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A NOTE ON QUASI LAURENT POLYNOMIAL
ALGEBRAS IN n VARIABLES

ASAWARI M. ABHYANKAR AND S.M. BHATWADEKAR

ABSTRACT. Let S be a principal ideal domain. Re-
call that a Laurent polynomial algebra over S is an S-
algebra of the form S[T1,..., Tn,Tfl, . ,T{l]. Gener-
alizing this notion, we call an S-algebra of the form
STy, ..., Tn, fl_l, ey f{l] a quasi Laurent polynomial al-
gebra in n variables over S if Ty,...,Ty are algebraically
independent over S and f; = a;T; + b;, where a; € S\0 and
b; € S are such that (a;,b;)S = S, for each ¢ = 1,...,n. It
has been shown recently that a locally Laurent polynomial
algebra in n variables over S is itself a Laurent polynomial
algebra. Now suppose A is a locally quasi Laurent polyno-
mial algebra in n variables over S. In this note, we investi-
gate the question: ‘is A necessarily quasi Laurent polynomial
in n variables over S?’ We first give a sufficient condition for
the question to have an affirmative answer. Moreover, when
S is semi-local with two maximal ideals and contains the
field of rationals Q, we give examples of S-algebras which
are locally quasi Laurent polynomial in two variables but not
quasi Laurent polynomial in two variables.

1. Introduction. In [1], the following notion of a quasi A* algebra
over an integral domain S has been introduced: an S-algebra C' is said
to be quasi A* if there exists an element 7" in C' which is transcendental
over S such that

C=S[T,(aT +b)""]

for some a € S\ 0, b € S satisfying (a,b)S = S.

In a similar manner (keeping in mind that an S-algebra of the form
S[T, T71] is referred to as “ A* 7 over S), we call an S-algebra C
“quasi Laurent polynomial (quasi LP) in n variables over S” if there
exist elements 71, ..., T, in C which are algebraically independent over
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S such that
C=58[T,....Tn, (@Ty + b)) o (an T + b,) 7
for some a; € S\ 0, b; € S satisfying (a;,b;)S =5, fori=1,...,n.

Let C = S[Th,...,Tn, fi *,..., f}] be a quasi Laurent polynomial
algebra in n variables over S, where f; = a;T; +b; fori =1,...,n. Let
K be the quotient field of S. Then observe that:

(1) C is faithfully flat over S,

(2) C ®s K is a Laurent polynomial (LP) algebra in n variables
over K, and if aq,...,a, are units in S, then C' is a Laurent
polynomial algebra in n variables over S.

We call an S-algebra C' locally quasi Laurent polynomial in n variables
over S if C'®g Sy is quasi Laurent polynomial in n variables over the
local ring Sy, for every maximal ideal m of S.

In [1, Corollary 4.5], it is proved that, if S is a Noetherian factorial
domain and C'is a finitely generated, faithfully flat S-algebra such that
C ®g Sp is quasi A* over Sp for every height one prime ideal P in S,
then C'is quasi A* over S. In particular, if S is a principal ideal domain
(P.I.D.) and C is a finitely generated, locally quasi Laurent polynomial
algebra in one variable over S, then C' is a quasi Laurent polynomial
algebra in one variable. Moreover, a special case of Theorem 2.3 in
[2] says that a locally Laurent polynomial algebra in n variables over
a P.I.LD. S is in fact a Laurent polynomial algebra over S.

In view of these results, it is natural to ask: let S be a P.I.D. and
C a finitely generated S-algebra which is locally quasi LP in n (> 2)
variables. Is C' necessarily quasi LP in n variables over S?

In this note, we first give a sufficient condition for the above question
to have an affirmative answer (Proposition 3.3). Subsequently, we show
that the above question may not always have an affirmative answer
implying that, in general, we cannot expect nice behavior in the case of
a locally quasi Laurent polynomial algebra in n (> 2) variables which is
not a locally Laurent polynomial algebra (Examples 4.1, 4.5 and 4.6).

2. Preliminaries. All the rings in this note are assumed to be
commutative and contain unity. For a ring S, let S denote a
polynomial ring in n variables over S and S* the multiplicative group



A NOTE ON QUASI LP ALGEBRAS IN n VARIABLES 129

of units in S. For a prime ideal P of S and an S-algebra A, Ap denotes
the ring A ®g Sp(= T~ tA), where T = S\ P.

We state below some results which can be proved easily.

Lemma 2.1. Let S be an integral domain. Let tq,...,t, be non-zero
elements of S. If w is a prime element of S such that = t t; for each
i=1,...,n, then © remains prime in S[t;*,... ;1.

Lemma 2.2. Let S be an integral domain. Let m,...,m, be prime
elements of S, no two of which are associates. Then each unit in
Syt .. m ] is of the form A}t - for some A € S* and integers
T1y.:-3Tn-

Lemma 2.3. Let S be an integral domain and T an indeterminate over
S. Ifa € S\O and b € S are such that (a,b)S = S, then aT +b is a
prime element of S[T).

Lemma 2.4. Let S be an integral domain, ™ a prime element of S and
D = S[T,W] (= SPl). Let hy € S[T], hy € S|W] and hy,hy denote
the images of h1 and hy respectively, in D/mD. If hy,hy ¢ S/7S, then
hi, ho are algebraically independent over S/mS.

Lemma 2.5. Let D C B be integral domains. Suppose there exists a
non-zero element 7 in D such that D[1/x] = B[1/%] and the canonical

map D/nD — B/nB is injective. Then D = B.

The following lemma will be required very often in Section 4.

Lemma 2.6. Let S C B be integral domains. Let X,Y be prime
elements of B which are algebraically independent over S and A =
B[X~Y, Y1, Suppose

(I) B* =5 and
(I) A = S[T,W, f~,971], a quasi Laurent polynomial algebra in
two variables over S, where f =aT +b and g = cW +d.

Then, there exist m,n,r,s,m',n',r',s" € Z and \, pu, \1,u1 € S* such
that
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(i) ms —nr=m's' —n'r' = +1,
() X =Afmg", Y =pufrg*, f=MX"Y" and g = iy X"V .
In particular, S[X,Y, X1 Y=Y =S[f,9,f 971
Proof. By the definition of a quasi Laurent polynomial algebra in
two variables, we have (a,0)S = (¢,d)S = S. Then, by Lemma 2.3,

f and g are prime elements of S[T, W]. Hence, by Lemma 2.2, there
exist A\, € S* and m,n,r, s € Z such that

(2.1) X=Af"g" and Y =puf"g°.

On the other hand, by (I) and Lemma 2.2, the units f, g of A can be
expressed as

(2.2) F=MX"Y" and g=mX"Y*"

for some Aj,pq € S* and m/,n’,7’, s’ € Z. From (2.1) and (2.2), we
obtain

X — (A)\gnu?) Xmm’Jrnr’ Ymn’Jrns’
and

Y — (HAIHT) XTm'qur' YTn/+ss"

m n m n\ (10

r s r s )T L0 1
and hence m,n,r,s,m’,n',r’, s’ € Z are such that ms — nr = m’s’ —
n'r’ = £1.

Also, from (2.1) and (2.2), it follows that
SIX.Y. XL YT =8[f,9, 197"

Therefore,

]

Lemma 2.7. Let S be an integral domain. Let A be a quasi Laurent
polynomial algebra in n variables over S. Then every prime element of
S remains prime in A.

Proof. Let A = S[X1,..., X0, fi*, ..., [ Y], where f; = a; X; + b;
for i = 1,...,n. Let m be a prime element of S. First, note that
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7 remains prime in S[Xy,...,X,]. Since (a;,b;)S = S, 7 t f; in
S[X1,...,Xy] for each ¢ =1,...,n. Therefore, 7 is a prime element of
A by Lemma 2.1. O

The following lemma is easy to prove.

Lemma 2.8. Let S be an integral domain and P = wS a prime
ideal of S. Let T C (S\P) be a multiplicative subset of S. Then
S =8[1/7]NT~1S and S* = (S[1/7])*N(T~1S)*. Moreover, if A is a
flat S-algebra, then A = A[1/7)NT~ 1A and A* = (A[1/7])*N(T~tA)*.

Lemma 2.9. Let S be an integral domain and P a prime ideal of S.
Let A be a flat S-algebra. If PAp is a prime ideal of Ap, then PA is
a prime ideal of A.

Proof. Since A is S-flat,

S/P— Sp/PSp —= A®g S/P— A®gs Sp/PSp

Hence, the proof. O

3. A sufficient condition. Let S be a P.I.D. Let A be an S-algebra.
If A is alocally Laurent polynomial algebra in n variables over S, then
by [2, Theorem 2.3], A is a Laurent polynomial algebra over S. But,
even if n = 1, a locally quasi LP algebra is not necessarily quasi LP
over S. In fact, by an example that follows, a locally quasi LP algebra
in one variable over S need not be even finitely generated over .S.

Example 3.1. Let S =Z and B =Z[X, X/2,X/3,...,X/p,...| where
p varies over the set of prime integers. Let f = X —1 and A = B[f~!].
For a prime integer p, let P = pZ. Then Bp = Zp[X/p], and hence A
is locally quasi Laurent polynomial in one variable over Z. But, since

B is not finitely generated over Z, A cannot be a finitely generated
Z-algebra, by [1, Theorem 5.7].

Now, let A be a locally quasi Laurent polynomial algebra in n
variables over S which also satisfies the following condition:
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A[1/7] is a Laurent polynomial algebra in n variables over S[1/m]
for some prime 7 in S.

Observe that, under this condition, Ap is a Laurent polynomial
algebra in n variables over Sp for every maximal ideal P(# 7S) of S.
In other words, we can say that A is almost locally Laurent polynomial
algebra in n variables over S.

We show that this is a sufficient condition for A to be quasi Laurent
polynomial in n variables over S. First we prove a lemma.

Lemma 3.2. Let S be a factorial domain and A a flat S-algebra. Let
m =7mS be a prime ideal of S. Suppose

(1) A = Sul[X1,... ,Xn,ffl, s fY, a quasi Laurent polyno-
mial algebra in n variables over Sy, where f; = a; X; + b;, for
i=1,...,n and

(2) A[l/n] = S[/x)[Ur,...,Un,g7 ... 97", a quasi Laurent
polynomial algebra in n wvariables over S[1/w|, where g; =
cU;+d; fori=1,...,n.

Then, f1,..., fn and g1,...,gn can be chosen such that:
S[fl)"'7fn7f;1""7f;1]:5[917"')gn7g;17"')g;1](gA)~

Proof. From (1) and Lemma 2.7, we see that mA,, is a prime ideal of
Ay, and, since A is S-flat, by Lemma 2.9, 7 remains prime in A. Now,
let @ = tS be a prime ideal of S, other than «S. From (2), it follows
that Ag is a quasi Laurent polynomial algebra in n variables over Sg.
Again, by Lemmas 2.7 and 2.9, t is a prime element of A. Thus, every
prime element of S remains prime in A.

Since g1,...,9n are units in A[l/x] and 7 is a prime in A, by
Lemma 2.2, we can write g; = \;7"¢ for some \; € A* and r; € Z
(for i =1,...,n). Therefore, replacing g; by 7~ "ig;, if required, we can

assume that ¢q,...,¢g, € A*.

Since fi,f; ' € Am, write fi = a/s and f;' = da'/s’, where
a,a’ € Aand s,s’ € S\m. Let {m,...,m.} be the set of all distinct
prime divisors of a least common multiple of s and s’ in S. Also
assume that no two of mq,...,m,. are associates. Then note that
fi it e Alnrt, w7 (S Aw), i, fyds a unit in Afr L w0
By Lemma 2.2, we can write f; = uﬂ'lll -oqlr | for some p € A* and
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li,...,l. € Z. Replacing f1 by pu, if required, we can assume that
f1 € A*. Similarly, assume that fo,..., f, € A*.

From the above discussion, it follows that f1,..., f, and g1,...,9n
can be chosen such that

S[gla'~'agnug;1w~~ag;1] gA

and

S[flv"‘vfnafflv"'vfgl] gA

By Lemma 2.3, fi, ..., f, are prime elements of Sy, [ X1, ..., X,]. There-
fore, by Lemma 2.2, for each i (1 < i < mn), g; € A* (C A%) can be
expressed as

(31) g = PanzQ . .fgin

for some o; € Sy, and p;; € Z,1 < j < n.

Since g1, . . ., gn are prime elements of S[1/7][U1, ..., U,], again using
Lemma 2.2, for each ¢ (1 < ¢ < n), f; € A* (C (A[1/7])*) can be
expressed as

(32 i = gt g - g
for some §; € (S[1/7])* and ¢;; € Z, 1 < j < n.

Let K be the quotient field of S. From equations (3.1) and (3.2), we
obtain the following expressions (in A ®s K):

‘ﬁpil ﬂpiz . Bpm D1 p2 . .gg)ln,7
f /Bla ag’z .. a%T'nffl fgz . 3"7
where p. = >0 pijajr and g = 37, qijpje forr=1,...,n.
From the above expressions, it follows that (in K),
aiﬂf“ 6512 . ﬁgm — 1 _ o = ﬂ;?ﬂ B;Piz .. B;pm

and

51 qi1 (112 .. Oz%i" =1 = ﬂz — a;%’,la;qm a;qm.
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Hence «;, 5; € SiN(S[1/7])* = S* (by Lemma 2.8). As a consequence
of this, from equations (3.1) and (3.2), we see that

S[glv"'vgnvgl_lv"ﬂgWTI] :S[fla-"7fnaf1_1a"'7f7;1]'

Now we prove the following proposition.

Proposition 3.3. Let S be a factorial domain and A a faithfully flat
S-algebra. Suppose

(1) Ap is quasi Laurent polynomial in n variables over Sp for every
height one prime ideal P of S and

(2) A[l/w] is a Laurent polynomial algebra in n wvariables over
S[1/x] for some prime element 7 in S.

Then A is quasi Laurent polynomial in n wvariables over S. As a
consequence, A is finitely generated over S.

Proof. From (1), Lemma 2.7 and Lemma 2.9, it follows that every
prime element of S remains prime in A. Let m = wS. Since A[l/7]
is a Laurent polynomial algebra in n variables over S[1/7], there exist
Ui,...,U, € A[l/x] which are algebraically independent over S[1/7]
such that

All/7] = S[1/7)[Uy, ..., U, U U

Since Ay, is quasi Laurent polynomial in n variables over S, we can
write

A = Sl X1, X, [0 21,

where Xy,...,X,, € A, are algebraically independent over S, and
fi :a1X1+b1 (fOI‘ 1= ].,...,77,).

By Lemma 3.2, without loss of generality, we can assume that
S[Uh"'vUnaUl_la--'vUn_l] = S[f17"~7fnaf1_17~-.?fn_1] (g A)

Let K be the quotient field of S. Let C; = AN K[X;], fori=1,...,n.
Note the following properties of the S-algebra C; (for each i =1,...,n):

(i) mANC; = nC;, and hence 7 remains prime in C;.
(i) (Ci)m = Ci ®g Sm = Am N K[Xi] = Sw[Xi] = Sk
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() S S A
— < ﬁ — ﬁ
Therefore, the following composite map is injective
£ — Cs — A — A—m
TS wC; TA TAn

Then we have

5,6 A

) wC; TA

Therefore, 7C; NS = wS. Also,
(Cz)m ~ Sm [
7(C)m  TSm

hence, tr.degg,,sCi/mC; = 1.

(3.3)

(iv)
Ci[l/x] = A[l/7] N K[X]
[1/7)[Uy, ..., Us, Ut U N KX
[1/7r][f13"'7fn5f1 a"'a.fn 1] mK[fl]
= S[1/x][fi) = S[1/=).
(v) Let y € A/mA (— An/mAn) be algebraic over S/nS. Since
S /7S, is algebraically closed in Ay, /7 Ay, it can be seen that
y € A/TAN Siu/7mSm. But, since A/mA is faithfully flat over
S/mS, we have A/mTAN Sp/7Sm = S/wS. Then y € S/7S.

Therefore, S/mS is algebraically closed in A/mA, and hence in
Oi/Tl'Ci by (33)

I
» »n

Because of these properties of C;, by the Russell-Sathaye criterion ([3,
2.3.1]) for an algebra to be a polynomial ring in one variable, we see
that C; = SU, foreachi=1,...,n

Let C; = S[Ti] (= SM), 1 < i < n. Then from (ii) we have
(Ci)m = Sm|[Xi] = Sm[Ti]. Therefore, for each i = 1,...,n, there exist
a; € 8% and b, € Sy such that X; = a;T; + . Then f; = a;X; +b; =
a;a;T;+a;b,+b;. Set ¢; := a;al and d; := a;b,+b;. Note that ¢;,d; € S
with ¢; # 0. And then f; = ¢;T; 4+ d;. Since f; € C; = S[T;], it follows
that ¢;,d; € S.
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Set A := S[Th,...,Tn, f1* ... fi4.
Since f; € (A/)*, fi=cli+di = 1= f;lciTi + f{ldi. Then

we have (¢;,d;)A" = A’. Also, A’ is a flat subalgebra of a faithfully
flat S-algebra A. Therefore, A’ is faithfully flat over S. Hence,
(¢iydi)S = (¢;,di)) AANS=ANS =S8, foreach i =1,...,n. Thus, A’
is a quasi Laurent polynomial algebra in n variables over S.

Claim. A’ = A. First observe that A’ C A and, by Lemma 2.8,
we have A" = A'[1/x] N A}, A= A[l/7] N Ay. Since Sy [X;] = Sw[Ti],
we obtain

Al = SulTi, . Ty 1t f1
:Sm[Xla"'7Xn7ffla"'7f7:1]
= An.

Also, since S[f1,..., fu, f1 s fil] € A’ C A, we obtain

ST 1y s fos 1o 1] € A'[1 /7]
C All/x]
= S[1/x][U1,..., U, UT Y, ... U
= SI/mllfrse s Fun S £

= A'[1/7] = A[1/n).

Hence, A’ = A'[1/mn|N AL, = A[l/7] N A = A. O

As a particular case of Proposition 3.3, it follows that, if S is a P.I.D.
and A is a locally quasi Laurent polynomial algebra in n variables over
S such that A[1/7] is a Laurent polynomial algebra in n variables over
S[1/x] for some prime 7 in S, then A is a quasi Laurent polynomial
algebra in n variables over S.

4. Examples. Throughout this section, S denotes a semi-local
P.I.D. with only two maximal ideals m; = 7.5 and my = mS. As-
sume that S contains the field of rationals Q. Let K be the quotient
field of S and k‘1 = S/m1, kg = S/m2

Since m; and my are comaximal ideals of S, we see that Sp,, =
S[1/ma] and Sp, = S[1/m].
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In this section, we give examples of locally quasi Laurent polynomial
algebras in two variables over S which are not quasi Laurent polyno-
mial. Let A be such an algebra. In view of Proposition 3.3, neither
A[l/ms] nor A[l/m] can be a Laurent polynomial algebra in two vari-
ables over the discrete valuation rings S[1/m3] and S[1/m], respectively.
Hence, neither of the closed fibres A/m A and A/myA of A can be a
Laurent polynomial algebra in two variables over the respective field.

In the first example (of an S-algebra A) that follows, both the closed
fibres of A are polynomial algebras in two variables over the respective
fields.

Example 4.1. Let A, u be units of S such that A — 1, x4+ 1 € m; and
A=2,u—2€my Let B=S[UV| (=SB)and V =U+ mmVi.
Let X = 7T17T2U+>\, Y = 7r17r2V+u and A = B[Xil,Yil] =
S[U7 Vl,X_17Y_1].

We list below some useful facts:

(i) In ki, the images of A and p are 1 and —1, respectively. On
the other hand, in ko, both A and p have the same image 2.

(ii) Let bar denote the images in B/m B. Then note that X,Y €
ki, B/mB = ki [U, V1] and

1

A/mA=B/mB[X 'Y '|=B/mB =k

(i) Let tilde denote the images in B/myB. Then, X,Y € k3,
B/myB = ko[U, V1] and

A/myA = B/myB[ X', Y| = B/mB = k.

(iv) S[U, V1] € A C S[[U, V4]] (since X, Y are units in S[[U, V1]], the
second inclusion is justified). By (ii), it follows that

s (A S[U, W]
7rS[UV]<_ m) RS AT

Hence, m1 S[[U, V1]]N A = m A. Similarly, using (iii), we obtain
FQS[[U, Vl]] N A= 7T2A.

Claim (1). A is a locally quasi LP algebra in two variables over
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Let fi = XYt and g; = Y. Note that X,Y € A* = f,g; € A*.
In S[[U, V4]] we have,
fi = (mmU 4+ N (mmaV 4 p) !
=\ (1 mm A U) (1 + mymgp™ V)™
— A ufi =14+ O\ = Y mmU — (mymo) 2V —
(4.1) p T = ) (M) U+ (mime)*F

where F € S[[U,V1]] N A.
Since A\ =2, p—2€my =mS, A —p€mS =11 —putcmsS =
A7l — pu=! = w3, for some B € S. Then, note that 7y {3 in S.

1

Substituting for A= — g1 in (4.1), we obtain

(4.2) Xlufi—1= 7r17r% [6U —mp Vi — p T B U? + 71'%7T2F] .
By (4.2), it follows that A™'uf; — 1 € AN masS[[U,V1]] = mnsA. If
we set T1 := (A" 1uf; — 1)/m73, then

(4.3) Ty = BU —mp Vi — p 1 BrymeU? + mimoF € A.

Now, g1 =Y = pu+ mmU + (71'17'(2)2‘/1. Set W7 = (91 — /L)/7T17T2.
Then we have

g1 —
179

(4.4) Wy =

=U+mmVieA

Note that f; = Ap=tm73) Ty + A=t and g1 = mymaWy + p.

Let Ay = S[T1, Wy, f; 97", Then A; C A. Note that 7 is a
prime element of A; and A both. We show that A;[1/m] = A[l/m].
Clearly, A1[1/m] C A[1/m] and

Ay [1/7T17 1/772} = K[fhgl: fl_lagl_l] = K[X7 Y, Xﬁla Yﬁl]
=A[l/m,1/m) (= A®s K).

Let tilde denote the images in A/mA. By (4.3) and (4.4), T, =
BU —m1 it Vi, Wy =U and

Al[l/ﬂ'l] A1 —~ ~ -
= & oo [T1, W] < ko[U, V4] =
7T2A1[]./7T1] 7T2A1 2[ ! 1] 2[ 1]

A AlYm]
m A mA[l/m]
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Then, by Lemma 2.5, A;[1/m;] = A[1/m]. Hence, A[1/m] is a quasi
Laurent polynomial algebra in two variables over S[1/m1] given by

(4.5) Alt/m] = S[1/m][Ty, Wi, fi ' g7 ']
Now, let fo = XY and g =Y. Clearly, fo,g2 € A* and
f2 = /\,U, + (/\ + M)7T1772U + )\(7‘&'17’1’2)2‘/1 + (71'171'2)2(]2 + (7717'&'2)3UV1.

Since A\—lL,u+1em =mS, A+pu € mS = A+ pu=md for some
d € S. Note that w3 1d in S. Substituting for A + p in fo, we obtain

f2 - )\u = 71'%71'2 [5U + /\71'2V1 + TF2U2 +7T17T2UV1}

— A
=T = fir% B = 5U 4+ AmaVi + mU? + mmaUV; € A.
1712

Set Wy = (g2 — ,LL)/7T17T2 (: U+ mmVq € A) Note that fz =
W%?TQTQ + A and go = mymeWs + p.

Let Ay = S[Ty,Wa, f5 5,95 %] Then, Ay C A and m; is a prime
element of As and A both. As[l/m] C A[l/ms] and A; ®s K =
K[X,Y, X 1Y !] = A®s K. Let bar denote the images in A/m A.
Then, T =3 U + A7 Vi + 73 U~ and W = U. Also, ki [T5, Wa] <
k1[U, V1] = A/m1 A and again, using Lemma 2.5, Ay[1/m] = A[l/m).
Thus,

(4.6) A[L/m2) = S[1/m2)[T2, Wa, f3*. 957'].

Equations (4.5) and (4.6) together prove claim (1).

Remark 4.2. Ay ; A. For, if equality holds, then A/mA =
ki[Ty,W1] = ki[B U,U] = k1[U], a contradiction to the fact that
A/mA = ng]. Similarly, using images in A/meA, it follows that

As G A,

Claim (2). A is not a quasi LP algebra in two variables over
S. Suppose it is. Let A = S[T,W, f~1,¢g7!]. Since B* = S* and
A = B[X~ 1YY, where X,Y are prime elements of B which are
algebraically independent over S, by Lemma 2.6, there exist integers
m,n,r,s satisfying ms — nr = £1 and units a1,as in S such that
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f=a1X™Y"™ and g = ax X"Y*. In S[[U, V1]] we have
al_lf = \"u" [1 + (mAT FapHmmU + (mime)? (np ™t Vi + Fl)] ,
where F; € S[[U,V1]] N A and
aytg = A"ut 1+ (PA™ 4 sp YmmeU + (myma)*(sp™ Vi + Gh)]
where Gy € S[[U, V4]] N A. Set
/\_m/f"al—lf -1

T3 =
179
= (mMA 4 YU + nmmop V) 4+ mime Fy
and
W= )\_Tu_saglg —1

179
= (7‘)\71 + S,U,il)U + S7T17T2‘LL71V1 + ’/T17T2G1.

Then note that T5 € AN K[f] = AN K[T] = S[T] and W3 € S[W].
The images of T3 and W35 in A/m1 A are

Tz=mAt+nu 1)U and Wz = (rA1+su1)U,

respectively. Since these images are algebraically dependent over ki,
by Lemma 2.4, either T3 or W35 is an element of ki, i.e.,

7| (mA ™ +aph) or (PAT 4 spTt) in S.
Considering the images in A/my A, it can be shown that
mo | (mA™ +nph) or (PAT 4 spTt) in S.

Thus, (mA™! + np=H)(rA~! 4+ sp1) is an element of both 715 and
moS. Using the images of A, p in k1 and ko, respectively, we obtain the
following:

(m—n)(r—s)=0 and (m+n)(r+s)=0.
As ms — nr = £1, the only two possibilities are:
(m—n=0 andr+s=0) or (r—s=0 and m+n=0).

In the first case, i.e., if m =n and s = —r, then ms —nr =m(s—r) =
m(s+s) = 2ms. But, then ms—nr = £1 = 2ms = £1 = ms = £1/2,
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a contradiction. A similar contradiction is obtained in the second case.
This proves claim (2).

Before moving towards the next examples, we describe two methods
(Propositions 4.3 and 4.4) of obtaining quasi Laurent polynomial alge-
bras in two variables over a discrete valuation ring containing the field
of rationals Q.

Proposition 4.3. Let R be a discrete valuation ring containing the
field of rationals Q. Let mR be its unique maximal ideal, K the quotient
field and k the residue field. Let

R[X,Y, Z]

Pz oo vy

where X, Y are algebraically independent over R and l,r,m are positive
integers with r,m relatively prime. Let x,y denote the images of X,Y
respectively, in B. Let A = Blx=',y~']. Then A is a quasi Laurent
polynomaal algebra in two variables over R.

Proof. Let z denote the image of Z in B. Note that 7'z = 2" —y™ =
ml(y=™mz) = 2"y~ —1. Set Wy := y~ ™z and g, := ©'Wy+1(= 2"y™™).
Then, as x,y are units in A; W1, g1, gfl are elements of A. Since m,r
are relatively prime, there exist s,n € Z such that ms — nr = 1.
Then the determinant |7 Z7| = 1. Set T} := 2y, and let A’ =
R[Ty, T, Wi, 97, Then A’ C A. Also, © = g7 "TJ", y = g; *T7 and
z=y"Wy = x,yc A", z€ A’. Hence, A= A'. |

Proposition 4.4. Let R be a discrete valuation ring containing the
field of rationals Q. Let mR be its unique mazimal ideal, K the quotient
field and k the residue field. Let

R[X,Y, Z]
(T Z — (XY™ — 1))’

B=—

where X, Y are algebraically independent over R and l,r, m are positive
integers with r, m relatively prime. Let x,y denote the images of X, Y
respectively, in B. Let A = Blz=,y~1]. Then A is a quasi Laurent
polynomial algebra in two variables over R.
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Proof. Let z denote the image of Z in B. Since 'z = 2"y™ — 1,

if we set W, := z and ¢; := w'W; + 1, then because z,y are units
in A, g1, 91 ' ¢ A. Now since r,m are relatively prime, there exist
s,n € Z such that ms — nr = 1, i.e., the determinant | 'y 7}, | = 1.

Set Ty := x~%y~™, and let A’ = R[T},T; *,W1,9;"]. Then A’ C A.
Also, x = g7 "Ty ™,y = ¢iT7 = z,y € A and z = W; € A’. Hence,
A=A O

In the next example, both the closed fibres of A contain exactly one
transcendental unit.

Example 4.5. Let
_ SIX,Y, 7]
C (mmeZ —m (X2 —Y3) —m(XY — 1))’

where X, Y are algebraically independent over S. Let x,y, z denote the
images of X, Y and Z respectively, in B. Let A= B[z~ y71].

First note the following;:

(I) Let bar denote the images in B/mB. ThenZy =1, B/mB =
ki[z,71,z] and

A/mA=B/mBlz ', 7 '] =kz,7 ',Z = B/mB.

(IT) Let tilde denote the images in B/meB. Then ? = 3® and
B/ﬂ'QB = ]{32[5,:17,5]. Also

B/ﬂ'QB — A/ﬂ'QA = B/WgB[%il,gil] = k2[0,0’1,2},
where § = Z 1. Note that #3 = 7 and 0? = 7.

Claim (1). A is a locally quasi LP algebra in two variables over

S.

Note that S[1/m][X,Y, Z] = S[1/m][X,Y, Z1], where Z; = m Z —
(XY —1). Therefore,

S[l/ﬂ.l][X7Y7Zﬂ
B[1 = .
Wml = oz —m (X v®)
Then, A[l/m] = B[l/m][z~!,y~!] is a quasi Laurent polynomial

algebra in two variables over the D.V.R. S[1/m] (by Proposition 4.3).
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NOW, S[l/ﬂ'g][X,Y7 Z] = S[l/ﬂ'g][X7Y, ZQ], where Z2 = 7TQZ— (X2 —
Y3). Therefore,

5[1/7@] [Xv Y, Zﬂ

Bll/me] = (m1Z5 — (XY — 1))

Then, A[l/m] = B[l/ms][z~!,y~!] is a quasi Laurent polynomial
algebra in two variables over the D.V.R. S[1/m3] (by Proposition 4.4).

Claim (2). A is not a quasi LP algebra in two variables over
S. Suppose it is. Let A = S[T,W, f~1,g7], where f = aT + b
and g = ¢cW 4 d. Since B* = S* and z,y are prime elements of B
which are algebraically independent over S, by Lemma 2.6, there exist
m,n,r,s € Z withms—nr = £1 and ay, ay € S* such that z = a1 f™g"
and y = asf"g°.

Because of the structure of A/m A and A/myA described in (I) and
(IT), we have the following four possibilities:

() m a,mte,mtam|e, (i) mfam|em|amfc
(iii) m | a, 7 te,ma |a,mate, (iv) mita,m |e,mta,m | e

Consider case (i). In this case, A[l/m] = S[1/m][T, ', 9,97"]. In
A/m1 A, the image of f is f =b(€ k}) and

7(m+r)

Ty=1l=arasb = g" =1=7g"") ekl

Therefore, n + s = 0.

Also, A[1/m] = S[1/m][f, f~1,W,g71]. In A/maA, the image of g
is §=de ki and

§2 — gB — f(2m73r) c k;

Therefore, 2m — 3r = 0, and we can write m = 3m/, r = 2m’ for some
integer m/, so that ms — nr = ms + sr = s(m +r) = 5sm’. But, then
ms —nr = £1 = 5sm’ = £1, a contradiction. In case (ii), also, we
obtain a contradiction of the same type.
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Now consider case (iv). In this case,
Alt/mo] = S[t/ma][f, f~H W, 971,
A/T‘—IA = k1 [?7 ?717W]

and

Ey=1=>?(m+r)€kf:>m+r:().

Also, in this case, we have
Alt/m] = S[/mlf. f~H W97,
AfmA = ko[ f, [, W)

and
P =7 = [ c k= 2m — 3r = 0.

Solving m+r = 0 and 2m—3r = 0 simultaneously, we obtain m = r = 0.
But, then ms — nr = 0, a contradiction. A similar contradiction is
obtained in case (iii). This proves Claim (2).

In the following example, one closed fibre of A is a polynomial alge-
bra in two variables whereas the other contains exactly one transcen-
dental unit.

Example 4.6. Let C = S[U, V] = SP. Let X = mU+1,Y = 13V +1.
Let p, (> 2) be relatively prime integers, and let

S[U, V., Z]
(mZ — {(mU + 1)4 — (73V + 1)P})’
Let x,y,z denote the images of X,Y and Z respectively, in B. Let
A= B[zt y 1]

First note the following:

B =

(I) B* = S* and x,y are prime elements of B which are alge-
braically independent over S.
(IT) B[1/m] = S[1/m1][U, V], and hence

A[l/ﬂ-l] = S[l/ﬂ-l] [Ua ‘/a X717 Yﬁl]'
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Therefore, A[1/m] is a quasi Laurent polynomial algebra in
two variables over S[1/m;]. And

Afl/m]

Al A = A )

= k3.

(IIT) S[1/me][U, V] = S[1/m2][X,Y]. Then we have

S[1/m2][X,Y, Z]
(mZ — (X1-YP))

B[1/ma] =

Therefore, A[l/m] = B[l/m][x~1,y7!] is a quasi Laurent
polynomial algebra in two variables over S[1/ms], by Propo-
sition 4.3.

Let bar denote the images in A/m A. Then

_AlL/m]
71'114[]./7'('2]
=y (0,07, 7] (= ka[0,0711Y),

A/?TlA: = kl[jay7z7j_17y_l]

where 6 = 77" (=9 and p/, ¢’ are integers such that pp’ —qq’ =
1. Note that T = 0P and y = 04.

(IV) Let R = S[1/m]. Since A[l/m] = R[U,V, X}, Y "] and X,Y
are units in R[[U, V]], we have R[U,V| C A[l/m] C R[[U,V]].
Hence, A[l/m] NmaR[[U,V]] = me A[l/m].

From (II) and (III), A is a locally quasi Laurent polynomial algebra in
two variables over S.

Claim. A is not a quasi LP algebra in two variables over S.
Suppose it is. Let A = S[T,W, f~1,g7!] where f = aT + b and
g = cW+d. In view of (I), by Lemma 2.6, there exist m, n,r, s € Z with
ms —nr = £1 and a3,as € S* such that f = a12™y", g = azx"y".
Since A/myA = k£2}7 o | a and s | e

In R[[U, V]], we have
aylf = 2™y = (mU + 1) (73 V + 1)
=1+ mmoU + nr2V + 73F,
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where F € R[[U, V]| N A[1/m1]. Then

ay'f —1=mmU +nr3V + 75 F
S WQRHU, V]] n A[l/ﬂ'l] = 7T2A[1/7T1]

artf—1
=T :=————— =mU+nmV +mF € A[l/m].
2
Similarly,
aytg—1
Wi = - = rU + smoV 4+ maG € A[l/m],
2

where G € R[[U, V]| N A[l/m].
Note that Ty € A[l/m] N K[f] = All/m] N K[T] = R[T] and

Wy € R[W]. The images T3 = mU and W; = rU of T; and Wh,
respectively, in (A[1/m])/(m2A[l/m]) (= kofT, W]), are algebraically
dependent over ky. Therefore, by Lemma 2.4, either ﬁ or V[A/:l € ko,
and hence either m =0 or r = 0.

As A/mA = ki[0,071,7) (= ka[0,07)0) = k[T, W, F 571, it

follows that w1 divides a or ¢ (but not both). Without loss of generality,
we assume that m 1 a (and hence m | ¢). Then, § € ki and
A/mi A = ki[f, ?_I,W]. Since g = agx"y® and § = 07 ¢ kI, r cannot
be zero. Hence, m must be zero. Then

nr::tl:>n::|:1:>f:a1yi1

which is a contradiction, because ¢ > 2 and

e [T ko2
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