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PROPERTIES OF CUT IDEALS
ASSOCIATED TO RING GRAPHS

UWE NAGEL AND SONJA PETROVIC

ABSTRACT. A cut ideal of a graph records the relations
among the cuts of the graph. These toric ideals have been in-
troduced by Sturmfels and Sullivant who also posed the prob-
lem of relating their properties to the combinatorial structure
of the graph. We study the cut ideals of the family of ring
graphs, which includes trees and cycles. We show that they
have quadratic Grobner bases and that their coordinate rings
are Koszul, Hilbertian, and Cohen-Macaulay, but not Goren-
stein in general.

1. Introduction. Let G be any finite (simple) graph with vertex
set V(G) and edge set E(G). In [15] Sturmfels and Sullivant associate
a projective variety X¢g to G as follows. Let A|B be an unordered
partition of the vertex set of G. Each such partition defines a cut of
the graph, denoted by Cut(A|B), which is the set of edges {3, j} such
that i € A, j € Bor j € A, i € B. For each A|B, we can then assign
variables to the edges according to whether they are in Cut(A|B) or
not. Thus, coordinates g4 p are indexed by unordered partitions A|B,
while the variables encoding whether the edge {¢, j} is in the cut are s;;
and t;; (for “separated” and “together”). The variety X¢, which we
call the cut variety of G, is specified by the following homomorphism
between polynomial rings:

bc : Klqap : A|B partition] — K[s;;,t;; : {1,j} edge of G|,

qa|B — H Sij H ti;

{i,j}eCut(A|B)  {i,j}€E(G)\Cut(A|B)

The cut ideal I is the kernel of the map ¢¢. It is a homogeneous toric
ideal (note that deg ¢c(qajs) = |E(G)]). The variety X¢ is defined by
the cut ideal I.
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Cut ideals generalize toric ideals arising in phylogenetics and the
study of contingency tables. However, the algebraic properties of cut
ideals are largely unknown. It is clear that the properties of the cut
ideal depend on the combinatorics of the graph. Sturmfels and Sullivant
pose the following conjecture.

Conjecture 1.1. ([15, Conjecture 3.7.]) The semigroup algebra
Kq]/Ig is normal if and only if K|q]/Ig is Cohen-Macaulay if and
only if G is free of K5 minors.

We provide evidence for this conjecture by establishing it for a large
class of such graphs. We refer to Section 6 for the definition of ring
graphs.

Theorem 1.2. The cut ideal of a ring graph admits a square-
free quadratic Grébner basis. Hence, its coordinate ring is Cohen-
Macaulay.

This and further results on cut ideals of ring graphs are established
in Section 6.

The next section is a collection of necessary definitions and results
that we use repeatedly. In particular, we recall the theorem of Sturmfels
and Sullivant [15] about clique sums. Section 3 is devoted to cycles.
Using the correspondence between cut ideals of cycles and certain
phylogenetic ideals on claw trees, we provide a squarefree quadratic
Grobner bases for these cut ideals. Moreover, we find a formula for their
number of minimal generators. In Section 4 we turn to cut ideals of
trees. By [15], the algebraic properties of the cut ideal of a tree depend
only on the number of edges. We determine its h-vector. Section 5
complements the study of clique sums by providing a generating set
and a Grobner basis for the cut ideal of a disjoint union of two graphs.
The results about cut ideals of ring graphs are established in Section
6. In particular, we provide an estimate of their Castelnuovo-Mumford
regularity.
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2. Clique sums, Segre products, and Groébner bases. We
recall some concepts and results that we use later on. Throughout
this paper all graphs are assumed to be finite and simple. The vertex
and the edge set of such a graph G are denoted by V(G) and E(G),
respectively. A clique of G is a subset of V(G) such that the vertex-
induced subgraph of G is complete, that is, there is an edge between
any two vertices.

Let now Gy = (V1, Ey) and Gy = (Va, E3) be two graphs such that
V1 N V4 is a clique of both graphs. Then the cligue sum of G; and G
is the graph G = G1#G> with vertex set V3 UV, and edge set 4 U Es.
If the clique V3 N Vo consists of k£ + 1 vertices, then G is also called
the k-sum of Gy and Gs. If 0 < k < 2, then Sturmfels and Sullivant
[15] relate the graph-theoretic operation of forming clique sums to the
algebraic operation of taking toric fiber products as defined in [16].
Defining two operations, Lift and Quad, they show that the generators
of the cut ideal I can be obtained from the generators of the cut ideals
Ig, and Ig,. More precisely, their result is:

Theorem 2.1. ([16, Theorem 2.1]) Let G be a k-sum of Gy and
G2 with 0 < k < 2. Denote by F1 and Fa binomial generating sets for
the smaller cut ideals I, and Ig,. Then

M = Lift(F1) ULift(F2) U Quad(Gy, Gs)

is a generating set for the cut ideal Ig. Furthermore, if F1 and Fo are
Grobner bases, then there exists a term order such that M is a Grobner
basis of 1.

Let X C P" be a projective subvariety over a field K. We denote
its homogeneous coordinate ring by Ax. It is a standard graded K-
algebra. The variety X is said to be arithmetically Cohen-Macaulay
if Ax is a Cohen-Macaulay ring. The Hilbert function of X or Ay is
defined by hx(j) = ha, (j) = dimg[Ax];. If j > 0, then it becomes
polynomial in j. This polynomial is the Hilbert polynomial px =pa,
of X or Ax. Following [1], the variety X (or its coordinate ring Ax)
is said to be Hilbertian if its Hilbert function is polynomial in every
non-negative degree, i.e., for every integer j > 0, hx(j) = px(j)-

The cut ideal of a graph G on n vertices defines a projective variety

Xg C P2" ' =1 If G is the 0-sum of G and G5, then its cut variety Xg
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is isomorphic to the Segre product of Xg, X Xg,. Algebraically, this
means that the coordinate ring Ax,, is the Segre product Ax, MAx,
of Ax,, and Ax, . The Segre product of Cohen-Macaulay rings
is often not Cohen-Macaulay. The precise result is (see, e.g., [12],
Theorem 1.4.6):

Lemma 2.2. Let A, B be two graded Cohen-Macaulay K -algebras
that both have dimension at least two. Then their Segre product AX B
is Cohen-Macaulay if and only if A and B are Hilbertian.

Cut ideals are examples of toric ideals. In this note a toric ideal
I is any ideal that defines an affine or projective variety X that is
parametrized by a set of monomials. Thus, I can be generated by a
set of binomials. The following result is well-known to specialists. We
provide a proof for the convenience of the reader.

Lemma 2.3. Let I be a homogeneous toric ideal of a polynomial
ring S. If, for some monomial order on S, the initial ideal of I is
squarefree, then S/I is Cohen-Macaulay and Hilbertian.

Proof. The ideal I defines an affine toric variety Y and a projective
toric variety X. X is projectively normal if and only if Y is normal.
Theorem 13.15 in [13] says that, if for some term order < the initial
ideal in(I) is squarefree, then X is projectively normal.

By assumption, S/I is isomorphic to a semigroup ring K[B] for a
semigroup B C N¢. Thus, using Proposition 13.5 in [13], we conclude
that the semigroup B is normal. Hence, by a theorem of Hochster
[8], the semigroup ring K[B] is Cohen-Macaulay. Furthermore, in non-
negative degrees its Hilbert function is equal to the Ehrhart polynomial
of the corresponding polytope (see, e.g., [10], Lemma 12.4), thus S/I
is Hilbertian. o

3. Cut ideals of cycles. The starting point of this section is the
realization of the cut ideals associated to cycles as certain phylogenetic
ideals. This will enable us to use the main result from [3].
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Recall that the claw tree K , is the complete bipartite graph with n
edges from one vertex (the root) to the other n vertices (the leaves). We
denote by I,, the ideal of phylogenetic invariants for the general group-
based model for the group Z on the claw tree Kj ,, as in [3]. This
ideal is the kernel of the following homomorphism between polynomial
rings (see [5]):

On:R:=Klqg,, . g, 91+ 9n € ZLa] —>K[a§i) :
gE€EZeyi=1,... ,n+1] =R

() (n+)

M ,(2) ...
991,90 ag1 agz agn g1tgz2+--+gn’

The coordinate gg, ... 4, corresponds to observing the element g; at the
first leaf of the tree, go at the second, and so on, though here we are
considering the phylogenetic ideals in Fourier coordinates instead of
probability coordinates (cf. [14]).

Denote by Cp4+1 the (n 4+ 1)-cycle on the vertex set [n + 1] :=
{1,...,n+1}. We are ready to state the announced comparison result.

Lemma 3.1. The phylogenetic ideal I,, on a claw tree with n leaves
and the cut ideal I, of an (n+1)-cycle agree up to renaming variables.

Proof. This follows from Theorem 5.5 in [15]. i

Recall that each toric ideal has a Grobner basis consisting of bino-
mials. We say that an ideal has a squarefree Grébner basis if it has a
Grobner basis consisting of binomials, where each binomial is a differ-
ence of squarefree monomials.

Combining Lemma 3.1 and 3, Proposition 3, we obtain the following
consequence.

Proposition 3.2. For each integer n > 4, there is an order on the
variables such that the cut ideal of the n-cycle has a quadratic squarefree
Grébner basis with respect to the resulting lexicographic order. In
particular, the initial ideal of the cut ideal with respect to this order
18 squarefree.
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Proof. Incase K = C, Proposition 3 in [3] gives the analogous results
for the phylogenetic ideal Iy, on the claw tree with k — 1 edges. The
arguments of the proof are valid over an arbitrary field. Hence, the
claim follows by Lemma 3.1. O

Remark 3.3. By [15], Corollary 2.4, the cut varieties defined by n-
cycles are not smooth if n > 4.

Invoking Lemma 2.3, we obtain our first contribution to Conjecture
1.1.

Corollary 3.4. The cut variety defined by any cycle is arithmeti-
cally Cohen-Macaulay.

Remark 3.5. The ideal Ig, is Gorenstein because it is a complete
intersection cut out by three quadrics. However, the cut ideals I,
and I¢, are not Gorenstein. We suspect that I, is not Gorenstein
whenever n > 5.

We conclude this section by determining the number of minimal
generators of the cut ideals of cycles. As preparation, we establish
a recursion. Denote by A, the homogeneous coordinate ring of the
variety defined by the phylogenetic ideal I,,, that is,

n n+1 .
An = Kla§a® - afag o) yy, 90 € Layi=1,... ).

Assigning each variable degree one, as a K-algebra A, is generated by
2™ monomials of degree n + 1. We claim:

Lemma 3.6. Ifn > 2, then dimg[An]o(ni1) = dimg[A, 1]on +
37 —on—L

Proof. The following set of monomials is a K-basis of [Ay]o(n41):

1 n n n+1 n+1
M = {ag)agl) e aén)agn)a;ﬁ_?_h%a21+__).+hn 195, hy € Lo}

We are going to compare this basis with the set of monomials

N = {ag)agl) e ag:t)agi) 1 gj hj € Lo},
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Observing that, for the monomials in M, the variables aéﬁ_—l) I gnagi.l_)_ tha

are determined by the remaining variables, one is tempted to guess that
there is a bijection between M and N. However, this is not quite true.

To illustrate this, consider the following example, where n = 3. By

interchanging the factors a(()l) and agl) in

my = aél)a((f)aés)agl)a

(2) (1)

2 3 1 3 2 3
Daf) = ool oD ) =

s o

this monomial in A/ produces two different monomials in M, namely

(E) maa§ b el Ve = mial Vel € [4s)s,
n+1 n+1 n+1 n+1
(0) m2a5+0+)0‘15)+1+)0 = m2a§ )ag Ve [As]s.

To keep track if a monomial in N gives rise to one or two monomials
in M we use the following decomposition

N = N1 UN; UN3,

where

Mi={neN:g+ gnthi+-+h,=1}
Ny :={n € N :nis a square}
Ny:={neN:gi+-go+hi+ -+ h,=0,nis not a square}.

The monomials in N; and N> give rise to just one monomial in M,

whereas the monomials in A3 produce precisely two monomials in M by

interchanging the factors ag? and a;:i), where g; # h;. This interchange

alters the parity of gy + -+ 4+ g5, = h1 + - -+ + h,. It follows that
(M| = N + [N2| + 2N5| = [N+ [N,
where
3 ={neN:g1+ -+g,=hi+-+h, =0,nis not a square}.

Each monomial in NV is the product of n quadratic monomials of the
form a!(;i) . agfi), where g;,h; € Zs. For fixed i, there are three such

monomials, thus we get |N| = 3™, hence

IM] = 3"+ M.
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Notice that the condition g1 +---4+ ¢, = h1 +-- -+ h, = 0 is equivalent
togir+--+9gn-1=9n and hy + -+ + h,,_1 = h,. It follows that the
dimension of [A,,_1]2, equals the sum of [NV;| and the number of squares
n € N with g1 + --- + gn_1 = gn. Since, there are 2"~! such squares,
we obtain dimg[Ay]o(nt1) = M| = 3" + dimg[An_1]2n — 271 as
claimed. o

Now we are ready to compute the number of minimal generators of
a cut ideal associated to a cycle. Possibly, it is not too surprising that
it has a nice combinatorial interpretation.

Recall that the Stirling number S(n,k) of the second kind is the
number of partitions of a set with n elements into k blocks (cf. [11],
page 33). Note that S(n,4) = 5;(4" —4-3" +6-2" —4).

Proposition 3.7. Ifn > 2, then the cut ideal of an (n+ 1)-cycle is
minimally generated by 3 - S(n + 1,4) quadratic binomials.

Proof. By Lemma 3.1, it is equivalent to compute the number
of minimal generators of the phylogenetic ideal I, corresponding to
the claw tree K ,. Using the above notation, I, is an ideal in the
polynomial ring R with 2" variables. We first compute the Hilbert
function of the quotient ring R/I, in degree 2, that is, h,(2) :=
dimg [R/I,]2. Since I,, = kerp,, we get h,(2) = dimg[Ap]omi1)-
Hence, Lemma 3.6 gives if n > 2:

hn(2) = by 1(2) + 3™ — 2771
Using hy(2) = 3, it follows that

" " 1 3 1
hn(2) = hi(2)+) 3"—) 2" = 5[3”“4]42%1] = 53" 2"+
3 =1

1=2

Since, by Proposition 3.2, the ideal I,, is generated in degree two, its
number (1) of minimal generators is

2"+1> 3

. Lo
) = dimc Bl = h(2) = (7' 1) = S -

1 3 3
— —4n _23n 4 Zon _
2 2 + 2

N | =
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It is easily checked that the last number equals 3 - S(n + 1,4). The
proof is complete. mi

4. Cut ideals of trees. As observed by Sturmfels and Sullivant in
[15], the algebraic properties of the cut ideal associated to a tree only
depend on the number of edges and not on the specific structure of the
tree. Here we use this to determine the h-vector. It turns out that its
entries admit combinatorial interpretations.

Our starting point is:

Theorem 4.1. Let T be a tree with n > 1 edges, and let Xp C
P2" =1 be the toric variety defined by the cut ideal Iy. Then Xp is
arithmetically Gorenstein of dimension n and degree n!. More precisely,
Xr is isomorphic to the Segre embedding of (P1)" into P*" ' and its
Hilbert function is

hST/IT (l) = (l + 1)n (l > 0)

Proof.  Since each tree with n > 2 edges can be obtained as the
zero sum of an edge and a tree with n — 1 edges, the cut variety
Xr is isomorphic to the claimed Segre embedding as shown in [15,
Example 2.3]. This also implies that Xr is arithmetically Gorenstein
([7], Corollary 3.3).

The Hilbert function of a Segre product is the product of the Hilbert
functions of the factors. This gives the claim on the Hilbert function
of Xr. [}

Again, we see that the number of minimal generators of a cut ideal
grows rapidly when the number of edges increases.

Corollary 4.2. IfT is a tree with n edges, then its cut ideal is
minimally generated by 2 - 471 +27~1 — 3" guadrics.

Proof. The cut ideal Ir lies in a polynomial ring S, with 2"
variables. Using that, by the above theorem, hg, /7,.(2) = 3", the
claim follows. ]
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The cut ideal of a tree has a minimal generating set that is even a
Grobner basis. Note that the cut ideal of a tree with one edge is trivial.

Corollary 4.3. If T is a tree with a least two edges, then there
is a monomial order such that its cut ideal has a quadratic squarefree
Grébner basts. In particular, the corresponding initial ideal is square-
free.

Proof. This follows by Theorem 2.1 as the Lift and Quad operations
preserve the squarefree structure and degree of the binomials. (See also
Corollary 18 of [16].) O

Our next goal is to make the Hilbert series of the cut variety of a tree
explicit. We will see that it admits a combinatorial interpretation.

Recall that the Hilbert series of a standard graded K-algebra B is
the formal power series

Hp(t) =) hp(i)t'.

i>0
It is a rational function that can be uniquely written as

ho + hut + - - + hyt®
HB(t): (1—t)d )

where d is the (Krull) dimension of B, hg = 1, hy,... , hs are integers,
and hg # 0. If B is Cohen-Macaulay, then all h; are non-negative and
(ho,- - , hs) is called the h-vector of B. For a projective subscheme X C
PV, these concepts are defined by using its homogeneous coordinate
ring Ax. However, the Castelnuovo-Mumford reqularity of X is defined
as the regularity of its ideal sheaf. Thus, regX =regAx + 1.

For a positive integer n, denote by S,, the symmetric group on n
letters. The n-th Eulerian polynomial A,, is defined as

An(t) = > '),
oESy

where d(o) is the number of descents of the permutation o (see, e.g.,
[11], page 22). Writing

An(t) = An,lt + -+ An,ntna
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the coefficients A, j, are called Fulerian numbers. Like binomial coeffi-
cients, they satisfy a recurrence relation:

Apivi=Mm—9)A_1;+ (@ +1)A, 1,i+1-
For trees, the above concepts are related:

Proposition 4.4. Let T be a tree with n > 1 edges. Then the Hilbert
series of its cut variety Xr is

Api+ Apot+ -+ Ay pt" !

HXT (t) = (1 . t)n+1

Moreover, the Castelnuovo-Mumford regularity is reg X = n.

Proof. By Theorem 4.1, we know that the Hilbert series of X is

Hx(t)=> (i+1)"t.

i>0

It is known (see, for example, [11], page 209) that the Eulerian
polynomials satisfy

—f)ntr’
o (1-¢t)

Dividing by ¢ provides the desired formula for the Hilbert series of X.

Finally, since X is arithmetically Cohen-Macaulay, the regularity
of its homogeneous coordinate ring is the degree of the numerator
polynomial in the Hilbert series. Hence A,, = 1 provides regX =
n. i

As X7 is arithmetically Gorenstein, its h-vector is symmetric, that is
Apnk = Annt1-k- This also follows directly form the interpretation of
the Eulerian number A, ; as the number of permutations in S, with
k — 1 excedances (see [11], Proposition 1.3.12).

5. Disjoint unions. We want to show that the cut ideal of a disjoint
union of two graphs can be studied by means of their zero-sum.
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We need a general fact:

Lemmab5.1. Let R = K[zy,...,z,] and S := K[z, .. ., Zp, Y1, - - - Yn)
be polynomial rings in n and 2n variables, respectively. Let ¢ : R — T
be any K-algebra homomorphism and consider the homomorphism
¢ : S = T that is defined by o(y;) = p(z;) := Y(x;), i =1,...,n. Set
I :=keryp and J := keryp. Then

I:JS+($1_y177$n_yn)

and S/I = R/J.

Moreover, if, for some monomial order on R, F is a Grobner basis of
J, then FU{z1 —y1,... ,2, — Yn} 18 a Gréobner basis of I with respect
to some monomial order on S.

Proof. This is probably well-known to specialists. For the convenience
of the reader we provide a short proof. The K-algebra homomorphism
v : § — R that maps x; and y; onto z; induces the following
commutative diagram with exact rows and column

0
L
0 I s —*
0 J R—Y .1
0
where L is the ideal L := (21 —y1,... ,Zn — Yn). Thus, we get an exact

sequence
0—-L—~1—J—0.
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Using also the natural embedding of R as a subring of S, we conclude
that I = J - S + L, as desired.

The claim about the Grobner bases follows by using an elimination
order on S that extends the term order on R used for computing the
Grobner basis F with the property that each variable y; > yo > -+ >
Yn is greater than any monomial in R. ]

Let G; and G5 be (non-empty) graphs on v and v, vertices. Consider
the zero-sum Gy := G1#G2 obtained by joining the two graphs at any
vertex. Its cut ideal lies in a polynomial ring R with 2¥1+v2=2 variables.
The disjoint union of the two graphs G, := G U G> defines a cut ideal
in a polynomial ring S in 2°**v2~1 variables. Using this notation, the
main result of this section is:

Proposition 5.2. There is an injective, graded K-algebra homo-
morphism o« : R — S mapping the variables of R onto variables of S
such that

Ig,uG, = a(lg,) + L,
where L C S is an ideal that is minimally generated by 2°*T2~2 [linear
forms.

Furthermore, the cut variety Xa,uc, C p2 Tl

the Segre embedding of Xa, x Xa, into p2 T oL

s isomorphic to

Proof. To simplify notation, set G, := G U G2. Moreover, denote
the polynomial rings that are used to define cut ideals of G|, and the
zero sum Gy by S, S5, R, R', that is, I, is the kernel of pg  : S — S
and I, is the kernel of g, : R — R'.

Let z € V(G1) and y € V(G2) be the vertices of G; and G2 that are
identified in the 0-sum Gy. It will be convenient to denote the resulting
vertex in G by z.

There is a natural bijection 3 : E(Go) — E(GL), defined by
{i.,5y it z¢{ij}
{i,} = B({i,5}) :==% {i,a} if j=zieG
{i,y} U j=21i€Gy
It induces an isomorphism 3 : R’ — R.
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Now consider any unordered partition A|B of the vertex set of Gy.
We may assume that z € A. Then we define a partition A’|B of the
vertex set of G by setting A" := (A \ {z}) U {z,y}. This induces an
injective K-algebra homomorphism a : R — S that maps the variable
qa|B € R onto the corresponding variable g4/|p € S.

Observing that 3 maps Cut(A|B) onto Cut(A'|B), we get a commu-
tative diagram
¥PGo

R——- R

§ -2 g
Since « is injective, it follows immediately that J := a(Ig,) C Igu.

We now consider the set P of partitions of the vertex set of G;. We
decompose it as

P =P UP,,

where
Py :={A|BeP:z,yc A}

and
Py ={A|[BeP:xzc A, yec B}

Given a partition A|B € Py, define sets C, D:

C:=(ANV(G1))U(BNV(Ga))
D:=(BNV(G1))U(ANV(G2)).

Then C|D is a partition in Ps, thus we get a map ¢ : P; — P,. Note
that this map is bijective, thus |Py| = §|P| = 2v2T%2=!. Moreover, the
cut sets of A|B € P; and C|D = ¢(A|B) are the same. Using also that
a maps the variables in R onto variables in S indexed by partitions in
Py, Lemma 5.1 provides

(1) Ig, = J+(qaB — G-(aB) : A|B € P1)

and an isomorphisms between the homogeneous coordinate rings of the
cut varieties defined by G|, and Gyp. Since taking 0-sums corresponds
to forming Segre products, it follows that X¢ , = X¢, X Xg,, and the
proof is complete. o
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The above proof also implies:

Corollary 5.3. If the cut ideals of G1 and G5 admit a squarefree
Grébner basis, then so does the cut ideal of their disjoint union.

Proof. The assumption implies that the cut ideal of the zero sum of
G and G2 admits a squarefree Grobner basis. Hence, using the second
assertion of Lemma 5.1, Equation (1) provides the claim. O

Now we address the transfer of the Cohen-Macaulay property under
forming disjoint unions.

Corollary 5.4. Let Gy and G2 be two graphs such that that their
cut varieties are arithmetically Cohen-Macaulay. Then the cut variety
associated to the disjoint union of G1 and G2 is arithmetically Cohen-
Macaulay if and only if the two varieties defined by Gy and Ga are
Hilbertian.

Proof. Denote by T,T7, and T, the homogeneous coordinate rings
of the cut varieties associated to G Ll G2, G, and Ga, respectively.
Proposition 5.1 provides that 7' is isomorphic to the Segre product
T, X T,. If, say, G; does not have any edge, then T3 is isomorphic to
the a polynomial ring in one variable. Thus it is Hilbertian and T is
isomorphic to T5.

If both graphs G; and G5 have at least one edge, the Krull dimension
of T1 and T5 is at least two. Then the claim is a consequence of Lemma,
2.2. m]

Recall that a forest is a disjoint union of trees. Thus we get:

Corollary 5.5. The cut variety defined by any forest is arithmeti-
cally Gorenstein.

Proof. This follows immediately by combining Theorem 4.1 and
Proposition 5.2. ]
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6. Cut ideals of ring graphs. We are ready to analyze cut ideals
of more complicated graphs using our results for cut ideals of trees and
cycles. In order to describe the graphs, we need additional vocabulary.

A vertex v of a graph G is called a cutvertex if the number of connected
components of the vertex-induced subgraph on V(G) \ {v} is larger
than that of G. Similarly, an edge e is called a bridge if the number of
connected components of G\{e} is larger than that of G. A block of G
is a maximal connected subgraph of G without cut vertices. It follows
that each block of a graph is either an isolated vertex, a bridge, or a
maximal 2-connected subgraph.

Definition 6.1. A ring graph is a graph G with the property that
each block of G which is not a bridge or a vertex can be constructed
from a cycle by successively adding cycles of length at least 3 using the
edge-sum (1-sum) construction.

Gitler, Reyes and Villarreal study the family of graphs whose number
of primitive cycles equals its cycle rank. They show that this family is
precisely the family of ring graphs. Ring graphs were first introduced
in [6] and [7]. They are a subclass of series-parallel graphs. For further
background on series-paraller graphs, the reader should refer to [4].

Examples of ring graphs include trees and cycles. More precisely, ring
graphs are those graphs that can be obtained from trees and cycles
by performing clique sums over vertices or edges. They form a large
subclass of series parallel graphs, since they are free of K4-minors ([6]).

Combining our results from the previous sections, we obtain the
following more precise version of Theorem 1.2:

Theorem 6.2. If G is a ring graph, then the cut variety Xg is
generated by quadrics. In addition, there exists a term order for which
its defining ideal I has a squarefree quadratic Grobner basis.

Therefore, such varieties X are Hilbertian and arithmetically Cohen-
Macaulay, but not arithmetically Gorenstein in general.

Proof. The theorem follows by applying Proposition 3.2, Theorem
4.1, Corollary 5.3, and Theorem 2.1 repeatedly. ]
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Recall that if an ideal I admits a quadratic Grobner basis, then the
coordinate ring S/I is Koszul (see [2]). Thus, we get

Corollary 6.3. The coordinate ring of the cut variety associated to
an arbitrary ring graph is Koszul.

Remark 6.4. Theorem 1.3 of [15] characterizes those graphs whose
cut ideals have squarefree reverse-lexicographic initial ideals. Arbitrary
ring graphs do not fall into that category; however, our result shows
that they do have squarefree initial ideals with respect to another term
order.

We conclude this note with an estimate on the degrees of the higher
syzygies of cut ideals. In general, the Castelnuovo-Mumford regularity
of a homogeneous ideal can grow doubly exponentially in the number
of variables. However, the following result shows that cut ideals of ring
graphs have much better properties also in this respect. Recall that
the cut ideal of a graph with n vertices lives in a polynomial ring in
2"~1 variables.

Corollary 6.5. If G is a ring graph with e edges, then the
Castelnuovo-Mumford reqularity of the cut variety Xqg satisfies

regXg <e+1.

Proof. The least integer r such that the Hilbert function and the
Hilbert polynomial of a graded algebra in each degree j > r is often
called the index of regularity. By Theorem 6.2 we know that the
coordinate ring Ag of any cut variety associated to a ring graph G is
Hilbertian, i.e., its index of regularity is at most zero. However, in case
of Cohen-Macaulay rings the index of regularity and the Castelnuovo-
Mumford regularity are related (see, e.g.,[9, Lemma 8]). It follows that
regXg — 1 = regAg < dim Ag. Since the dimension of the ring Ag is
one plus the number of edges of G, the argument is complete. O

Remark 6.6. (i) Note that by Proposition 4.4 the above bound is
almost sharp if the graph is a tree.
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(ii) The above arguments use only the fact that cut ideals of ring
graphs admit a squarefree Grébner basis. Thus, they provide the
following observation:

If the cut ideal of a graph G admits a squarefree Grobner basis, then
the Castelnuovo-Mumford regularity of the cut variety X is bounded
above by one plus the number of edges of G.

Acknowledgments. The authors would like to thank Rafael Villar-
real for introducing them to ring graphs.

REFERENCES

1. S. Abhyankar, Enumerative Combinatorics of Young Tableauz, Marcel Dekker,
New York, (1988).

2. D. Anick: On the homology of associative algebras, Trans. Amer. Math. Soc.
296 (1986), 641-659.

3. J. Chifman, S. Petrovi¢, Toric ideals of phylogenetic invariants for the
general group-based model on claw trees, in: Proceedings of the Second international
conference on Algebraic Biology, (eds. H. Anai, K. Horimoto and T. Kutsia),
Springer LNCS, 4545, Springer-Verlag, 307-321, (2007).

4. R. Diestel, Graph Theory, 2nd ed., Graduate Texts in Mathematics, 173,
Springer-Verlag, New York, (2000).

5. N. Eriksson, K. Ranestad, B. Sturmfels, S. Sullivant, Phylogenetic algebraic
geometry, in: Projective Varieties with Unexpected Properties, (eds. C. Ciliberto, A.
Geramita, B. Harbourne, R-M. Roig and K. Ranestad), De Gruyter, Berlin, (2005),
237-255.

6. I. Gitler, E. Reyes, R. Villarreal, Ring graphs and complete intersection toric
ideals, Discrete Mathematics (to appear).

7. , Ring graphs and toric ideals, Electronic Notes in Discrete Mathemat-
ics, 28C (2007), 393-400.

8. L. T. Hoa, On Segre products of affine semigroup rings, Nagoya Math. J. 110
(1988), 113-128.

9. M. Hochster, Rings of invariants of tori, Cohen-Macaulay rings generated by
monomials, and polytopes, Ann. Math. 96 (1972), 318-337.

10. J. Migliore, U. Nagel, Liaison and Related Topics: Notes from the Torino
Workshop/School, Rend. Sem. Mat. Univ. Politec. Torino 59 (2003), 59-126.

11. E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Graduate
Texts in Mathematics 227, Springer-Verlag, New York, 2005.

12. R. Stanley, Enumerative Combinatorics, Volume I, Cambrigde Studies in
Advanced Mathematics 49, Cambridge University Press, New York, 1999.



PROPERTIES OF CUT IDEALS ASSOCIATED TO RING GRAPHS 565

13. J. Stiickrad, W. Vogel, Buchsbaum Rings and Applications. An Interaction
between Algebra, Geometry and Topology, Springer-Verlag, Berlin, 1986.

14. B. Sturmfels, Grébner Bases and Convex Polytopes, University Lecture Series
8, American Mathematical Society, Providence, 1996.

15. B. Sturmfels, S. Sullivant, Toric ideals of phylogenetic invariants, J. Comp.
Biol. 12 (2005), 204-228.

16. , Toric geometry of cuts and splits, Michigan Math. J. 57 (2008),
689-709.

17. S. Sullivant: Toric fiber products, J. Algebra 316 (2007), 560-577.

18. 4ti2 team: 4ti2 — A software package for algebraic, geometric and combina-
torial problems on linear spaces. Available at www.4ti2.de .

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KY
40506, USA.
Email address: uwenagel@ms.uky.edu

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVER-
sITY OF ILLINOIS, CHICAGO, IL, 60607 USA.
Email address: petrovic@math.uic.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


