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RESOLUTIONS OF DEFINING IDEALS
OF ORBIT CLOSURES FOR QUIVERS OF TYPE A4;

KAVITA SUTAR

ABSTRACT. We construct explicitly a minimal free resolu-
tion of the defining ideal of an orbit closure arising from a rep-
resentation of the non-equioriented A3 quiver. The resolution
is a generalization of Lascoux’s resolution for determinantal
ideals.

The case of non-equioriented A3 quiver is made special by
the fact that, in this case, every orbit closure admits a so-
called 1-step desingularization. Using the resolution we give
a description of the minimal set of generators of the defining
ideal. The resolution also allows us to read off some geometric
properties of the orbit closure, like normality and Cohen-
Macaulay. In addition, we give a characterization for the orbit
closure to be Gorenstein.

1. Introduction. Let K be a field of characteristic zero. Let
Q@ = (Qo, Q1) be a Dynkin quiver with a set of vertices Qo and a set of
arrows Q1. We use the notation ta — ha for arrows in Q.

The representation space Rep (Q,d) of a quiver @ is the collection
of all representations of @) of fixed dimension vector d (see Section 2
for precise definitions). Note that we can think of Rep (Q,d) as the
set Hate Hom (K9, K9a). Thus, Rep (Q,d) is a finite dimensional
K-vector space with an affine structure.
rcq, GL (d(z)) acts on Rep (Q,d) by a simlﬂ—
taneous change of basis at every vertex. For V' € Rep(Q,d), let Oy
denote the (Zariski) closure of an orbit Oy. Then Oy is a subvari-

ety of Rep(Q,d). It is an interesting problem to study the type of
singularities that occur in these orbit closures.

The algebraic group []

When @ is the Dynkin quiver A5 (1 % 2) the corresponding orbit
closures are the well-studied determinantal varieties. Thus, the orbit

2010 AMS Mathematics subject classification. Primary 14MO05, 14M12, 14M17,

16G20, 16G70, 14B05, 14L30.
Keywords and phrases. Orbit closures, Lascoux’s resolution, Cohen-Macaulay,

Gorenstein, Dynkin quiver, geometric technique, Bott’s vanishing theorem.
Received by the editors on March 18, 2012, and in revised form on December 5,

2012.
DOI:10.1216/JCA-2013-5-3-441  Copyright (©2013 Rocky Mountain Mathematics Consortium

441



442 KAVITA SUTAR

closures Oy are natural generalizations of determinantal varieties. The
geometry of these orbit closures was first studied by Abeasis, Del Fra
and Kraft in [1]. They proved for the case of equioriented A, (over
fields of characteristic zero) that the orbit closures are normal, Cohen-
Macaulay and have rational singularities. This result was generalized
to fields of arbitrary characteristic by Lakshmibai and Magyar in [10].
They show using standard monomial theory that the defining ideals
of orbit closures in the case of equioriented A, are reduced, so the
singularities of Oy are identical to those of Schubert varieties. This
implies that the orbit closures are normal, Cohen-Macaulay, etc. This
result was generalized to orbit closures for arbitrary quivers of type A,
and D,, by Bobinski and Zwara in [5, 6]. They make use of certain hom-
controlled functors to reduce the general case to a special one and draw
their conclusions by comparing the special case to Schubert varieties.

In this paper, we outline a method of constructing a Z-graded com-
plex F, supported in Oy whenever Oy admits a 1-step desingulariza-
tion. This construction works for any Dynkin quiver (). In the case
when then F; = 0 for i < 0, the geometric technique (also referred to as
the Kempf-Lascoux-Weyman geometric technique in recent literature)
asserts that F, is a minimal free resolution of the normalization of Oy .
For the quiver As with source-sink orientation' we show that the above
condition is satisfied for all orbit closures Oy .

In effect, we have an algorithm for calculating a minimal resolution
which depends only on the Littlewood-Richardson rule and Bott’s the-
orem. The general idea is to construct a desingularization Z of Oy
such that Z is the total space of a suitable vector bundle. Using the
results of Kempf [9] on collapsing of vector bundles, Lascoux [11] gave
the construction of a minimal resolution of determinantal ideals for
generic matrices. He made effective use of the combinatorics of rep-
resentations of the general linear group and Bott’s vanishing theorem
for the cohomology of homogeneous vector bundles. These results were
later generalized to similar cases. We use this generalization for our
case of representations of Dynkin quivers to prove our results. A good
reference for these results is the book ‘Cohomology of vector bundles
and syzygies’ by Jerzy Weyman [13].

In addition to giving us an explicit resolution of the coordinate ring,
the geometric technique gives us a direct proof of the result of Bobinski
and Zwara [4] that orbit closures are normal with rational singularities
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in the case of non-equioriented As. The key proposition is an estimate
involving the Euler form of the quiver @) (Proposition 4.5). In principle
it is possible to calculate every term of the complex, although it is
difficult to find a closed formula for every syzygy. However, we find a
closed formula for the first term of the resolution for our case of non-
equioriented Ag (Theorem 4.9). This formula allows us to calculate the
minimal generators of defining ideals. We also give a characterization
of Gorenstein orbits for our case (Theorem 4.17) and a sufficient
condition for orbit closures to be Gorenstein for any Dynkin quiver @
(Theorem 4.14). The techniques described in this paper in the context
of non-equioriented Az can be generalized to other classes of Dynkin
quivers. We handle these cases in our forthcoming papers.

In order to find the resolution described above, we have used Reineke’s
desingularization [12] for the orbit closure Y. We restrict to orbit
closures admitting a 1-step desingularization (subsection 2.2) in order
to get semisimple vector bundles. This restriction does not induce an
additional condition for non-equioriented As since, in this case, every
orbit closure admits a 1-step desingularization.

This paper is organized as follows:

e in Section 2, we list some basic definitions and results about
representations of quivers, orbit closures and Reineke desingularization.

e In Section 3, we describe the geometric setup we are working in.

e Section 4 contains the main results for non-equioriented As; subsec-
tion 4.1 contains the calculation of the resolution F,; in subsection 4.2,
we describe the first term of F which gives us the minimal generators
of the defining ideal; in subsection 4.3 we investigate the last term of
F, and obtain a classification of Gorenstein orbits for our case.

2. Preliminaries. First we recall some basic facts about represen-
tations of quivers.

A representation ((Vi)icy: (Va)acq, ) of @ is an assignment of a finite
dimensional K-vector space V; to every vertex i € (Qp, and K-linear
maps Vi Ve Vha to every arrow a € Q1. The dimension vector
of a representation ((Vi)zeqoy, (Va)ac@,) is defined as the function
d : Qo — Z given by d(z) = dim (V). Given two representations
Vo= (Vi)ieo, (Va)acqy) and W = ((Wi)ic@y, (Wa)ac@,) of @, a



444 KAVITA SUTAR

morphism ® : V — W is a collection of K-linear maps ¢; : V; — W;
such that, for every a € @1, the square

V.
Via ——— Vha

J¢tn J¢hu

w.
Wia ———— Wha

comimutes.

With this definition of morphisms, the collection of all representations
of a quiver @ (over K) forms a category which we denote by Repk (Q).
Given a quiver @, one can define its path algebra K@ as the K-
algebra generated by the paths in Q. It is known that K@ is an
associative algebra and is finite dimensional if and only if Q is finite
and has no oriented cycles. An important result in the theory of
representation theory of associative algebras asserts that, for ¢ being
a finite, connected, acyclic quiver, there is an equivalence of categories
Mod K@ and Repg (Q) (refer to [2] for details).

Gabriel [7] proved that the set ind (K@) of isomorphism classes of
indecomposable representations of @ is in bijective correspondence with
the set of positive roots R of the corresponding root systems. Under
this correspondence, simple roots correspond to simple objects. In
particular, ind (K@) is a finite set. Every representation V' of @) can
be written uniquely (up to permutation of factors) as a direct sum of
indecomposable representations

V= QB MaXa

a€Rt

(where m, is the multiplicity of X, in V). The indecomposable
representations can be arranged as the vertices of a graph called the
Auslander-Reiten quiver I'(Q) of . The arrows in this graph represent
the irreducible maps between the indecomposable objects. Thus, the
vertices and arrows of an Auslander-Reiten quiver I'(Q) constitute the
building blocks of representations of the corresponding path algebra
K@ and morphisms between them.

Given a quiver @, one can define an Euler form (-, -) on the dimension
vectors of () as follows.



ORBIT CLOSURES OF NON-EQUIORIENTED A3 445

Definition 2.1. Let z = (z1,...,2,) and y = (y1,... ,Yn) be two
elements of N?° (|Qo| =n). Then the Euler form (-,-) is

(21) <$,y> = Z TiYi — Z TtaYha-

1€Qo a€Q1

Remark 1. The Euler form can also be expressed in terms of the
Cartan matrix Cg of @ as

(x,y) = 2" (Co")'y.

Remark 2. We have the following useful dimension formula in terms
of the Euler form (refer to [2]): if V,W € Rep (Q,d), then

(dim V, dim W) = dimgHomgq(V, W) — dim g Extjeq (V, W).

2.1.  Orbit closures. The group []
Rep (Q,d) by

rc, GL (d(z)) acts on

((gr)fcera (Va)aGQl) — (gha Va gt_al)u€Q1-

The orbits of this action are the isomorphism classes of representations
of Q.

Let V,W € Rep(Q,d). We say that V <gez W (i.e., V degen-
erates to W) if the orbit of W is contained in the closure of the
orbit of V (i.e., Ow C Oy). This introduces a partial order on
the orbits. There is also Riedtmann’s rank criterion: V < W if
dim Homg (X, V) < dimHomg(X,W) for all indecomposables X in
Rep (Q,d). The connection between these two partial orders is given
by the following.

Theorem 2.2 [6]. If A is a representation-directed, finite dimen-
stonal, associative K -algebra, then the partial orders <40 and < coin-
cide.
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An algebra A is called representation-directed if every indecomposable
A-module M is directing. This means M is not part of a sequence

Mo 25 My - 25 M,
of indecomposable A-modules My, ..., M; and nonzero nonisomor-
phisms fi,..., f; satisfying My = M, (that is, the sequence is a cy-

cle). If A is a representation-finite hereditary algebra, then it can be
shown that every indecomposable A-module is directing [2, Chapter
9, Lemma 1.1]. Thus, every representation-finite hereditary algebra is
representation-directed.

Since @ is a Dynkin quiver, the path algebra K@ is representation-
finite and hereditary. Thus, Theorem 2.2 applies to modules over KQ
or representations of Q). So the orbit of V' € Rep (Q, d) is given by
(2.2)

Oy = {W € Rep(Q,d) | dim Homg (X, V) = dim Homg (X, W)},

and the corresponding orbit closure is
Oy = {W € Rep (Q, d) | dim Homg(X,V) < dim Homg(X, W)},

where X varies over all indecomposables in Rep (@, d). Thus,

Oy = ow.
V<W

2.2. Desingularization. In [12], Reineke describes an explicit
method of constructing desingularizations of orbit closures of repre-
sentations of (). The desingularizations depend on certain directed
partitions of the isomorphism classes of indecomposable objects.

Definition 2.3. A partition Z, = (Z,...,Z;), where Rt =
T1 U---UZ, is called directed if:

(1) Exty(Xa, Xp) =0 forall o, € Ty for t = 1,... ;5.
(2) Homg(Xp, Xo) = 0 = Ext,(Xa, Xp) foralla € 7y, f € T, t < .

These conditions can be expressed in terms of the Euler form as:
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(1) {a,8) =0for o, €Ty fort =1,...,s.
(2) {a, ) > 0> (B,a) fora € Ty, B €Ly, t < u.

A partition of indecomposables exists because the category of finite-
dimensional representations is directed; in particular, we can choose a
sectional tilting module and let Z; be its Coxeter translates. We fix a
partition Z, of ind (KQ). For a representation V = ®,cp+maXa, we
define representations

Viey == @maXa, t=1,...,s.
o€l
Then V = Vi) @ -+ @ V(). Let d; = dim Vjy). Then dimV, = d(z) =
di(x)+---+ds(x) for every x € Qo. We consider the incidence variety
Zz, v C Repk(Q,d)

x ] Flag(d(x),ds1(z) + da(2), ... ,
z€Qo
do(z) + -+ + ds(x), V)

defined as
ZI*,V = {(V, (Rg(x) C Rs_l(x) c---C RQ(J?) C Vz)) |
Va € Q1,Vt, V4(Ri(ta)) C Re(ha)}.

In this case, we say that Z is an (s — 1)-step desingularization.

Theorem 2.4 [12]. Let Q be a Dynkin quiver, I, a directed partition
of RT. Then the projection

q:Zz1.v — Repr(Q,d)

makes Zz, v a desingularization of the orbit closure Oy. More pre-
cisely, the image of q equals Oy and q is a proper birational isomor-
phism of Zz, v and Oy .

In the next section, we will realize Zz, yy as the total space of a
vector bundle n* over [[ .o Flag(ds(2), ds—1(x) + ds(2), ... ,d2(x) +
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3. The geometric technique. The varieties of type Zz, v
described in subsection 2.2 are the total spaces of homogeneous vector
bundles on the product of flag varieties. For x € Qy, let d, () denote
the sequence (ds(x),ds(z)+ds—1(x), ... ,ds(x)+ds—1(x)+---+d1(x) =
d(x)). We will use shorthand notation

Zy CRep(Q,d) x [] Flag(d.(x),Va)
z€Qo

to denote the incidence varieties described in subsection 2.2 for a fixed
representation V' and a fixed partition Z,.

The space Rep (@, d) has the structure of an affine variety. Let A
denote the coordinate ring of Rep (Q, d).

Let R¢(x) denote the tautological subbundle of rank (dy(z) + -+
di(x)) on Flag (d,(x),V,) and Q;(x) denote the corresponding tauto-
logical factor bundle. We define the following vector bundles:

(3.1) £@) = S Ralta) © Qu(ha)” < Vi) © Vi)

t=1

n(a) = Vigta) @ Vi) /&().

We set

(3.3) n= B na)
acQ1

(3.4) ¢= P ¢
acQ1

Then Z = Z, is the total space of n*. We have the following setup:

Z C Rep(Q,d) x ] Flag(d,(x), K4)
z€Qo
’ p

Ov CRep(Q,d) ] Flag(d,(x), K*)
€Qo
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The structure sheaf Oz can be resolved using the vector bundle &
over [, cq, Flag(d.(z),Vs); this is a Koszul complex of sheaves on

Rep (Q7 d) X HIEQO Flag (d* (x)) V$)

t 2

0— A\@§ — - — A\@*0)

w. &
TP Onep @y« o, Flos (. (), Va)

Applying the direct image functor Rg, to this complex gives a free

resolution Fo of K[Oy] in terms of cohomology bundles on V. The
terms of this resolution are given by [13, Theorem 5.1.2]:

i+j
F, = @HJ< H Flag (d,(x), Vz), /\f) ® A(—i - j).

j=0 zE€Qo

We identify A with the symmetric algebra

Q) Sym (Via ® Vi)
acQq

Theorem 3.1 [13, Theorem 5.1.3]. The normalization of Oy has
rational singularities if and only if F; = 0 for i < 0. The orbit closure
Oy is normal with rational singularities if and only if F; =0 fori <0
and Fy = A.

In the next section, we apply the above tool for calculations in the
case of a non-equioriented quiver of type As. We will consider a family
of incidence varieties which is more general in the sense that we take
arbitrary dimension vectors d, ... ,d, in place of the dimension vectors
described by the partition above; on the other hand, we will restrict
to 1-step desingularizations. In this case, £ is semi-simple and has the
form

(3.5) ¢ = P Rilta) ® Qi (ha)*.

acQ
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010 111
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011 100

FIGURE 1. AR quiver for 1 % 3 & 2.

FIGURE 2. Partition.

4. Non-equioriented quiver of type As. We will work with non-

equioriented quiver Q = As in the form 1 % 3 & 2. Note that we can
choose this orientation without loss of generality (Remark 4.1).

Recall that any representation of () can be expressed uniquely as a di-
rect sum of indecomposable representations of ). The AR quiver I'(Q)
of Repk(Q) lists all the indecomposables along with the irreducible
maps between them. Since () is fixed we can denote the indecompos-
able representations by writing the dimension of V; at the vertex 1,
for example, 110 denotes the representation K — K < 0. With this

notation the AR quiver of 1 % 3 & 2 is as shown in Figure 1.

We can construct a partition (Z;,Z;) of this quiver as described in
subsection 2.2 which has the form shown in Figure 2.

The fact that we can partition the I'(Q)) into two parts means that
every orbit will admit a 1-step desingularization. This important point
distinguishes the case of the non-equioriented A3 quiver. Note that this

is the only 2-part partition possible for the AR quiver of 1 % 3 Lo

Remark 4.1. Reversing all the arrows of ) gives the opposite quiver
Q°P. The vector space duality D = Homyg(—, k) induces a duality
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functor
D : Repk (Q) — Repg (Q°P).

IV =((Vi)icqos (Va)acq.) € Repk (Q), then the dual representation
Vi= ((DVi)ing”a (DVa)aeQ‘l’p)

is an element of Repx (Q°P) (for details refer to [3, Chapter 3]). In
particular, dim (V*) = dim (V). A resolution of Oy gives a resolution
of Oy« and vice-versa (see Example 4.8).

The duality maps projectives (respectively, injectives) in I'(Q) to
injectives (respectively, projectives) in I'(Q°P). Thus, the AR quiver
I'(Q°P) is the mirror image of I'(Q) in which all the arrows are reversed.
A partition of T'(Q) then gives a corresponding partition of T'(Q°P).
Using this partition, it is not difficult to see the correspondence between
resolutions of Oy and Oy~. By uniqueness of minimal free resolutions,
the resolution obtained is independent of the choice of partition.

4.1. Calculation of F,. Let V = W Vs V3 i Vo be a

representation of ). By the unique decomposition theorem, V =
a(010) @ b(110) ® ¢(011) @ d(111) @ e(001) & f(100) where the non-
negative integers a, b, ¢, d, e, f denote the multiplicities with which the
corresponding indecomposable representations appear as a summand of
V. Then, the dimension vector of V written as (dim V4, dim Vs, dim V3)
isa=((b+d+f, c+d+e, a+b+ c+ d). Reineke’s construction of
the desingularization Z dictates that = (d+ f, d+ e, d). Using the
above partition we get the desingularization Z C Rep (@, «) x Gr (d +
f,V1) x Gr(d +e,Vs) x Gr(d, V3) of Oy, given by

(4.1)
Z = {(R17R25R3) € Gr(d+f7‘/1) X Gr(d+ea‘/2) X Gr(dv‘/l}) |

((Rw)GIEQOv Va, Vb) € Rep (Q, B)}

or equivalently by

(4.2)
Z = {(Va, Vo) € Hom (V7, V3) x Hom (V3, V3) |

Vu(Rl) C R3 and Vb(RQ) C Rg}
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We may visualize Z as being of the form:

Vi — V3 +— W

U U U

Ry — R3 +— Ry

with dimension vectors of the rows being a = (b+d+ f, c+d+e, a+
b+c+d)and = (d+ f, d+e, d). Let Q, :=V, /R, and v, = ap — B
be such that dim @, = 7, (in the notation of subsection 2.2, § = ds,
v=d; and a =d; + d,).

Let R, and Q. denote, respectively, the tautological subbundle and
factorbundle of the trivial vector bundle V,, x Gr (8, V) 2 Gr (Bes Vi)
for 1 <z < 3. By definition, the fibers of a point R, € Gr (8, V:)
with respect to vector bundles R, and Q, are R, and @, respectively.
Identify the vector space Hom (V,W) with V* @ W. Under this
identification, the desingularization Z can be viewed as being the total

space of a vector bundle 1 which is a subbundle of the trivial vector
bundle

E=(VFekelyaVs) x [ Gr(B.,Ve) — [ Gr(B.Va).
z€Qo TE€EQo

In order to calculate the complex F, we consider the vector bundle
which is dual to the factorbundle £ /7 given by

(4.3) E=Ri1® PR ® Q3.

Let V denote Hwer Gr (B4, Vy). From [13, Theorem 5.1.2], we know
that the terms of the free resolution F, resolving the structure sheaf of
Z are

it

(4.4) F=@H (V, A 5) ® A(—i — j).
Jj=0

By Cauchy’s formula [13, Corollary 2.3.3], we have

t
(4.5) Ne= P SR @85,R @ Sy Q5@ S5, Q;,

IX+lul =t



ORBIT CLOSURES OF NON-EQUIORIENTED A3 453

where S is the Schur functor corresponding to partition A\ and )\
denotes the transpose (or conjugate) of A.

To calculate H? (V, A" €), we apply Bott’s algorithm to the weights
corresponding to each summand S\R: ® S, Ro ® 5,Q5 for all S,
occurring in Sy ® S,. This consists of applying an exchange rule
(which we will call the Bott exchange) to the weights.

Theorem 4.1 [13, Remark 4.1.5]. Let V be a nonsingular projective
variety and € a vector bundle of rank n over V. Let Flagy () denote the
flag variety associated to € and h : Flagy () — V be the corresponding
vector bundle. Let L(«) be a line bundle over Flagy(E) of weight
a=(a1,...,an). The permutation o; = (i,i+ 1) € X,, acts on the set
of weights as follows:

oi-a=(a1,... 01,041 — La; + Lo, ..., an).
Then one of two mutually exclusive possibilities can occur:
(1) if, for some i, ajy1 = a; + 1 then R*h,L(a) = 0 for all i > 0;
(2) if, after j exchanges, o is transformed into a mon-increasing
sequence 3, then R*h.L(a) =0 for i # j and
Rih.L(a) = S5E.

We are interested in those weights which transform into non-increasing
sequences after some number of Bott exchanges. For details we refer
the reader to [13, Theorem 4.1.4].

We use the following notation: the rectangular partition with a
columns and b rows will be denoted by (a®). The weight of S\ R, is writ-
ten as (04m@= )) and the weight of S, Q* is written as (—v°P, 0dim fiz),
Here 0™ is the n-tuple consisting of zeroes and —v°P is the partition
dual to v; it is obtained by writing v in reverse order with minus signs.

We will denote by Ny the number of exchanges applied to a weight
(0P, \). Note that, if the first k terms of A are involved in the exchanges,
then N, = pk.

Thus, for applying Bott’s algorithm to a summand of Sx\R1 ® S, R2®
S, 93, we apply the Bott exchanges to the weights

(0715A)7 (0727N)a (_Vop, OBS)
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Now suppose the first u terms of A, the first v terms of p and the first
w terms of v are involved in the exchanges. Then Ny = uy, N, = vy2
and N, = wfs. Let [0, )] denote the sequence obtained after all
exchanges are applied. The application of Bott’s algorithm works as
follows:

(07, 0) M oy
Bott exchanges

:()\1—717--- ,)\u—’}/l, u%, /\u+17---)-

after vys
—

(O’szﬂ) [072’/‘] = (/1'1 =025 s Mo T 72, U’sz /J'UJrlv"')'

Bott exchanges

We write the third weight in its dual form:

(—poP, 0%y EEs o (s
’ Bott exchanges ’
= ( coy Vw41, w,@37 —Vyw — ﬁSa cee V1 — ﬁS)

Then the total number of exchanges N equals uy; + vy + wB3. We
summarize this in:

Proposition 4.2. Let V = ((Vi, V2, V3), (Va, Vi) be a representation
of Q. The terms of the complex Fo are given by

FE=@ @ &w(SonxVi®SpmeuVe®Syem o0 V5),
=1 |\l +|ul=t

where S, C Sy ®S,v, CK,#, is the corresponding Littlewood- Richardson
coefficient and |A| + |pu| — N =i.

Since the term |A| 4+ || — N occurs often, we give it a name.

Definition 4.3. Let A(a) be a partition associated to an arrow
a € Q1, and let A = (A(a))aeq, . Define

(46) D)= 3 A@)| - N.

a€Q1
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In our case the tuple A will be (A, p), that is, we associate partition

A to arrow a and p to arrow b of Q : 1 % 3 & 2. We denote by v a
partition occurring in the Littlewood-Richardson product of A and pu.
From the earlier discussion, it is clear that the triple (u,v,w) depends
on the partitions (A, ). We denote the triple (u,v,w) by u(A). From
Proposition 4.2, it is clear that, in order to calculate the terms F; of the
resolution, we need to calculate D(A). Due to the number of variables
involved and the peculiar form of exchanges required, the calculation
of a closed formula for D()) is not easy in general. Our key result
is Proposition 4.5 which gives us a lower bound for D(A) in terms of
the Euler form of quiver @. First we prove a lemma which is an easy
exercise in counting boxes.

Lemma 4.4. Let A be a partition. Then, for all a and b,
MA X+ A <ab+ (Mg + -+ Aagt)-

Proof. We consider three cases.
Case (1). X, = a. Then

MA X+ Ag=ab+ Ny + -+ Ny

Case (2). Ay, > a. In this case Ay 1, A\ o,. .. A
boxes so that

/ .
last contribute more

MAX+ -+ N, <ab4+ N 4+ Mg

Case (3). A, < a. Here the rectangle ab contributes more boxes,
so that
MAXo+ A <ab+ N+ 4 N
By symmetry, we also have for all a and b:

AN+ 4+ M <ab+ (Mot + -+ Nast)- o

Proposition 4.5. Let Q be the non-equioriented quiver As. Let A be
a tuple of partitions associated to arrows of Q, and let u(\) € NIQol pe
a vector that depends on \. If (-,-) denotes the Euler form on @, then

D) = (w(d), u(d)) .
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Proof. Since [07,\] = (A1 =1, A2 =715+ -+ 5 A — Y1, U, Ayg1, .- ) 1
a non-increasing sequence, we have that each of Ay —~v1,... ; Ay — 71 18
greater than (or equal to) u, which means each of A\1,... ), is greater
than (or equal to) u + 1. Thus Ay + -+ + Ay, > u? + uy;. Similarly,
w1ty > v2 4+ vy and vy + - -+ vy > w? +wPs. By Lemma 4.4,
we get

wa > A+ +A) = Augr1r + -+ Mast)
w'vz(/1’/1+"'+Miu)_(Mv+1+"'+ﬂlast)
Adding w(u +v) > (N, +--+ N, +p] +---+ 1)
(

vttt
_()\u+1+"'+)\last+//fv+1+"'+Mlast)

so that

Vit -+ Uy Sw(u+v)+(Au+l+"'+Alast+,uv+1+"'+,ulast)-
Therefore,

(u® +um1) + (v* + vy2) + (w? + w}ps)
KA+ Ayt vy
SN A iy W v) A A
+ Mast + Hot+1 + 0+ ast
= wlu+v) + N + Jul,
So Al + i > (u? 4+ uyr) + (V¥ 4+ vye) + wlw + Bz —u —v)
= uyy + vy2 + whz + (u? 4+ v? + w? — uw — vw)
= uy1 + vy2 + wPhs + ((u, v, w), (u,v,w)) . o

In their paper [4], Bobinski and Zwara proved the normality of orbit
closures for Dynkin quivers of type A,, with arbitrary orientation. Using
the above proposition we can derive the normality of orbit closures in
our case.
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Corollary 4.6. In the case of quiver @Q : 1 — 2 < 3 the orbit
closures are normal, Cohen-Macaulay with rational singularities.

Proof. We have that ((u,v,w), (u,v,w)) > 0 since it is the Euler form
of a Dynkin quiver ). Then, from Propositions 4.2 and 4.5, F; = 0
for i < 0. Also, ((u,v,w), (u,v,w)) =0ifand only f u=v=w =0
in which case A = p = v = 0. Thus, Fy = A. This, together with
Theorem 3.1, implies that the orbit closure is normal with rational
singularities. ]

Remark 4.2. For purposes of calculation, it is useful to record some
simple observations regarding the sizes of partitions A, u and v. From
equation 4.5, it is clear that, when calculating /\t ¢, we only need
to consider those partitions A, p, v such that A is contained in a
dim Ry xdim Q3 rectangle, u is contained in a dim Rs x dim ()3 rectangle
and v is contained in a dim Q3 x dim (R; + Rs) rectangle. Thus, the
largest possible contributing triples are (A, u, v) = (73’?1 ) 7527 (B1+B2)72)
(the notation o stands for a 8 x « rectangle, i.e., the rectangular
partition (@, q, ... , @) of length ().

Example 4.7. Let V = 0104 011 & 110 ¢ 111 ¢ 100 & 001 and [
be the defining ideals of Oy. Then, a = (3,3,4) and 8 = (2,2,1). The
representation space Rep (Q,d) is Hom (K3, K*) x Hom (K3, K*) and
the coordinate ring is

A=Sym (Vi ®V§) @ Sym (V2 @ Vy).

The vector bundle £ = R; ® O3 @ R ® Q3™ and rank £ = 12. Hence,
we need to calculate A&, A€, ... NP E
By Cauchy’s formula,
t

(4.7) Ne= P SR ©5vQ;©5,Re ® 5, Q5
A+ lul=t

= @ CK/’M/ (S)\R]_ & S'u,RZ ® SIJQ;)
A+l =t

A weight associated to S\R1 ® S, R2 ® S, Qj is of the form

(Oa Alv)‘Q)v (Oa,ulaIUQ)a (_V3a —V2, _VlaO)'
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Let & =R1 ® Q3" and {& = Ro ® Q3™

1 1 0 0 1
/\f = (/\51 ®/\§2) ® /\51 ® /\52)
=[(51R1 ® $1Q3") ® (SoR2 ® S0 Q3]
@ [(SoR1 ® Sp9Q3") ® (S1R2 ® S193™)]
= [51R1 ® SoR2 ® S1 Qg*]
D [S()Rl ® S1R2 ® S1 Qg*]
The weight associated to the first summand is (0, 1,0;0,0,0;0,0,—1,0)
and the weight associated to the second summand is (0,0, 0;0, 1, 0;0,0,
—1,0). Applying Bott’s algorithm, we see that none of these terms
contribute to any of the F;. For an example of a contributing weight

we calculate /\3 &. From Remark 4.2, we know that A is contained in
the rectangle (3%), i is contained in (3?) and v is contained in (43).

3 3 0 2 1 1 2 0 3
Ae=NaeAe)eNae\a)eNae \e)e(\ao &)
= [(5(271)731 ® S(Q)RQ & 5(2,1)93*)]
@ [(S3R1® S0)R2 ® S1,1,1)23")]
(S@R1 @ S1)R2 ® S(2,1)Q3")]
(S@)R1® S1)R2 @ S(1,1,1)93")]
(SanR1® S1yR2 ® S(2,1)Q3")]
(S, 1yR1 ® S(1)Ra @ S(3)Q23")]
(S1R1 ® S2)R2 @ S(1,1,1)237)]
(Sa)R1 @ S(2)R2 ® S(2,1)Q5")]
(SyR1® Sa,1yR2 @ S(2,1)Q3")]
(SR @ Sa,1yR2 @ S(3)Q3")]
(SR1 ® S3R2 @ S(1,1,1)237)]
(SR1® S2,1)R2 @ S(2,1)Q3")].

The weights associated to the summands in that order are:

@
@
@
@
@
@
@
@
@

D

021;000;0—1—2 0),
020;010;—1—1—10),
010;020;—1—1—10),
010;011;00—30),

030;000;—1—1—10), (020;010;0—1—20)
011;010;0 —1—20), (011;010;00 —30)
010;020;0—1—20), (010;011;0—1—20)

(
(
(
( 000;030;—1—1—10), (000;021;0—1—20)

o~~~ —~
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Applying Bott exchanges to each weight we see that only the first and
last summands contribute the non-zero terms (A* Vi © A’ Vi @ A(—3))

and (A* Vo @ A\ Vit ® A(—3)) to Fy. Continuing in this manner, we
get the resolution:

A
T

3 3 3 3 2 2 4
(A vie \vieacme(\ e \vi e e\ vie \vee A\ viea-1)
1

4 4

(S211V1 ® /\ Vs @ A(—4)) ® (S211V2 ® /\ V3 ®@ A(—4))®
3 2 2 3

(/\ 1® /\ Vo ® S2111 V5 ® A(—5)) & (/\ 1® /\ Vo ® S2111 V5 @ A(—5))®
3 3
/\ i® /\ Vo @ Sa222 V35" ®@ A(—6)
T
3 3

(S211V1 ® /\ Va @ S2221 V5 ® A(—7)) & (/\ Vi ® S211Va ® Sa2221 V3" ® A(—T7))®
2 2

(/\ V1 ® S222V2 @ S2220Vs ® A(—8)) @ (S222V1 @ /\ Vo @ S2222Vs" ® A(—8))®
3 3
/\ Vi ® /\ Vo ® S3111 V3" ® A(—6)
)
3
(5211 V1 ® S211 V2 ® S2222 V5 ® A(—8)) & (S222V1 ® /\ Va ® S3222V5 @ A(—9))®
3

(/\ Vi ® S222Va ® S3200V5" ® A(—9))

T
(S222V1 ® S222V2 ® S3333V3 ® A(—12)).

Example 4.8. Let @ be the quiver 1 + 3 — 2. The AR quiver of
@ along with its partition is
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Z] IQ
001 110
N N\
111 010
/o /
100 011

Let V =001 ¢ 100 ¢ 111 ¢ 110 & 011 ¢ 010 be a representation of
@ (note that this representation is the dual of the representation in
Example 4.7). Then o = (3,3,4), 5 = (1,1,3) and v = (2,2,1). The
coordinate ring is

A=Sym(V3®V;") ® Sym (V3 ® V)

and the vector bundle is £ = (R3 ® Q1) ® (R3 ® Q2™). By Cauchy’s
formula,

t
Né= P S\Rs@5vQ ® S, Rs @ S, Qs
(4.8) [Al+[ul=t
= P K.(5vQ® S5, ® SRy
IA|+|pl=t

By Remark 4.2, the partitions A\, and x are such that N C (32),
@' C (3%) and k C (43). Note that, for each ¢, the set of triples (X, i, x)
occurring in equation (4.8) is equal to the set of triples (\, u, v) which
occur in equation (4.7).

A weight associated to Sy Q7 ® S Q5 ® SkRa is of the form

(_ /25_ /1)0)7 (_N/Qv_,ullao)v (07'%17'%27’%3)'
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The resolution of Oy is -
A
T

3 3 3 3 2 2 4
Avre Avseace(\vs e Ao (\vie \vie \viea-1)
T

4 4
(S211 V7" ® /\ V3 ® A(—4)) @ (Sen1 Vo' ® /\ Va ® A(—4))®
3 2 9 3
(/\ e /\ V2 © 52111V ® A(=5)) @ (/\ I'® /\ Vs ® S2111V3 ® A(—5))®
3 3
/\ e /\ V5 ® Sa22V3 ® A(—6)
)
3 3
(S211 V7" ® /\ Vo ® S2201V3 ® A(—T7)) & (/\ Vi ® S211 V' @ Sa221V3 ® A(=7))®
2 2
(/\ Vi ® 5222V ® S2220V3 @ A(—8)) @ (S222 V7" ® /\ Vo' @ S2222V3 @ A(—8))®
3 3
/\ e /\ V3 ® S3111V3 ® A(—6)
T
3
(S211V7" ® S211 V5 ® S2220V3 ® A(=8)) & (S222V1" ® /\ V3 ® S3200V3 ® A(-9))®
3
(/\ VI' ® S222V5" ® S3222V3 ® A(-9))

T
(S222 V1" ® S22V ® S3333V3 ® A(—12)).

4.2. Minimal generators of the defining ideal. Let V €
Rep (Q,d), V = a(010) ® b(110) @ ¢(011) @ d(111) & e(001) @ f(100).
Then

rank V, =b+d, rankVy = ¢+ d, rank (V4|Vp) =b+c+d.

In the notation of subsection 4.1, « = (b+d+ f, c+d+e, a+b+c+d),
B = (d+f, d+e, d) and v = (b, ¢, a+b+c). Hence, N = ub+vc+wd.
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We consider orbits admitting a Reineke desingularization given by the
partition in Figure 2. The following result is the main theorem of this
section. It describes the first term F} of the resolution F,. In particular,
it says that the summands of F} are obtained by contributions from
/\rank(Va)+1 é., /\rank(Vh)+1€ and /\rank(Va\Vh)+1 é. As a result, we
will have that the generators of the defining ideal are minors of V,
Vo and (Vg | V) of sizes given by their ranks. Let p,q,r denote
rank Vg, rank Vj, rank (Vg | V4), respectively.

Theorem 4.9. Fi = HY(V, \"" )@ H (VAT & H"(V, A" €).

Proof. From Proposition 4.2, we have that

rank &

=@ @ & u(SonVi®SoeuVe® S yoroqVs),
=1 |A|+|pl=t

where S, C Sy ® Sy and D(A) = 1. Also, by Proposition 4.5,

D) = ((u,v,w), (u, v, w))
ie.,

12> {(u,v,w), (u,v,w)).

But @ is Dynkin, so the Euler form ((u,v,w), (u,v,w)) > 0, which
implies

(4.9) {(u,v,w), (u,v,w)) = 1.

By Gabriel’s theorem [8], there is a one-to-one correspondence between
the roots of the quadratic from in equation (4.9) and dimension vec-
tors of indecomposables in mod K@ when K@ is representation-finite.
Thus, (u,v,w) is one of (1,0,0), (0,0,1), (0,1,0), (1,0,1), (0,1,1) and
(1,1,1). We analyze these triples to prove our proposition. Recall that
the weights of A" ¢ are of the form

(Obv )‘)a (Ocv :u)a (_Vopa Od)v
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where |A| + |p| = i. Also N = ub + ve + wd and D(A) = 1 implies
Al + ] =|v| =N+ 1.

(1) (u,v,w) = (1,0,0). In this case N = b, so |A| + |u| =b+1. u=1
implies that A = (b+1,0...,0), s0 |\| = b+1 and |u| = 0. This implies
v =M\, but w = 0, so we will get a contributing triple only when d = 0.
In that case p = ~; and

p+1 p+1 p+1
(o) o
is the only contribution to Fj.
(2) (u,v,w) = (0,0,1). Here N = d. So [N\ + |p| = |v| = d+ 1.
Also, w = 1 implies v must be (d+1,0,...,0). So a contributing triple

occurs only when b = ¢ = 0. Then r = d, and we get contributing
triples (1¥; 1'; d + 1) where k + 1 = d + 1. The contribution to F} is

r+1

(2N @ AvieAne Av

k+l=d+1

(3) (u,v,w) = (0,1,0). This case is analogous to the first one.
A contributing triple occurs only when d = 0, in which case the
contribution to Fj is

q+1 q+1 q+1

2V, NO=A\Ve AV

(4) (u,v,w) = (1,0,1). This implies N =b+d =p. So |\ + |u] =
|v| = b+d+1. u =1 implies X is of the form (b+1,1%,0,...), similarly
w = 1 implies v is of the form (d +1,1%,0,...) (thus both A and v are
hooks). Then |v| =b+ d + 1 implies [ = b.

Since v = 0, we know that there are zero exchanges for the weight
(0, ). This can happen if either p =0 or ¢ = 0. If p = 0, then v = X
and

p+1
HP(V, /\ &) = S[Ob’)\]vl & S[,Vopyod]VB*
p+1 p+1

= Avie AV
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If c =0, then = v\ A = (197%). In this case,

p+1
HP(V, \ &) = Siop Vi @ 8,V @ Si_yon 00y V'
d+f—1b+k+1 d—k p+1
- @D A neAve AV
k=0

(5) (u,v,w) = (0,1,1). This case is analogous to the previous one.
u = 0 implies either A\=0or b= 0. If A =0, then v = i/ and

q+1
HIW, N €) = Sppe,gVa @ Si_yor 0m Vs
q+1 q+1
~Avis AV
If b =0, then A\ = v\ u = (197%). In this case,
q+1
HIW, )\ &) = SaVi @ Sge g Va ® S_yor o) Vi
d+e—1d—k ct+k+1 q+1

= g /\V1® /\ V2®/\V3*.

(6) (u,v,w)=(1,1,1). In this case, N =b+c+d=r. A and p are
hooks of the form:

A= (b+1,1%0,...), p=(c+1,14,0,...).
Since v is such that S, C Sy ® Sy, v is also a hook of the form
(d+1,1™,0,...). Since |\ + |u| = |v| = b+ ¢+ d + 1, we must have
k+1l=d—-1and m = b+ c. Thus,

r+1

aHV, \ €

Siov V1 @ Sjoe Vo @ Syor 00y Vi

b+k+1 c+i+1 b+c+d+1

O Ave Ave A%

k+l=d—1
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By Cauchy’s formula, this term is a direct summand of A" ([V4 @
V2@ Vs). o

Corollary 4.10. Let rank (V) = p, rank (V) = ¢, rank (V, | Vp) =
r. The minimal generators of the defining ideal are determinantal:
(p+1) x (p+ 1) minors of Vy, the (¢ + 1) x (¢ + 1) minors of Vs and
the (r + 1) x (r + 1) minors of (V4 | Vb), taken by choosing b+ k + 1
columns of Vo and ¢+ 1+ 1 columns of Vi, where k+1=d — 1.

Proof. The defining ideal of the orbit closure Oy is generated by
the image of the map Fy 5 A By Theorem 4.9, the image of the
differential map 9 is generated by (p+ 1) x (p+ 1)-minors of the matrix
corresponding to the linear map Vg, (¢ + 1) x (¢ + 1)-minors of the
matrix corresponding to the linear map V4 and (r+1) X (r 4+ 1)-minors
of the matrix corresponding to the linear map (Vg | V3). O

In Example 4.7, we found
3 3 3 3
P=(Avie \Vi@A=3) e (\Ve \VieA-3)

2 2 4
a(A\Vie \Ve® \ Vi@ A(-4)).
Fixing a basis for vector spaces V7, V5 and V3, the minimal generators
of the defining ideal are 3 x 3 minors of the 4 x 3 matrices V, and V}
and 4 X 4 minors of the map (Vy | Vp) : V1 @ Vo — V3, obtained by
choosing 2 columns of V, and 2 columns of V.

4.3. Fi,p and classification of Gorenstein orbits. Let Q be a
Dynkin quiver. We denote the last term of the resolution Fo by Fiop.
Let t = rank &, where £ is the vector bundle defined in equation (3.4).
The top exterior power of {(a) contributes the term

(4.10)  Sjoar(ta) dy (ha)d2(ta) ... (dy (ha)+-+ds_1(ha))ds o] (tQ)
D St (ta) = ()1 00— (ra) o1 0 ko) (R0)
Thus, the contribution of the top exterior power of £ is given by

(4.11) @) Sthr @i ®,... o a)ts =) (@)
T€EQo
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where

(4.12) kp(x) = Y Y du(ha)— Y Y du(ta).

a€Qita=z u<lp a€Qq;ha=x u>p

First we give a sufficient condition for the orbit closure Oy to be
Gorenstein in case of any Dynkin quiver (). The condition that, for
every x € (Qo, the number

(4.13) kp(x) — Z dy(z) + Z dy(x)

is independent of p (p = 1,2, ..., s), is equivalent to the condition that
/\t &, the top exterior power of £, contributes a trivial representation
to Fiop. We show that the latter condition, together with normality,
implies that the corresponding orbit closure is Gorenstein. First we
show that the condition (4.13) is equivalent to the property that the
Coxeter orbits in the Auslander-Reiten quiver are constant.

Lemma 4.11. Suppose d(x) = (dy(z)) (for v = 1,2,...,s) are
dimensions of the flag at vertex x in the desingularization Z. Then:
<§x’dp(x)> = _<C—ip+1(x)7ga:>7

forallz € Qo andp =1,2,...,s—1, where e, is the dimension vector
of the simple representation supported at x.

Proof. Condition (4.13) translates to the equation
(4.14) kpi1(z) = kp(2) = dp(z) + dpya (z)
for x € Qo and p =1,2,...,s— 1. This is equivalent to
@15) Y aha)+ Y dpata) = dpa (@) + dyla)
a€Qita=x a€Q1;ha=z

forallz € Qpand p =1,2,...,s—1. These conditions can be expressed
in terms of Euler form as follows:

{€0:dy) = dp(z) = Y dy(ha)

ac€Q1
ta=x
=Y dpa(ta) — dpya (@)
a€Q1
ha=x

= _<dp+lvgw>'
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This proves the claim. ]

Lemma 4.12. Let m = dimV and t = rank&. Then

codim Oy =t —m.

Proof.
g codim Oy = dim X — dim Oy
=dimX —dim Z
=dimX — (dim X +m — t)
=t—m. O

Lemma 4.13. Suppose /\tf contributes a trivial representation to
Fi_p,. Then the resolution F, is self-dual. In particular, Fy_,, = F{.

Proof. If Hm(V,/\t £) is a trivial representation, then /\tf = Wy,
where wy denotes the canonical sheaf on V. This implies that wy ®
A€ 2N\~ K. Then, for 0 <i<m,

t—i—j

Fomi= @m0, \ 6
§>0

t—i—j

o @Hj(v,wy ® /\ &) (by Serre duality)

320
. t i+j
=P V.wye \&o N
320
. it+j
=P v, N\
Jj=0
= F;. m|

Theorem 4.14. Let 7 denote the Auslander-Reiten translate. As-
sume that, for eachp=1,2,... ,5s—1, we have d,,, = ’7'+dp. Then the
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complex Fo is self-dual. If the incidence variety comes from Reineke
desingularization and the corresponding orbit closure is normal with
rational singularities, then it is also Gorenstein.

Proof. 1f the Coxeter orbits of an AR quiver are constant, then by
Lemma 4.11 /\tf contributes a trivial representation to F;_,,. Then,
applying Lemma 4.13, we get that F,_,, = Fj = A*; therefore,
dim Ft—m =1. O

In particular, for the case of non-equioriented A3, Theorem 4.14
asserts that the orbits with multiplicities satisfying a = d, b = e and
c = f are Gorenstein.

Next, we investigate necessary conditions for the orbit closure Oy to
be Gorenstein in the case of non-equioriented As. Recall that for our
case of non-equioriented Asz, we have the desingularization

Z C Rep(Q,d) x ] Flag(d,(x), K4)
z€Qo
’ p

Ov CRep(Q,d) ] Flag(d,(x), K*®)
€Qo

As before, let V' = a(010) @ b(110) @ ¢(011) & d(111) @ e(001) & f(100)
be a representation of As. Then,
dy = (b, ¢, a+b+c); do=(d+f, d+e, d).
From (4.11), the weights for A\"¢ are:
(0%, (a+b+c)?H), (0%, (a+b+c)?te), ((=2d—e— f)*tbTe 0d).

For the case of non-equioriented Asz, we investigate the following ques-
tion: in what cases does /\tﬁ contribute a non-zero representation? To
which term F; does /\tf contribute? First we show that a contribution
from /\tf always goes to Fy_,.

Lemma 4.15. If the weight of the /\tf gives a mon-zero partition
after Bott exchanges, then the corresponding representation is a sum-
mand of Fy_p,.
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Proof. Tt is enough to show that D()) = codimOy for A =
(@ +b+c)™/)and pu = ((a+ b+ ¢)4T¢). We apply Bott’s algorithm
to each weight to get:

0% (a+ b+ )™ ] = ((a+ )™, (d+ f))
after b(d + f) Bott exchanges,
(0%, (a4 b+ )¥T) = ((a + b)*°, (d + €)°)
after ¢(d + e) Bott exchanges,
[(—2d — e — f)a¥+e 09) = ((—a — b— c)4, (—d — e — F)+oTe)
after d(a + b + ¢) Bott exchanges.

D) =[(d+ fla+b+e)]+[(d+e)a+Db+c)
—[bd+f)+eld+e)+dla+b+c)
=ad+ae+af +be+cf
= codim Oy

=t—m. o

Next we list the cases in which /\ff contributes a non-zero term.
Observe that a contribution will occur whenever the Bott exchanges
give a non-increasing sequence for every term of

(0%, (a+b+c)?H), (0%, (a+b+c)?te), ((=2d—e— f)*tbTe 0d).

Also note that if any of b, ¢ or d are zero, then there are no exchanges
for the corresponding term in the weight. We base our cases on this
observation.

For the cases listed in Table 1, we calculate the representation that
/\t & contributes to F;_,, and list these in Table 2.

Proposition 4.16. /\tf contributes to Fy_,, in the following cases
when the corresponding conditions are satisfied:
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TABLE 1. Cases when /\t & contributes to Fi_,.

Cases Conditions
b#0, c#0, d#0| a+c>d+f, a+b>d+e, d+e+f>a+b+c
b#0,c#0,d=0| a+c>d+ f, a+b>d+e
b#0,¢c=0,d#0|a+c>d+ [, d+e+f>a+b+c
b=0,c#0,d#0 at+b>d+e, d+e+f>a+b+c
b=0,c=0,d#0 d+e+f>a+b+c
b=0,c#0,d=0 a+b>d+e
b#0,¢c=0,d=0| a+c>d+f
b=0, c=0, d=0| no condition

TABLE 2. Term contributed by /\t £.

Case Weight of /\t I3 Corresponding term in Ft_,,
b#0, c#0, d#0 (0, (a 4+ b+ )4t/ S((ase)d+7,(at vy V1
0%, (a + b+ c)ite; O (atbydte,(dte)e) V2
(—2d — e — f)atbte od) ®S(—a—b—c)d,(—d—e—fratbteyVs
b#£0, c#0, d=0 00, (a 4+ b+ c)f; S(tareyf, 19y Vi ® S((atb)e,ec) V2
0%, (a+b+c)% ®S(—e—pyatbreyVs
(—e— f)ettte)
b#0, c=0, d#0 | (0° (a+ b5 (a+ )4 | Siuars (arpypyVi ® S((appyate)V2
(=2d — e — f)otb 0%) @S (—a—t)d,(—d—e—fyatt)Va
b=0, c#0, d#0 | ((a+¢)¥*f; 0° (a+c)?te; S((ateya+r)V1 ® Sgate (ayeye)V2
(—2d —e — f)ote,0%) @S (—a—e)d (—dme—fyate) Ve
b=0,c=0,d#0 (adtf; qdte; S(ad+f)V1®S<ad+e)V2
(=2d —e— f)*,0%) OS(_ad,(—d—cpa)Vs
b=0,c#0,d=0 ((a 4 ¢)f; 0%, (a +c)°; S((ate))V1 @ S(ae ec)Va
(—e—f)**) ®S(—e—pate)Vs
b#£0,¢=0,d=0 (0%, (@ +b)f; (a+ b)e; Stat,foyVi ® S((atbye)V2
(—e— N ®S (o pratn)Va
b=0,¢c=0,d=0 (af; a®; (—e— £)*) S(af)V1®S(ae)v2
BS(ze=p) Vs

Since Oy is Cohen-Macaulay by Corollary 4.6, it is Gorenstein if
and only if F;_,, is one-dimensional. We consider two classes of orbit
closures: those generated by minors of 2 or more maps and those
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generated by minors of exactly 1 map. Theorem 4.17 is about orbit
closures of the former type (we refer to them as non-determinantal). In
the latter case, the orbit closures are determinantal varieties. It is well
known that determinantal varieties are Gorenstein if and only if they
are generated by minors of a square matrix. We list these cases after
Theorem 4.17.

Theorem 4.17. A non-determinantal orbit closure Oy is Gorenstein
if and only if V is in an orbit with multiplicities satisfying one of the
following conditions:

()a=d,b=e, c=f;
2)a=d+e, b=0,c=f;

Na=d+e, b=f=0;
Yya=d+f,c=0b=c¢
)

(
(
(
(5)a=d+ f,c=e=0.

Proof. Part (1) follows from Theorem 4.14 and Table 2. For instance,
in the case b # 0, ¢ # 0, d # 0 the term H™(V, \' €) is one-dimensional
ifandonlyifa+c=d+ f,a+b=d+eanda+b+c=d+e+ f,
that is, if and only if a =d, b = e and ¢ = f. For the remaining parts,
note that (2) is similar to (4) and (3) is similar to (5), so it suffices to
prove (2) and (3).

For part (2), note that the weight of A\"¢ is
(d+e+e)?e 0% (d+ e+ )@ (=2d — e — ¢)dtete o).

Calculating D()) shows that H™(V, A" €) is non-zero and dim H™(V,
/\t &) = 1. So, by Lemma 4.13, the complex F, is self-dual in this case.
Fy = A implies F;_,, is one-dimensional, hence Gorenstein.

Finally, to prove part (3), we show combinatorially that there exists
a unique triple A = (A, p, v) for which D(A) = ¢t —m. Notice that, for
this case, we have

t—m=(d+e+c)(2d+e)—dd+e+c)—cld+e)=(d+e)
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Claim 1. D((d+e)%; (d+e+c)*te; (2d +e)?*¢, (d+¢e)°) =t —m. By
definition,

D((d+ e)%; (d+ e+ ) (2d + e)¥+e, (d + €)°)
=(d+e)2d+e+c)—c(d+e)—d(d+e)
= (d+e)?
=t—m.

Also note that ((2d + €)%, (d + €)¢) is the unique term in the
Littlewood-Richardson product of ((d+e)?) and ((d+e+c)?*¢), which
satisfies conditions of Remark 4.2.

Claim 2. If X = (X,ﬁ, V) is any other contributing triple, then

D) < t—m.

Observe that v has two corner boxes, either of which can be removed
to obtain a smaller 7. Suppose we remove the first corner box. This
corresponds to removing one corner box from p. The next triple
contributing a one-dimensional representation is (A, 1,7) = ((d + e —
D% (d+e+e)tetdte—1; (2d+e—1)4e"1 (d+e—1)°t) with
the number of exchanges decreased by ¢+ d. Then

o~

DQA)=(d+e—1)(2d+e+c—1)—c(d+e—1)+d(d+e—1)
=(d+e—-1)2<t—m.
On the other hand, if we remove the second corner box, this corresponds
to removing a box from p and the next contributing triple is again
((d4+e—1)4; (d+edc) et d+e—1; (2d+e)ite™!, (d4+e—1)°t1). Thus,
removing boxes from either corner results in a triple with D(A) < t—m.

Thus, the ((d + e)4; (d + e + )¢ (2d + e)¥te, (d + €)°) is the
unique triple that contributes to Fi_,,; applying Bott exchanges to
the corresponding weight we get that the contribution is a trivial
representation. By Lemma 4.13 and the fact that Oy is Cohen-
Macaulay, we are done. O

Finally, we give a list of orbits whose closures are Gorenstein deter-
minantal varieties (i.e. orbit closures arising from 1 map). Since it
is enough to specify the multiplicities a, b, ¢, d, e, f to specify an orbit,
we present the orbits in the shape of the AR quiver (Figure 1) with
multiplicities in place of indecomposables.
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b e b e b e
a 0 0 0 a 0
0 0 f 0 0
0 e 0 0 0 e
a 0 a 0 0 0
c f c c f
0 0 e b e=>
a=d+e+f d 0 d 0 d
f f=c f
e=1» e=a+b 0
a 0 a 0 a 0
c c c f=a+c
b e b 0
0 d a d=a 0 d
c f=c c 0 c f=c
e=0b
0 d
c 0

We present the analysis of a few cases here, and the rest are similar.

The orbit
b e

0 f=a

FIGURE 3. Example of determinantal orbit closure.

corresponds to the representation V = a(010)®b(110) ®e(001) Da(100).
The dimension vector of V is d = (a + b,e,a + b) so that V is a
representation of the form K°+? %_b Koatb % Ke°. Thus, Oy

=0
is the determinantal variety generated by (b+ 1) x (b+ 1) minors of Vj.

For another example, consider the orbit in Figure 4. A representation
in this orbit is given by W = (d+e+ f)(010) ®d(111) ©e(001) @ £(100)

and has the form Ko+/ %ﬁd K2dtetS %ﬁd Kdte. Oy is the
determinantal variety generated by (d + 1) x (d + 1) minors of the
(2d+e+ f) X (2d+ e+ f) minors of the matrix (W, | W) : W1 @ Wo —

Wi.
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a=d+e+f d

0 f
FIGURE 4. Example of determinantal orbit closure.

c f=a+c

FIGURE 5. Example of determinantal orbit closure.

As a final example, consider the orbit in Figure 5. A representation
in this orbit is of the form V = Kotbte % fatbte L ge

rank=b rank=c
The corresponding orbit closure is a determinantal variety generated

by (b+ 1) x (b+ 1) minors of V.
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ENDNOTES

1. Source-sink orientation refers to an orientation of the arrows such
that every vertex is a source or a sink. In case of the Az quiver, source-
sink orientation means the same as ‘non-equioriented As.’
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