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DEGENERATIONS OF GRADED
COHEN-MACAULAY MODULES

NAOYA HIRAMATSU

ABSTRACT. We introduce a notion of degenerations of
graded modules. In relation to it, we also introduce several
partial orders as graded analogies of the hom order, the
degeneration order and the extension order. We prove that
these orders are identical on the graded Cohen-Macaulay
modules over a graded ring which is of graded finite
representation type and representation directed.

1. Introduction. The notion of degenerations of modules appears
in geometric methods of representation theory of finite-dimensional al-
gebras. In [17], Yoshino gives a scheme-theoretical definition of degen-
erations, so that it can be considered for modules over a Noetherian
algebra which is not necessarily finite dimensional. Now, a theory of
degenerations is considered for derived module categories [11] or sta-
ble module categories [18]. The degeneration problem of modules has
been studied by many authors [6, 14, 16, 17, 20, 21]. For the study,
several order relations for modules, such as the hom order, the de-
generation order and the extension order, were introduced, and the
connection among them has been studied. In the previous paper [9],
the author gives the complete description of degenerations over a ring
of even-dimensional simple hypersurface singularity of type (An).

In the present paper, we consider degenerations of graded Cohen-
Macaulay modules over a graded Gorenstein ring with a graded isolated
singularity. First we consider an order relation on a category of graded
Cohen-Macaulay modules which is called the hom order (Definition
2.2). We shall show that it is actually a partial order if a graded ring
is Gorenstein with a graded isolated singularity.
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In Section 3, we propose a definition of degenerations for graded
modules (Definition 3.1) and we state several properties of it. We
show that, if the graded ring is of graded finite representation type and
representation directed, then the hom order, the degeneration order
and the extension order are identical on the graded Cohen-Macaulay
modules. We also consider a stable analogue of degenerations of graded
Cohen-Macaulay modules in Section 4.

2. Hom order on graded modules. Throughout the paper, let
R = ⊕∞

i=0Ri be a commutative Noetherian N-graded Cohen-Macaulay
ring with R0 = k a field of characteristic zero. A graded ring is said
to be ∗local if the set of graded proper ideals has a unique maximal
element. Thus, R is ∗local since m = ⊕i>0Ri is a unique maximal
ideal of R. We denote by modZ(R) the category of finitely generated
Z-graded modules whose morphisms are homogenous morphisms that
preserve degrees. For i ∈ Z, M(i) ∈ modZ(R) is defined by M(i)n =
Mn+i. Then HomR(M,N(i)) consisting of homogenous morphisms of
degree i, and we set

∗HomR(M,N) = ⊕i∈ZHomR(M,N(i)).

For a graded prime ideal p of R, we denote by R(p) a homogenous

localization of R by p (see [7, subsection 1.5.]). For M ∈ modZ(R),
take a graded free resolution

· · · → Fl
dl−→ Fl−1 → · · · → F1

d1−→ F0 →M → 0.

We define an lth syzygy module ΩlM of M by Im (dl). We say that a
graded R-module M is said to be a graded Cohen-Macaulay R-module
if

∗ExtiR(R/m,M) = 0 for any i < d = dimR.

In particular, this condition is equivalent to

∗ExtiR(M,ωR) = 0 for any i > 0,

where ωR is a ∗canonical module of R. The notion of a ∗canocial module
is a graded version of a canonical module. In our setting, ∗canocial
module is a canonical module of R, and we can take ∗HomR(∗Hd

m(R), k)

as ωR where ∗Hd
m(R) = lim−→

∗ExtdR(R/mk, R). See [7, subsection

3.6.] for details. We denote by CMZ(R) the full subcategory of
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modZ(R) consisting of graded Cohen-Macaulay R-modules. By our

assumption on R, modZ(R) and CMZ(R) are Krull-Schmidt, namely,
each object can be decomposed into indecomposable objects up to
isomorphism uniquely. For M ∈ modZ(R), we denote by h(M) a
sequence (dimkMn)n∈Z of non-negative integers. By the definition,
it is easy to see that h(M) = h(N) if and only if they have the same
Hilbert series. Moreover, we also have that h(M) = h(N) if and only
if h(M∗) = h(N∗) where (−)∗ = ∗HomR(−, ωR). See [7, Theorem
4.4.5.].

Remark 2.1. For a short exact sequence of finitely generated graded
R-modules 0 → X → Y → Z → 0, we see that dimk Yn = dimkXn +
dimk Zn for each n ∈ Z. If M and N give the same class in the
Grothendieck group, i.e., [M ] = [N ] as an element of K0(modZ(R)),
then there exists a short exact sequence 0 → X → Y → Z → 0
such that M ⊕ X ⊕ Z ∼= N ⊕ Y by the definition. Therefore, we
have h(M) = h(N) if [M ] = [N ] in K0(modZ(R)). However, the
converse does not hold in general. Let R = k[x, y]/(x2 − y2) with
deg x = deg y = 1, and set M = R/(x + y) and N = R/(x − y).

Then h(M) = h(N) and [M ] ̸= [N ] in K0(modZ(R)). In fact, let p
be an ideal (x + y)R. Then rankR(p)

M(p) = 1 and rankR(p)
N(p) = 0.

Note that [M ] = [N ] on K0(modZ(R(p))) yields that [M(p)] = [N(p)] on

K0(modZ(R(p))). Thus, [M ] = [N ] can never happen.

Our motivation of the paper is to investigate the graded degenera-
tions of graded Cohen-Macaulay modules in terms of some order rela-
tions. For this reason, we consider the following relation on CMZ(R)
that is known as the hom order.

Definition 2.2. For M , N ∈ CMZ(R), we define M≤homN if [M,X] ≤
[N,X] for each X ∈ CMZ(R). Here [M,X] is an abbreviation of
dimk HomR(M,X).

Remark 2.3. For M , N ∈ modZ(R), [M,N ] is finite, and thus we can
consider the above relation. Let k be a commutative ring and A an
abelian k-category such that each morphism set has finite length as a k-
module. As shown in [5], ≤hom is a partial order on a full subcategory
of A which is closed under direct sums and kernels. Thus, if R is of
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dimension 0, 1 or 2, ≤hom is a partial order on CMZ(R) since CMZ(R)
is closed under direct sums and kernels in such cases.

Lemma 2.4. Let R be a graded Gorenstein ring, and let M and N
be graded Cohen-Macaulay R-modules. Suppose that h(M) = h(N).

For Y ∈ modZ(R) which is of finite projective dimension, we have
[M,Y ] = [N,Y ].

Proof. For a graded R-module Y which is of finite projective di-
mension, ΩiY is also of finite projective dimension. Since R is Goren-
stein, we have ∗Ext1R(M,ΩiY ) = 0 for all graded Cohen-Macaulay R-
modules M . Thus, taking a graded free resolution of Y and applying
HomR(M,−) to the resolution, we get an exact sequence

0 −→ HomR(M,Fl) −→ HomR(M,Fl−1) −→ · · ·
−→ HomR(M,F0) −→ HomR(M,Y ) −→ 0.

Hence,

[M,Y ] =
l∑

i=0

(−1)i[M,Fi].

We also have

[N,Y ] =
l∑

i=0

(−1)i[N,Fi].

Since R is Gorenstein, ωR = R(l) for some l ∈ Z. Then we have an
equality [M,F ] = [N,F ] for each graded free module. Therefore, we
have

[M,Y ] =
l∑

i=0

(−1)i[M,Fi] =
l∑

i=0

(−1)i[N,Fi] = [N,Y ]. �

In this paper, we use the theory of Auslander-Reiten (AR) sequences
of graded Cohen-Macaulay modules. For details, we recommend [3, 4,

10] and [15, Chapter 15]. We denote by CMZ
0 (R) the full subcategory

of CMZ(R) consisting of M ∈ CMZ(R) such that M(p) is R(p)-free for
any graded prime ideal p ̸= m.

Theorem 2.5. [3, 4, 15, 10]. Let (R,m) be a Noetherian Z-graded
Gorenstein ∗local ring. Then CMZ

0 (R) admits AR sequences.



GRADED COHEN-MACAULAY MODULES 225

Definition 2.6. We say that (R,m) is a graded isolated singularity if
each graded localization R(p) is regular for each graded prime ideal p
with p ̸= m.

It is easy to see that CMZ(R) = CMZ
0 (R) if R is a graded isolated

singularity, so that CMZ(R) admits AR sequences. We denote by
µ(M,Z) the multiplicity of Z as a direct summand of M .

Theorem 2.7. Let R be a graded Gorenstein ring with R0 = k an
algebraically closed field, and let M and N be graded Cohen-Macaulay
R-modules. Assume that R is a graded isolated singularity. Then
[M,X] = [N,X] for each X ∈ CMZ(R) if and only if M ∼= N . In

particular, ≤hom is a partial order on CMZ(R).

Proof. We decompose M as M = ⊕Mµ(M,Mi)
i where Mi are inde-

composable graded Cohen-Macaulay R-modules. If Mi is not free, we
can take the AR sequence ending in Mi

0 −→ τMi −→ Ei −→Mi −→ 0,

where τMi is an AR translation of Mi. Apply HomR(M,−) and
HomR(N,−) to the sequence. Since k is an algebraically closed field,
EndR(X)/rad EndR(X) ∼= k for each indecomposable graded Cohen-
Macaulay module X. Hence, we have

0 −→ HomR(M, τMi) −→ HomR(M,Ei)

−→ HomR(M,Mi) −→ kµ(M,Mi) −→ 0

and

0 −→ HomR(N, τMi) −→ HomR(N,Ei)

−→ HomR(N,Mi) −→ kµ(N,Mi) −→ 0

(see [13, Corollary 13.17] or [15, Lemma 5.5]). Counting the dimen-
sions of terms, we conclude that µ(M,Mi) = µ(N,Mi).

If Mi is free, we may assume that Mi = R. Let m be a ∗maximal
ideal of R. We consider the graded Cohen-Macaulay approximation
(Remark 2.8) of m

0 −→ Y −→ X −→ m −→ 0.
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We note that X is a graded Cohen-Macaulay R-module and Y is
of finite projective dimension. Let f be a composition map of the
approximation X → m and a natural inclusion m → R. Then we get
the following commutative diagram.

0 −−−−→ K −−−−→ X
f−−−−→ Rxg

x=

x⊆

0 −−−−→ Y −−−−→ X −−−−→ m −−−−→ 0.

By a diagram chasing, we see that g is surjective so that K is of finite
projective dimension. Now we obtain an exact sequence

0 −→ HomR(M,K) −→ HomR(M,X)

−→ HomR(M,R) −→ kµ(M,R) −→ 0.

According to Lemma 2.4, [M,K] = [N,K]. Thus,

[M,R] + [M,K] − [M,X] = [N,R] + [N,K] − [N,X].

Hence, µ(M,R) = µ(N,R). Consequently M ∼= N . �

Remark 2.8. As mentioned in [2, Section 1] or [8, Theorem 1.12.10],
the decomposition (approximation) theorem for an abelian category is

given. If R is Gorenstein, one can show that (CMZ(R),FPD(R),F(R))

is an Auslander-Buchweitz context in modZ(R), where FPD(R) (re-

spectively, F(R)) is a full subcategory of modZ(R) consisting of graded
modules of finite projective dimension (respectively, graded free mod-
ules). See also [13, Theorem 11.17.]

3. Graded degenerations of graded Cohen-Macaulay mod-
ules. We define a notion of degenerations for graded modules.

Definition 3.1. Let R be a Noetherian N-graded ring where R0 = k
is a field, and let V = k[[t]] with a trivial gradation and K be the
localization by t, namely, K = Vt = k(t). For finitely generated graded
R-modules M and N , we say that M gradually degenerates to N or
N is a graded degeneration of M if there is a finitely generated graded
R⊗k V -module Q which satisfies the following conditions:

(1) Q is flat as a V -module.
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(2) Q⊗V V/tV ∼= N as a graded R-module.
(3) Q⊗V K ∼= M ⊗k K as a graded R⊗k K-module.

In [17], Yoshino gives a necessary and sufficient condition for degen-
erations of (non-graded) modules. One can also show its graded version
in a similar way. See also [14, 21].

Theorem 3.2. [17, Theorem 2.2] The following conditions are equiv-
alent for finitely generated graded R-modules M and N .

(1) M gradually degenerates to N .
(2) There is a short exact sequence of finitely generated graded R-

modules

0 −−−−→ Z −−−−→ M ⊕ Z −−−−→ N −−−−→ 0.

Proof. We give the outline of the proof for the convenience of the
reader.

(1) ⇒ (2). Since M ⊗k V is a finitely generated graded R ⊗k V -
submodule of M ⊗k K ∼= Q⊗V K, we see that M ⊗k V ⊆ (1/tn)Q for
large n. Note that Q is V -flat and deg t = 0. We can replace Q with
(1/tn)Q, and we may assume that M ⊗k V ⊆ Q as a graded R ⊗k V -
module. Then we can show that Q/(M ⊗k tV ) ∼= M ⊕ Q/(M ⊗k V )
and Q/(M ⊗k V ) is finitely generated as a graded R-module. Take a
graded R-homomorphism

f : Q/(M ⊗k V ) −→ Q/(M ⊗k tV ) : f(x+M ⊗k V ) = tx+M ⊗k tV.

One can show that f is a monomorphism and Coker (f) ∼= N , so that
f induces a sequence of graded R-modules

0 −→ Z −→M ⊕ Z −→ N −→ 0,

where Z = Q/(M ⊗k V ).

(2) ⇒ (1). Suppose that we have a short exact sequence

0 −−−−→ Z

(
φ
ψ

)
−−−−→ M ⊕ Z −−−−→ N −−−−→ 0.

As remarked below (Remark 3.3 (1)), we may assume that the endo-
morphism ψ of Z is nilpotent. Note here again that deg t = 0. We
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consider the graded R⊗k V -homomorphism

g =

(
φ⊗ (1 − t)

1 ⊗ t+ ψ ⊗ (1 − t)

)
: Z ⊗k V −→ (M ⊕ Z) ⊗k V.

We denote the cokernel of g by Q. Then we can show that Q is V -flat,
Q ⊗V V/tV ∼= N as a graded R-module and Q ⊗V K ∼= M ⊗k K as a
graded R⊗k K-module. Namely, M gradually degenerates to N . �

Remark 3.3.

(1) As Yoshino has shown in [17], the endomorphism of Z in the
sequence of Theorem 3.2 is nilpotent. Note that we do not need the
nilpotency assumption here. Actually, since EndR(Z) is Artinian,
by using the Fitting theorem, we can describe the endomorphism
as a direct sum of an isomorphism and a nilpotent morphism. See
also [17, Remark 2.3.].

(2) Assume that M and N are graded Cohen-Macaulay modules. Then
we can show that Z is also a graded Cohen-Macaulay R-module.
See [17, Remark 4.3.].

(3) Assume that there is an exact sequence of finitely generated graded
R-modules

0 −−−−→ L −−−−→ M −−−−→ N −−−−→ 0.

Then M gradually degenerates to L ⊕ N . See [17, Remark 2.5],
for instance.

(4) Let M and N be finitely generated graded R-modules, and suppose
that M gradually degenerates to N . Then the modules M and N
give the same class in the Grothendieck group.

We can also prove in a similar way to the proof of [19, Theorem

2.1] that, for L, M , N ∈ modZ(R), if L gradually degenerates to M
and if M gradually degenerates to N , then L gradually degenerates
to N . And one can show that, if L gradually degenerates to M then
L≤homM . Using this fact, we define partial orders as follows.

Definition 3.4. For finitely generated graded R-modules M , N , we
define the relation M≤degN , which is called the degeneration order, if
M gradually degenerates to N . We also define the relation M≤extN if
there are modules Mi, N

′
i, N

′′
i and short exact sequences 0 → N ′

i →
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Mi → N ′′
i → 0 in modZ(R) so that M = M1, Mi+1 = N ′

i ⊕ N ′′
i,

1 ≤ i ≤ s and N = Ms+1 for some s.

For M ∈ CMZ(R), we take a first syzygy module of M∗

0 −→ Ω1M∗ −→ F −→M∗ −→ 0.

Applying ∗HomR(−, ωR) to the sequence, we have

0 −→M∗∗ ∼= M −→ F ∗ −→ (Ω1M∗)∗ −→ 0.

Then we denote (Ω1M∗)∗ by Ω−1M .

Lemma 3.5. Let R be a graded isolated singularity with a ∗canonical
module ωR, and let M and N be graded Cohen-Macaulay R-modules.
Assume that h(M) = h(N) and M≤homN . Then, for each graded
Cohen-Macaulay R-module X, there exists an integer lX ≫ 0 such that
[M,X(±lX)] = [N,X(±lX)].

Proof. For each X ∈ CMZ(R), we can take an exact sequence as
above

0 −→ X −→ E −→ Ω−1X −→ 0.

Note that E is a direct sum of ωR(n) for some integers n. Applying
∗HomR(M,−) to the sequence, we have

0 −→ ∗HomR(M,X) −→ ∗HomR(M,E)

−→ ∗HomR(M,Ω−1X) −→ ∗Ext1R(M,X) −→ 0.

Since R is a graded isolated singularity, dim ∗Ext1R(M,X) is finite.
Thus ∗Ext1R(M,X)±l1 = 0 for sufficiently large l1 ≫ 0. Similarly there
also exists an integer l2 ≫ 0 so that ∗Ext1R(N,X)±l2 = 0.

Set l = max{l1, l2}. Then we have

0 −→ ∗HomR(M,X)±l −→ ∗HomR(M,E)±l

−→ ∗HomR(M,Ω−1X)±l −→ 0.

Therefore, we obtain the equation

[M,X(±l)] = [M,E(±l)] − [M,Ω−1X(±l)].
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We also have

[N,X(±l)] = [N,E(±l)] − [N,Ω−1X(±l)].

Suppose that [M,X(±l)] < [N,X(±l)]. Then the following inequality
holds.

[M,E(±l)] − [M,Ω−1(X)(±l)] < [N,E(±l)] − [N,Ω−1X(±l)].

Since h(M) = h(N), [M,E(±l)] = [N,E(±l)]. Hence, we see
that [M,Ω−1X(±l)] > [N,Ω−1X(±l)]. This is a contradiction since
M≤homN . Therefore, we have some integer l such that [M,X(±l)] =
[N,X(±l)]. �

Remark 3.6. For a graded module X, Ω1X is unique up to a free
summand. Thus, Ω−1X is not determined uniquely. Note that we
can determine Ω1X; hence, Ω−1X, uniquely by taking it in a minimal
graded free resolution since R is ∗local. However, we do not need a
uniqueness of Ω−1X to prove Lemma 3.5. We only use the fact that
[M,ωR(n)] = [N,ωR(n)] for each n ∈ Z if h(M) = h(N).

We say that the category CMZ(R) is of graded finite representation
type if there are only a finite number of isomorphism classes of in-
decomposable graded Cohen-Macaulay modules up to shift. We note
that, if CMZ(R) is of finite representation type, then R is a graded
isolated singularity. See [15, Chapter 15] for details.

As an immediate consequence of Lemma 3.5, we have the following.

Corollary 3.7. Let R be of finite representation type, and letM and N
be graded Cohen-Macaulay R-modules. Assume that h(M) = h(N) and
M≤homN . Then there are only finitely many indecomposable graded
Cohen-Macaulay R-modules X such that [N,X] − [M,X] > 0.

For graded Cohen-Macaulay R-modules M and N , we consider the
following set of all the isomorphism classes of indecomposable graded
Cohen-Macaulay modules

FM,N = {X | [N,X] − [M,X] > 0 }/ ∼= .

Note from Corollary 3.7 that FM,N is a finite set if h(M) = h(N) and
M≤homN . We also note that ωR /∈ FM,N if h(M) = h(N).
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In the rest of this section we always assume that R0 = k is an
algebraically closed field.

Proposition 3.8. [14]. Let R be a graded Gorenstein ring which is of
graded finite representation type, and let M and N be graded Cohen-
Macaulay R-modules. Assume that h(M) = h(N) andM≤homN . Then
there exists some graded Cohen-Macaulay R-module L such that M⊕L
degenerates to N ⊕ L.

Proof. Although a proof of the proposition is given in [14], we refer
to the argument of the proof in the present paper. For this reason we
briefly recall the proof.

Since R is a graded isolated singularity, CMZ(R) admits AR se-
quences. For each X ∈ FM,N , we can take an AR sequence starting
from X.

ΣX : 0 −→ X −→ EX −→ τ−1X −→ 0.

Now we consider a sequence which is a direct sum of [N,X]− [M,X]
copies of ΣX where X runs through all modules in FM,N . Namely,⊕

X∈FM,N

Σ
[N,X]−[M,X]
X = 0 −→ U −→ V −→W −→ 0.

For any indecomposable Z ∈ CMZ(R), we obtain

0 −→ HomR(W,Z) −→ HomR(V,Z)

−→ HomR(U,Z) −→ k[N,Z]−[M,Z] −→ 0.

This implies that the equality

[U,Z] + [W,Z] − [V, Z] = [N,Z] − [M,Z],

thus
[U,Z] + [W,Z] + [M,Z] = [N,Z] + [V, Z]



232 NAOYA HIRAMATSU

holds for all Z ∈ CMZ(R). Hence, this yields that M⊕U⊕W ∼= N⊕V .
Since V degenerates to U ⊕ W , therefore M ⊕ V degenerates to
M ⊕ U ⊕W ∼= N ⊕ V . �

Now we focus on the case that a graded Gorenstein ring is of graded
finite representation type and representation directed. We say that
a graded Cohen-Macaulay ring R is representation directed if the AR
quiver of CMZ

0 (R) has no oriented cyclic paths. This notion was studied
by Bongartz for finite-dimensional k-algebras in [6]. In our graded
settings, similar results hold. Actually we shall prove following.

Theorem 3.9. Let R be a graded Gorenstein ring which is of graded fi-
nite representation type and representation directed. Then the following
conditions are equivalent for M and N ∈ CMZ(R).

(1) h(M) = h(N) and M≤homN .
(2) M≤degN .
(3) M≤extN .

To prove the theorem, we modify the arguments in [6].

Lemma 3.10 (Cancellation property). Let M , N and X be finitely
generated graded R-modules.

(1) Assume that [X,M ] = [X,N ]. If M ⊕X gradually degenerates to
N ⊕X, M gradually degenerates to N .

(2) Assume that R is Gorenstein and M and N graded Cohen-
Macaulay R-modules. If M gradually degenerates to N ⊕ F for
some graded free R-module F , then M/F gradually degenerates to
N .

Proof. (1) Since M ⊕X gradually degenerates to N ⊕X, there exist
an exact sequence

0 −→W −→M ⊕X ⊕W −→ N ⊕X −→ 0.
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We construct a pushout diagram.

0 0x x
X Xx x

0 −−−−→ W −−−−→ M ⊕X ⊕W −−−−→ N ⊕X −−−−→ 0∥∥∥ x x
0 −−−−→ W −−−−→ E −−−−→ N −−−−→ 0x x

0 0.

For the middle column sequence,

[X,X] + [X,E] − [X,M ⊕X ⊕W ] = [X,E] − [X,M ] − [X,W ] ≥ 0.

On the other hand, for the bottom row sequence, since [X,M ] = [X,N ],

[X,N ] + [X,W ] − [X,E] = [X,M ] + [X,W ] − [X,E] ≥ 0.

Thus, we have

[X,X] + [X,E] − [X,M ⊕X ⊕W ] = 0.

This implies that the middle column sequence splits, so that X ⊕E ∼=
M ⊕X ⊕W . Therefore, E ∼= M ⊕W and we get

0 −→W −→M ⊕W −→ N −→ 0.

Namely, M gradually degenerates to N .

(2) Since M gradually degenerates to N ⊕ F , we have an exact
sequence

0 −→ Z −→M ⊕ Z −→ N ⊕ F −→ 0.

Suppose that Z contains a graded free module G as a direct summand.
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We construct a pushout diagram

0 0x x
0 −−−−→ Z/G −−−−→ E −−−−→ N ⊕ F −−−−→ 0x x ∥∥∥
0 −−−−→ Z −−−−→ M ⊕ Z −−−−→ N ⊕ F −−−−→ 0x x

G Gx x
0 0.

The left column sequence is a split sequence induced by the decompo-
sition Z ∼= Z/G ⊕ G. Note that E is also a graded Cohen-Macaulay
module. Since R is Gorenstein, the middle column sequence is also
split. Hence,

E ⊕G ∼= M ⊕ Z ∼= M ⊕ Z/G⊕G.

This yields that E ∼= M ⊕ Z/G. Hence, we may assume that Z has no
graded free modules as direct summands.

Consider a composition of the surjection M ⊕ Z → N ⊕ F and the
projection N⊕F → F . Then the composition mapping is split, so that
M contains F as a direct summand. Hence, M ∼= M/F ⊕ F gradually
degenerates to N ⊕ F . Since [F,M/F ⊕ F ] = [F,M ] = [F,N ⊕ F ], by
(1), we conclude that M/F gradually degenerates to N . �

For indecomposable graded Cohen-Macaulay modules M and N , we
write X ≼ Y if X ∼= Y or if there exists a finite path from X to Y in
the AR quiver of CMZ

0 (R).

Lemma 3.11. Let R be a graded Gorenstein ring which is of graded
finite representation type and representation directed, and let M and
N ∈ CMZ(R). Assume that h(M) = h(N), M≤homN and M and

N have no common direct summands. Let X ∈ CMZ(R) be an
indecomposable module such that ≼-minimal with the property [N,X]−
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[M,X] > 0 and E be a middle term of an AR sequence starting from
X. Then [E,N ] = [E,M ].

Proof. As in the proof of Proposition 3.8, we can construct the
sequence

0 −→ U −→ V −→W −→ 0

in CMZ(R) such that U⊕W⊕M ∼= V ⊕N via taking a direct sum of AR
sequences starting from modules in FM,N . This isomorphism implies

that [Z,U ] + [Z,W ] − [Z, V ] = [Z,N ] − [Z,M ] for each Z ∈ CMZ(R).
Thus, it is enough to show that the equality [E,U ]+[E,W ]−[E, V ] = 0
holds. If there is a Y ∈ FM,N such that, for the AR sequence
0 → Y → G→ τ−1Y → 0,

[E, Y ] + [E, τ−1Y ] − [E,G] > 0.

If Y ∼= X, then one can show that τ−1X is a direct summand of E, so
that there is a cyclic path. This is a contradiction since R is represented
directed. Thus, Y is not isomorphic to X. The inequality also shows
that τ−1Y is a direct summand of E. Thus, there is an irreducible
map from X to τ−1Y . Hence, X is a direct summand of G, so that
Y ≼ X. This is a contradiction. Consequently, for each Y ∈ FM,N ,
[E, Y ] + [E, τ−1Y ] − [E,G] = 0, therefore [E,N ] = [E,M ]. �

Proof of Theorem 3.9. The implication (3) ⇒ (2) ⇒ (1) is trivial.

Note that Ext1R(X,X) = 0 for an indecomposable X ∈ CMZ(R) since
R is representation directed. Thus, the implication (2) ⇒ (3) can be
shown by the same argument in [20, 3.5].

Now we shall show (1) ⇒ (2). Set V = ⊕W∈FM,NW . Since
[N,X] − [M,X] = 0 for any X /∈ FM,N , we can show the implication
by induction on d = [N,V ] − [M,V ]. If d = 0, [N,Z] = [M,Z] for

each X ∈ CMZ(R). Thus, M ∼= N . Hence, assume that d > 0 and
M and N have no summand in common in the inductive step. We
take X ∈ CMZ(R) in Lemma 3.11 and let E be a middle term of the
AR sequence starting from X. By virtue of Lemma 3.11 and Lemma
3.10 (1), it is enough to show that E ⊕M≤degE ⊕ N . Now we have
E ⊕M≤extX ⊕ τ−1X ⊕M . By the property of the AR sequence, for
each indecomposable Y ,

[X,Y ] + [τ−1X,Y ] = [E, Y ] + δX,Y ,
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where δX,Y = 1 if X ∼= Y and otherwise 0. Thus, X ⊕ τ−1X ⊕
M≤homE ⊕N . We should remark that FX⊕τ−1X⊕M,E⊕N is contained
in FM,N since X ∈ FM,N . Then

[E ⊕N,V ] − [X ⊕ τ−1X ⊕M,V ]

= [N,V ] − [M,V ] + [E, V ] − [X ⊕ τ−1X,V ]

= d− 1

By the induction hypothesis,

E ⊕M≤extX ⊕ τ−1X ⊕M≤degE ⊕N

so that E ⊕M≤degE ⊕N . �

Remark 3.12. The implication M≤extN ⇒ M≤degN does not hold
in general. Let R = k[x, y]/(x2) with deg x = deg y = 1. Then R(−1)
gradually degenerates to (x, y2)R. In fact, we have an exact sequence

0 −−−−−→ R/(x)(−2)

(
x
0

)
−−−−−→ R(−1)⊕R/(x)(−2)

(x y2)
−−−−−−→ (x, y2)R

−−−−−→ 0.

Since (x, y2)R is an indecomposable graded Cohen-Macaulay module
which is not isomorphic to R(−1), R(−1)≤ext(x, y

2)R can never hap-
pen. See also [9, Remark 2.5].

Proposition 3.13. Let R be a graded Gorenstein ring which is of
graded finite representation type, and let M and N be graded Cohen-
Macaulay R-modules. Assume that h(M) = h(N) andM≤homN . Then
for each indecomposable non-free graded Cohen-Macaulay R-module X,
we have the following equality.

[N,X] − [M,X] = [τ−1X,N ] − [τ−1X,M ].

Proof. Under the assumption, as in the proof of Proposition 3.8, we
can construct an exact sequence

0 −→ U −→ V −→W −→ 0

in CMZ(R) such that [U,X] + [W,X] − [V,X] = [N,X] − [M,X]. It
is enough to show that the equality [U ⊕W,X] − [V,X] = [τ−1X,U ⊕
W ] − [τ−1X,V ] holds for each indecomposable X. Moreover, the
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sequence is a direct sum of AR sequences, so we may assume that
0 → U → V → W → 0 is an AR sequence starting from U . Let
X ∈ CMZ(R) be indecomposable and non projective. By the property
of an AR sequence, we have

[U ⊕W,X] − [V,X] = δU,X [τ−1X,U ⊕W ] − [τ−1X,V ]

= δW,τ−1X .

Since W ∼= τ−1U , we can get the equality. �

4. Remarks on stable degenerations of graded Cohen-Macau-
lay modules. In this section, we consider the stable analogue of de-
generations of graded Cohen-Macaulay modules.

Let R be a graded Gorenstein ring where R0 = k is a field, and let
V = k[[t]] with a trivial gradation and K = k(t). Note that R ⊗k V

and R ⊗k K are graded Gorenstein rings as well. Then CMZ(R ⊗k V )

and CMZ(R ⊗k K) are triangulated categories. We denote by  L :

CMZ(R⊗k V ) → CMZ(R⊗k K) (resp. R : CMZ(R⊗k V ) → CMZ(R))
the triangle functor defined by the localization by t (respectively, taking
−⊗V V/tV ). See also [18, Definition 4.1].

Definition 4.1. Let M,N ∈ CMZ(R). We say that M stably
degenerates to N if there exists a graded Cohen-Macaulay module
Q ∈ CMZ(R ⊗k V ) such that  L(Q) ∼= M ⊗k K in CMZ(R ⊗k K) and

R(Q) ∼= N in CMZ(R).

One can show the following characterization of stable degenerations
similarly to the proof of [18, Theorem 5.1].

Theorem 4.2. The following conditions are equivalent for graded
Cohen-Macaulay R-modules M and N .

(1) F ⊕M degenerates to N for some graded free R-module F .

(2) There is a triangle in CMZ(R)

Z −−−−→ M ⊕ Z −−−−→ N −−−−→ Z[1].

(3) M stably degenerates to N .
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Proof. We should note that the implication (3) ⇒ (1). In our
setting, R⊗k V and R⊗kK are ∗local. Then graded projective R⊗k V
(respectively, R ⊗k K)-modules are graded free R ⊗k V (respectively,
R ⊗k K)-modules. Hence, we can show the implication as in the
Artinian case of the proof of [18, Theorem 5.1]. �

Remark 4.3. A theory of degenerations for derived categories has
been studied in [11]. There it was shown that, for complexes M and
N in the bounded derived category of a finite dimensional algebra, M
degenerates to N if and only if there exists a triangle of the form which
appears in the above theorem. Let R be a graded Gorenstein ring with
R0 = k an algebraically closed field. As shown in [1, 10, 12], suppose
that R has a simple singularity. Then there exists a Dynkin quiver Q
such that we have a triangle equivalence

CMZ(R) ∼= Db(kQ),

where Db(kQ) is a bounded derived category of the category of finitely
generated left modules over a path algebra kQ. By virtue of Theo-
rem 4.2, we can describe the degenerations for Db(kQ) in terms of the

graded degenerations for CMZ(R). Since the graded ring R is of graded
finite representation type and representation directed, we have already
seen them in Theorem 3.9.
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