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A CONSTRUCTIVE THEORY OF MINIMAL
ZERO-DIMENSIONAL EXTENSIONS

FRED RICHMAN

ABSTRACT. Chiorescu characterized the minimal zero-
dimensional extensions of certain one-dimensional rings in
terms of families of ideals indexed by prime ideals. In this
paper we give a constructive development of these extensions,
which, to achieve maximum generality, must necessarily avoid
dependence on prime ideals. This forces us to develop a purely
arithmetic theory. Along the way we get a characterization,
in terms of the lattice of radicals of finitely generated ideals,
of when a ring with primary zero-ideal has dimension at most
one.

1. Introduction. In this paper we prove a constructive version
of Chiorescu’s theorem [3] that gives a complete set of invariants for
minimal zero-dimensional extensions of a commutative ring R which
satisfies the three conditions:

1. dimR < 1.
2. The zero ideal of R is primary.
3. R has Noetherian spectrum.

Chiorescu’s invariants are phrased in terms of the prime ideals of R.
One of our goals was to formulate a theorem that would work when
R = k[X] for k a (discrete) field. In that setting, we cannot necessarily
prove that every polynomial of degree greater than zero is a product
of irreducible polynomials, so Chiorescu’s theorem cannot be applied.
Generally, when doing constructive commutative ring theory, you avoid
formulations involving prime ideals because you might not have the
tools to construct them. But even, outside the constructive framework,
it is of interest to develop purely arithmetic theories when possible.

For our main theorem (Section 8), we don’t need the third condi-
tion. In order to derive Chiorescu’s theorem as she stated it, we will
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use a condition that is equivalent to Noetherian spectrum for finite-
dimensional rings, has lots of computational content, and applies, for
example, to the ring of integers of a finite-dimensional algebraic number
field.

We formulate the second condition as saying that every element of
R is either regular or nilpotent. This implies, for a nontrivial ring R
(or for a trivial ring R), the purely constructive condition that every
element of R is either nilpotent or not. That is, the nilradical of R is
detachable—the only nonclassical condition that we impose on R for the
general theorem. We don’t impose any such conditions on the extension
ring.

For the first condition, we follow the constructive treatment of Krull
dimension in [5]. In the presence of the second condition, the condition
dim R < 1 takes a particularly simple form.

The invariant for a zero-dimensional extension of R is a family of
ideals I, of R indexed by the finitely generated regular ideals a of R.
We require, for all finitely generated regular ideals a, b of R, that

e a Cradlg,
o [op = Ia N1y,
e if a C b, then I, C Iy.

For the integers Z, this is equivalent to specifying, for each prime
p, an ideal I, possibly improper, containing a power of p. Given a
zero-dimensional extension S of R, or even just a zero-dimensional R-
algebra, the ideal I, is the R-annihilator of 1 — eq € S. Equivalently,
it is RN Seq. Here e, is the unique idempotent of S such that e, € aS
and a(1 — e,) = 0 for some n (see Section 2).

While the ideals a are required to be finitely generated, no such
condition is imposed on the ideals I,. We will show how to construct,
from any such family of ideals, a minimal zero-dimensional extension
of R with that family as its invariant (Theorem 15).

It might be argued that this invariant is too complicated to give any
insight into the minimal zero-dimensional extensions of R, but this is
already belied by its transparency in the case R = Z. We describe
two other situations in which the invariant becomes fairly simple. The
first is R = k[X] where k is any algebraic number field, not necessarily
finite dimensional. For example, if P is an arbitrary proposition we
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could set k = QU{z € Q[i] : P}. The invariant in this case is uniquely
specified by giving an ideal I, in k[X], containing some power of p, for
each monic irreducible polynomial p in Q[X]. More generally, we may
replace Q by any factorial field (a field over which you can write every
nonconstant polynomial as a product of irreducible polynomials).

In the second situation, Chiorescu’s Noetherian-spectrum hypothesis
holds in a constructively strong form. Here the monoid of finitely
generated regular ideals of R, modulo the equivalence a ~ b if rada =
rad b, is naturally identified with the set of finite subsets of the nonzero
prime ideals M of R that are radicals of finitely generated ideals
(Theorem 17), and the invariant can be specified by giving an ideal
Iy in R, containing some power of M, for each such ideal M of R. An
example of this situation is the ring of algebraic integers in a finite-
dimensional extension of Q.

2. Krull dimension zero. The following lemma is a combination
of [3, Lemma 1], which references [2, Lemma 4.1 and Lemma 2.1]. The
proofs there are straightforward and constructive.

Lemma 1. Let x be an element of a commutative ring R andn € N.
Then the following are equivalent:

1. 2" € Ra"t!,
2. There is an idempotent e € Rx such that (1 —e) = 0.
3. There is an idempotent e such that Re = Rx™.

An idempotent e satisfies condition 2 for some n if and only if x(1—e)
is nilpotent and x + 1 — e is invertible.

There is at most one idempotent e satisfying 3 for somen. We denote
this idempotent, if it exists, by e, and denote 1 — ey by fe.

We say that R is zero dimensional if for all x € R, there exists n € N
satisfying the conditions of Lemma 1. Possibly we should say that R is
at most zero dimensional, reserving dimension —1 for the trivial ring as
in [4], but I don’t think that this distinction will be important here. See
[2, Theorem 2.2] for a proof that this definition is classically equivalent
to the usual one.
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If R is aring with exactly two idempotents, then R is zero dimensional
if and only if every element of R is either a unit or nilpotent. To see this,
note that the idempotents are 0 and 1, and that 0 # 1. The statement
then follows from the fact that e, = 1 if and only if x is a unit, and
that e, = 0 if and only if = is nilpotent. As a consequence, the ring R
of real number is zero dimensional if and only if it is discrete, that is,
if each element of R were either zero or nonzero, which is one of the
traditional omniscience principles that admits no constructive proof.
That is not to say that there is no good notion of “zero dimensional”
such that R is zero dimensional from a constructive point of view, but
this is not such a notion.

Here are a few observations:

e If R is a discrete integral domain, and K is the quotient field of
R, then K is a minimal zero-dimensional extension of R. To see that
a discrete field K is zero dimensional, take n = 1. Then 0 € K0? and
r € Kz? = K if x # 0. To see that K is minimal, suppose K’ C K is
a zero-dimensional extension R. If r is a nonzero element of R, then r
is cancellable, hence invertible in K', so K/ = K.

e The homomorphic image of a zero-dimensional ring is zero dimen-
sional, as is the product of a finite number of zero-dimensional rings
and the direct limit of zero-dimensional rings. That’s because of the
logical form, “for all = there exist n and 7 such that r : 2" = rz"*1.”
In particular, Q x (Z,/I) is zero dimensional for any ideal I of Z,.
Note that we cannot necessarily say that Z, /I is isomorphic to some
Z,,—it need not even be discrete.

e The ring Q x (Z,,/I) is a minimal zero-dimensional extension of
Z. Suppose A is a zero-dimensional subring of Q x (Z,/I). Then
(n,0) € A, so (1/n,k) € A for some k, so (1,0) € A whence (m,0) € A
for all m € Z. If m # 0, then (m,0) € A so (1/m,k) € A for some k,
so (1/m,0) € A. Thus Q x {0} C A whence A = Q x (Z,,/I).

e If R is zero dimensional, then every regular element of R is
invertible. That’s because if z is regular, and " = ra"*!, then 1 = rz.

We need to generalize the notion of e, to ideals. Let R be a
commutative ring and S an R-algebra. Let a and b be two ideals
of R. Then

1. There is at most one idempotent ¢ € A such that a(l — e) is nil
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and e € aS. This idempotent is denoted e, and we set fq =1 — e,.

2. Ifa= (z1,...,2k), and each e,, exists, then eq = €,, V+--Ve,, =
L= foy o fay-

3. If e, and ey exist, then eq, = eq€p.

4. If ey exists, then epaqq = €q. If €raqq4 exists, then eq = €raqa-

These four statements are proven in [3] as Theorem 8 and Lemmas 9-11.
The proofs are straightforward computations with no constructive
problems.

3. The invariant. We will be interested in families of ideals I, of
R, indexed by a multiplicative monoid M of finitely generated regular
ideals a of R, such that for all a and b in M,

1. a Cradl,,
2. Iy = 1o N1y,
3. if a C b, then I, C Iy.
Call such a family admissible. We define rad I to be

{r € R:r™ € I for some positive integer n},

whence the term “radical,” rather than the intersection of all prime
ideals containing I. The admissible families will be the invariants for
minimal zero-dimensional extensions of appropriate rings R. If a € R
is regular, we set I, = Ip,.

Here are a couple of easy examples of admissible families: Set I, = R
for each a. Set I, = rad a for each a.

We say that two ideals a and b of R are comaximal if a +b = R.

Lemma 2. Let I, be an admissible family of ideals of R. If
rada =radb, then I, = I,. If a and b are comaximal, then Iy = I, 1y
and

Io={r e R:rb" C Iy for somen}.

Proof. For the first claim, note that property 2 implies that I,n = I,
so if a C rad b, then a™ C b for some n, so Iy = I;n C Ip by property 3.
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Now suppose a and b are comaximal. Because a C radl, and
b C radl, and a + b = R, it follows that I, + Iy = R, hence
I, NIy = I,Iy. For the second claim, first suppose r € I,. Then
rb™ C Iy N Iy for some n. Conversely, if rb™ C Iy, for some n, then
rb™ C I, because Iy, C I,. But b™ and I, are comaximal, because b
and a are comaximal, so r € I. ]

Because rad a = rad b implies I, = Iy, we could take the index set of
an admissible family to be ideals that are radicals of finitely generated
ideals. The second condition would more naturally be written as
I = Io NI, The ideal aN b is of the right kind because if a = rad a’
and b = rad b’, then aNb = rada’b’. The third condition would then
follow from the second. So an admissible family is simply a monoid
homomorphism from a monoid of radicals of finitely generated regular
ideals to the monoid of all ideals, subject to the condition a C rad I,
the binary operation in each monoid being intersection.

The following lemma shows why we are interested in admissible
families.

Lemma 3. Let S be a zero-dimensional extension R. For each
finitely generated regular ideal a of R, define I, = annpf,. Then the
family of ideals 1, is admissible. Moreover, if a and b are comazimal,
then fq and fy are orthogonal idempotents.

Proof. The first property of admissibility follows from the fact
that af, is nil. For the second property, note that if rf,, = 0,
then r(1 — eqep) = 0, so 7 € Re,. Therefore r = re, whence
rfq = 0. Similarly for f,, so Iy, C I N Iy. Conversely, suppose that
rfo =0 =rfy,. Then r = req and r = rep = reqep, = reqp. For the
third property, if a = (x1,22,...,2,) and b = (x1,22,... ,2,), with
m < n, then

fa= H fxz,; is a factor of f, = H fas
i=1

=1

For the last claim, we know that I, and I are comaximal and are both
contained in anng f, fp. It follows that anng fqfe = R so fofe = 0. O
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For suitable rings, we will show that every admissible family arises
from a minimal zero-dimensional extension (Theorem 15), and that this
family characterizes those minimal zero-dimensional extensions up to
isomorphism (Theorem 16).

4. The lattice L(R). Let R be any commutative ring. We are
interested in the lattice of radical ideals. The elements of this lattice
are ideals of R and the preorder is given by a < b if radb C rada.
Perhaps this preorder seems back-to-front, but I'm motivated partly
by the aphorism that “to contain is to divide,” and I would also like
relatively prime elements to be disjoint in the lattice. This preorder
induces an equivalence relation which we will denote by a ~ b when we
don’t want it to be confused with equality of sets. Of course we could
restrict our attention to radical ideals, but it is often more convenient
to consider all ideals together with the equivalence relation.

The lattice operations are given by aVb = ab and aAb = a + b.
Note that we could as well define a V b to be the equivalent ideal
a N b, but ab has the virtue of being finitely generated if a and b
are. Moreover, multiplication of ideals distributes over addition, so
this makes it immediately apparent that the lattice is distributive. The
bottom element of the lattice is the improper ideal R. The top element
is the zero ideal, but we will normally restrict ourselves to regular ideals.

In a distributive lattice with a bottom element 0, the relative comple-
ment a\ b is defined to be that element ¢, if it exists, such that cAb =0
and ¢V (bAa) = a. Note that ¢V (bAa) = a is equivalent to ¢ < a
and ¢V b > a. That the relative complement is unique is easily seen by
forming the meet of ¢’ with a = ¢V (b A a).

The finitely generated regular ideals of R form a sublattice L(R). A
reqular ideal is one that contains a regular element-an element that
is cancellable under multiplication. It is this lattice that we will
be concerned with. The lattice L(Z) is naturally isomorphic to the
lattice of finite subsets of the primes, so is a relatively complemented
distributive lattice. That’s a good thing for our purposes. This is also
true for L(R) when R = k[X] where k is a (discrete) field. Classically
the reason is the same as for L(Z), but constructively we cannot
assume that every nonconstant polynomial is a product of irreducible
polynomials. However, it is still true that every finitely generated
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regular ideal is generated by a nonzero polynomial, and if f and g are
nonzero polynomials, then, in the lattice L(R), the relative complement
Rf\ Rg is generated by f/gcd(f, gd°e/).

If a, b, and ¢ are finitely generated regular ideals of R, then ¢ = a\ b
in the lattice L(R) exactly when a ~ ¢(a+ b) and b+ ¢ = R.

We will focus on commutative rings R with detachable nilradical, that
is, for each = € R, either x is nilpotent or it is not. We will say that
0 is a primary ideal of R if every nonnilpotent element of R is regular.
This agrees with the classical definition. The two conditions imply that
every element of R is either nilpotent or regular. The converse is true
for nontrivial rings (and for trivial ones). In fact, the two conditions
are equivalent to the two conditions

(1) every element of R is either nilpotent or regular, and
(2) R is either trivial or nontrivial.

Notice that any discrete integral domain satisfies these two conditions.
By “discrete,” I mean that each z in R is either zero or nonzero.
Actually, I'm not quite sure what an integral domain is in the general
constructive context except that it probably should be the same as a
subring of a field. But then, I'm not quite sure what a field should be,
other than a discrete field.

We are interested in the conditions that dim R < 1 and dimT(R) =0
where T'(R) is the total ring of quotients of R.

What do we mean by dim R < 17 As in [5] we define, for each z € R,

the ideal
N (xz) = Rx + U (0:2")p.
neN

Then dim R < 1 exactly when dim R/N(z) = 0 for all z € R. This
is equivalent, classically, with the usual definition in terms of prime
ideals. If 0 is a primary ideal, and R has a detachable nilradical,
then (0 : ™) = 0 unless z is nilpotent, in which case N(z) = R. So
dim R < 1if and only if dim R/Rx = 0 whenever 2 € R is not nilpotent.
We might also note that dim R = 0 if and only if R/N(z) =0 for all =
in R.

Lemma 4. If every element of R is either nilpotent or regular, then
dimT(R) = 0.
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Proof. Given x € R, we must find n € N, a regular element s € R
and an element ¢ € R such that sz™ = t2"*+!. If 2 is nilpotent, take n
so that 2™ =0 and s =t = 1. If x is regular, take s =z and t =1. O

The following lemma relates relative complements of finitely gener-
ated ideals to relative complements of principal ideals.

Lemma 5. Let L be a distributive lattice with least element 0. Let
S be a subset of L and M the set of finite meets of elements of S. If
any two elements of S have a relative complement in L, then any two
elements of M have a relative complement in L.

Proof. We will show that if a,b,c € L, then

(anb)\ec=(a\ec)A(b\C)
c\(anb)=(c\a)V(c\b)
in the sense that, if the right side exists, then so does the left. The

lemma then follows by induction on the number of meets in the
expressions for the two elements of M. We have

(a\e)AN(b\c)Ac=(a\c)AND=0
((a\e)A\c))Ve=(((a\c)Ve)A((b\c)Ve)) =anb
((e\a) V(e\b)Alanb)=((c\a)A(aAb))V((c\b)A(aAb))
=0
((e\a) v (\B)V (@A) = (((c\ a) V (¢ \ D)) Va)
A(((e\a) V(c\b) VD)
>cANc=c a

It turns out that the existence of relative complements in L(R) is
intimately related to the dimension of R.

Theorem 6. Let R be a ring in which every element is either regular
or nilpotent. Then the following are equivalent:

1. dim R < 1.
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2. For all reqular x,y € R there exist (finitely generated) ideals
a,b,b',c of R such that

(a) Rz = ab and Ry = b'c,
(b) a4+ Ry = R =c+ Rz,
(c) b~

3. The lattice L(R) is relatively complemented.

Proof. Condition 2 implies that principal ideals of R have relative
complements in L(R) because Rz \ Ry = a. So 3 holds by Lemma 5.
Suppose 3 holds. We will show that if z € R is regular, then
dim R/Rx = 0. That is, we will show that if y € R, then there
is a positive integer n, and an element r € R, such that x divides
y" — ry"tl = y"(1 — ry). If y is nilpotent, that’s clear. Otherwise,
Rx = ab and Ry = b’c as in 2. First note that, because a + Ry = R,
there exists r € R so that 1 — ry € a. Then, because b ~ b’, there is
a positive integer n such that y™ € b. So y™(1 — ry) is in ab, hence is
divisible by .

Finally suppose dim R < 1 and let z,y € R be regular. There is a
positive integer n and elements r, s € R such that x divides y"(1 — ry)
and y divides 2"(1 — sz). Let a = (2,1 —ry) and b = (z,y™). Note
that (1 — ry,y™) = R. Similarly let ¢ = (y,1 — sz) and 6’ = (y,z"). O

If k is a discrete field, and z is a nonzero element of R = k[X], then
R/(z) is a finite dimensional vector space over k, hence zero dimen-
sional. Thus dim R < 1, so the lattice L(R) is relatively complemented
by Theorem 6. One can compute the relative complements directly by
repeatedly taking ged’s and eliminating duplicate factors.

In reference to the equivalence of 1 and 3 of Theorem 6, Joyal showed
that dim R can be read from the Zariski lattice of R, which in this case
is essentially L(R), see [6].

For convenience, we will call a commutative ring R suitable if it has
a detachable nilradical and a primary zero-ideal, and dim R < 1.

Theorem 7. Let L be a relatively complemented distributive lattice.
If 1,... ,xym are elements of L, then there exist disjoint elements
a1, ... ,ayn of L such that each x is the join of some of the a’s. If m = 2,
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then we can take n = 3 and write x1 = a1V as, and xo = as V as where
as =1 N\ 22.

Proof. Induction on m. If m = 1, take n = 1 and a; = my. Suppose
m > 1 and aq,...,a, works for x1,...,x,_1. Replace the a’s by
Tm A a; and a; \ T, for ¢ = 1,...,n, and throw in x,, \ \/;.L:1 a;.
These are clearly disjoint, and since a; = (zm A a;) V (a; \ zp,), and
T = (T \ \/;L:1 a;) \/\/?:1 aj ATy, each x is the join of some of them.
Note that for m = 2, we replace z1 by x3 A 1 and x; \ x2, and throw
in x2 \ 1, which gives us the last claim. m|

Take L to be L(R) and look at the idempotents fq,,... , fq,, in some
minimal zero-dimensional extension. It follows from the theorem that
we can construct finitely generated regular ideals by, ..., b, that are
pairwise comaximal so that each fq, is a sum of some of the fs,.

Corollary 8. If R is a suitable ring, then for any finitely generated
reqular ideals s and t of R, there exist pairwise comaximal finitely
generated regular ideals a, b, and ¢, such that s ~ ab and t ~ bc.

Corollary 9. If R is a suitable ring, then, for a fixed positive integer
n, the family I, = (rada)™ is admissible.

Proof. The only problem is showing that (radst)” = (rads)™ N
(rad t)™. This is always true for n = 1. If s and t are comaximal, then
(radst)™ = (rads - rad t)” = (rads)™(rad t)” = (rads)™ N (rad t)™. For
the general case, write s ~ ab and t ~ bc as in the previous corollary.
Then (rads)” = (rada)™ N (rad b)™ and (radt)” = (rad 6)™ N (rad )",
while radst =radanNradbNradc =rada-radb-radc, so

(radst)” = (rada)” (rad b)" (rad ¢)"”
rada)” N (rad b)" N (rad ¢c)"
(rada)” N (rad b)™) N ((rad b)" N (rad c)™)

rads)" N (radt)”. O

~ o~~~

Suppose R is the ring Z of integers in Corollary 9. The minimal zero-
dimensional extension of Z corresponding to this family can be thought
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of as follows. It is the subring of the product of Z/p™Z over all primes
p consisting of those sequences that are eventually constant as rational
numbers. The idempotent f, is the binary sequence whose unique 1 is
at p.

5. Extending admissible families. We will refer to the following
extension theorem in two different contexts.

Theorem 10. Let R be a suitable ring. Let V' be a join subsemilattice
of L(R) such that for all a € L(R) there exists u € V' such that a < u.
Let (Iy)ucv be an admissible family on V' such that if v,0" € V, and
v =0vVcandoAc=0, then

Io={reR:r" Cly forsomen}.

Then (Iy)uev can be extended uniquely to an admissible family on
L(R).

Proof. For a € L(R), choose v € V such that a < v. As L(R) is
relatively complemented, there exists b € L(R) such that v = a Vb,
and a Ab =0. Set

I, ={r € R:rb" C I, for some positive integer n}.

From Lemma 2 there is no other way to define I,, so it’s unique. It
remains to show that this is a well-defined admissible family. Note that
the definition of I, depends only on the equivalence class of b in L(R).

To show that I, well defined, we need to show we get the same result
for I, if we take v’ > a. Since V is a join subsemilattice, we may assume
o’ > v. Write ' = bV ¢ with o Ac=0. Then v’ =aVbVcand the
definition of I, using v’ is

Il ={r € R:7b"¢" C I, for some positive integer n} .
To see that I C I, note that if rb"™¢™ C I,/, then rb™ C I, because
I, C Iy, sorb™c™ C I, and ¢" + I, = R. To show that I, C I} we need
to use the displayed hypothesis of the theorem. Suppose r € I, so

rb" C I, ={r € R:rc™ C I, for some m}.
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Thus rb™¢™ C I,,. We may assume m = n, whence r € I.

Finally, we must show that this defines an admissible family. Suppose
we are given s,t € L(R). Choose v € V such that s Vt < v. Write
v=s5Va=1tVbwhere sAa=tAb=0. It follows that v = sVtV (aAb)
and (s V) A (aAb)=0. So

Io={reR:r(a+b)" C I, for some positive integer n}
I, ={r € R:ra" C I, for some positive integer n}
I, ={r € R:rb" C I, for some positive integer n} .

Clearly I = I; N I (we might have to take the n bigger in Ig). |

Note that if there is an extension of (I )uyev from V to L(R), then the
displayed hypothesis of the theorem must hold because of Lemma 2.

6. Algebraic extensions of factorial fields. Lemma 2 enables us
to give a pleasing description of the admissible families when R = F[X]
for F a field of algebraic numbers. In fact, we can do this for any field
that is algebraic over a factorial field. By a factorial field, we mean
a field over which every polynomial of degree greater than zero is a
product of irreducible polynomials (see [7, VIL.1]). Kronecker showed
that Q is a factorial field although Knuth says that Schubert did it a
hundred years earlier.

Lemma 11. Let k be a commutative Ting, F' an integral extension
of k, and h a monic polynomial in F[X]. Then h divides a monic
polynomial in k[X].

Proof. For an indeterminate Y, consider the ring R = F[Y]/(h(Y))
which is an integral extension of F which, in turn, is an integral
extension of k. So R is an integral extension of k [7, VI Corollary
1.5]. Thus the image of Y in R satisfies a monic polynomial over k. By
the construction of R, this polynomial must be divisible by h. ]

Theorem 12. Let k be a discrete field and F' an algebraic extension
of k. Suppose for each nonzero polynomial q € k[X] we are given an
ideal 1, of F[X] so that the family (I4)qerx]\{0} 5 admissible. Then
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this family can be extended uniquely to a family (Ip)perx)\{o} that is
admissible.

Proof. We prove this by appealing to Theorem 10. First we need to
show that every monic polynomial in F[X] divides a monic polynomial
in k[X], but this follows from Lemma 11. Next suppose z and y are
in k[X] and ¢ is monic in F[X]. If y = 2 Vcand z Ac = 0, we
will show that ¢ is equivalent in L(F[X]) to an element of k[X]. The
discussion following Theorem 6 shows that both L(k[X]) and L(F[X])
are relatively complemented, so x has a complement ¢’ in y that lies in
L(k[X]). By uniqueness of the relative complement, ¢ is equivalent to
cin L(F[X]). Lemma 2 now says that the hypothesis of Theorem 10
is satisfied. O

The point here is that admissible families of ideals in F[X], indexed
by the ring k[X], are specified by giving an ideal I,, in F[X], containing
some power of p, for each monic irreducible polynomial p € k[X]. So
it is fairly transparent what the admissible families (I,),erix]\{0} Of
ideals in F[X] are.

A related question concerns whether for an arbitrary suitable ring, it
suffices to look at admissible families indexed by the principal regular
ideals. The question is whether these admissible families can be
extended, and the answer to that question depends on whether such
families automatically satisfy the hypothesis of Theorem 10. Note that
this is a question with nontrivial classical content. I would guess that
the answer is “no,” but I don’t have a counterexample.

7. Arapovié’s theorem. By the total quotient ring of R[E| within
S we mean the set of elements of the form t/s € S where s,t € R[E]
and s is invertible in S. The following is [3, Theorem 4]:

Theorem 13. Let S be an R-algebra such that e, is defined in S for
everyx € R. Let E = {e; € S:x € R}. Then e, is defined in S, and
is in R[E], for every x € R[E], and every regular element of R[E] is
invertible in S. It follows that the total quotient ring of R[E| within S
is the same as the total quotient ring T (R[E]) of R[E].
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Proof. Tl sketch the proof from [3], which is constructive as it
stands, but not completely straightforward. Each element of R[E] can
be written as * = > r;g; where r; € R and the g; are orthogonal
idempotents in the Boolean algebra generated by E (which is contained
in R[E]). Note that from a constructive point of view we may not be
able to tell whether or not a given g; is zero, and several of them might
be. Then we form e = Y e,,g; € R[E] and show that it satisfies the
defining conditions for e,. The key observation is that

(1—e) E ri (1 —ep,)

is nilpotent because 7;(1 — e,,) is nilpotent and the g; are orthogonal,
and that e, g; € Sr;g; so e € Sx. If z is regular in R[F], then, because
x(1 — e) is nilpotent, we get e = 1 so 1 € Sz, that is, x is invertible in
S. o

Arapovi¢’s theorem [1, Theorem 7], characterizing minimal zero-
dimensional R-algebras, as stated in [3, Theorem 6], is:

Theorem 14 (Arapovié). Let R be a ring and S an R-algebra such
that e, is defined in S for each x € R. Let E = {e,, € S : z € R}.
Then the total quotient ring T’ of R[E] within S is the minimal zero-
dimensional R-algebra within S.

Proof. The proof of Arapovié’s theorem in [3, Theorem 6] goes
as follows. Theorem 13 says that the regular elements of R[E] are
invertible in S. Then we observe that T’ is contained in any zero-
dimensional R-subalgebra of S because such a ring must be a total
quotient ring and must contain R[E] because of the uniqueness of the
idempotents e,. If x € T’, then x = a/b where a,b € R|F] and b
is regular in R[E]. Theorem 13 says that e, is defined in S and is
in R[E] Cc T'. To see that e, is defined in 7", we note that since
€q is defined in S, Lemma 1 says that a(l — e,) is nilpotent and
a+1—e, € R[E] is invertible in S, hence in 7. Since b is regular
in R[E], it is invertible in 7", so e, = 1. Thus e, = e,/ = e, is defined
in T” for every x € T’, so T’ is zero dimensional. O

8. The main theorem for suitable rings. Let L be a relatively
complemented lattice. Consider the set D of finitely enumerable subsets
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of L consisting of pairwise disjoint elements. If o and 3 are such subsets,
set a < (3 if each element of « is a join of some elements of 5. This
gives a partial preorder on D that is directed upwards. Note that if
{a1,... an} € D, and V,c a; = /¢ ; a; for some finite subsets I and
Jof {1,...,n}, then a; = 0 for each k € (I'\ J)U (J\I). Tt follows
that if « < f and 8 < «, then a = 5.

Following Jacobson, by an rng we mean a ring that doesn’t necessarily
have an identity element. Note that a rng-homomorphism of rings need
not take the identity to the identity. A key element of the construction
of a minimal zero-dimensional extension of R is the formation of the
ring U* from a rng U by adjoining an identity. Actually, the rng U will
have a compatible R-module structure, and the ring U* is formed from
the R-module R & U by setting (r,u)(r’,u') = (rr',ru’ + r'u + uu').

If U is a ring, that is, if U has an identity, then U* is naturally
isomorphic to R x U under the map taking (r,u) € U* to (r,u+r-1) €
R x U. So if U is a ring of dimension zero, then (r,u) € U* is regular
if and only if r is regular and u + r - 1 is invertible in U. Let U and
V be rings with dim U = 0. Then any rng map U — V induces a ring
map U* — V* that takes regular elements to regular elements, thus
inducing a map T(U*) — T (V™).

We have set the stage for the main construction. Given a suitable
ring R and an admissible family (/4)qer(r) of ideals of R, we will
construct a ring S = F((la)acr(r)). Let D be the set of finitely
enumerable subsets of L(R) consisting of pairwise disjoint elements.
For « = (ai,...,a,) € D, let U, be the ring @;", R/I,,. If
a < p = (by,...,b,), then each a; is a join of elements of 3, so
a; ~ [[er, bj whence I, = (\;cf, Lo, s0 R/Iq, is naturally isomorphic
to @jex, B/lv,- If j € K; N Ky, and i # @', then Iy, = R, so we may
assume that the sets K; are disjoint. We define a map from U, to Ug
by taking R/Ia; to @ ;c g, I1/1s; via the natural isomorphism. Because
the K; are disjoint, this map is one-to-one. We then set U equal to the
direct limit of (Uy)aep, and set S = T(U*). Note that U* is the direct
limit of (U%)qep and S is the direct limit of (T'(U%))aep-

We can think of U as the free R-module on the symbols 14, for
a € L(R), modulo the conditions

e anngl, = I,

o 1,1y = 1ane
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el,=1lp+1.ifa=bVvVcand bAc=0.

Recall that 0 € L(R) is represented by the ideal R, and that I = R,
so 1p = 0. The third condition gives a test for equality in U (which
doesn’t mean that U is discrete). Together with Theorem 7 it says
that we can write any two elements u and v of U as u = ) 114, and
v = > 8;1q, where the a; is pairwise disjoint, so u = v exactly when
r; — 8; € I, for each i. Of course we have to check that this test (or
definition of equality, if you will) does not depend on the choice of the
a;.

Theorem 15. If R is a suitable ring, and (Ia)qer(r) 95 an admissible
system of ideals of R, then S = F((la)acr(r)) i5 @ minimal zero-
dimensional extension of R such that I, = anng f, for each a € L(R).

Proof. Because S is a direct limit of zero-dimensional rings T'(U}),
it is zero dimensional. We will show that the idempotent f, of S is
equal to 14, the identity in R/I,, so anngf, = I,. Clearly al, is nil.
We must show that 1 — 1, € aS = aT(U*). Tt suffices to show that
1-14 € aT(UE‘a}). But T(Ufa}) = T(R) x Ugqy and aT(R) = T(R)
because a is regular, so a”(T'(R) x Ufqy) = T(R) for some n. But
1-14 € T(R).

Finally, we need to show that S is a minimal zero dimensional
extension of R. Let E = {e, € S : x € R}. Arapovié¢’s theorem
says that the total quotient ring of R[E] within S is a minimal zero-

dimensional extension of R. But e, = 1 — 1,, if z is regular, so
U* = R[E]. Thus S itself is a minimal zero-dimensional extension
of R. O

That’s the existence theorem. The uniqueness theorem is the follow-
ing.

Theorem 16. If S and S’ are minimal zero-dimensional extensions
of a suitable ring R, and anng f, = anng f. for all a € L(R), then S is
1somorphic to S’.

Proof. Let D be the set of finitely enumerable subsets of L(R)

consisting of pairwise disjoint elements. For o € D we let f, = {f4 €
S :a € a}. Three observations: First, we cannot necessarily say, for
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a € a, that f, =0 or fq # 0. Second, the elements of f, are mutually
orthogonal idempotents. Third, if a < 3, then every element of f, is a
sum of elements of fg (with distinct indices).

Let E = {e; € S : x € R} as in Arapovi¢’s theorem. For each
a € L(R) we have fy € R[E]. So the union U over o € D of R[f4]
is contained in R[E]. There is a natural isomorphism ¢, of the rings
R[f,] and R[f.] that takes fq to fi because anngf, = anngf, for all
a € L(R). Moreover, if & < 3, then the restriction of ¢g to R[fs] is
¢g. Thus we get a rng-isomorphism ¢ : U — U’. It follows that U*
and U™ are isomorphic rings.

We want to show that R[E] = U*, that is, that each element of
R[E] can be written uniquely as r + u where r € R and v € U. To
show existence, note that = € R is either nilpotent or regular, so either
e; = 0 or Rx € L(R) whence e, = 1 — f,. For uniqueness, it suffices
to show that if » +u = 0, then r = 0. There is a regular element z € R
such that zu = 0. So zr = 0, which implies » = 0. Thus R[E] and
R[E'] are isomorphic rings. As S and S’ are minimal zero-dimensional
extensions, S = T'(R[E]) and S’ = T'(R[E']) by Arapovi¢’s theorem, so
S and S’ are isomorphic. O

9. Noetherian spectrum. It is a classical result [8, Proposition
2.1] that a commutative ring has Noetherian spectrum exactly when ev-
ery prime ideal is the radical of a finitely generated ideal. It’s also true
that a finite-dimensional ring has Noetherian spectrum exactly when
the radical of any finitely generated ideal is the intersection of finitely
many prime ideals. That’s because another classical characterization
of Noetherian spectrum [8, Proposition 2.1] is that the ring has the
ascending chain condition on prime ideals and every finitely generated
ideal has only finitely many minimal prime ideals.

We will put those two conditions together and define a ring of
dimension at most one (the only case we are interested in) to have
Noetherian spectrum if the radical of any finitely generated ideal is the
intersection of finitely many prime ideals, each of which is the radical
of a finitely generated ideal. Notice that this condition allows us to get
our hands on prime ideals.

Under this definition, a Noetherian ring need not have Noetherian
spectrum from a constructive point of view. Indeed, whatever your



MINIMAL ZERO-DIMENSIONAL EXTENSIONS 563

definition of “Noetherian,” the ring F[X], where F is a (discrete) field,
better satisfy it. However, for F[X] to have Noetherian spectrum, you
have to be able to write each nonconstant polynomial in F[X] that is
relatively prime to its derivative, and thus generates a radical ideal,
as a product of a finite number of irreducible polynomials, which you
can’t do even when Q C F C Q]i] (consider the polynomial X2 + 1).

We need to clarify what we will mean by a prime ideal. Of course,
this is pretty much the same question as what an integral domain is.
I'm going to assume that an integral domain is a discrete commutative
ring such that if rs = 0, then » = 0 or s = 0. You might also want
0 # 1 because this is normally required of a field, but that seems
counterproductive here. So we will say that an ideal P is a prime ideal
if it is detachable and if rs € P, then r € P or s € P. Actually, this,
minus the detachability condition, is the definition of “prime ideal”
given in [7], although the definition of “integral domain” there requires
0# 1.

We could, with considerably less justification, say that an arbitrary
ring (not necessarily finite dimensional) has Noetherian spectrum if it
satisfies the conditions above. Possibly this is an interesting class of
rings, but I wouldn’t bet on it.

Note that the nilradical of a ring with Noetherian spectrum is de-
tachable because it is the radical of the zero ideal so is an intersection
of finitely many detachable ideals. In fact the radical of any finitely
generated ideal is detachable for the same reason. Note also that a
finitely generated ideal is either proper or equal to R because an ideal
is equal to R if and only if 1 is in its radical.

Theorem 17. Let R be a commutative ring. If P and Q are prime
ideals of R, and P is the radical of a finitely generated ideal, then either
P is contained in Q or there is an element of P that is not in Q. In
particular, the set of prime ideals that are radicals of finitely generated
ideals is discrete. If R has Noetherian spectrum, then the radical of any
finitely generated ideal is uniquely a finite intersection of incomparable
prime ideals that are radicals of finitely generated ideals.

Proof. Suppose P is the radical of the finitely generated ideal I. If
P C Q, then clearly I C Q. Conversely, if I C @, and r € P, then
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r € I C @Q for some n, so r € @ because @ is prime. Because @ is
detachable, and I is finitely generated, either I C @ or there exists
r € I such that r ¢ Q.

Now suppose [ is finitely generated and radI = Py N ---N P, where
the P; are prime ideals that are radicals of finitely generated ideals.
Since we can compare the prime ideals P;, we may throw out the ones
that are not minimal, and we are left with incomparable prime ideals.
Suppose now that rad I = @1 N---NQ,, where the (); are incomparable
prime ideals that are radicals of finitely generated ideals. For each ¢ and
J, either P; C Q; or there is an element of FP; that is not in ;. As Q; is
prime and contains P - - - P,,, it must contain some P;. Similarly each
P; must contain some ;. Because of the incomparability conditions,
each P; must equal some @; and vice versa. a

So if R has Noetherian spectrum, then L(R) is discrete, and each
element is a finite join of atoms (the prime ideals). It follows that if
R is a suitable ring with Noetherian spectrum, then the minimal zero-
dimensional extensions of R are determined by specifying, for each
prime ideal a € L(R), an ideal I, in R that contains a power of a. This
is essentially the main result of [3].

Examples of one-dimensional integral domains with Noetherian spec-
trum are finitely generated subrings R of the ring of algebraic integers
in a finite-dimensional extension K of Q. For example, Z[2i]. We
know that dim R < 1 from [4, Corollary 2.4]. Now the ring of integers
in K is a finite-rank free abelian group, so any finitely generated sub-
ring R is also a finite-rank free abelian group. Here finitely generated
can be taken to mean as a ring because each element of R satisfies
a monic polynomial with coefficients in Z, so Z[z1,... ,z,] is finitely
generated as an abelian group for x1,...,x, € R. Multiplication by
nonzero r € R is one-to-one on R, so R/Rr is finite. So every nonzero
finitely generated ideal I of R is detachable and, if proper, is contained
in a finitely generated maximal ideal of R. Moreover rad [ is finitely
generated.

10. A one-dimensional Bezout domain. The ring k[X], where k
is an arbitrary discrete field, is a one-dimensional Bezout domain which
need not have Noetherian spectrum in the constructive sense that we
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defined the term. Nonetheless, it does have Noetherian spectrum in the
classical sense. However, there are one-dimensional Bezout domains
that do not have Noetherian spectrum in any sense, and the main
theorem in this paper applies to them even though the theorem in [3]
does not. I will leave it to the reader to evaluate how perspicuous the
theorem is in this case.

Let R be the ring of polynomials with rational coefficients and
nonnegative rational exponents. This ring is the direct limit of the
principal ideal domains Q[X] where the connecting maps g, : Q[X] —
Q[X] take X to X™. It has dimension one because it is a direct limit
of rings of dimension one. It does not have Noetherian spectrum: The
ideals generated by X — 1, X¥/2 -1, X'/4 —1, X'/8 —1,... are each
radical because X™ — 1 is square free in Q[X]. They are properly
increasing because the only units are nonzero rational numbers. The
polynomials X9 — 1 where g ranges over all rational numbers generate
a proper ideal because X*/™ —1 and X*/™ —1 are divisible by X /™ —1.
This ideal is the kernel of the evaluation map into Q that takes X to 1.
So it’s the augmentation ideal. Every X% — 1 generates a radical ideal
because it is square free.

Note that if p(X) is an Eisenstein polynomial, then so is p(X™), so
these polynomials are prime in the limit ring.

What’s an interesting example of a minimal zero-dimensional exten-
sion of this ring? There are the rings K x R/I where I is any nonzero
ideal of R and K is the quotient field of R. More interesting are the
universal examples, see Corollary 9, achieved by setting I, = (rada)”
for a fixed positive integer n. Is there an example more tailored to this
specific ring?
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