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ssHANKEL HYPERMATRICES AND 2 x 2
DETERMINANTAL IDEALS

ALESSIO SAMMARTANO

ABSTRACT. We introduce the concept of an s-Hankel
hypermatrix, which generalizes both Hankel matrices and
generic hypermatrices. We study two determinantal ideals
associated to an s-Hankel hypermatrix: the ideal I¢5:t)
generated by certain 2 X 2 slice minors, and the ideal I(s:t)
generated by certain 2 X 2 generalized minors. We describe
the structure of these two ideals, with particular attention to
the primary decomposition of I¢5*) and provide the explicit
list of minimal primes for large values of s. Finally we give
some geometrical interpretations and generalize a theorem of
Watanabe.

Introduction. The study of determinantal ideals is a central area
of research in commutative algebra. One of the basic results in this
theory is due to Eagon and Hochster, who proved in [6] that the
ideal generated by the r x r minors of a generic matrix (i.e., a matrix
whose entries are distinct variables of a polynomial ring) is prime.
An analogous result was later proved by Watanabe in [17] for Hankel
matrices. Recall that an 71 X ro matrix is called Hankel if the (a1, aq)-
entry is a variable which only depends on the sum a; + a2, with
1<a; <m (cf, [2]).

This study has been extended to ideals generated by minors of
hypermatrices, due to the interesting connections with tensors and
projective varieties (cf., [5, 9, 10]) and algebraic statistics (cf., [16]).
In this context, the ideals treated so far are mainly generated by 2 x 2
minors of a generic hypermatrix.

Motivated by the parallelism between generic matrices and Hankel
matrices, we introduce in this paper the definition of an s-Hankel
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hypermatrix. If M is an r; X 79 X -+ X 1, hypermatrix and s < n
is a positive integer, we say that M is s-Hankel if the (a1, az,...,a,)-
entry is a variable which only depends on the sum ) ;_, a; and the
(n — s)-tuple (Gs41,--.,a,). This concept generalizes several classical
objects: for instance, if s = 1, then M is a generic hypermatrix, whereas
if n = s = 2, then M is a Hankel matrix. When n = s > 3, we obtain
a hypermatrix whose a-entry only depends on the sum " | a;: such
objects are sometimes called Hankel tensors and appear in various areas
of mathematics (e.g., [3, 4, 13, 14, 15]). Finally, for s = n — 1, we
obtain a class of hypermatrices related to certain rational normal scrolls
described in Section 6.

Our main task is to study two classes of determinantal ideals associ-
ated to this hypermatrix and, to this aim, we introduce another positive
integer, t < n. We consider the ideals I¢** and I**) which are gener-
ated by specific 2 x 2 minors of M described in detail in Definition 1.3.
The motivation for using ¢, instead of just taking all minors choosing
t = n, is to consider at once a wider class of ideals and establish further
connections with existing literature. An example arises from algebraic
statistics: for each value of t € [n], ‘) corresponds to a class of condi-
tional independence statements (cf., [1] for ¢ = 1 and [16] for arbitrary
t). Another example is I being equal to the ideal of the Segre em-
bedding P(V1) x -+ x P(V)) x P(Vi1 ® - @ V) = P(V1®@ - @ V,,)
(cf., [10]). Besides, the parameter ¢ plays a key role in establishing a
further connection with projective geometry in Section 6.

The content of the paper is the following. We first describe the
structure of the ideal I(s:?) by characterizing in Theorem 3.5 the
binomials lying in it: we derive in this way the primeness of Iist)
(cf., Proposition 3.9) and its Hilbert function (cf., Corollary 3.7) thus
extending the work of Ha on the generic case in [10]. The ideal I(**
is not prime, and we characterize its minimal primes in Theorem 4.4.
In the second part of the paper we focus on ideals with large values of
s, which carry a tamer structure: we are able to provide the explicit
list of generators of the minimal primes (cf., Theorems 5.3, 5.10, 5.12)
and the geometric interpretation (cf., Corollaries 6.3 and 6.4); see also
Remark 5.14 and Conjecture 5.8. Finally, Theorem 6.1 is a broad
generalization of [17, Theorem 1] on Hankel matrices.
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Most of our methods are inspired by the paper [16] mentioned
above, which deals with the generic case. We use, in particular,
the concept of (s,t)-switchable set generalizing “t-switchable sets,”
and, in this way, we extend [16, Theorem 4.13] to our framework.
However, we need several combinatorial arguments, scattered in proofs
and lemmas throughout the paper, to adapt their methods taking
into account the identification among the elements of an s-Hankel
hypermatrix. In addition, we also undertake new investigations, mainly
the generalization of Watanabe’s theorem, the study of the Hilbert
function, and the combinatorics and geometry of these ideals for s =
n,n— 1.

We note that, according to [5], a hypermatrix M is supersymmetric
if it is n-Hankel and the sizes of M are all the same; thus, Inn) belongs
to the class of ideals of varieties studied in [5] in this special case.
However, for arbitrary r; and s, we cannot speak of supersymmetric
hypermatrices any longer, and our ideals are more general.

All the examples in this paper have been worked out by means
of Macaulay2 [8] and, in particular, since the ideals we consider are
binomial, by means of the package Binomials [12].

1. Setup. Let N, denote the set of positive integers, and if r € N,
set [r] = {1,...,r}. Given n,ry,...,r, € Ny with r; > 2 for each
i € [n], define the set of indices as N = [r1] x -+ x [r,]. For a fixed
integer s € [n], we say that two indices a,b € N are s-equivalent if

s s
D = b
i=1 i=1

and a; = b; for each i = s+ 1,...,n. This is indeed an equivalence re-
lation, and the s-equivalence class of an index «a is uniquely determined
by the sum .7, a; and by the (n — s)-tuple (as41,...,a,). It is con-
venient to fix a representative for each s-equivalence class; therefore,
we give the following definition: the normal form of an index a € N is

a = max{a’ € N : d’ is s-equivalent to a},

where the maximum is with respect to the lexicographic order, on N’}.
An index a is said to be in normal form if ¢ = @. So, for instance, if

a=1(2,2,1,2) e N =[3] x[3] x [2] x [2] and s = 2, then @ = (3,1, 1, 2),
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whereas (3,2, 1,2) is in normal form. The sum of the first s components
of an index plays a role in proofs and, therefore we define, more
generally for a vector a € Z", the quantity [|al ) = >-7_; |as.

Now we fix the algebraic framework. Let k be an arbitrary field, and
let {z4 : a € N} be a set of variables indexed in A/ with the following
identification rule: for any a,b € N, we set z, = x; if and only if a and
b are s-equivalent. In other words, these variables are in a one-to-one
correspondence with indices in normal form. We let R =k[z, : a € N]
be the polynomial ring over these variables. We order the variables of
R, setting

x, < xp if and only if @ < b,

where we compare @ and b with respect to the lexicographic order on
N7'. We fix the lexicographic monomial order as the monomial order
on R.

Remark 1.1. The Krull dimension of the ring R is given by the number
of indices in normal form, which equals the number of possible values
of |lall(s), times the number of possible values of the (n — s)-tuple
(as+1y---,an). We obtain

dim R = (Zri — s+1>7‘s+1-~-rn.
i=1

We are now ready to define the fundamental concept.

Definition 1.2. Let n,s,ry,...,r, € Ny and R be the polynomial ring
as above. The s-Hankel hypermatriz is the r; X -+ X r, hypermatrix
indexed in N whose a-entry is the variable z, in R, i.e., the hypermatrix

M= (z,:aeN).

Now we want to introduce some determinantal ideals associated to
M. Unlike the case of matrices, different kinds of minors occur in a
hypermatrix, and we need to introduce more notation. Let L C [n],
a,b € N, and define the switch of a and b with respect to L as the
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index, denoted by sw(L, a,b), whose ith component is

b, ifielL;

sw(l,a,b)i = {a- itidL

When L = {j}, we just write sw(j,a,b). The Hamming distance or
simply distance of two indices a,b € N is defined as d(a,b) = #{i €
[n] such that a; # b;}. Note that d(a,b) = d(sw(L,a,b),sw(L,b,a)).
Given a,b € N, i € [n] and L C [n], define the polynomials

fL,a,b = Lalp — Tsw(L,a,b)Tsw(L,b,a)>
fi,a,b = LaTb — Tsw(i,a,b)Lsw(i,b,a)-

It is easy to see that, if d(a,b) < 1, then fr o5 = 0. A slice minor is an
element of the form f; o for some i € [n] and indices a,b € N satisfying
d(a,b) = 2 and a; # b;. A generalized minor is an element of the form
fi,ap for some i € [n] and indices a,b € N with arbitrary distance.
The reason for the choice of names is simple. A nonzero slice minor
fiapb is associated to two indices a, b which differ exactly in two distinct
components i, j € [n]: now f; 4.5 is a 2 x 2 minor of the matrix obtained
from M fixing all the components except i, j, and such a subarray of M
is commonly referred to as a slice of the hypermatrix M. If d(a,b) > 3,
then the element f; 43 is not, in general, a minor of a slice of M.

We are ready to define the ideals which are the focus of this study.

Definition 1.3. Let ¢ € [n], and set
10 = (fiap:ab €N, da,b) =2, i € [f]),
TN = (fiap:a,be N, ielt]).

Thus, " is the ideal generated by all the slice minors of M such
that one of the two non-fixed components is at most ¢, whereas ()
is generated by all the generalized minors whose switched component
is at most ¢.

Remark 1.4. The ideal It admits an interpretation in terms of
decomposable, i.e., rank one, tensors. Let V; be k-vector spaces of
dimension 7; with fixed bases &;, and consider the tensor product
V =V ®---®V, with the corresponding basis £. Grone noted
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in [9] that 1™ defines a variety in P(V) which parametrizes all
decomposable tensors in V. More generally, in [16], T s viewed
as the ideal cutting out all decomposable tensors in flattenings of V' of
the form V; ® (®;;V;) as i varies in [t].

We may say that a tensor v € V is s-Hankel if its components
with respect to & satisfy the same relations as the variables z,; these
tensors determine a linear subspace H C V. Thus, the ideal I(5™
defines a variety in P(H) C P(V) which parametrizes decomposable
s-Hankel tensors in V. Similarly, the ideal I defines a variety in
P(H) parametrizing all decomposable s-Hankel tensors in flattenings
of V of the form V; ® (®;%,V;) as i varies in [t].

A similar description is provided in [5] for a class of symmetric
tensors parametrized by so-called Segre-Veronese varieties.

It is important to observe that the ideals associated to the s-Hankel
hypermatrix can also be interpreted as determinantal ideals in the
classical sense of matrices. This is obvious for I¢**), which is generated
by the minors of certain slices. For I we explain the relationship
with matrices in the following discussion. This discussion also plays a

role in Section 6.

Discussion 1.5. A generalized minor f; . with any value of d(a,b)
can be seen as a minor of a suitable matrix, constructed as follows.
We rearrange the entries x, of the hypermatrix M in a matrix M’
whose rows are indexed by the i-component of a and columns by the
remaining n — 1 components: the matrix M’ is a flattening of the
hypermatrix M with respect to the component 7. Thus, M’ has r;
rows and 7y ---7; - - -1, columns, and now f; .5 is the 2 x 2 minor of
M’ determined by the indices a,b. We obtain that I is the sum of
the ¢ determinantal ideals of the flattenings of M with respect to each
of the first ¢ components.

Remark 1.6. We note that values t = n and ¢ = n— 1 define the same
ideals, i.e., It = [{sn=1) and I(sm) = Jlsn=1)  Thig is easy for the
ideal I if a,b € N with d(a,b) = 2 and a; # b;, a; # b;, then, for
example, we have j <n —1and f; 45 = fjap € I{sm=1), proving that
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Ism) = 1{n=1) Tt is easy to see that the following equations hold:
n—1
fn,a,b = f[nfl],a,b = Z fj,sw({1,‘..,j71},a,b),sw({1,...,jfl},b,a)a
j=1

and each summand on the right belongs to I(sm=1), Thus, I(sm) =
'Iv(s,n—1>.

We conclude this section with a result that will be useful later.

Lemma 1.7. Let i € [t] and a = co,c¢1,...,ck, b € N. Suppose that,
for all j € [k], we have d(cj—1,¢;) = 1, with ¢j_1,¢; differing in
position l; # i. Suppose also that d(cg,b) = 2 and cx; # b;. Then
Ty Tyt ey, fi,a,b S I<S’t> .

Proof. The proof given in [16, Lemma 4.10] for the case s = 1 works
for any value of s. O

2. (s,t)-Switchable sets.

Definition 2.1. Let s,t € [n]. A subset S C N is (s, t)-switchable if
the following two properties hold:

(i) for all a,b € S with d(a,b) = 2 and 7 € [t], we have sw(i,a,b) € S;
(i) if e € S and b € NV is s-equivalent to a, then b € S.

It is straightforward that () and A are (s, t)-switchable sets for any
values of s,t. Moreover, for each t € [n—1], an (s, t+1)-switchable set is
also an (s, t)-switchable set and the converse holds if ¢ = n—1, but not in
general. Note that property (i) from Definition 2.1 is equivalent to the
following condition: for any a,b € N and any distinct ¢ € [¢] and j € [n],
we have a,sw({i,7},a,b) € S if and only if sw(i, a,b),sw(j,a,b) € S.

Let S € N. Two indices a,b € S are connected in S if there
exist ¢g = a,c1,...,c, = b € S such that, for all j € [k], we have
d(cj—1,¢;) = 1; the sequence co,...,c, is called a path between a
and b. Clearly, connectedness is an equivalence relation on §. The
next lemma shows that one of the two equivalence relations defined on
(s, t)-switchable sets is coarser than the other.
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Lemma 2.2. Let S be an (s,t)-switchable set. If a,b € S are s-
equivalent, then they are connected in S. In other words, s-equivalence
implies connectedness.

Proof. We prove the lemma by induction on the quantity

S

5a,b) = lla = bl = 3 las — bil-

i=1

Notice that, since a and b are s-equivalent, then

S S
E a; = E b;,
i=1 i=1

and thus 0(a, b) is a non-negative even integer, and a and b differ either
in no components or in at least two. If d(a,b) = 0, then a = b, and
they are trivially connected.

Suppose 6(a,b) = 2. Then there are exactly two components
h,k € [s] in which a and b differ, and we must have b, = ap + 1
and by = ap — 1. If 1 € {h,k}, that is to say, if a1 # by, then
¢ = sw(l,a,b) € S and a,c¢,b is a path connecting a and b since
d(a,c) = d(b,c) = 1.

Assume now that aq; = b1. The idea is to “move,” via s-equivalence,
the difference between the hth or the kth components of a and b to
the first component, so that we can switch it no matter what ¢ is. We
distinguish two cases.

1,...,a,). Since S is (s,t)-switchable, we have ¢’ € S, and also
c=sw(l,a’,a) € S. It is immediate to check that d(a,c) =d(b,c) =1
so that a,c,b is a path between a and b.

Case a1 = 1. Then a is s-equivalent to a’' = (2,as,...,a; —

Case a; > 1. Then a is s-equivalent to @’ = (a1 — 1,as,...,an +
1,...,a,). Similarly to the previous case, a’ and ¢ = sw(1, a’, a) belong
to S and a,c,b is a path.

Finally, assume d(a,b) > 2. Then there exist h,k € [s] such
that ap, > bp and ar < br. We have that a is s-equivalent to
a = (ar,...,ap — 1,...,ar + 1,...,a,), and thus o’ € S. Tt is
immediate to check that d(a,a’) = 2 and d(b,a’) < §(b,a), and the
proof is completed by induction. O
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Corollary 2.3. Let T be a connected component in an (s,t)-switchable
set S. Then T is itself an (s,t)-switchable set.

Proof. Let a,b € T with d(a,b) =2 and i € [t]. Then d(a,sw(i,a,b))
< 1 and sw(i,a,b) is connected to a, so that sw(i,a,b) € 7. By
Lemma 2.2, T is closed under s-equivalence. O

Let S C N be an (s,t)-switchable set. We define three ideals of R:
fés’t> = (fi,ap : @ € [t],a,b connected in S),
Varfgs’t> =(z,:a¢S8),
PED — vl 4 7.

Notice that both ideals fés’w and P‘és’w generalize the ideal I as
Fot) = 7t = ple

Lemma 2.4. Let S be an (s,t)-switchable subset of N'. The ideal Pésﬁ
contains I,

Proof. The proof of [16, Proposition 4.2] for the case s = 1 works
for any value of s. O

The following technical lemma will be needed to prove the main
result of Section 4.

Lemma 2.5. Let S be an (s,t)-switchable set. Let a,b € S be connected
and i € [t] a component such that a; # b;. Then there exist elements
a=co,c1,...,¢c €S such that d(c;,b) = 2, ¢; # b;, d(¢j_1,¢5) =1
and ¢j_1,c¢; do not differ in component i for all j € [I].

Proof. By hypothesis, there is a path a = eqg,e1,..., e, e141,€142 =D
in § connecting a, b. Leaving out the last two indices in the path, there

are indices a = eq, e1,...,¢; € S such that d(e;_1,e;) =1 for all j € []
and d(e, b) = 2.
Let us consider the indices ¢; = sw(i,ej,a) for all j = 0,...,L

We claim that these indices belong to S; this is trivially true for
j =0 If j > 0, then ¢; = sw(i,ej,eq) = sw(s, ej,cj—1) where



248 ALESSIO SAMMARTANO

d(ej,cj—1) = d(ej,sw(i,ej_1,e9)) < 2; by induction on j, we have
cj € S.

Now the i-component of ¢; is equal to a; for all j € [I], and in
particular ¢;; # b;. We also have d(c;_1,¢;) <1 for all j € [I] and, up
to pruning redundant elements, we may assume d(c;j_1,¢;) = 1. All
we have to check is the distance d(¢;, b): if this distance is equal to 2,
then the elements c¢; satisfy all the desired properties. If d(c;,b) # 2,
since d(cg,b) = d(sw(i, e, a),b) and d(e;,b) = 2, then we must have
either d(c;,b) = 1 or 3 (we are changing only one component in e;).
The case d(¢;,b) = 1 implies ¢;; = b;, which is a contradiction. If

d(c;,b) = 3, then e;; = b;; in this case, we add to the sequence
the element ¢;11 = sw(é,ei41,a). Since e;; = b;, d(e;,b) = 2 and
d(es,ei+1) = d(ej+1,b) = 1, then necessarily, €41, = b;. Since

d(ej+1,0) = 1 and ej41, = b; # a;, then d(¢41,b) = 2, and they
differ in the i-component. Of course, we have d(¢;, ¢;41) = 0 or 1, but
d(cp41,b) # d(c, b) implies d(¢q, ¢;41) = 1. The proof is completed. [

3. Structure of the ideal I‘**), Let S be a connected (s,t)-
switchable set. The main aim of this section is to characterize in
Theorem 3.5 when two monomials are equivalent modulo [ f;’t). We
point out that the proof of this result, which is of fundamental im-
portance in the paper, is not a simple rewriting of the proof of [16,
Lemma 6.2] for the generic case. We prove consequently that the set
Gs = {fr.ap : K C[t],a,b € S} is a Grobner basis for Zés’ﬁ, and we
derive information on I. f;’t) such as primeness and the Hilbert function.

In this section, we use the term multiset to indicate a finite list where
elements are counted with multiplicity and order is irrelevant. When
we say “reduction” we mean in the sense of the Grobner bases. The
symbol LT(f) denotes the leading term of a polynomial f € R. Recall
that we fixed the lexicographic order on the monomials of R.

We observe that an element ¢ € Gs has the form g = x4, 2,4, —
Zp, Tp,, for some indices a; € S and indices by = sw(K, ay,as),
by = sw(K,as,a1), with K C [t]. By definition of switch, it is easy
to check that these indices a;, b; satisfy the following properties:

(1) Naall(sy + llazllsy = [[alls) + [102lls)3
(2) if s < t: the multiset {a1,,a2,} is the same as the multiset
{b1,i,b2,;} for each i = s+ 1,...,¢, and the multiset {(a1,¢+1,...,
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a1,n), (@241, - - -, a2, )} is the same as the multiset {(b1 ¢+1, .., b1.n),
(b2,t+1a sy b2,n)}7

(3) if s > t: the multiset {(a1 s41,.--,01,n), (@1,541,-..,02,,)} is the
same as the multiset {(b1 s11,...,01,n); (b2,s41,-..,b2n)}

Note that the last two conditions are the same when s = t. Generalizing
a bit, take now an element of the form h = ag, where g € Gs and « is
a monomial of R. We observe that h has the form

d d
H Ta; — H T, s
i=1 i=1
with indices a;, b; € N that satisfy the following properties:
d d
(1) Zi:l ||az‘||<s> = Zi:1 ”biH<s)§

(2) (a) if s < t, the multiset {a1,...,aq,} is the same as the
multiset {b1,,...,bq;} for i =s+1,...,t, and the multi-

set {(a1441,---,01n)s---,(@dt+1,---,0dn)} is the same

as the multiset {(b1,441,---,01.n)s- -5 (bdt+1s---50dn)};
(b) if s > ¢, the multiset {(a1,5641,---,01,n)s---, (Cds+1,-- -,

aqn)} is the same as {(b1,s41,---,01n), -5 (Ddys41,---»

bd,n)}-

It follows that every reduction step of a monomial o = H?zl Zq, with
respect to Gs preserves the quantity of property (1) and the multisets
of properties (2) (a)—(2) (b) from the list above. In particular, if a
homogeneous binomial

d d
p=ITze =]
i=1 i=1

reduces to 0 modulo G g, then necessarily these quantities and multisets
are the same for the first and the second monomial. We summarize this
discussion in the following proposition, where we focus on binomials p
involving only variables x, with a € S.

Proposition 3.1. Let S be a connected (s,t)-switchable set. Let

d d
p:Hxai—Hmbi with a;, b; € S.
i=1 i=1
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Assume that p reduces to 0 with respect to the set Gs. Then the indices
a;, b; satisfy property (1) and one of (2) (a) and (2) (b) on the list
above.

With this notation, our aim is to prove the converse of Proposi-
tion 3.1 when s > 2.

Lemma 3.2. Let a,b e N. If ||al|sy > [|bl(s), then x4, > xp.

Proof. By definition of the order on variables, we have to compare @
and b. Notice that we have [[@||sy = [lal|(s), |bll(sy = [|0]l(s), and hence,
@l sy > ||bll(s)- But this implies that the first non-zero component in
@ — b is positive; hence, @ > b with respect to the lexicographic order
on N, and thus zg = 2, > 23, = 3. O

Lemma 3.3. Let S be a connected (s,t)-switchable set, a,b € S and
s 2> 2. If |lal[ sy — [|bll(sy| > 2, then zqxy is not reduced modulo Gs.

Proof. Assume, without loss of generality, that [lallsy > ||b](s)-
Then the hypothesis becomes |[|al|(sy — [[bll(sy > 2, or in terms of
components y ;_;(a; — b;) > 2. This guarantees the existence of
a’,b € N, that are s-equivalent to a and b, respectively, such that

S

() ay=by>1, Y (aj—b)) =1,
=2

Since a’ is s-equivalent to a, we have o’ € S and, similarly, V' € S,
so that ¢ = fio € Gs. By the inequalities (x), we easily have
lla'llsy > llsw(l,a’,0')] sy, Isw(1,0',a")|l(sy and, by Lemma 3.2, it
follows that LT(g) = zq @y = z4xp. Thus, z,2p can be reduced with
respect to g € Gs. |

Lemma 3.4. Let S be a connected (s,t)-switchable set, and assume
s > 2. Consider a binomial

d d
p= Hxai - bei with a;,b; € S,
i=1 i=1
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such that

d

d
(%) Y lailly =D llbillsy-
i=1

=1

If p is reduced modulo Gs, then, up to reindexing, it satisfies the
following conditions:

(i) llaills) = lIbill(s) for each i € [d];

(ii) there exists k € [d] such that |laiy = - = |l >
laktills) = -+~ = llaallisy and [larll(sy = llaralls) +1 (i k = d,
then all the ||a;||(sy are equal).

Proof. Replacing the indices a;, b; with the normal forms @;, b; does
not affect equality (%) nor changes the variables involved; therefore,
we may assume that all the indices are in normal form. This implies
the simple formula ||la]|(s — [|bll(s)| = lla — bll(s). Assume that p is
reduced.

If it happens that [la; — a;l[(sy > 2 for some i,j € [d], then, by
Lemma 3.4, x4, %q, - - - Tq, 1S not reduced, a contradiction. Therefore,
for all i, j € [d], we have ||a; — a;||(sy = 0 or 1, and the same fact
holds for the b;. In particular, there may be at most 2 distinct values
of [|a;||(s) (otherwise there would be a;, a; with |[a; — ajl| (s > 2). We
state this more precisely: up to reordering the a;, b;, there are integers
k, k' € [d] such that

llaillisy = - = llarllsy = llarsallisy +1 == |laqlls) + 1,
o1llsy = -+ = lbwr lsy = Nbrrs1llsy +1 =+ = [[ball sy + 1.

Of course, the condition |lail[(sy = [lax11l/(s) + 1 plays a role only if
k < d, and similarly for the b;. Call, for brevity, A = |[a1]|(s) and
B = |[b1]|(s). If we substitute these equalities in equation (xx), we

obtain
kA+(d—-k)(A-1)=kB+(d —K)B-1),

and, after easy manipulations, we get d(A — B) = k' — k. Since
k. k' € [d], we get |k — k| < d — 1, and the only possibility is
A — B =k — k=0, which implies the conclusion. O
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Theorem 3.5. Let S be a connected (s,t)-switchable set, and assume
s> 2. A binomial

d d
p= Ha:ai — bei, with a;,b; € S,
i=1

i=1

reduces to 0 with respect to Gs if and only if the following properties
hold:

d d
(1) 25y laillesy = 25— 1ills);
(2) (a) if s < t, the multiset {a1,,...,a4:} is the same as the
multiset {by 4, ...,bq:} fori=s+1,...,t, and the multiset

{(a1,441,---5ya1.n)s -5 (@di+1,-- -, Gan)} @5 the same as
the multiset {(b1,141,---,01,n)s- -+, (ba 41, ban)};

(b) if s > t, the multiset {(a1,5415---,01n)s---,(Qd,s415---,
agn)} is the same as {(b1s41,---,01n)s -y (Ddyst1y---»

ban)}-

Proof. The necessary part was proved in Proposition 3.1. We may
assume that p is already reduced with respect to Gs. We proceed by
induction on the degree d of the binomial. If d = 1, then necessarily
p = 0; now suppose that d > 1. The cases s < ¢t and s > t are somehow
different, and we treat them separately (the two arguments coincide if
s=1).

Let us deal with the case s < t. In the proof of this case we enumerate
the set [r;+1] x - -+ X [ry,] preserving the (lexicographic) order on (n—t)-
tuples, so that we can treat the last n — ¢ components of elements of
N as one component. In other words, we may assume, without loss
of generality, that ¢ = n — 1. Note that, since an (s,n)-switchable set
is the same thing as an (s,n — 1)-switchable set, this also covers the
case t = n. When we write fr, 45, and L is a subset of [n] containing
n = t+ 1, we actually mean fj\1,q,, in the usual sense. If all the
elements in each of the multisets of property (2) (a) are equal, then
clearly the two monomials are equal too and p = 0. If there are some
different elements in a multiset, we claim that the minimal elements in
each multiset are those belonging to indices ay,...,a; (where [ < d is
the number of minimal element in the fixed multiset). In fact, if we
had a;; > ap; for some j <1, h > [ and i € [n], then we could reduce p
with respect to fiq; ), € Gs, contradicting the fact that p is reduced.
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But now, a1, ...,a; and by, ..., b; satisfy the hypothesis of the theorem,
and so do aj41,...,aq and bj41,...,bq so that the conclusion follows
by induction on d.

Let us deal with the case s > t. We apply Lemma 3.4 and assume
that conditions (i) and (ii) from that statement are satisfied. If k = d
in the notation of Lemma 3.4, then it follows immediately that the
two monomials are equal, and thus p = 0. Assume k < d. If all the
elements in the multiset of property (2) (b) are equal, then they are
also equal for the b;, and we have p = 0. If they are not all the same,
we claim that the & minimal elements must appear as the last n — s
components of the tuples aq,...,ax, and the same for the b;. Assume,
by contradiction, that this is not the case. Then we have, for example,
for the first monomial

(aj,s-i-la s 7aj,n) > (ah,s-i-lv s 7ah,n)

for some j < k < h. But, then, we may reduce this monomial with
respect to the element g = fl)a}% € (Gg for suitable choices of a;-, aj,.
Here, the idea is to take s-equivalent indices where we “moved” the only
difference in the first s components to the first component. Precisely,

we choose a’;, aj, € N such that

p p . . )
e a; and aj, are s-equivalent to a;, ap, respectively;
/ _ N .
o, =ay, fori=2...s
!/ —
® aj; =ay;+1

These choices of indices are possible because ||a;l|(s) = [lan| (sy 4+ 1. For
these choices, we easily have

hd ”a;”(s} > st(laa;‘aa;c)”(s) so that xa;. > xsw(l,a},a;) by
Lemma 3.2;

hd ||a;||<s> = ||SW(17 a’;c7 a;)”(s)a (a/j7s+17 s 7aj,n) > (ah75+17 s 7ah,n)
so that Za/ > Tsw(l,af,.a/)-

It follows that LT(g) = 4,24, and we can reduce p, reaching a
contradiction to p being reduced. Thus, the k£ minimal elements must
appear as the last n — s components of the tuples ay,...,ax, and the
same for the b;; but now aq,...,ax and by, ..., by satisfy the hypothesis
of the theorem, and so do ax41,...,aq and bg41,...,b04, so that the
conclusion follows by induction on d. O
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Corollary 3.6. Let S be an (s,t)-switchable set, and assume s > 2.

Then the following set is a Grébner basis for fés’t>:

Gs = {fx.ab: K Ct],a,b connected in S}.

Proof. We partition § into its connected components S = S;U- - -US,
and, by Corollary 2.3, each S; is itself an (s, t)-switchable set. The set
G s may be expressed as the union G, U- - -UGg, , where GS ={frap:
K C [t],a,b € §;}. It is clear that each generator of I " belongs to

Gs,, so that we have the inclusion I é‘j> C (Gs;). Conversely, let
a,b € §; and K = {k1,...,k} C [t]. Expanding the sum, we may
check that the element fg o5 can be obtained as

l

fKap = Z Thy w1, kj—1 basb) sw({k,.okj—1 }obsa)-
j=1
It is easy to see by induction on j that sw({ki,...,kj_1},a,b) and
sw({ki,...,kj_1},b,a) € S;, and they are all connected in S, by
assumption. Each of the summands on the right hand side is thus
a generator of I< >, so that Gs, C I< 2 Therefore, we have I< 0 =
(Gs;) and, taklng the sum of these 1deals we conclude that GS is a

system of generators for 1 fg 2

Now we apply Buchberger’s criterion to prove that Gs is a Grobner
basis; therefore, we consider S-polynomials of pairs of elements f,g €
Gs. If f € Gs, and g € Gs; with i # j, then the S-polynomial trivially
reduces to 0 with respect to Gs as the two sets of variables appearing
in f and g are disjoint. If f,g € Gs, for some 4, then the S-polynomial
is either 0 or a binomial satisfying Theorem 3.5, and hence, it reduces
to 0 with respect to Ggs. O

Another application is the following result, in which we adopt the
convention that an empty product is equal to 1.

Corollary 3.7. Let H(d) denote the Hilbert function of the algebra
R/IY . If2 < s < t, then

s t

H(d) = <d2(rj 1)+1> (d+m1c-l--rn—1> 1 <d+:;-—1>’

=1 i=s+1
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whereas, if s > t, s > 2, then

H(d) = (di(rj 1)+ 1) <d+“+1c'l' T 1).

Jj=1

Proof. Write R/I(st) = @dZO(R/ﬂS*t))d, where (R/I), is the
graded component of degree d. Since this k-vector space is generated
by all the monomials of degree d, in order to compute its dimension,
we only need to count the number of distinct monomials of degree d in
R/Its) 1f s > 2, by Theorem 3.5 and Corollary 3.6 (applied to the
(s,t)-switchable set A) a monomial

d
[+
=1

is uniquely determined by

e if s <, the quantity Zgzl llaill sy, the multisets {a1,,...,aq:}

for i = s+ 1,...,t, and the multiset {(a1 41,...,01.n),---,
(Gdt+1s- -5 Qdn) };

e if s > ¢, the quantity Z?Zl llaill(s), the multiset {(a1,s41,...,
a1,n)s - (Adst1s -+ Gdn) }-

Multisets can be counted easily via binomial coefficients: a multiset of

size k from a set of n elements can be chosen in (”‘H; _1) different ways.

The number of choices for Z?Zl |ail|(sy is clearly determined by the
numbers rq,...,r,. Precisely, we have:

e the quantity Z?:l llail| sy can be chosen in

<iirj—iil>+1:d;(rj—1)+l

i=1 j=1 i=1 j=1
ways;
e ifi € [t] the multiset {a,...,aq;} can be chosen in (‘171 71) =
(Th77) ways;

e the multiset of the final n — ¢ (respectively, n — s) components

can be chosen in (d+”+1(;”m_1) = (d—:ri:f.l.:}'riil) ways (respec-
L n

tively, (d+rs+1d~~rn—1) _ (d+7"5+1...rn—1) Ways).

Ts41Tn—1
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The total number of distinct monomials of degree d is simply obtained
by multiplying these expressions, and we get exactly the expressions of
the statement. O

Remark 3.8. The Hilbert function for s = 1 was found in [10,
Proposition 1.9]. Interestingly, that expression is not a particular case
of the ones found here for higher values of s; in other words, the generic
case behaves differently from that of other s-Hankel hypermatrices.

Finally, Theorem 3.5 gives the primeness of the ideal Iis0,

Proposition 3.9. If S is a connected (s,t)-switchable set, then INéS’Q
1S prime.

Proof. Assume by contradiction that I fss’t) is not prime. We suppose
first that k is algebraically closed. By [7, Theorem 6.1], there exist

a polynomial f and a binomial g in R such that f,g ¢ Tf;’t) and

fg € :fés’t). Write ¢ = a — ¢, where a and 8 are monomials, ¢ € k
and f = diy1 + doya + - - - + diyk, where d; € k and ~y; are monomials.

Assume « = LT(g) and 1 = LT(f). Assume that every monomial in f

and g is reduced modulo the Grébner basis Gs of I és’t>. We are going

to use the characterization from Theorem 3.5; therefore, we assume
s > 2. However, I‘") is prime because it is a Segre ideal (cf., [16]).

Since fg € ff;’t), then it reduces to 0 modulo Gg. It follows that its
leading term ay; reduces modulo Gs to the same monomial as some
other monomial in fg. If it reduces to the same monomial as a~y; for
some 7 > 1, then ay; and a-y; satisfy the hypotheses of Theorem 3.5;
hence, ;1 and ; satisfy the hypotheses of Theorem 3.5 so that v; and
~; reduce to the same monomial contradicting that f was reduced.

Thus, ¢ # 0 and a7y; reduce to the same monomial as 8v; for some
j € [k]. But gisreduced, soj # 1. Set i; = 1 and is = j. Repeating the
process, a;, reduces to the same monomial as 57;,, for some i3 # i,
and, in general, at the pth step, a-y;, reduces to the same monomial as
B%i,, With i, # i1 1. We have finitely many monomials in f, whereas
p can be arbitrarily large; hence, i, = 7, for some ¢ < p.
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Now aP~9~; ---v;,-1 reduces to the same monomial as P~ %y; -
Yi,—1- It follows that aP~9v; -7, 1 and BP~%; ---v; 1 satisty the
hypotheses of Theorem 3.5, so do =7 and P~ ¢, and so do « and f3;
hence, a and S reduce to the same monomial yielding a contradiction.

_ Now let k be an arbitrary field, denote its algebraic closure with
k and the corresponding polynomial ring with R = k[z, :€ N]. By
the first part of the proof, the ideal Iés’wﬁ is prime. But Iés7t> is the

contraction of I é&ﬂﬁ’ and since the extension R C R is faithfully flat,

(s,t)

we conclude that fss’t is a prime ideal. O

4. Structure of the ideal I‘**). By contrast to the ideal I(*t)
investigated in the previous section, the structure of I¢** is much less
accessible. For instance, finding a Grobner basis or the expression of
the Hilbert function for this ideal seems out of our reach. We are going
to study the primary decomposition of I¢**) since this ideal is not prime
if n > 3. This is in fact an easy consequence of Lemma 1.7: choosing
a=(1,...,1), b = (r1,...,m) and ¢; = (1,7r9,...,741,1,...,1) for
i € [n—2] we have x¢, - ¢, ,frap € I while ., - 2., , ¢
I<S’t> ) fl,a,b ¢ I<S’t> .

_ We use the next lemma to establish a representation of the ideal
It as colon of It

Lemma 4.1. Let a,b € N, i € [n], and consider the generalized minor
9= fiap. There exist a’,b' € N such that g = +f; oy and ay > b for
each j € [s].

Proof. Without loss of generality, we have ||al|s) > [|b]|(s). Assume
first ¢ > s. Then, we may simply choose o' = @, b’ = b, and it is
straightforward that f; o, = fia’,r. Since a’ and b’ are in normal form
gnd la'llsy = llall¢sy > [[bll¢sy = [I¥ll(s), we obtain a} > b for each
Jj€lsl

Suppose now i < s. We may assume, without loss of generality,
LT(g) = xqxp: if this were not the case, we could consider the minor

fi,sw(i,a,b),sw(i,b,a) = 7fi,(l.,b; which satisfies LT(fi,sw(i,a,b),sw(i,b,a)) =
Tgw(i,a,b)Tisw(iba)- 1N particular, a has the greatest value of || - [
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among the four indices involved in g, so ||CLH(3> > ||s(i, b, a)||<s> _
6]l (sy + @i — b;, and hence ||al|s) — a; > ||b]| sy — bi.

Set a; = a;,b; = b;, and choose numbers a},b; € [r;], with j €
[s]\ {4}, such that b, < a’; and |a’[|(s) = [lall(s) and ||b'[| sy = [|b]l(sy (this
choice is possible because ||a|| () —a; > [|b]|(s) —bi). Set also a); = a; and
by =bj for j = s+1,...n. We have |sw(i,b,a)| sy = [[b]l(s) —bi +ai =
(i, ¥ ) and lsw(z D)l = llall gy — a5 = 1wl o', 5)
because we did not change a;, b; and |[la| sy, [|b]/(sy. Moreover, a’,
b, sw(i,a',b') and sw(i,b',a’) are s-equivalent to a, b, sw(i,a,b) and
sw(i, b, a), respectively. It follows that f; o = fi o, and we have the
desired inequality a; > b} for each j € [s]. O

Proposition 4.2. Let p = [[ z, denote the product of all the (distinct)
variables in R. Then:

(i) Ti(s:t) — [(s.t) cp = I8t p>;
(ii) I®" s the smallest prime ideal that contains I and that
Eontains no monomials;
(iii) I is a primary component of 15!,

Proof. We prove first that each generator f; . of I(s:t) belongs to
It . p. If d(a,b) < 1 or a; = b;, then fi.ap = 0. So, suppose
d(a,b) > 2, a; # b; and, for example, ||al(sy > [|b|(s). By Lemma 4.1,
we may assume, up to changing the sign of the generator, that a; > b;
for each j € [s].

We construct a path ¢y = a,¢1,...,¢ € N such that d(¢;_1,¢j) =1
for all j € [l], ¢j—1, ¢; do not differ in component ¢, d(¢;,b) = 2 and no
two ¢;, ¢j, are s-equivalent. In order to do this, let

Kz{kl<k2<~~<kl+1}:{k€[n]\{i}|ak%bk},

so that | = #K — 1 = d(a,b) — 2. Set ¢ = a and ¢; =
sw({ki1,...,k;},a,b). Essentially, we switch the components in which
a and b differ one at a time in increasing order, avoiding the compo-
nent ¢. By construction, no two indices are s-equivalent. The path
satisfies the desired properties and, in particular, all the variables
x¢; are distinct. Now we can apply Lemma 1.7, and it follows that
ey Zey fiap € I{st) Since the x¢; are all distinct, we get that p is
a multiple of z,, - - - z,, and this proves that I{5t) C (1) ; p,
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The inclusion I¢** : p C I&Y : p> holds in general. For the
final inclusion, given g € I** : p™ with m € N, we have that
gp™ € I(®0) C I{s:t) and, as I¢") is prime and contains no monomials,
we get g € I, So (i) is proved.

For (ii), let P be a prime ideal that contains I¢** and that contains
no monomials. By the proof of (i), (" = [{) . p C P: p = P, and
assertion (ii) follows. Assertion (iii) follows by (i) and the fact that
I is prime. O

Now we extend the primeness result of Proposition 3.9 to a more
general class of ideals.

Proposition 4.3. Let S be an (s,t)-switchable set. The ideals fés’t>

and Pésﬁ are prime.

Proof. Let § = §; U---US, be the decomposition of S into its
connected components; we have

Sot) N Fst)
Iy 721& .
=1

Denote with k the algebraic closure of k and with R the polynomial
ring k[z, : a € N]: the extension R C R is faithfully flat. Proposi-
tion 3.9 applies also to R, and hence, fé‘:’t)ﬁ is a prime ideal for each 1.
A well-known result states that the sum of two prime ideals of a poly-
nomial ring is prime if the generators of the two ideals involve disjoint
sets of variables and the underlying field is an algebraically closed field.
It follows that the ideals

TEOR=Y IR
i=1

and
Pés,t)ﬁ _ Tés,t} + Varfg.@,t)ﬁ

are prime. Since the generators of these two ideals are in R and R C R
is faithfully flat, we get that I };,t) and Pés’t> are contractions of the

prime ideals | és’t>§ and Pés’t>§, and hence they are prime. O
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An (s,t)-switchable set S C N is mazimal (s, t)-switchable if, for
all (s,t)-switchable sets 7 containing S properly, the ideals P‘és’w and
P;S ) are incomparable.

Theorem 4.4. The set of minimal primes over I'®Y consists of all
the ideals of the form Pés’t>, where S is a mazimal (s, t)-switchable set.

Proof. We have already seen in Proposition 4.2 that I s a
minimal prime of I¢5t). Notice that (5! is of the form of the statement
since () = Pjif’w, and N is trivially a maximal (s, t)-switchable set.

Let P be an arbitrary prime ideal minimal over [ {s:t) We assume
that P 2 I**  and thus it contains some variables; otherwise, I¢5" C
P by Proposition 4.2 (ii). Define the set

S={aeN:z, ¢ P}

We have S # (; otflzerwise7 P is the maximal homogeneous ideal which
properly contains 1(*. We prove now that S is (s,t)-switchable.

Given a,b € S such that d(a,b) = 2 and a; # b; for some i € [t], we
prove that sw(i,b,a) and sw(i,a,b) € S. Since P contains I¢** and
i € [t], P contains the slice minor fiap = TaTv — Tew(i,b,a)Lsw(i,ab)-
Since a,b € S, then z,2p ¢ P, so that Tew(ip,a)Tsw(iap) ¢ P, which
implies Tgyw (i b,a)s Tsw(iap) & P, and hence, sw(i,b,a),sw(i,a,b) € S.
Thus S satisfies property (i) in Definition 2.1. By definition of S, it
is straightforward that S is closed under s-equivalence, proving that
S is (s,t)-switchable. Now Pé«s’t) is a prime ideal containing I¢**) by
Lemma 2.4.

Let us prove that P‘és’w C P. By definition of S, we have Varfs,s’t> C
P. Let fiqp € fés’t>, with ¢ € [¢t] and a and b connected in S: by
Lemma 2.5, there exist elements ¢ = a,...,¢; € S such that d(¢;,b) =
2, d(¢j—1,¢;) =1 and ¢j—1 and ¢; do not differ in component ¢ for all
j € [l]. Then, we can apply Lemma 1.7, and we get ¢, - - Z¢, fiap €
fés’t> C P and, since x.; ¢ P for all j € [l], it follows that f; ., € P.
Thus, I C P& C P and, by minimality, PS"" = P.

Finally, let 7 be an (s,t)-switchable set properly containing S;
then Var%fi) - Varf;’t>. By Lemma 2.4, P;s’t) contains I This,
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combined with the fact that P = Pésﬂf) is minimal over I‘** implies
that I~7<f g Pés’t>. Therefore, Pés’t> and Pés ") are incomparable, and
S is a maximal (s, t)-switchable set.

Now we prove the converse. Let § be a maximal (s, t)-switchable
set; we know that Pés’” is a prime ideal containing I¢**). Take a
minimal prime P of I{** contained in P‘és’w. By the first part of the
proof we have P = P7<-S ) for a maximal (s,t)-switchable set 7. By
P;S’w C Pés’w, it follows that Var%‘fi) - Varfgs’w, and hence S C 7.
But S is maximal, and Pés’t> and P7<-S ) are comparable: necessarily we

have § = T and Pés’t> is thus a minimal prime. O

5. Minimal primes for large values of s. In this section, we are
going to specialize s and make Theorem 4.4 more explicit. We start
with a result on (s, t)-switchable sets that actually holds for any s > 2,
but will be particularly helpful when s =n,n — 1.

Lemma 5.1. Let S be an (s,t)-switchable set with s > 2. Assume that

S contains an element a such that (a1, ...,as) # (1,...,1),(r1,...,7rs).
Then all the indices b € N such that (bsi1,...,bn) = (ast1,---,0n)
belong to S.

Proof. Since S is closed under s-equivalence, we may assume without
loss of generality that both a and b are in normal form. Notice that
our hypothesis implies a; > 1 and ag < rs.

We proceed by induction on d(a,b) = ||a —b||(sy. If 6(a,b) = 0, then
a = b, and the conclusion holds trivially. Assume now §(a,bd) > 0 and,
for example, ||a||(sy > ||b]| (). Consider the following index a’ € N:

a) =a; —1, a, =as+1, a; =a; forie[n]\{l,s}.

We have that a’ is s-equivalent to a, and thus, ¢’ € S. Since
d(a,a’) = 2, it follows that also ¢ = sw(l,a,a’) € S. Let ¢ be the
normal form of ¢/, we have that ¢ € S and ||b[| 5y < [lc|l(sy < |lal|(s), s0
that §(b,¢) < §(a,b) and the conclusion follows by induction.

In the next part of this section we study the minimal primes of I
and therefore we fix s = n. We can restrict our focus ton > 3: if n = 2,
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then we have a Hankel matrix, for which 1% = (2 is prime and
well understood.

Proposition 5.2. Assume that n > 3. Then the (n,t)-switchable sets
are exactly

S1=0, So={1,...., 1)}, Ss={(r1,...,m)},
84:{(1,...,1),(T1,...,7‘n)}7 85:./\[.

Proof. First we observe that Sy satisfies property (i) in Definition 2.1
if and only if n > 3, as the distance between the two indices is n. The
other four sets trivially satisfy that property. Moreover, all five sets
are closed under n-equivalence; therefore, they are (n,t)-switchable.
These are the only (n,t)-switchable sets: if S # A is a proper (n,t)-
switchable subset, then by Lemma 5.1, § C S; (otherwise S = ) and
the conclusion follows. |

Theorem 5.3. Ifn > 3, then the ideal I™Y has exactly two minimal
primes: the ideal I'™" and the monomial prime

Pézl@ - (xa | a # (1,...,1),(r1,...,rn)).

Proof. We want to apply Theorem 4.4. We already know that
Ity = Pf\;l’w is a minimal prime. By Proposition 5.2, we only have to
look for maximal (n,t)-switchable sets in the list

{817827 833 84}

The set Sy is maximal: indeed, the only (n, t)-switchable set containing
Sy is N, and Pﬁ?’t) and ng’w are not comparable as f1 (1,...1),(ry,....rn) &

Péf’t>. On the other hand, we have P‘é‘Z’t> C Péf’t> for each i = 1,2, 3,
and thus these three sets are not maximal. O

For the first minimal prime Proposition 4.2 gives us an expression
as colon ideal. The next two lemmas will lead to a similar expression
for the other minimal prime ideal.

Lemma 5.4. Let a,b € N be two indices such that ||al| ;) — |0l (ny = 2.
Let c € N be an index such that ||c||(y = |lall(ny —1 = [|b||(ny +1. Then
Taxp = x2 (mod I¢™1).
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Proof. Since >, (a; —b;) = 2, there exist a; and b; € [r;] such that
ay —by =1, ay—by=1, a,=0b, fori>3,
la'llmy = llallmy, 10" llny = 118l -

Thus, ' and o’ are n-equivalent to a,b, respectively, and z, = x4,
xy = wxp. We have d(a/,b') = 2, and thus, the minor fi . p =
Tar T — Tsw(1,a’,b') Tsw(l,b ,a’) Delongs to I¢mt) | But this minor proves the
conclusion, because ||sw(1,a’,b")|ny = [lalmy — 1, |lsw(1,0',a")|(ny =
llall¢ny — 1, and hence these two indices define the same variable as
c. (]

Lemma 5.5. Leta € N\{(1,...,1),(r1,...,mn)}. There existsp € Ny
such that x is equivalent (mod I‘™%) to a monomial divisible by the
product p of all variables.

Proof. We first prove the following claim: for any b € N, there
exists a positive integer my, such that 7 = xya (mod I™!), for
some monomial a. We proceed by induction on the quantity vy(a,b) =
llallny = [1bll¢ny]- If y(a,b) = 0, then a,b are n-equivalent, and we
can just choose mp = 1, = 1. Assume now d(a,b) > 0 and, for
example, [lall() > ||b]l(n). Take ¢ € N such that |[c|[¢my = [[bll¢ny + 1:
we have v(b,¢) = 1 and v(a,c) < v(a,b). In particular, by induction,
there exists a positive integer m,. such that 2™ = z.8 (mod I{"*)
for some monomial 3. Since a < (r1,...,7r,) and [|c[/¢n) < [la]|(ny, We
have that ¢ < (r1,...,7r,), and hence, there exists d € N such that
ldll ny = llell¢ny +1 = [|b]|(ny +2. By Lemma 5.4, we get that zpzq = 22
(mod I™*) and consequently, 2™ = 2282 = zy248° (mod I{™) so
the claim follows by setting my = 2m. and a = 2432

Now, to obtain the statement of the proposition, it is sufficient to
choose p > >, - my, where my, is the positive integer provided by the
claim for each b € V. O

Let rad(-) denote the radical of an ideal.

Proposition 5.6. Let P‘é:b’t> be the monomial minimal prime of 1{™1
as in Theorem 5.3. We have PéZ’1t> = rad (™t . JL0 ) (reern))-
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Proof. Let us prove that x, € rad(I<"’t> S S1,(1001) (1)) TOT ANy

variable x, € Péf’w. Consider the indices
Co = (1,...,1),Cj = (1,...,1,7”n,j+1,...,7"n) for j € [7717 3]

These indices form a path between (1,...,1) and (1,1,73,...,7,), and
they do not differ in the first component. By Lemma 1.7, we have

t
Loy Leg ©* .J;C'/L*v?)f11(1’~~51)7(7"15~~~»7"n) e,

Moreover, the variables ., are all distinct because the values ||c;|| ()
are strictly increasing. It follows that x4, %4, - 24, , divides the
product p of all variables, and thus p € I{™? : J1,01,.1),(r1seorn) - BY
Lemma 5.5, there exists a positive integer p such that x? is equivalent
(mod I™") to a monomial divisible by p, so it follows that

2l € I f1 (1 1) ()

and
Tq € rad(I("’t> : fl,(l,‘..,l),(rl,m,rn))~

Conversely, let g € rad(I{™ : 1,01, (r ). We have
9P F11 1), € 1800 C Péf’”

for some positive integer p; but fi 1, 1),(r,....rn) & Péf’t> and PéZ’1t> is

prime, so that gP € PéZ’t>, and hence g € Péj’t>7 proving that

fad(—r<n’t> (1) (rasern)) S ng’t>- 0
Unlike the case of the minimal prime f<”’t>, the Péj’w-component is

not prime in general.

Example 5.7. Let N = [3] x [3] x [3], s = ¢t = n = 3. Then the
Péf’t>—comp0nent is

(2(3,3,1), T(3.2,1)> T(3,1,1), x%g,g,z)» %(2,1,1)%(3,3,2) 95%2,1,1)) - Péff’”~

We have evidence to believe that, if s = n, there are no embedded
primes, and that the primary components are exactly the two colon
ideals mentioned above (without the radical).
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Conjecture 5.8. The primary decomposition of I is

It = Jnth (I<n’t> L) e r,,,))’

Now we turn to the study of the minimal primes of I"~%*  and

hence we fix s = n — 1 for the remainder of this section. First, we
find all the (n — 1,¢)-switchable sets. Given B C [r,], we define the
following subset of N:

Sp =[r1] x -+ X [rn_1] x B.

We deal separately with the cases n = 3 and n > 4, which yield different
decompositions.

Proposition 5.9. Assume that n > 4. The (n — 1,t)-switchable sets
consist of two classes:

(i) all the subsets of the form Sg, where B is any subset of [ry];
(i) all the subsets S C N such that, for all a € S, we have either

(a1y.. yan—1)=(1,...;1) or (a1,...,an—-1) = (F1,...,"n_1).

Proof. First, we notice that the two types of sets of the statement
are (n—1,t)-switchable. This is clear for the first type, whereas for the
second type it is true because there are no a, b € S such that d(a,b) = 2,
and it is trivially closed under (n — 1)-equivalence.

Now we prove that these are the only ones. Let S be an (n — 1, ¢)-
switchable set. Assume that S is not of type (ii) in the statement, that
is to say, S contains an index b such that (by,...,bn—1) # (1,...,1),
(ri,...,7n—1); we claim that S is of form (i) in the statement. If
S is not of that form, then there are two indices a € S,¢ ¢ S
such that a, = ¢,. In particular, we must have (a1,...,an,-1) €
{(1,...,1),(r1,...,7n—1)}, otherwise by Lemma 5.1, we would have
¢ € 8. For example, (ay,...,an—1) = (1,...,1). We also must have
b, # cp; otherwise, ¢ € § again by Lemma 5.1. Consider the index
e=1(2,1,...,1,b,): since e, = b,, we have e € S by Lemma 5.1. Since
ap, = ¢ # by, we get d(a,e) = 2, and hence f = sw(l,a,e) € S. But
fn = an = cp, and (f1,..., fuo1) # (1,...,1),(r1,...,7—1) because
n > 3 and fo = 1. It follows that ¢ € & by Lemma 5.1, which is a
contradiction. We conclude that S is of type (1) in the statement, with
B={b,:be S} O
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We see now that if n > 4 the minimal primes of I"~1% are very
similar to those of I{™*  except that the monomial prime is generated
by all but 2r, variables instead of all but 2.

Theorem 5.10. If n > 4, then the ideal I"~'t) has ezactly two

minimal primes: the ideal I{"=1 gnd the monomial prime

P=(zq|(a1,...,an—1) #(1,...,1),(r1,...,"n—1)).

Proof. By Theorem 4.4, we have to find all the maximal (n — 1,¢)-
switchable sets, and certainly N is one of these. In fact, it is the only
one among those of type (i) in Proposition 5.9: if B C [r3], then it is

easy to check that I(n=11 C Pé’;fl’w.

Now consider (n — 1,t)-switchable sets of type (ii). There is a
maximal one with respect to inclusion, namely, the set S = {a €
Nl|(ai,...,an—1) € {(1,...,1),(r1,...,7n—1)}}. This is indeed a
maximal (n — 1, ¢)-switchable set because the only (n — 1, ¢)-switchable
set containing it is A/, and we have Pﬁ;hu) g P‘é"_l’t> because
J1,01,000),(r1 ) & P‘én_l’w. None of the other (n — 1,¢)-switchable
sets of the form (2) is maximal: if 7 is one of these, then T C S

and we can easily verify that Pénil’w C P;"il’w. Therefore, the two

ideals I"=1.0) and P = Pé«nfl’t) provide the list of minimal primes of
I(n—l,t>. 0

Proposition 5.11. Assume that n = 3. The (2,t)-switchable sets
consists of two classes:

(i) all the subsets of the form Sp, with B C [rs];

(i) all the subsets S C N satisfying the following property: for all
I € [rs], there is at most one a € S such that ag = 1, and either
(a1,a2) = (1,1) or (a1,a2) = (r1,72).

Proof. The two types of sets of the statement are (2,t)-switchable.
The first type is the same as in Proposition 5.9. For the second type,
we have d(a,b) # 2 for all a,b € S, and S is closed under 2-equivalence.

Let us prove that these are the only ones. If S is a (2,t)-switchable
set and contains an index b such that (by,b) # (1,1),(r1,72), then
with the very same proof as in the case n > 4, we can conclude that
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S is of type (i). Assume now that, for every a € S, we have either
(a1,a2) = (1,1) or (a1,a2) = (r1,7r2). If there exists [ € [rs] such
that « = (1,1,1) € S and b = (r1,7r2,1) € S, then d(a,b) = 2 but
sw(l,a,b) = (r1,1,1) ¢ S, a contradiction. Thus, S is of type (ii). O

We have seen that, if s =n >3 or s =n — 1 and n > 4, then there
are exactly two minimal primes. On the other hand, if n = 3 and s = 2,
then there are more minimal primes.

Theorem 5.12. If n = 3, the ideal I‘**) has exactly the following
278 — 1 manimal primes: the ideal 128 gnd the monomial ideals Pg,’w
with

§¢={aeN: (a1,a2) = p(az)}

as ¢ varies over the non-constant functions ¢ : [r3] — {(1,1), (r1,72)}-

Proof. Again, we have to find all the maximal (2, t)-switchable sets.
As in Theorem 5.10, AV is the only maximal (2, t)-switchable set among
those of type (i) in Proposition 5.11. Now consider sets of type (ii),
i.e., & such that for all [ € [rs] there is at most one a € S such that
az =1, and either (a1,a2) = (1,1) or (a1, az2) = (r1,72).

First of all, we may assume that S is maximal with respect to
inclusion among the sets of type (ii) in Proposition 5.11, or equivalently,
that for all I € [r3] there is exactly one a € S such that az = I.
Indeed, if § C T are two (2,t)-switchable sets of the form (ii),
then P7<-2’t> - Pég’w, because they are equal to Vaur%f’t> and Varf;’t>,
respectively (there are no two connected indices with distance at least

2in S or 7, and thus, fé2’t> = fé?@ = {0}).

Therefore, § = S¥ for some function ¢ : [rs] — {(1,1),(r1,72)}.
If ¢ is constant, then S¥ is not a maximal (2,t)-switchable set: we
claim that (2 C Pé%,’t). Let f; o» be a nonzero generator of f<2’t>, SO
that d(a,b) > 1. If a ¢ S¥ or b ¢ S®, then at least one of sw(1,a,b),
sw(1,b,a) does not belong to S¥, and hence, f; 4. € Péijt>. Notice that,
since @ is constant and d(a, b) > 1, we cannot have both a,b € S?. The
claim is thus proved.

So, necessarily, S = §¥ for some non-constant function ¢ : [r3] —
{(1,1),(r1,72)}. Let us see that the converse holds. We prove that
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fgﬂ Z Pg;t> for every T of type (i) conNtaining ‘29”. It is suf-
ficient to check this for 7 = N, because Iﬁ’w C L<,-2’t> for these
T. To this purpose consider, as usual, the element fi (111) (v )
it does not belong to P§i7t> because T(r, 1,1y, T(1,ry,r5) € Pg,’t) and

2t
T(1,1,1) T(ryrayrs) & P‘é‘w ',

These monomial primes are in a one-to-one correspondence with the
set of non-constant functions ¢ : [r3] = {(1,1), (r1,72)}, and there are
2™ — 2 such functions; considering also the binomial minimal prime
T<2’t>7 we obtain exactly 2™ — 1 primes. O

Remark 5.13. We note that, when s < n, there are embedded
primes. For example, consider the 2-Hankel hypermatrix indexed by
N = [2] x [2] x [3]: the maximal homogeneous ideal is an associated
prime of 121,

Remark 5.14. We have seen in Theorems 5.3, 5.10 and 5.12 that all
minimal primes over I¢**) other than I{s!) are monomial if s > n — 1.
This is not true anymore for smaller values of s. For instance, take
the 3-Hankel hypermatrix indexed by N' = [2] x [2] x [2] x [2] x [2],
ie., withn =5 and s = 3. Theset S ={a € N :a; = az = a3} is
maximal (3, 5)-switchable, f§3’5> 4 \/'ar<53’5>7 and therefore, P§3’5> is not
monomial.

6. Watanabe’s theorem and projective varieties. Given two
ideals I and I’ living in two isomorphic rings R and R/, when is there
an isomorphism ¥ : R — R’ such that U(I) = I’? Invariants of ideals,
such as the Hilbert function, allow us to solve this problem in one
direction (when the answer is negative). In this section, we address
this question in the other direction, for ideals of the form I(s:0),

The idea is to generalize to hypermatrices the following result proved
by Watanabe (in the more general setting of r x r minors).

Let H and H' be an mxn and an m’ xn' Hankel matrix, respectively,
and let Io(H) and I(H') denote the ideals generated by all the 2 x 2
minors: if m4+n =m’' +n/, then Iy(H) = Io(H') (cf., [17, Theorem
1]).
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Looking at s-Hankel hypermatrices now, choose two sets of integers
{n,s,t,r1,...,rp} and {n', s, t',r,...,r., } with the usual limitations
s, t € [n], &, € [n'], ri,ri > 2. These parameters determine
two hypermatrices M and M’ indexed in NV = [r1] X --- x [r,] and
N = [r]] x -+ x [r].], respectively. Then, we have the corresponding
polynomial rings R and R', and the ideals 1" and I‘®:) which we

denote with I and I for R and I’ and I’ for R'.

In order to address the question above, we need to have R = R’. By
Remark 1.1,if n —s=n' — ¢,

!
S S
!
E TZ'—SZE T, — S
i=1 i=1

and 7,41 = 1,,_; 4, for i € [n — s], then dim R = dim R/, and hence,
the two rings are isomorphic.

Moreover, by Theorem 3.7, the Hilbert functions of I and I’ are the
same if one of the two following conditions holds: either ¢ > s and
t—s=t —s, ort<sandt <s. Wesee that, in this case, I and I’
are in fact isomorphic.

Theorem 6.1. Let {n,s,t,r1,...,r} and {n', s, ¢/, v}, ..., rl.} be two
sets of parameters as above. If the parameters satisfy the following
conditions:

(i) n—s=n"—¢;
!’
(i) 325yri—s=220ym s
(i) 7p—ip1 =14y fori € [n—s];
and one of the two conditions

(a) s<tandt—s=t —¢;
(b) t<s andt <és;

then there is an isomorphism ¥ : R — R’ that maps Tt

Proof. Let {x,,a € N'} be the variables of R and {x},b € N’} the
variables of R/. Notice that if s = 1 the two hypermatrices M and
M’ have the same sizes and the theorem does not really say anything.
Therefore, assume s > 2.
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We can define an isomorphism ¥ : R — R’ assigning a bijection
between the variables of the two rings. We map a variable x, to x;} (a)’
where 9(a) € N is an index such that |[1/(a)|(sy = ||lall(s), and the last
n — s components of 1(a) are the same as those of a. The assumptions
on the parameters and the s- and s’-equivalence guarantee that this is

a well-defined bijection between the two sets of variables.

Now this isomorphism preserves the quantity and multisets of prop-
erties (1), (2) (a)-(2) (b) for a monomial & € R from Theorem 3.5.
Since Theorem 3.5 characterizes the membership for binomials and
ideals f, I , we can deduce that ¥ maps binomials of I to binomi-
als of I’. The argument works clearly in the other direction too, so
that U(I) = I'. 0

Remark 6.2. In general, even though the hypotheses of Theorem 6.1
are satisfied, I and I’ need not be isomorphic. For example, if
N = [3] x [3] x [3], s = ¢t = n = 3, then the Hilbert polynomial of
T'is P(d) = 9d — 2, whereas if N7 = [4] x [2] X [3], s’ =¢ =n' =3, the
Hilbert polynomial of I’ is P’(d) = 7d.

Besides generalizing Watanabe’s theorem, Theorem 6.1 allows us to
relate the ideal I{** to some classical determinantal varieties. A good
reference on the topic is [11].

Corollary 6.3. An ideal of the form ﬂ"’”, i.e., with s = n, defines a
rational normal curve.

Proof. Recall that equations for the rational normal curve in P™
are given by the 2 x 2 minors of a Hankel matrix of size 2 x m whose
entries are the m + 1 homogeneous coordinates. Assume that ("% is
associated to the set of indices N = [r1] X « -+ X [ry,].

We define another set of parameters setting n’ = s’ =¢ =2, r] =2,
rh =Y ri—n (we have ry > 2 because r; > 2 for each i € [n]). Now
the two sets of parameters satisfy the hypotheses of Theorem 6.1, and
the second one defines a 2 x r, Hankel matrix. The theorem follows
withm =", 7 —n. O
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Now we consider a generalization of the rational normal curve to
higher dimensions. Let 01 < 09 < --- < ¢g; be a non-decreasing se-
quence in N, and set m = 22:1 o;+1—1. We can find complementary
o;-dimensional linear subspaces A; C P™ and rational normal curves
C; C A; in each. Choose biregular maps

©; - Cl — Ci,
and let

Scr (1,...,00) = | Prpa(P), ..., u(P),
PeCy

where P, ..., P, denotes the linear subspace of P™ spanned by the
points Pi,..., P,. The set Scr(o1,...,0;) is called a rational normal
scroll of dimension 1, and it is actually a projective variety: its defining
ideal is generated by the minors of the following matrix (cf., [11])

$ Zin Zia o Ziey | | Zig Zip o Zig
Zig Zi3 - Zioi+1 Z1o L1z o Zig41) ]

i.e., a matrix consisting of [ blocks of sizes 2 x o;, with each block
a Hankel matrix. We denote by I3(X) this ideal, which lives in the
polynomial ring

S:k[ZiJ‘ZiE[Z], IS']SO'J

Now consider the class of rational normal scrolls such that all the
defining integers are equal, that is to say, Scr (o,...,0) with 0 € N
repeated [ times. We want to view the corresponding ring S as a ring
of the form R used so far. We can map the variables of the polynomial
ring R, with set of indices N = [2] x [o] x [I] and parameters n = 3,
s = 2, to those of the polynomial ring S above. The correspondence
between the two sets of variables is given by

'l/)(x(al,ag,ag)) = Za1+a2—17a3'

This map is well defined and bijective because of the 2-equivalence and
corresponding identification among variables x, of R. Therefore, we
have defined an isomorphism ¥ : R — S.

Corollary 6.4. An ideal of the form f<"_1’t>, i.e., with s = n — 1,
defines a rational normal scroll if n > 3.
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Proof. We consider at first the particular cases n = 3, s = 2,
t =1and N = [2] X [g] x []] for some o,l € N;. Since t = 1, by
Discussion 1.5, the ideal I can be realized as the determinantal
ideal of the flattening of M with respect to the first component, i.e.,
the following matrix:

<$(1,1,1) Ta,2,1) - T(1,0,1)
T21,1) L(2,2,1) " L(2,0,1)

T,y T2l m(l,a,l)).
T, T2,2,0) - T(2,0,0)

Thus, denoting this matrix by M’ and its 2 x 2 determinantal ideal by
I,(M'), we have I®1) = [,(M’). But the isomorphism ¥ : R — S
maps the matrix M’ to the matrix ¥ and therefore the ideal I5(M’) to
I5(%), and the conclusion follows.

Now consider the general case. Notice first that t =nandt =n—1
produce the same ideal by Remark 1.6; thus, we may assume ¢t < n—1.
We want to apply Theorem 6.1, and to this purpose, we choose the
following parameters:

n—1
n=3sd=2t=1r=2rhb=0= E ri—n+1lry=10=r,.

i=1

With this choice, the ring R is isomorphic to the polynomial ring R’
associated to the set of indices N/ = [2] x [o] x [I] and s’ = 2, and the
isomorphism maps our ideal "~ 1% to the ideal 1>V of R’. But this
ideal defines a rational normal scroll, as seen in the first part of the
proof. |

Acknowledgments. This paper is an outcome of the author’s mas-
ter thesis written under the supervision of Irena Swanson. We thank
her for the great hospitality at Reed College and for many helpful
discussions. We are also thankful to the referee for improving the or-
ganization of the content.

REFERENCES

1. N. Ay and J. Rauh, Robustness and conditional independence ideals,
arXiv:1110.1338, 2011.

2. A. Conca, Straightening law and powers of determinantal ideals of Hankel
matrices, Adv. Math. 138 (1998), 236-292.

3. R. Badeau and R. Boyer, Fast multilinear singular value decomposition for
structured tensors, SIAM J. Matrix Anal. Appl. 30 (2008), 1008-1021.



s-HANKEL HYPERMATRICES 273

4. H. Belbachir, A. Boussicault and J. G. Luque, Hankel hyperdeterminants,
rectangular Jack polynomials and even powers of the Vandermonde, J. Algebra
320 (2008), 3911-3925.

5. A. Bernardi, Ideals of varieties parameterized by certain symmetric tensors,
J. Pure Appl. Algebra 212 (2008), 1542-1559.

6. A. Eagon and M. Hochster, Cohen-Macaulay Rings, Invariant Theory, and
the generic perfection of Determinantal Loci, Amer. J. Math. 93 (1971), 1020-1058.

7. D. Eisenbud and B. Sturmfels, Binomial ideals, Duke Math. J. 84 (1996),
1-45.

8. D. Grayson and M. Stillman, Macaulay 2, a software system for research in
algebraic geometry, available at www.math.uiuc.edu/Macaulay2, 2012.

9. R. Grone, Decomposable tensors as a quadratic variety, Proc. Amer. Math.
Soc. 64 (1977), 227-230.

10. H.T. Ha, Boz-shaped matrices and the defining ideal of certain blowup
surfaces, J. Pure Appl. Algebra 167 (2002), 203-224.

11. J. Harris, Algebraic geometry: A first course, Springer, New York, 1992.

12. T. Kahle, Decompositions of binomial ideals, J. Soft. Alg. Geom. 4 (2012),
1-5.

13. J.G. Luque and J.Y. Thibon, Hankel hyperdeterminants and Selberg inte-
grals, J. Phys. Math. Gen. 36 (2003), 5267-5292.

14. , Hyperdeterminantal calculations of Selberg’s and Aomoto’s inte-
grals, Mol. Phys. 102 (2004), 1351-1359.

15. J. Papy, L. De Lathauwer and S. Van Huffel, Ezponential data fitting using
multilinear algebra. The single-channel and the multichannel case, Numer. Lin. Alg.
Appl. 12 (2005), 809-826.

16. I. Swanson and A. Taylor, Minimal primes of ideals arising from conditional
independence statements, J. Algebra 392 (2013), 299-314.

17. J. Watanabe, Hankel matrices and Hankel ideals, Proc. Schl. Sci. Tokai
Univ. 32 (1997), 11-21.

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY 150 N. UNIVERSITY STREET,
WEST LAFAYETTE, IN 47907
Email address: asammart@purdue.edu



