\. Also if F(-) is closed valued, then it is easy to see that Sp is 
strongly closed in L^(fi). Using this set we can define a set valued 
integral for F(-) as 

/ ' F(w)dMw) = { / f("W(") • /(•) € S>} , 
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where fQ f(oj)dfi(uj) is defined in the sense of Bochner. This mul­
tivalued integral is known as Aumann's integral. We will say that 
F : H —• 2X \{0} is integrably bounded if it is measurable and |^r'(-)|is 
an Ljj_-function. 

Suppose that Y, Z are Hausdorff topological spaces and F : Y —• 
2Z \{0}. We say that F(-) is upper semicontinuous (u.s.c) (resp. lower 
semi-continuous (l.s.c.)) if, for all V C Z open, the set {y G Y : F(y) Ç 
V} (resp. {y G Y : F {y) n V / 0}) is open. 

Also if {An}n>i is a sequence of nonempty subsets of X, we write 
w - limn_oo An = {x G X : x — w - limn^oo Xk,Xk G Ank} and 
5l im n ^ o c An = {x G X : x = s - limn^oo xn,xn G An}. We say that 
the An ' s converge to A in the Kuratowski-Mosco sense (denoted by 

An —• A) if and only if w — limn_>oo An = A = s — linin_^oo An. For 
details we refer to Mosco [17] and Salinetti-Wets [21]. 

Let A = {(*, s) : 0 < s < t < b}. Recall that w : A x R -> R + is a 
Kamke function if it is a Caratheodory function, w(t, 5,0) = 0 and u = 
0 is the only solution of the problem u(t) < f0 w(t, s, î/(s))ds, u(0) = 0. 
Finally, by 7(-), we will denote the Hausdorff measure of noncompact-
ness (see Kisielewicz [14]), by /i(-, •), the Hausdorff distance on 2X \{0}, 
and, by Xw, the Banach space X with the weak topology. 

3. Existence results. In this section we study the question of 
existence of solutions for the following integral inclusion of Volterra 
type. 

(*) x(t) G p(t) + / K(t, s)F(s, x){s))ds, t G T 
Jo 

where F(-, •) is a multifunction. By a solution of (*) we understand 
a continuous function x : T —• X such that there exists / : T —> X 
measurable, f(s) G F(sìx(s)) a.e., / 0 K(t,s)f(s)ds exists and x(t) = 
p(t) -f / 0 K(t, s)f(s)ds for all t ET. Until now all the existence theory 
for (*) was developed under the assumption that F(-, •) was a convex 
valued multifunction (see [1, 5, 15, 19, 20]). Our existence theorems 
concern nonconvex F's and we believe that this makes them more 
interesting and useful. 

Throughout this paper (unless otherwise stated) X will be separable 
Banach space and T = [0,6] a bounded, closed interval in R+. Let 
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A = {(s,t) G T x T : 0 < s < t < b} and £(X)=bounded linear 
operators from X into itself. 

THEOREM 3.1. J / 1 . F :TxX -+ Pk(X) is a multifunction such that 

(i) for all x G X,F{-,x) is measurable and \F{t,x)\ < ip(t) a.e. with 

(ii) for all t € T, F(t, •) is Hausdorff continuous; 

2. K : A -f Z{X) and \\K(t, s)\\ < L for all (t, s) € A; 

3. \imt,_t^+[J*'\\K(t',s)Ms)ds + f*\\K(t',s)-K(t,s)\ms)ds) = 
0 for t' or t fixed] 

4. i{K(t, s)F(s, B)) < w{t, 5,7(5)) for allO<s<t<b andB CX 
nonempty bounded and where w(-,-,-) is a Kamke function; and 

5. p(-)eCx(T), 

then (*) admits a solution. 

PROOF. From Theorem 3.1 of Kisielewicz [14] we know that there 
exists a continuous function u : X —• Lx

x such that u(x)(t) G F(t,x) 
for all x G X and almost all * G T. Set /(*, x) = u(x)(t). Clearly /(• , •) 
is a Caratheodory function. Now consider the single valued integral 
equation x{t) = p(t) 4- f0 K(t,s)f(s,x(s))ds. Let $(•) denote the 
nonlinear integral operator acting on Cx{T) and defined by: $(x)(£) = 
p(£) + JQ Jf (£, s) / (s , x(s))ds. Let xn(-) -+£(•)• Then we have 

\Mxn) - QWWoc < L - [ \\f(s,xn(s))-f(s,x(s))\\ds^O 
Jo 

as n —• oo. So $(•) is continuous. 

Now consider the classical Caratheodory approximations 

tn(t) = i p(t) for 0 < t < 1/n 

p{t) + / o ~ 1 / n ÜT(* - 1/n, s ) / (s , xn(s))ds, for 1/n < t < b 

Then we have 

| |xn(0 - *(zn)WII = \\${xn){t - 1/n) - * (x n ) (0 | | , for 1/n < t < b 
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and 

| | X n ( 0 - * ( x n ) ( 0 | | = || / K(t,s)f(s,Xn(s))ds\\ 
Jo 

< [ \\K{t,s)\\ip{s)ds, îorO<t<l/n. 
Jo 

Thus we get that \\xn — ^K r̂OHoo —• 0 as n —> oo and this shows that 
{(/ - ${xn)}n>i is relatively compact in Cx{T). Let M = {xn(')}n>i 
and M{t) = {xn(t)}n>u t eT. Note that M Ç ( J - $ ) ( M ) + $(M) => 
7(M) < -/((/ - $)(M)) + 7($(M)) = 7($(Af)). Also, using Lemma 
2.2 of Kisielewicz [14], we have 

7 (* (M( i ) ) )< / 7(ff(t, *)/(*, M(«)))<fc, 
./o 

implying 

7 ( $ ( M ( 0 ) ) < / w(M,7(M(s)))ds 
./o 

and hence 

7(M(*)) < / w(*,s,7(Af(s)))ds. 

Since u>(-, -, •) is a Kamke function we have that i(M(t)) = 0 for all 
t E T. On the other hand it is easy to see that M is equicontinuous. 
So 7(M) = sup t € T7(M(£)) = 0. Hence M is relatively compact in 
Cx {T). By passing to a subsequence if necessary we may assume that 

^n(*)^ x ( ' ) as n —̂  oo. Then we have 

||X - $(x)| |oo < ||X - Xnlloo + \\xn - $ (x n ) | |oo + | | * ( x n ) ~ *(«) | |oo. 

But II xn x||oo • 0 and as we have already seen | |xn ^(^njlloo * 
0. Furthermore since $(•) is continuous we have that | |$(xn) — 
$(z)||oo -+ 0. Finally we get that \\x - $(x)||oo = 0 =» x(£) = 
p(£) + J0 #(£, s) / (s , x(s))ds, and since / ( • , •) was a selector of F(-, •) 
we conclude that x(-) solves (*). D 

By requiring that the Kamke function w(t,s,x) is increasing in the 
x-variable, we can have the following stronger version of Theorem 
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3.1, in which the multifunction F ( v ) satisfies a more general growth 
condition.For the next result we will assume that F :T x X —• Pk(X) 
satisfies (i') and (ii), where 

(i') for all x G X,F(-,x) is measurable and\F(t,x)\ < a(t)\\x\\ + b(t) 
a.e. with a(-),6(-) G L+, 

while K : A - • C(X) satisfies (2) and 

{a{s) + b{s))d8J = 0 

for t' or t fixed. 

The rest of the hypotheses remain the same, with the addition that 
w(t, 5, x) is increasing in x. 

THEOREM 3.2. / / hypotheses l(i')(ü), (2), (3'), (4) and (5) are 
satisfied then (*) admits a solution. 

PROOF. Let M = KeL^a^ where K = \\p\loo + L||6||i. Consider the 
new multifunction F : T x X —• Pfc(X) defined by: 

. J F ^ s ) , if||x | | < M 
> M 

First note that, for all a; E I , we have that \F(t, x)\ < a(t)M + b(t) = 
%j)(t) a.e. and ip(-) G L\. Also F(J, •) =(For )(*,•)> where r(-) is 
the M-radial contraction. But recall that r(-) is Lipschitz. Hence 
F(£, •) =(For)(£, •) is Hausdorff continuous. Clearly for all x E X, F(-, x) 
is measurable. Also note that, for B Ç X nonempty and bounded, we 
have F(t, B) = F(t, r{B)). So 

*l(K(t, 8)F(8, B)) = 7(/T(t, W , r(5))) < ti;(*, *, 7 ( r (£ ) ) ) . 

But r(B) Ç cönv({0}U£) => 7(cönv({0}U£)) = 7({0}Uß) = 7(B). 
Exploiting the monotonicity of w(t, s, •) we finally get that 

7(#(£, s)F(s, B)) < wit, s ,7(5)) , for all (*, s) G A. 

file:////p/loo
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So we see that F(-, •) is a multifunction that satisfies all the hypothe­
ses of Theorem 3.1. Applying that result we deduce that there exists 
x(-) G CX{T) such that x(t) G P W + J Q

 K(f> s ) ^ ( 5 ' x(s))ds f o r a 1 1 1 e T-
Then 

\\*(t)\\ < \\p(t)\\+ f'imt^Ms^xis^+bis)^ 
Jo 

hence 

| | x ( 0 | | < | | p | | o o + £ | | 6 | | i + i / a(s)\\x(S)\\d8 = K+L [ a(s)\\x(s)\\ds. 
Jo Jo 

Applying Gronwall's inequality we get that 

\\x{t)\\<KeL^^ =M 

so that 
x(-) solves (*). 

The next existence result involves nonconvex valued lower semicontin-
uous multifunction. Such multifunctions appear often in control theory, 
in particular in connection with the bang-bang principle. 

THEOREM 3.3. If 1. F : T x X - • Pf{X) is a multifunction such 
that 

(i) F(-, •) is graph measurable and for all x G X,F{t,x) Ç G(t) a.e. 
where G : T —• Pwck (X) is integrably bounded, 

(ii) for all t G T, F(£, •) is l.s.c. from Xw into X; 

2. K : A -+ C(X) and \\K(t,s)\\ < L for all (t,*) G A; 

ds) = 0 for fixed t' or t; and 

4. p{-)eCx(T), 
then (*) admits a solution. 

PROOF. Consider the set 

W = | *(•) £ CxiT) : z(t) = p(t) + J K{t, s)g(s)ds 

for some g £ SQ and for £ G T >. 
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We claim that W is a compact subset of Cxw {T). Let t',t eT,t' > t. 

\\x(t') - x(t)\\ < \\p(t') - p(t)\\ + \\j*ÔK(t!, s)g(s)ds - J*0K(t, s)g(s)ds\ 

< \W) -P(t)\\ + f'i\W,s)\\ \G(s)\ds + JlWKit',a) 

-K(t,s)\\\G(s)\ds. 

Using hypotheses (3) and (4) we get that ||x(£') —x(t)\\ —• 0 as £'—£ —• 
0+ uniformly in x(-) E W. Thus W is equicontinuous and a fortiori 
w-equicontinuous. Next we will show that W is closed in Cxw(T). 

Cx 
For that purpose let xa(-) —? x{-),xa(-) G W. Then by definition 
we have that, for all t G T,xa{t) = p{t) + L K(t,s)ga(s)ds. But 
Ì9a(')} Q SQ and the latter is ^-compact in Lrx(T) (see Proposition 
3.1 of [18]). So by passing to a subnet if necessary we may assume 
that ga(.)

wS*g(.) e s&. Hence fi K(tìs)ga(s)ds^ fi K(tìS)g(s)ds 
so that xa(t)-^p(t) -h J0 K(tis)g(s)ds. But we already know that 
xa{t)^x(t). Therefore x(t) = p(t) + fi K(t,s)g{s)ds and x(-) G W, 
implying W is closed in Cxw(T). So until now we have that W is a 
closed, equicontinuous subset of Cxw (T). Furthermore, for all z(-) G W 
and all t G T, we have z(t) G p(t) + /0* K(t, s)G{s)ds G P w f c c ( I ) . Thus 
invoking the Arzela-Ascoli theorem we deduce that W is a compact 
subset of CXw(T). 

Next note that L^T) is separable and so SQ, being a u>-compact 
subset of LX

X{T), is metrizable with the weak topology (see Dunford-
Schwartz [7; Theorem 3, p. 434]). Since W is isomorphic to {p(-)} x SQ, 
we conclude that W is also metrizable. 

Now consider the multifunctions R : W —• P / (L^) defined by 
R(x) — Spr x,\y Our claim is that R(-) is a l.s.c. multifunction 
from VF with the Cxw -topology into Lx

x with the strong topology. 
From the theory of multifunctions we know that it suffices to show 
that, for all xn(-) -» x(-) in VP,fi(x) Ç s - ]hnR(xn). So let /(•) G 
Ä(x) = S L . ^ z ^ . Consider the following multifunctions Pn(t) = 
{z G F{t,xn{t)) : | k - / ( O i l < d F ( t , X n ( t ) ) ( / (0) + l / n } . Because 
i^-, •) is graph measurable, £ —• dp(t,o;n(t))(/M) *s measurable and 
so GrP n G E x ß (X) . Applying Aumann's selection theorem (see [12. 
Theorem 5.2]) we get fn : T —• X measurable such that fn(t) G Pn(t) 
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for all t G T. Then \\fn{t) - f{t)\\ < dF{ttXn{t))(f{t)) + 1/n. But since 
F(t, •) is l.s.c. from Xw into X, we have f(t, x(t)) Ç s - limF(t, xn(t)) 
for all £ G T and so c?F(t,a:n(t))(/(0) -^ 0 as n -> 00. Hence 

l l /n(0 - /(OH -^ 0 SO t h a t fn{-)S~-£f{'). Thus / ( • ) G S - ÜmÄ(x n ) 
and Ä(-) is l.s.c. as claimed. Now apply Theorem 3.1 of Fryszkowski [8] 
to get r : W —• Lx

x continuous such that, for all x(-) G Wir(x) G R(x). 
Set X(x)(t) = p(t)-h/p #(*, s)r(x)ds. It is easy to see that A(x)(-) G W. 

Cx 

So A : W —> W. We claim that it is continuous. So let xn(-) —Px(-), 

i.e., r(xn) -+xr(x). Then 

l |A(x n ) (0-A(x)(0 | | = || / K{t,s)r{xn){s)ds- [ K(t,8)r(x)(8)d8\\ 
Jo Jo 

< /V(M)|||K*„)(s)-r(x)(S)||dS 
Jo 

<L f \\r(xn)(s)-r(x)(s)\\ds. 
Jo 

Hence ||A(xn) — A(x)||00 —• 0 as n —• oo and A(-) is continuous on W. 

Apply Tichonoff's fixed point theorem to get x(-) G W such that 
x = \(x). Then x{i) = p{t) = f* K{t,s)r{x)(s)ds G p(t) + 
f0 K(t,s)F(s,x(s))ds, implying x(-) solves (*). 

4. Properties of the solutions. In [23] Wazewski introduced 
the important notion of quasitrajectory, a weak solution to certain dif­
ferential inclusion. It can be shown that the limit functions of some 
sequences of trajectories with "bang-bang" controls are quasitrajecto-
ries. Such functions are known in control theory as "sliding regimes". 
Here we extend the concept of quasitrajectory to integral inclusions. 
So we say that a continuous function x : T —• X is a quasitra­
jectory if and only if there exists a sequence {xn(-)}n>i such that 
xn(t) = p(t) + f0 K(t,s)fn(s)ds, {fn}n>i is relatively ^-compact in 

Lx,xn(t)—>x(t) for alH G T and dF(t,x„(t))(/n(0) ""* 0 a.e. as n —• oo. 
Also we say that x(-) G Cx{T) is a generalized solution of (*) if 
x(t) G p(t) + cl /0* üf (*, s)F(s, z(s))ds for all * G T. 

The next result provides a relation between quasitrajectories and gen­
eralized solution (or solutions for the convex valued or finite dimen-
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sional cases). But first we need some auxiliary results, which are in 
fact important in their own. The first is a result concerning the w — lim 
of a sequence of nonempty sets in a Banach space X. 

PROPOSITION 4.1. //, for all n > l, An ç G and AnìG e PWk{x), 
then, for all x* G X* limera„(x*) < o~ ~— (x*). 7 J ' nV } — w-hmAn

K J 

PROOF. Fix x* G X*. Note that because the sets are ^-compact, 
for every TI > 1 there exists xn G An such that (x*,a:n) = aAn{x*). 
Let {xk}k>i be a subsequence of {xn}n>i such that (x*,Xfc) —* 
lim(TAn(x*)> Also, since {xk}k>i Q G, and invoking the Eberlein-
Smulian theorem, we may assume that Xk^x. Then successively, 
x G w-limAn, (x*,x) < a Y-— (x*),\imo~An(z*) < <* v—. (z*)-
D 

The next result generalizes significantly an earlier result of Kato 
[13] and can have important applications in various areas of applied 
mathematics. We emphasize that X need not be reflexive with X* 
uniformly convex, p can be 1 and / n ( ) are not uniformly bounded. So 
let (Q, E, n) be a er-fmite measure space, X any Banach space and p > 1 
p < oo. 

w — Li%. 
PROPOSITION 4.2. // /n(-) - • / ( • ) fn{w) G G{w)ß- a.e. with 

G(w) G Pwk(x)fi— a.e., then f(uj) G convu> — lim{/n(u;) }n>iji-a.e. 

PROOF. From Mazur's lemma we have that, for all k > l,/(o;) G 
conv ön>k fn{u)jjL a.e. Let x* G X*. Then we have 

( s * , / M ) < ^cönvun> fc/n(c)(^) 

= aun>kfn(uj){^) = sup(x*, fn(u))ii - a.e. 
n>k 

and 

(x*,/((j)) <ïïm(x*,/n(a;)) = l ima { / n M } (x*) / i - a.e. 

Using Proposition 4.1 we get that 

( * V M ) < * „ _ i S { / n M } B ^ > - a.e. , /M 
G convia - lim{/n(o;)}n>i/i - a.e. 
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This leads us to the following, set valued version of Fatou's lemma. 
Now (H, E, /i) is a nonatomic, a-finite measure space and X a separable 
Banach space. 

PROPOSITION 4.3. 7/Fn : Q —• 2X \{0} are graph measurable and, for 
all n > 1, Fn(uj) Ç G(u)ß-a.e. where G : fi —• Pwkc{X) is integrably 
bounded, then w — lim J*n(u;)d/i(u;) Ç fQ conv w — lim F n (a;)d/i(w). 
Furthermore if OJ —• w — limFn(a;) is graph measurable, then w — 
\im fQ Fn((j)dß((jj) Ç fQw - limFn(üj)dfi(uj). 

PROOF. Let x E w - lim/nFn(<^)o!/i(a;). Then we can find Xk E 
fei Fnk(w)dfji(üj) such that x^x. From the definition of the Aumann 
integral we know that Xk = fn fk(v)dp(u) where fk{-) E Spn . 
Since Spn Ç S^ and the latter is ^-compact (see [18]), thanks 

to the Eberlein-Smulian theorem we can assume that fk(-) -+ x / ( - ) -
Hence x = fQ f(uj)dfi(uj). But from Proposition 4.2 we know that 
f((jj) E conv if — lim{/n(u;)}n>i Ç convw — limFn(o;)/i-a.e., hence 
x E JQ conv w — limFn(cü)d/i((x;), so that w — l im / n Fn(uj)dfi(u) Ç 
JQcömw - MmFn((jj)d/j,(uj). Finally if u —• w - limFn(o;) is graph 
measurable, then, because of the nonatomicity of //(•), we have that 
fn convw — \m\Fn(uj)d^{uj) — cl fQw — Y\mFn(u)dii(w). 

THEOREM 4.1. Let 1. F : T x X —• P/(X) 6e a multifunction such 
that 

(i) F(-, •) zs ^rapft measurable and for all x E X,F(t,x) Ç G(£) a.e. 
w/iere G :T ^ Pwkc{X) is integrably bounded and 

(ii) /or a// £ E T, F(£, •) z's w.s.c. /rora X«, m£o X ^ ; 

2. K : A ^ Ü ( X ) and/or a//t eT, \\K{t,-)\\ E L°°; and 

3. /or a// t E T, (s, x) —• if(£, s)F(t, x) is graph measurable on 
{0<s<t}xX. 

Then every quasitrajectory is a generalized solution o/(*). //, in ad-
dition, F(-, -)is convex valued or X is finite dimensionai (in which cases 
hypothesis (3) is automatically satisfied) then every quasitrajectory is a 
solution of (*). 

PROOF. From Egoroff's theorem we know that we can find measurable 
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sets Tk Ç T such that V = \Jk>iTk, A(T\T') = 0 (A =Lebesgue 
measure on R), Tk D 7> = 0 for k / £, and dF(t,a;n(t))(/n(0) -> ° 
uniformly on Tkik > 1. Fix k > 1, otherwise arbitrary. Then, 
given e > 0, we can find no(s) such that, for n > no(s), we have 
/„(t) G F(t, xn(*)) 4- Bx for all « G Tk, where # i is the unit ball in X. 
Let s <tf. Then 

/f(<^o/nW€Ä'(<^o^(*,a:n(o)+eÄ'(*^o5l. *er*, *<*' 
implies 

/ K{t',t)fn(t)dt G / K{t',t)F(t,xn{i))dt 
J[s,t']nTk J[Sit']nTk 

+ / e K{t',t)Bxdt. 

Recalling that {/n(*)}n>i is relatively ^-compact in L^o we may as-

sume that / » ( - f ^ * / ( - ) G ^ . Then / [ M , ] r m K(t>^/»(i)*^ j j ^ , ^ 

K(t',t)f(t)dt and so f[8tt,]nTk K(tf,t)f(t)dt Ew- Hm Jj M , ] n T f c #(*',*) 

F(*,xn(0)d* + e/[ajt/]nrfcJfiC(*,,*)Sid*, for all e > 0. Let e | 0; we 

get that f[3it,]pTk K\t',t)f(t)dt ew-îhïif[Sit,]nTk K(t',t)F{t,xn{t))dt. 

From Proposition 4.2 we have that 

v-\\m Ì K{t',t)F(t,xn(i))dt 
J[s,t']nTk 

C / cönvw -hmK(tl\i)F{t,xn(t))dt 
•As,firm [s,t']r\Tk 

while, from Proposition 4.1 and the fact that F(t, •) is u.s.c. frpm Xw 

into Xw, we have that convia — lim K\t'\t)F(t, xn(t)) Ç coiw K(tf,t) 
F (t,x(t)). So 

/ K{t',t)f{t)dte / cönvK(t*\t)F(t,x{t))dt 
J[s,t']nTk J[s,t']nTk 

= d [ K(t',t)F(t,x(t))dt. 
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But recall that the Aumann integral is a set valued measure and k > 1 
was arbitrary. So we find successively 

f K(t',t)f(t)dt eel f K{t',t)F{t,x{t))dt, 
J s J s 

p(t')+ [ K(t',t)f(t)dtep(t') + Q\ [ K{t',t)F{t,x{t))dt, 
Jo Jo 

x{t') G p{t') + cl f K{t',t)F(t,x(i))dt 
Jo 

for all t' G T, and so x(-) is a generalized solution. Finally, if F(-, •) is 

convex valued or X is finite dimensional, then fQ K(t', t)F(t, x(t))dt is 
closed (see [18, 11]) and so x(-) is a solution of (*). 

Another special kind of trajectories are the bang-bang solutions. 
Motivated from control theory we will call a solution x(-) of (*), a 
"bang-bang solution" (or "extremal solution") if and only if, for all 
teT, 

x{t)ep{t)= K(t,s)dF(t,x(s))ds. 
Jo 

We will prove that the family of this solutions is closed under point-
wise convergence. But first we need the following auxiliary result. Let 
X be any Banach space. 

PROPOSITION 4.4. If {Bn}n>i G Pfc{X) are bounded, Bn^B and 

K G C{X), then K{Bn)-^K{B). 

PROOF. Using Hörmander's formula we have that 

h{K{Bn),K{B))= SUp \<TK(Bn)(x*)-<7K(B)(x*)\ 
\\x*\\<l 

K*x*\ l l r , + ll (K*x* 

< \\K*\\h(Bn,B) - > 0 a s n - > o o . 

= sup i i^MjPiiH^MS)! 

Now we are ready for our stability result concerning bang-bang 
solutions. Here X is a separable Banach space. 0 
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THEOREM 4.2. Let 1. F : T x X -^ Pfc(X) be a multifunction with 
bounded values such that 

(i) for all x E X,F(^x) is measurable and \F(t,x)\ < <p(t) a.e. with 
*>{•)£ L\ 

(ii) for all t ET, F(t, •) is h-continuous; 

2. K : A ^ C(X) and for allt eT,\\K(tr)\\ EL°°; and 

3- {xn{')}n>i are bang-bang solutions and xn(t)-^x(t) for all t ET. 

Then x(-) is a bang-bang solution, too. 

PROOF. By hypothesis, for every n > 1 and every t E T, we have that 

xn{t)€p{t)+ [ K{t,s)dF(s,xn{s))ds. 
Jo 

Also it is well known (see for example DeBlasi-Pianigiani [6]) that 
since F(s, •) is /i-continuous, dF(s, •) is /i-continuous too. So we have 

that dF{8ìxn(s))-^dF{8ìx(s)) for all s ET. Then 

hl f K(t,s)dF(s,xn{s))ds, f K{t,s)dF{s,x(s))ds ) 

< f h{K{tìs)dF(sìxn{s)),K{tìs)dF{s,x(s)))ds 
Jo 

and using Proposition 4.4, we have that 

lim hi [ K(t,s)dF(s,xn(s))ds, f K(t,s)dF(s,x{s))ds) =0. 
n^oo \J0 J0 J 

But xn(t) -p{t) E J0 K(t,s)dF(s,xn(s))ds and xn(t) - p(t)-^x(t) -

p(t). So x(t) E p(t) + f0 K(t, s)dF(s,x(s)) => x(-) is a bang-bang 
solution, too. 

The next result is also closely related to the notion of bang-bang 

control and was also motivated by control problems. 

We consider the following two integral inclusions: 

(**) x(t) E p{t) + I K(t, s)f{s, x{s))L(s)ds 
Jo 
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and 

(**c) x{t)ep{t)+ K{t,s)f(s,x(s))extL(s)ds. 
Jo 

Let S be the solution set of (**) and Se the solution set of (**e). An 
important problem is to find the relation between those two sets. The 
next theorem provides an answer to this question. Assume that X is 
finite dimensional. 

THEOREM 4.3. 7/1. p{-)eCx{T), 

2. / : T x X —> R is measurable in t, locally Lipschitz in x and 
L1 -bounded, 

3. L :T —> Pfc(X) is integrably bounded, 

4. K : A^ £{X) and for allt eT\\K{t,-)\\e L™, 

5. for allO<s<t<tf <b and all xeX, 

\K(t,s)f(s,x)L(s)\ < ra(£,s) with sup / ra(£,s) < +oo 
ter Jo 

and |(if(£',s) — K(t,s)f(s,x)L(s)\ < n{t',t,s), where 

lim I / m(t',s)ds+ I 

then Se is dense in S 

lim / m(t',s)ds+ / n(t',tìs)ds\ = 0 for t' or t fixed, 
t'-t->o+ ijt J0 J 

PROOF. From Benamara [3], we know that t —> extL(t) has a 
measurable graph. So S^L ^ 0. Let £{•) G S^L and consider 
the point valued integral equation 

x(t)=p(t)+ / K{t,s)f(s,x{s))£(s)ds. 
Jo 

From Theorem 1.1 (p. 87) of Miller [16] we know that the above 
equation admits a unique solution ££(•)• Consider the map £(•) —» 
xc(-). Recall that S^L = extSl is u>-dense in Si (see [4]). So it 
suffices to show that £(•) —• xe(-) is continuous from (S^w) into Cx(T). 
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For that purpose let {£ni£}n>i Ç Si be such that £n -+x£. Let 
{zn(-), x(-)}n>i be the corresponding solutions of the integral equation. 
Then 

xn(t)=p(t)+ [ K{t,s)/{Sixn(s))£n(s)ds. 
Jo 

First note that 

sup 11xn(J)11 < UPHOO + sup / m(tis)ds < +00, 
n > l tETJO 

hence {xn(-)}n>i is equibounded. 

Also, for t',t eT,t <t', we have 

\\xn{t')-Xn{t)\\<\W)-p(t)\\ 

+ f \\{K{t'\s) - K(t,s))/(s,xn(s))£n(s)\\ds 
Jo 

+ j \\K(t,,s)/(sixn(s))Cn(s)\\ds 

< \\p(t') - p{t)\\ + / n{t',t,s)ds+ m{tis)ds-^0 

as n —• oo and {zn(-)}n>iis equicontinuous. 

Invoking the Ar zela-Ascoli theorem we deduce that {xn(-)}n>i is 
relatively compact in Cx{T). So by passing to a subsequence if neces­
sary we may assume that xn(-) ^ £(•). Also, since £n(-) -^x£{-) and 
/ ( s , xn(s)) —• / ( s , x(s)), we have that xn(£) = p{t)+fQ K(t, s)f(s, xn(s)) 
ln{s)ds -» p(*) + /QX(« , s ) / ( s ,x ( s ) )^ )ds = x(t). Hence x(*) = x{t) 
for alH G T so that £(-) —• xe(-) is continuous, and Se is dense in S for 
the Cx(T)-topology. D 
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