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Construction of a Galois action on modular
forms for an arbitrary unitary group

By

Atsuo YAMAUCHI

Abstract
In this paper we will construct a certain action of Aut(C) on holo-
morphic modular forms (of any weights) with respect to an arbitrary
unitary group, which is compatible with Hecke operators. We can write
this action explicitly and simply. The image of the action in general is a
holomorphic modular form for another unitary group.

0. Introduction

In Section 25 of [13], or essentially in Theorem 1.5 of [11], G. Shimura
proved the existence of a certain Galois action on holomorphic modular forms
for any symplectic group Sp(l, F'), where F' is a totally real algebraic number
field of finite degree. In this case, a holomorphic modular form f on $? (the
Hilbert-Siegel domain) has a Fourier expansion of the following form:

veEa

(01) f( Zv vea Zch €xXp <27T\/72t1‘ h v2y ) >

where a denotes the set of all archimedean primes of F', and A runs over the
elements in a certain lattice in symmetric matrices of degree [ with coefficients
in F'. Note that each ¢, is a constant. It is shown that, for any o € Aut(C),
there exists a holomorphic modular form f? whose Fourier expansion is given

by

(0.2) F7((z0)vea) Zch exp (2’/T\/_Zt1‘ (hyzy ) .

vea

This Galois action is also compatible with Hecke operators.
In this paper we will construct a similar Galois action on holomorphic
modular forms of any weights with respect to an arbitrary unitary group over
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any CM-field K. The same action was essentially constructed in [4] and [1],
but the action was not explicitly described in those papers. In this paper we
will write it explicitly and simply, which enables us to consider the precise
arithmeticity for holomorphic modular forms. The method of the proof in this
paper is completely different from those of [4] or [1].

From now on let us describe the Galois action concretely. For any m-
dimensional skew-hermitian matrix T with coefficients in K, we denote by
U(T, ¥) the unitary group with respect to T'. (Here we take for T', without loss
of generality, a certain normal form by a suitable choice of basis, and ¥ denotes
a CM-type of K depending on T'.) In this case, (C-valued) modular forms have
weights in ) . Z-v, where a denotes the set of all archimedean primes of K.

Let g be the dimension of a maximal isotropic subspace with respect to 7.
Then we can define an embedding eg = £o(T, ¥) of Sp(q, F) into U(T, ¥), where
F' is the maximal real subfield of K. For any modular form f for U(T, ¥), we
denote by f|ep the modular form for Sp(g, F') which is the pull-back of f by .
We denote by Ky, and U(T, ¥), the non-archimedean components of K4 (the
adele ring of K) and U(T, ¥) 4 (the adelization of U(T, ¥)) respectively. Then
we have the following theorem (Theorem 5.1).

Main Theorem. Take any modular form f of weight k for U(T,¥)
and any o € Aut(C). Then there exists a modular form f@TY:9) of weight
k for another unitary group U(T, Vo), where a € (K )™~24+1 is determined
by o and T at the beginning of Section 5, and T is a skew-hermitian matriz of
dimension m determined by o, T and a as in Theorem 5.1, which satisfies one
of the following properties.

(i) In case g > 0, we have

(fTYD) 0 a) g0 = {(f|r)|eo}”

for any & € U(T, Vo) and any o € U(T, W) satisfying the relation (x) below.
Here the action of o on the right hand side is as defined in (0.2). The relation
between o and & is

(%) an € Cy - B(o; T, 9; a)anB(o; T, V;a) 7t

where «an and &y denote the mnon-archimedean components of « and
&, B(o;T,V;a) € GL(m,Ky), and Cy is some open compact subgroup of
U(T, ¥)y, depending only on f.

(ii) In case ¢ = 0, we have

(T ¥ ea) (0) = {(flea)(0)}

for any & € U(T, o) and any o € U(T, V) satisfying (x) above. Here the sym-
bol 0 in each side denotes a certain fized point in the corresponding symmetric
domain.

This is a natural generalization of the result in [15], which needs Fourier-
Jacobi expansions of modular forms.
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We can prove that this action of (o;7,¥;a) is compatible with Hecke
operators, that is,

(03) (E[(a)) T4 = 74| 5(),

where f is an adelized modular form for U(T, ¥) and ¥(a) is a Hecke operator.
Note that T(a) in the left hand side is a Hecke operator for U(T, ¥), while ¥(a)
in the right hand side is the one for U(T, o). The equation (0.3) implies that
by this Galois action of (¢;T, ¥;a) a Hecke common eigenform of eigenvalues
{A(a)}, is moved to a Hecke common eigenform of eigenvalues {\(a)?},. Using
this fact, we can prove that Hecke eigenvalues of a common eigen cusp form with
respect to any unitary groups are contained in a CM-field. See Theorem 6.6.
We conjecture the following.

Conjecture. Let 0 # f,g1 and g2 be cusp forms for U(T, V) which are
common eigenforms of {Z(a)}, having the same eigenvalue for every a. For
any o € Aut(C), we have (f(@T¥:a).— f(@TWa)y £ () gnd

<g§U;T,‘I’;Q)ﬁ7g;U;T,‘I’;Q)>_ (g1,82) o
(flo:iT¥3a),— f(oiT.¥5a)) — | (f,f) ’

where £7TV0)7(z) = oV’ (3(B(o; T, V;0) " Bpop; T, ¥;a”))) for
each & € U(T, Vo) and p denotes the complex conjugation.

The author believes that this conjecture is the first step of a more precise
research of special values of L-functions. If this conjecture is proved, we will
be able to show that special values belong to a specified algebraic number field
of finite degree.

The technique of the proof of Main Theorem is essentially the same as that
of [15]. However, to define the Galois action, the main theorem of [15] needs
Fourier-Jacobi expansions of modular forms. In this paper we need no such
expansions. This is an important and essential progress. Moreover, the author
hopes that, by finding a substitute of B(o;T,V¥;a), we can construct such a
Galois action concretely on modular forms for any classical group.

In Section 1 we will define holomorphic modular forms for an arbitrary
unitary group. In Section 2, we define equivariant embeddings of groups and
symmetric domains, and consider pull-backs of modular forms. In Section 3, we
will review canonical models for symplectic and unitary groups. In Section 4,
we will define the embeddings of canonical models and show that their inverse
rational maps are regular if we choose suitable congruence subgroups. The
Main Theorem will be proved in Section 5, using the result of Section 4. In
Section 6 we will prove this Galois action is compatible with Hecke operators.

Notation. For a set A, we denote by A}l the set of all n; x np-matrices
with entries in A, and denote A} simply by A™. We write zero matrix of size
ny X ng as Opl, and 1, means the identity matrix of degree n. The transpose

of a matrix X is denoted by *X. We denote as usual by Z,N, Q, R, and C the



648 Atsuo Yamauchi

ring of rational integers, the set of all positive rational integers, the field of
rational numbers, real numbers, and complex numbers, respectively. If K is an
algebraic number field, K, denotes the maximal abelian extension of K, and
we denote by K4 (resp. K ) the adele ring (resp. the idele group) of K. The
archimedean component of K 4 (resp. K ) is denoted by Ko (resp. K%). By
class field theory, every element z of K defines an element of Gal(K,;/K).
We denote this by [z, K]. We denote by Ok and O} the ring of algebraic
integers of K and its unit group. For each finite prime p of K, we denote the p-
completion of K and its maximal compact subring by K, and O,. In the same
way, Q, and Z, denote the p-completion of Q and Z for each rational prime
number p. By a variety, we understand a Zariski open subset of an absolutely
irreducible projective variety.

1. Modular forms with respect to an arbitrary unitary group

Let F be a totally real algebraic number field of finite degree and K be
its CM-extension (namely, a totally imaginary quadratic extension of F'). Such
a field K is called a CM-field. As is well known, the non-trivial element of
Gal(K/F) is given by the complex conjugation for any embedding of K into C.
We denote this by p. Let a be the set of all archimedean primes of F', which
can be identified with those of K. We denote by |a| the number of elements in
a, which is equal to [F : Q]. For each v € a, there are exactly two embeddings
of K into C which lie above v. By a CM-type of K, we mean a set ¥ = (¥,,)yca
where each W, is an embedding of K into C which lies above v.

Given a set X, we denote by X? the set of all indexed elements (z,)yca
with 2, € X. We can view a CM-type ¥ = (U, ),ca of K as an embedding of
K into C?2 such that b¥ = (b¥¥),ca for b € K. Through ¥, we can regard K
as a dense subset of C2. For v € a and b € F, we denote by b, the image of b
under the embedding v : F — R. For ¢ € Aut(C) and v € a, we denote by vo
the element of a such that b,, = (b,)°.

For a positive integer m, take a non-degenerate skew-hermitian matrix
T € K™, namely, det(T) # 0 and 'T” = —T. We view T as a skew-hermitian
form on K}, by (z1,22) — z1T'x% and denote by g the dimension of a maximal
isotropic subspace of K}, with respect to T'. Take a CM-type ¥ = (¥,,),eca of K
so that each hermitian matrix —/—17Y* has signature (7,,5,) (7, + 8, = m)
with r, > s,. The choice of ¥ is unique if and only if r, # s, for each v € a. By
the Hasse principle, we can take a suitable basis of K}, such that T is expressed
in the following form satisfying the conditions (1)—(3).

(L1) T = ) ,

tm—2q
TP1,
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(1) 7tje KX and 77 = —7, tf = ~t; (1 <j < m—2q).

(2)  Im(7%*) > 0 for each v € a.

(3) Im(ty*)>0if 1 <j<r,—qand Im(t;*) <0ifr,—g+1<j<m—2g
for each v € a.

We call such a T “normal” skew-hermitian matrix with respect to ¥. We
introduce this notion for technical convenience. For T as in (1.1) and 1 < j <
m — 2q, we denote by U(T,5) = (V(T,j)v)veca, the CM-type of K such that
Im(t}p(Tﬂ)v) > 0 for each v € a. Clearly, we have W(T',j) = ¥ if j < ¢ —¢q.

Note that, for each v € a, a “normal” skew-hermitian matrix 7" with
respect to ¥ can be written as

(1.2) T = < T T, )

with diagonal matrices 77, and 75, of degree r, and s, which satisfy
—\/—_lTl‘I:;)’ > 0 and —\/—_1T2‘I7';)’ < 0. Here and henceforth, the symbol X > 0
(resp. X < 0) indicates that X is positive definite (resp. negative definite).
In case r, = s, = F for any v € a, we have ¢ = F if det(T") € Ng,p(K*)
and ¢ = 3 — 1 if det(T) € Nk p(K*). In case r, > s, for some v € a, the
minimum of {s,},., is equal to q.

Let T' € K] be a “normal” skew-hermitian matrix with respect to a CM-
type ¥ = (¥,)yeca- Then we can define the algebraic groups corresponding to
T and U as follows.

GU(T,¥) = {a € GL(m, K) |oT"a” = v(a)T with v(a) € F* },
U(T,¥) = {a € GL(m,K) |aT"a” =T},
Uy (T, V) = {o € GL(m, K) |aT"a” =T, det(a) =1} .

As is well known, the algebraic group Uy (T, ¥) has the strong approximation

property.
For each v € a, we can define the v-components of these algebraic groups
as follows.

GU(T,9), = {a € GL(m,C) ‘aT'Ij”@ = v(a)TY" with v(a) € RX } ,
U(T, ), = {a € GL(m,C) ‘aT‘P@ — 7% } ,
UL (T, ¥), = {a € GL(m,C) ]aT‘P@ =T%, det(a) = 1} ,
where the bars mean complex conjugates. We also define
GU(T,¥)y4 = {a € GU(T, ), |v(a) > 0}.

Note that GU(T, ¥),. = GU(T, ¥), if r, > s,.
For each v € a, we can define the corresponding symmetric domain ©,, =
D(T, V), by

@(T>\Ij)v = {3@ S C;Z

V(@ ) ) >0,
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where Ty, and T, are as in (1.2). For any 3, € D(7,¥), and any o =

( é’l ga ) € GU(T, V), (where A, € Cl», B, € C», Cy € Cy», D, €
Csr), put
a(3e) = (Aaﬁv + Ba)(caﬁv + Da)_l'

Then the group GU(T,¥),; acts on D(T,¥), as a group of holomorphic
automorphisms by 3, — «@(3,). The automorphic factors are given by

Mv(aaﬁ'u) = Cozév + Dou
Ao, 30) = Aq — BaTy 330 (1Y) 7

We have

Mv(ﬂa73v) = ;uv(ﬂa a(ﬁv))/‘v(avﬁv%
Av(Bev, 3u) = Ao(B, 30)) Ao (@ 30),
det(a) det(Ay(a, 30)) = ()™ det(po(a, 30)),
for any «, 8 € GU(T, ¥),+ and any 3, € (T, ¥),. Clearly, det(u,(c,3,)) # 0

for any o« € GU(T, ¥),+ and 3, € D(T, ¥),.
For 3, € ©(T,¥),, set

mo(30) = =1 (1) +T5u(T%) 50 )
folae) = V=T (T8 7+ () BTl 50 (1) 7).
Then we have

b (0 30) 10 (@(30) ) o (0 30) = V()10 (30),
EXo (@ 30) K0 (a(30)) Ao (@, 30) = V(@) Ko (3o),

for any o € GU(T, ¥),+ and 3, € (T, ¥),.
Set

(1.3)

GU(T, V). = [[ GU(T, ©),,

vea

GU(T, W)ay = [[ GU(T, ©),y.,

vea

U(T, ¥)a = [ U, ).,

veEa

Uy(T, ®)a = [[ U2(T, ©),,

vea

(T, ¥) = [[2(T, 0),,

vea

and define the action of GU(T, ¥),1 on (T, ¥) componentwise.
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Put
GU(T,¥)y = {a € GU(T, V) |v(a) >> 0},

where >> 0 means totally positive. Note that GU(T, ¥); # GU(T,¥) only
if r, = s, = § for some v € a. We define an embedding of GU(T,¥),
into GU(T, ¥)ay by @ — (a¥¥),ea and also define an action of GU(T, ¥) on
D(T, T) by

a((ﬁv)vea) = (O‘\I}U (3”))vea’
where oo € GU(T,¥) 4 and 3 = (34)vea € D(T, V). We write

po (@, 3) = o (¥, 30),

/\v(avﬁ) = /\v(a\l/ 731});
M0(3) = M0 (30),
Ko(3) = Ko(30)s

for any o € GU(T, ¥) 1, 3 = (3v)vea € D(T, V) and v € a. We denote by 0 the
point (05”)yca € D(T, V).

Now let us define a congruence subgroup of GU(T,¥),. Let Ok be the
ring of integers in K. For any integral ideal a of O, put

Iy ={a € Uy(T,¥)NSL(m,Ok) |a— 1, € (a)jr }.

By a congruence subgroup of GU(T, V), we understand a subgroup I' of
GU(T,¥), which contains Ty for some integral ideal a of Ok and K*T', is
a subgroup of K*T' of finite index. Any element (except a scalar matrix) of a
congruence subgroup I' has no fixed points in D (7, ¥) if and only if the group
K*T'/K* is torsion free. As is well known, K*I';/K* is torsion free if a is
sufficiently small.

Set k = (ky)vea € Z2. For a = (ay)vea € GU(T, ¥),y and a C-valued
function f on D (T, ¥), We define a C-valued function f|ra on D(T, ¥) by

(flxa)(3) = f(a(3)) H det(ﬂv(avaﬁv))_kva

vea

where 3 = (34)vea € D(T, V). If f is holomorphic on D(T, V), so is f|xa. For
a € GU(T,¥),, we define

(flke)(3) = f(a()) T det(po(cr,3) 7"

veEa

For any congruence subgroup I' of GU(T, ¥) ., we denote by My (T, ¥)(T")
the set of all holomorphic functions on @ (7T, ¥) such that f|py = f for any
v € T'. An element of My (T, T)(T") is called a holomorphic modular form of
weight k& with respect to I (In case m = 2, ¢ = 1 and F = Q, we need
holomorphy at every cusp to define a holomorphic modular form. From now
on, however, we will not treat this case since it is very easy.) We denote
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by My (T, ¥) the union of My (T,¥)(T) for all congruence subgroups I' of
GU(T, \I’)+ Put

AT 0) = ([ {fifa 1 € Miqo(T,0), 0% fo € M(T W) },

eczZ>
Ai(T, 0)(T) = {f € Ax(T, V) | flpy = f for any y € T'}.

We write simply My, (T, ¥)(I'), My (T, ¥), A(T, V)(IT'), Ax(T, ¥), by My(IL),
My, A (T), Ay, respectively if there is no fear of confusion.
Hereafter we identify Z2 with the free module > Z-v by putting (ky)yea =

vea
Y. kyv. Also put 1 = (1)yea = >, v. We can define the action of ¢ €
vEa vea
Gal(Q/Q) on Z2 by (Z kvv) = Y k,(vo). For any k € Z2, we denote
vea vEa

by F'(k) the algebraic number field corresponding to {a € Gal(Q/Q) |k” = k }
Then the field F (k) is contained in the Galois closure of F' over Q.

2. Some embeddings of groups and symmetric domains

In order to use Shimura’s many results for symplectic cases, we will define
two kinds of embeddings of groups and symmetric domains in this section.
First let us review symplectic groups and corresponding symmetric domains.
Let F,a be as in Section 1. For any positive integer [, put

¢ 0 1; . 0 1 : x
7(—11 O)’YV(’Y)(_ll 0>W1thV(’7)€F }

t 0 ].l _ 0 ].l
(o) ()

As is well known, we have det(y) = 1 for any v € Sp(l, F'). Set

GSp(l, F)

= {’y € GL(21, F)

Sp(l, F) = {'y e GL(2l, F)

GSp(l, F)+ = {y € GSp(l, F) [v(v) >> 0},
where >> 0 means totally positive, and set
9% ={z = (20)vea € (C})? "2y = 2y, Im(z,) > 0 for each v € a},

where > 0 means positive definite. Then GSp(l, F')4 acts on 93 as a((2y)vea) =

a b ) € GSp(l, F)4 and a,b,c,d

((avzv +by)(cyzy + dU)’l) with a = ( e d

vea

€ Fll. The automorphic factor is defined by

Ng)l)(a» (Zv)vea) = cp2y + dy

for each v € a. We define congruence subgroups of GSp(l, F')+ as in [13]. For
any k = (ky)yea € Z* and any congruence subgroup I' of GSp(l, F') 4, we denote
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for any v € T' (and are holomorphic at every cusp if ] = 1 and F = Q
Here f|ry denotes the holomorphic function on $H7 defined by (f|xv)(2)

F(v(2)) [, ca det(u (l)(% 2)) k. Let ./\/lg) denote the union of ./\/l,(f)(I‘) for all
congruence subgroups I' of GSp(l, F')+. Moreover, set

A= U {0 e

ecZ?2

by Mg) (T') the space of holomorphic functions f on H which satisty (f|xy) = f
)

We also need to recall the Galois action on modular forms for symplectic groups,
which is constructed in [11]. As is well known, any f € /\/l,(cl) has a Fourier
expansion of the form

(2.1) F((z0)vea) Zch exp (277\/_2‘@ (hozy > ,

hel vEa
where L is a certain lattice in the space of symmetric matrices of degree [ with
coefficients in F'. Note that ¢, # 0 only if the real symmetric matrix h,, is semi-
positive definite for each v € a. For f € ./\/lg) as (2.1) and any o € Aut(C),
there exists f7 € MEQ whose Fourier expansion is given by

(2.2) F7(z0)vea) Zch exp (27r\/72tr (hyzy ) .

heL vea
This fact is proved in [11]. This Galois action is also constructed on vector-

valued modular forms in §25 of [13]. For any subfield Q of C, we denote by

M,(Cl)(Q) the set of all f € M,({l) whose Fourier coeflicients ¢, are all contained
in . Set

0@ =U {ns [hemli@, 02 e MP@}.
ecza

Now let us define the first embedding. Take T, ¥ and m, ¢ as in section 1.
For z = (24)vea € 97, put

q ot ) ¥ 1
Mﬂm@<%rz““ zla) et L) ) |
e a vEa

where r,, s, are as in section 1. Then €¢(7T, ¥) gives a holomorphic embedding
of 3 into D(T', ¥). This is compatible with the injection Io(7', ¥) from Sp(q, ')
into Uy (T, ¥) defined by

Io(T, \v)( o )
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where a = ( Zl 32 ) € Sp(q, F) with ag,as, a3, a4 € Fl. We denote
3 4

Io(T, W), eo(T, W) by Iy, o if there is no fear of confusion. We have
Io(T, W)() (e0(T, W)(2)) = eo(T, ) ((2))

for any o € Sp(q, F) and z € $3. The automorphic factors satisfy

pio (1o (T, W) (@), £0(T', ) (2))

B ( T e e+, ) ( K Mg@?m )

e 0 -
0 (1%) "1z, + % 14

for any o € Sp(q, F'), 2 = (20)vea € 95 and each v € a. Hence we can define
pull-backs of modular forms. For k = (k,)yca € Z* and f € My (T, V), define
a function fleg = fleo(T, ¥) on H as

—koy
(o)) = feote) TL et ()20 4 5 1,)

vea

Then we clearly have f|eg € M;q). (In case F' = Q and ¢ = 1, the holomorphy
of flep at every cusp can be proved by using Lemma 2.1 of [15].)

Next we will define an embedding of D (T, ¥) into $2,, which is compatible
with that of GU(T, ¥) into GSp(m, F'). For oo € GU(T, ¥), put

—1
]-m T a” 0 ]-m T
o= (1) (5 2) (0 w)
Then we have I(T, ¥)(«) € GSp(m, F') and v(I(T,¥)(«)) = v(«). Hence the
image of GU(T, ) by I(T, V) is contained in GSp(m, F'). We write simply
I(T,¥) by I if there is no fear of confusion. For 3 = (3,)vea € D(T,¥) and
each v € a, put
L, bu
wy(3) = - .
(3) ( _TQ\I:';%U(TEJ) 1 lsu )

Then det(w,(3)) # 0 for any 3 € D(T,¥) and each v € a. We can define an
embedding € = ¢(T, ¥) of D(T, ¥) into H2, by

(T, 0)(3) = (wvca) ( bl )wv@wv)vea.

Then the map ¢ = &(T, V) is a holomorphic injection from ®(T, ¥) into H2,
and the set (T, U)(D(T, ¥)) is an analytic set in $2, (hence it is closed in H2,).
Moreover, it can easily be verified that the Jacobian of (7T, ¥) is non-zero at
each 3 € O(T,¥). We have

(T, 9)(a(3)) = I(T, ¥)() (T, ¥)(3))
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for any o € GU(T,¥), and 3 € D(T, ).

We need another embedding of ©(T, ¥) into $H2, to use many results on
modular forms with respect to symplectic groups. Take § € K* so that 6 = —§
and put

11, 0 11, 0 0 0
0 Ly—2q 0 0 0 0
0 0 0 21, 0 -2,
C(T,9) = 0 0 0 1, 0 1,
0 0 0 0 lpoaq O
—(r6)711, 0 (r6)~'1,| 0 0 0

Then C(T,§) € Sp(m, F). Define an embedding I5(T, V) (resp. &5(T,¥)) of
GU(T, ¥) into GSp(m, F) (resp. (T, ¥) into H2,) by

I(T,9)(a) = C(T,8)I(T, ¥)(@)C(T,6) "
es(T, W) (3) = C(T,0) (e(T, ¥)(3)) -

Obviously, we have

I5(T, W)(a) (e5(T, ¥)(3)) = &5(T, ¥) ((3)) ,
v(I5(T, ¥)(a)) = v(a),

for any o € GU(T,¥)4 and 3 € ©(T, V). For each v € a, o € GU(T, ¥) and
3 € D(T, V), the automorphic factors have the following relation.

(2.3)
pd™ (15(T, @) (a), &5(T, ¥)(3))

= u{™ (C(T,8) 7 es(T, W) () (T7)  wu((3))

X ( (8473) . ((; N )wy(z)_lT%ngm) (C(T, 5)_1,55(T,\Il)(3)).

We write simply I5(T, V), e5(T, V) by Iy, e5 respectivly if there is no fear of
confusion. We easily obtain the following lemma from the property of (T, ¥).

Lemma 2.1.  The Jacobian of ¢5(T, ¥) is non-zero at each 3 € (T, ¥)
and the set es(T, V) (D(T,¥)) is an analytic set (hence closed) in H2,.

Now we can consider pull-backs of modular forms on $2,. For any f €
./\/lgcm) (with k € Z?), define a function fles = fles(T, V) on D(T, V) by

—ky

e = steston [ (-5 ) aet (wntimiriet.oy st )}

vea

Then we can easily obtain fles(T, ¥) € Mo (T, V) by using (2.3).
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To conclude this section, let us write down Iy o Iy = Is(T,¥) o Iy(T, V)
and g5 0eg = &5(T, V) 0 g9(T, V) explicitly. For any a = Z Z ) € Sp(g, F)
(with a,b,c,d € F{), we have

a b
lm—2q 0
a —52%b
I(; ] Io(Oz) = c d .
0 1m—2q
—06%¢ d
On the other hand, for any z = (2,)yea € 97, we have
)
t\lp(T’l)“
(2.4) gsoeo(z) =
W (T,m—2q),
tm—2q 5
(76 )vzv vEa
Moreover, for z € 7 and a € Sp(g, F'), we obtain
e (@, 2)
™ (I 0 In(ev), €5 0 €0(2)) = Lin_2g
i (@, 2)

for each v € a. By a computation, we can verify

(2.5) ((fles)leo) (2) = f (es(c0(2)))

for z € 352.

3. Canonical models and the conjugations

In [7], Shimura constructed canonical models with respect to symplectic
groups, and in [5], Miyake constructed them with respect to unitary groups.
We will recall and study them more precisely in this section, to use the results
in later sections.

First let us consider the adelization of GU(T, ¥), that is,

GU(T,¥)4 = {z € GL(m, Ka) |2T"2” = v(2)T with v(z) € F} }.

Note that x,, the p-component of z, belongs to GL(m, O,) for almost all non-
archimedean primes p of K. Moreover, put

GU(T, ) s ={z € GU(T, V)4 |v(z), >0 foranywveal,
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where v(x), denotes the v-component of v(x). We also put
U(T,¥)a ={z € GU(T,¥) 4 |v(z) =1},
Ui(T,0) 4 = {x € GU(T,¥) 4 |v(z) = det(x) =1}.

We denote by GU(T,¥),, U(T,¥), and Uy(T,¥)y, the non-archimedean
components of GU(T, W), U(T,¥)4 and Uy (T, V)4, respectively, and view
GU(T, ¥)a, GU(T, ¥)at, U(T, W), and Uy (T, ¥),, as the archimedean compo-
nents of GU(T, W), GU(T, V)44, U(T, V)4 and Uy (T, V) 4, respectively. For
each z € GU(T, U) 4, we denote by x4 (resp. zp) the archimedean part (resp.
non-archimedean part) of . We regard GU(T, V), GU(T, V), U(T,¥) and
Uy (T, ), as subgroups of GU(T, V)4, GU(T, ¥) s+, U(T, V)4 and Uy (T, V) 4,
through diagonal embeddings. As is well known, the algebraic group Uy (T, ¥)
has the strong approximation property.

Let Z(T', ¥) be the set of all subgroups X of GU(T, ¥) 44 which are written
as X = GU(T,¥),q x X with open compact subgroups X5 of GU(T, ¥)y,.
For any X € Z(T,7), take 'y = X N GU(T, ¥). Then 'y is a congruence
subgroup of GU(T, ¥),. In [5] it is shown that, for each X € Z(T, ), there
exists a variety (more precisely, a Zariski open subset of a projective variety)
Vx defined over @, and a holomorphic map ¢x : (T, ¥) — Vy so that px
defines a biregular isomorphism of I'x \ © (7, ¥) onto Vx. This is the so-called
canonical model. It is also known that any f € Ay(T, ¥) can be written as
f = popx with some X € Z(T,¥) and a rational function p on Vx. Put
Ox(f) =p for such f,p and X.

Canonical models with respect to a symplectic group are constructed in
[7]. For a positive integer I, put

LI A PR G
GSp(l,F)A =4 Tc GL(Z[,FA) -1; 0 -1; 0 s
with v(z) € F}

GSp(l, F)a+ = {zx € GSp(l, F)a |v(x), >0 foranyve€al,
Sp(l, F)a={z € GSp(l, F)a|v(z)=1}.

We denote by GSp(l, F)a (resp. GSp(l, F)n) and Sp(l, F)a (resp. Sp(l, F)n),
the archimedean components (resp. non-archimedean components) of
GSp(l,F) 4 and Sp(l,F)s. The archimedean component of GSp(l, F) 4 is
denoted by GSp(l, F')a+, which is the connected component of GSp(l, F')a con-
taining the identity. We regard GSp(l, F'), GSp(l, F'); and Sp(l, F') as sub-
groups of GSp(l, F)a, GSp(l, F)a+ and Sp(l, F')a through diagonal embed-
dings.

The embeddings Io(T, ¥) : Sp(¢, F) — Uy (T, V) and I5(T,¥) : GU(T, ¥)
— GSp(m, F') can naturally be extended to those of Sp(q, F)a — Uy (T, ¥)4
and GU(T,¥)4 — GSp(m, F')4 respectively, since they can be viewed as ho-
momorphisms of algebraic groups.

Consider the closed subgroup G\ of GSp(l, F) 4+ defined by

v(z) € F*FX QJ, }

0 _
Gy = {x € GSp(l, F)a V() >0 for oy v € a
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where F, denotes the connected component of F containing the identity.
Note that erl) D GSp(l, F);. Let ZU be the set of all subgroups Y of
GSp(l, F) o+ which are written as Y = GSp(l, F)ay X Y, with open compact
subgroups Y3, of GSp(l, F)y. For any Y € Z() put ng =Y NGSp(l, F). Then
ng is a congruence subgroup of GSp(l, F),. For each Y € Z()| there exists
a variety V}g) defined over Qg;, and a holomorphic map <p§p 9 — Vy) SO
that gpg) defines a biregular isomorphism of rﬁ) \ H7 onto V;-l). Moreover, any
fe Aél) can be written as f = po <p§p with some Y € Z(®) and a rational
function p on Vy). Put @g)(f) =p for such f,pand Y.

For any o € Gal(Qqp/Q), we define x(0) € [[,Z,; C Q} by the formula
[x(6)™1,Q] = 0. (Then x(o) is uniquely determined.) Take z € gﬁf) and
Y,Y" € 20 5o that Y D 2Y’xz~!. Then there exists a morphism Jg%/-/(x) (de-
fined over Q) of V}g,) to (V}(,l))"(“"), where o(x) € Gal(Qg/Q) which satisfies
v(z) € F*FX x(o(x)). We also have J}(,l%,, (xl)"(‘”)OJ)(/l,)Y,, (x2) = Ji(/l%/,/({l?llj%
if the both components of the left hand side are defined.

The Galois action defined in (2.2) and canonical models have the following

relation. For any non-zero f1, fo € /\/l,(f) and o € Aut(C), we have
) /) =20 R et ((F D)) ee?
' Lz Y Yy 0 x(o)L v’

for any Y € Z() so that f,/fs can be written as (fi/f2) = @g)(fl/fQ) o <p¥),

where
-1
~ 1; 0 1; 0 )
Y = Y e Z\Y,
( 0 x(o)L ) ( 0 x(o)L >

This fact is proved in [11].

In the rest of this section, we will study Jg; (( tl X(g)lz )) more
concretely. Before doing that, we must recall the reflex of a CM-type and the
conjugation of abelian varieties of CM-type.

For a CM-field K, its CM-type ¥ = (¥,),ca, and any o € Gal(Q/Q),
we can define another CM-type Wo = {U,o|v€a} of K. We denote by
K, (or simply K™ if there is no fear of confusion) the algebraic number field
corresponding to the subgroup {o € Gal(Q/Q) [¥o = ¥ } of Gal(Q/Q) of finite
index. As is well known, K is a CM-field contained in the Galois closure of
K. Viewing ¥ as a union of |a| different right Gal(Q/K)-cosets in Gal(Q/Q),
we define a CM-type ¥* of K§, as follows:

Gal(@/K3)¥" = (Gal(@/K)w) .

We call ¥* “the reflex of ¥ and the couple (K, ¥*) “the reflex of (K, V¥)".
From the definition, we have (Kj)° = K}, for any 0 € Gal(Q/Q) (or €
Aut(C)). By Ny, we denote the group homomorphism of K3* to K* defined
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by © — H’LZ)*E\I/* x¥". Tt is a morphism of algebraic groups if we view Ky and
K> as algebraic groups defined over QQ, and so it can naturally be extended to
the homomorphism of (Kj)) to K.

For a CM-type ¥ and any o € Aut(C), a certain idele class gy(o) €
K} /K*KZ is defined in Chapter 7 of [3] (or essentially in [2]). Take an
abelian variety (A,¢) of type (K, ¥) with an Og-lattice L in K and a complex
analytic isomorphism © of C2/LY onto A. (See, [13].) We denote by A, the
subgroup consistofing of all torsion elements of A, which coincides with the
image of K/L by ©oW. Next take (A,:)?. Then it is an abelian variety of type
(K,¥o) and we have the following commutative diagram

K/L _ Oo¥ Ao

XU.J( JVU'
K/(IL ©,0(¥o) Agor
with some a € K and complex analytic isomorphism ©, of C?/(aL)¥° onto
A?. The coset a K * K2 is uniquely determined by (K, ¥) and o, not depending
on A or L. We denote this coset by gg(c). For a € gg(o), we have aa® €
x(o)F* FX. We define ((0,a) € F* by % € u(o,a)FX. If o is trivial on K},
we have gy (o) = Ny (b)) K* K2 with b € (K3); such that [b~!, Kj] = ok
this fact is a main theorem of complex multiplication theory of [13]. Note that
99 (01)9ws, (02) = gu(o102). The following lemma is an immediate consequence
of Theorem 3.1 of Chapter 7 in [3].

Lemma 3.1.  Take a CM-type ¥ = (V,)yea andt € K* so that tP = —t
and Im(t¥+) > 0 for each v € a. For any o € Aut(C) and a € gy(0), we have
Im ((¢(0,a)t)¥*7) > 0 for each v € a.

The morphism J}(,li; << })l X(Oo)ll )> moves so-called “CM-points” in

H according to the following proposition.

Proposition 3.2.  For a CM-type ¥ of K, take z = ¥ € $? with
7 € K} (such that *r = 7). For any o € Aut(C), choose Y,Y € Z() so that

Then we have

A3 = ¢ (17 + ao)(asr +an) ™)),



660 Atsuo Yamauchi

where ( o1 2 > € GSP(I,F) (ai,as,as3,a4 € F}) so that
Q3 Oy

( a; o ) c (?mSp(l,F)A)GSP(laF)a< . O)ll >_1

Qg Qq 0 x(o
(at —aP7mP) (1 —7°)"Y  —(a—aP)TP(r —7°)" 17
o QA R L
NGSp(l, F)

fora € gg(o).

This is Proposition 3.2 of [15].
We can naturally consider the embedding I, ;, .., of H;Zl Sp(l;, F') into
SP(ly +---+1,, F) defined by

T ax bl Ay br
L1,y 0l 1 dl yoaoy ¢ dr

a1 b1

a, b,
C1 dy

Cr dy

where aj,b;,¢j,d; € Fll; for each 1 < j < r. Obviously, this is compatible with
the embedding ¢, 4,....1, of H;Zl f_)laj into H7 , .., defined by

21w
Elyla,.. 0, ((Zl,’u)’U637 ceey (Zr,v)vea) =

Zrv vea

That is,

Il1,l27~-~,l7-(a17 Qg,. .. ’O‘T) (Elhlz,m,lr(zl) R2y ey ZT))

= el by, 0 (1 (21), 02(22), - an(2r)),
for any a; € Sp(l;, F') and z; € Ll (1 <j <r). Moreover, it is also clear that

/1'7(Jh+m+lr) (Illal2w-~ylr (0417 SRR ar)v €ly,.ly (zlv R ZT))

uﬁll)(al,zl)

Iy
Ngz )(057’7 Zr)

for each v € a. We have the following lemmas corresponding to this embedding.
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Lemma 3.3.  For any k € 72, take f € ./\/l,(cl1+m+l”‘). Then foey, 1,
can be expressed as

(3.2) (foell,...,z,.)(zl,--.,zr)=Z Hfj,i(zj) ;

with f;; € M,(Clj). In case f € M,(fl1+"'+lr)(@), we can take f;; € M,(clj)(@).
Moreover, for any o € Aut(C), we have

(fToen, )z, s 2) = Z 1175z

Remark. The choice of {f;;} is not unique.

Lemma 3.4.  For any o € Aut(C), take YJ,Y} cezli) 1<j<r)
and Y,Y € ZUtt) satisfying (1)-(3).

(1) Y= ( 1(lf X(go)hj >_1Yj( 1(le x(ffo)lzj )

1

> Liy et 0 ) ( Lyt 0 )

2 Y — 1 Id Y 1 T .
) ( 0 (@), 0 (@),

(
(3)  There exists an r-tuple {Fj};=1 of congruence subgroups I'; (1 < j <
r) of Sp(l;, F) which satisfies OxL'; D O;F%) for each 1 < j < r and

Lyt (Tyy. D) c T4 — v A GSp(ly + -+ + 1, F).
For each 1 < j <, take z;,2; € 56?], so that

o= (5 i, ) )60

Then we have

ag

S0(yzl+.‘.+zr) ety (Z1y-- o3 20))

1
— | gttt Loyttt 0
vy 0 X(@) 11,4t
(¢¥1+...+1T) (gll,,.,ﬁlr(zl,...7zr)))1 .

Proofs of Lemmas 3.3 and 3.4.

We only have to prove these lemmas when r = 2. First let us prove
Lemma 3.3. For any f € M,(CIIHQ)(F) (with a congruence subgroup I" of Sp(l; +
lo, F)), the function f o ¢y, 4,(21,22) is a holomorphic function on (z1,22) €
Ot x 9. Take congruence subgroups I'1,T'y of Sp(l1, F), Sp(l2, F) so that
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I, 1,(T1,T2) CT. If we fix 25 € 97, and view foey, i, (21, 22) as a holomorphic

function on 21 € H,, it is contained in ./\/lgl)(Fl). Hence we can write

(3.3) foei,(21,22) qu 21) f2,i(22),

=1

where {fl,i}le is a basis of M,(Cll)(l“l) (over C) and each fo; is a holomorphic
function in H7 . As is well known, we can take {fl,i}le C /\/lgl)(l"h@). Note
that each fy; is uniquely determined if we fix { fu}f:l. Therefore we have

Ja,i € M,(glz)(I‘g) for each 1 < <t
Next let us consider the Fourier expansions of these modular forms. Put

f((z0)vea) = Z c(f;h)exp <27T\/__IZ tr(hvzv)> )

h vEa

f1.i((#1,0)vea) = Zc(fl,i§ h1) exp (27T\/—_12t1"(h1,v21,v)> ;

h1 vEa

f2.i((22.0)vea) = Z c(fa,i3 ha) exp <2Wﬁztr(h2,u22,u)) )

ha vEa

for each 1 <14 <t. Moreover, we can express f oy, ;, as
(f o €l1,l2)((21,v)v€av (ZZ,v)'UEa)

= > c(f;h1, ha) exp <2m/_1 > (tr(hyvz10) +tr(h27022,v))> ,

h1,ho veEa

where hy (resp. hz) runs through a lattice in the space of symmetric matrices
of degree I (resp. ly) with coefficients in F'. Note that the constant ¢(f; h1, ho)
is uniquely determined by f, h; and hs. We easily obtain

(34) c(fi 1 ha) =Y e frisha)e( fai; ha)-
i=1

Considering f on &, 1, (9}, X H7,), we can get

(3.5) co(fihi ha) = e(f;h)

h

hi  hs

where h runs through the matrices of the form ( the h > with hs € F, ll;.
3 N2

Note that this is a finite sum. Hence we have

o(f75hi,ha) =Y e fh)7 = e(f;ha, ho)”

h
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for any o € Aut(C). Combining this with (3.4), we have

¢
(F70en0,)(21,22) = > fa(21) f54(22)-
i=1
In case f € ./\/lgﬁlz)(@) and {flyi}le C M,(fll)(@), this equation implies
{f2,i}§:1 C MgQ) (Q) since the choice of {fgﬂ-}ﬁ:l is unique for a fixed {flﬂ‘}::r
Take Y € 2(h+) vy € 2y, € 2(2) | and congruence subgroups I'y,
Ty of Sp(l1, F), Sp(l, F) which satisfy OXT; > ORI\, OXTy 5 OFT
and I, 1,(I'1,Ty) C Fgﬁ”’l?), we then obtain a holomorphic map ngl,yg) :
Vgl) X ng) — V}(,IIHZ) which makes the following diagram

€yl

a a a
[T 57)12 li+l2
(11) (l2)
‘Pyll XWYQZ ‘Pgl-HQ)
(l1) (I2) (li+l2)
R
VY1 XVY2 Vs

Y
(¥1,v2)
commutative. The equation (3.3) implies that Eg;l ¥a) is a rational map.
Take Y3, Y, and Y as in (1) and (2) above. Then we can also consider the

rational map E&l vy Véll) X ng) — V{(,lﬁlz). Let us prove
) 1 2

@ e g (0N g (0 )T
(Y1,Y2) Y11 0 x(o)1, YaYs 0 x(o)1y,
—1
_ glatts) [ it 0 Y
- J}}Y (( 0 X(O’)111+12 ) > © E(Yl,YQ)

as rational maps : V}(,fl) X V}(,?) — (VY(,IIHQ))"A. Using Proposition 3.2, we
can easily verify that (3.6) is true at (go%l)(ﬁq’),gagﬁj)(@q’)) for any 7 € KllIH
72 € K;? and CM-type ¥ of K so that 7,¥ € $? and 7’ € H7.. Since the set of

all such points is dense in Véjl) X V£2 ), we can obtain (3.6), which is equivalent
to Lemma 3.4. O

In Theorem 26.10 in [13], or essentially in [11], the action of a certain
extended Galois group on arithmetic modular forms is constructed as follows.

Proposition 3.5.  Put
60 = {(z,0) € 6\ x Gal[@/Q) |o(x) = 0la, } -

Then any element (x,0)of the group &Y gives a ring-automorphism of the
graded algebra ), ;a Ag)(@), written f — f@9) which satisfies the following
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properties.

D (i) = {77
2) (f($1,01))($2,0'2) = f(xlxz,gng) '

(
(
(3)  f@ = flra if a € GSp(l, F)4 and f € AD(@).
(
(
(

1 0
4) f(( 0 X)L, >”) = fo.
5)  AY@@? = AQ(Q) and M) (@) = MD(Q).
6) Iffe .Aél)(@), express f as f = @g)(f) o ng with Q-rational rational
function <I>§ﬂ)(f) on Vy) (whereY € Z1)). Then f®°) = @gf)(f)"ng%,(x)mpg)
withY =2 1Y x.

This action is extended to vector-valued modular forms in 10.2 of [14].

4. The embeddings of canonical models

We defined an embedding e5(7, ¥) of ©(T, ¥) into H2, in Section 2. We
will consider the embeddings of canonical models corresponding to es5(T, ¥)
precisely in this section. The content of this section is essentially the same as
that of Section 4 of [15].

For X € Z(T,¥) and Y € Z(™ which satisfy I5(T, ¥)(X) C Y, there

exists a rational map Fyx : Vx — V;,m) so that the diagram

o vy —2IY  ga
Lﬂxl llpng)
Vy @—
Ey x

is commutative. In case K*I'x /K™ is torsion free, the rational map Ey x is
regular on whole Vx since ¢x is locally biholomorphic then.

For 0 € ©(T, V) defined in section 1 and any o € GU(T, ¥), consider
ox(a(0)) € Vx. Then ¢x (a(0)) is Q-rational since the point «(0) is a so-called
“isolated fixed point” in the sense of [5]. In the same way, £5(T, ¥)(«(0)) =
Is(T,0) () (es(T,¥)(0)) € H2, is a so-called CM-point. Hence the point
cpg/m) (es(T,¥)(a(0))) = Eyx (px(a(0))) € V}Sm) is also Q-rational. This im-
plies that Ey x is defined over Q, since the set {¢x ((0)) |a € GU(T, ¥), } is
dense in V.

The purpose of this section is to prove the following theorem, which is
essentially same as Theorem 4.1 of [15]. This theorem will be used to construct
a regular morphism between canonical models for different unitary groups in

(5.7).

Theorem 4.1.  For any integral ideal a of O such that a” = a, take
X =X(a) € Z(T,9) of the following form

x, € GL(m,Oy) and
X(a) =<2 € GU(T,¥)at | xp — Ly € (a0, )
for any finite prime p of K
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where x, denotes the p-component of x. In the same way, take Y (a) € Z(m) g5

D(T,6) 'y, D(T,5) € GL(2m, Oy) and
Y(a) = qy € GSp(m, Fay | D(T,0) 'y, D(T,0) — 1o € (aOp)3 ¢,
for any finite prime p of K

m 1°
(Then I;(T, @)1 (Y (a)) =X (a).) Assume that K*Tx(q)/K* and FXT{) JF*

are torsion free. Then there exists Y e 2(m) satisfying the following properties

(1)-(3). .
(1) Y cY(a) and Is5(T,9) (V) = X(a).
(2)  Eyx)(Vx@) = Eyx)(Vx(a)) and it is a non-singular subvariety of

~1
where D(T, ) = C(T,9) ( 1’” r ) and y, denotes the p-component of y.

yim (where the bar means the Zariski closure in V{(,m)).
(3) EYX(u) is a (set theorically) injective map on Vx(q), regular on whole

Vx(a), and its inverse rational map E_ EYX(Q)(VX(a)) — Vx(a) is regular

7X@ ¢
on whole Ey () (Vx(a))-

Remark 1. Any X' € Z(T, V) contains some X (a).

Remark 2. Any Y’ € Z(™ such that I5(T,¥)(X(a)) C Y’ C Y, also
has the properties (1)—(3).

Proof. 1In this proof, any varieties and rational maps are defined over Q.
The word “generic” means generic over Q. As is well known, any algebraic set
defined over Q is a union of finitely many varieties defined over Q.

First of all, from the definition of I5 = I5(T, ¥), we easily have

P
I5(T, W)(z) = D(T, 5) ( b g )D(T, 5"t (¢ e GU(T,¥),).
For any integral ideal b of Ok such that b C a and b” = b, take Y (a,b) €

Z(m) as

_ by 0 m
Doy o) - () ) € 60y

with some by, by € (Op )1
for any finite prime p of K

Y(a,b) =<y €Y(a)

Clearly we have Y(a,b) C Y(a) and Is(T, ¥)"1 (Y (a,b)) = X(a). Moreover, we
can obtain

(4.1) I5(T, ¥ = ﬂY (a,b),

(4.2) Is(T,9)(Cx (o)) ﬂry(u oy
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where b runs through all integral ideals of Ok such that b” = b and b C a. For
each P € V}(,( )b), the set E;(lu,b)X(a)(P) = Qx(a)© ( ((gog;';i b))*I(P))) is at
most countable, and clearly an algebraic set in Vi (q). Hence Ey( a,6)X (a )(P) is
a finite set.

Assume Q1, Q2 € Vx(a), @1 # Q2 and By (q 6)x(a)(Q1) = By (a,6)x(a) (Q2)-
Take 31,32 € D(T,¥) so that ©x(q)(31) = Q1, ¥x(a)(32) = Q2 and fix them.
Then we have I'x(q)(31) N I'x(a)(32) = ¢ and F§V(a 0)(€5(31)) = y(u b)(56(32))

Since Fxlﬁgfr(Lc)l’b)/FX is torsion free, any (non-scalar) element of Fg/(g’b) has

no fixed points in $H2,. Hence there exists unique v € F( Y (a,0) which satisfies
v(es(31)) = €5(32) up to scalar multiples. Clearly we have v ¢ I5(I'x(q)). Be-
cause of ( .2), we can choose an integral ideal b’ C b so that b’ = b’ and
A F o, b,) Then we have FX~ 0 F*T{™ ) = ¢ since any scalar element

Y (a,b’
in Fg,( ) is contained in I5(I'x(a)) (C Fg,(c)l’b,)) This implies Fy(u oy (€6(31)) N

Fg,(iyb,)(s(;(gg)) = ¢ and hence we obtain Ey (q,6/)x(a)(Q1) # Ey (a,67)x(a)(Q2)-
Using this method repeatedly, we can obtain the following lemma, since

E;(la,b)X(a)(P) is finite for each P € V}(,T('; b

Lemma 4.2.  For any QQ € Vx(a), there exists some integral ideal b of
Ok (such that b C a and b? = b) which satisfies E;(la’b)x(u)(Ey(a,b)X(u)(Q)) =
{@}.

For X (a) € Z(T,¥) and Y (a,b) € Z(™ as above, put

There exists Q" € V()
W(X(a),Y(a,b)) = ¢ Q € Vx(qa)| such that Q" # @ and ,
By (0,0)x(a)(Q) = By (a,0)x () (")

where the bar means the (Q-)Zariski closure in Vx(a)- Set
W(X(a),Y (a,b)) = | W,
j=1

where W; (1 < j < r) are subvarieties of Vi (q) defined over Q, and none of
them are contained in the other. We can assume that

dim W (X (a),Y(a,b)) = dim Wy = - -+ = dim W, > dim Wy > --- > dim W,.,

with 1 < s <r. For 1 < j < s, let Q; be generic points of W; (over Q).
Using Lemma 4.2 (s times repeatedly), we can find an integral ideal b’ C b
so that (6" = b’ and) E;(lu,bf)x(a)(EY(a,b')X(a)(Qj)) ={Q,} (1 <j < s) hold.

Then the Zariski closure Ey (q,/)x (a)(W;) of Ey (a1 x(@)(W;) (1 <j < s) are

subvarieties of V}(,T(”) o) whose generic points (over Q) are By (a,6)x (a)(@;). Note
that, for 1 < j < s, dim By (a,0/)x(a)(W;) = dim(W;), and Ey (a,6')x(a)(W1),
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s By (ap)x(a)(Ws) are all different varieties. Since each Ey(q/)x(a)lw;
(1<j<ys)is generically injective, we can define the inverse rational map
(By (a1 x ()| w,;) ™" ¢ By (a0 x(0)(W;) — W; (for each 1 < j < s), which is reg-
ular on some non-empty (Q-)Zariski open subset C; of By (a,6)x(a)(Wj). (This

does not mean Ey(a 6') X (a) is regular on Cj in general.) For each 1 < j < s,
define the subset U; of W; as

Uj = WiNEy (g onxa | Ci — (EY (a,61x () (Wi) N By (a,6/)x () (W)

The dimension of each Ey(qp)x(a)(Wi) N Ey(ap)x(a)(W;) is smaller than
dim(W;), since we have Ey(q,6/)x(a)(Wi) # Eye)x@(W;) if 1 < i <'s
and dim(W;) < dim(W;) if s +1 < i < r. Therefore the set in the square
blacket is a non-empty (Q-)Zariski open subset of By (a,6/)x(a)(W;) and this
implies that Uj is a non-empty (Q-)Zariski open subset of W;. Note that, for
any () € Uj, we have EY(u b)X (a) (Ey(a,61)x(0)(@)) = {Q}.

In the same way as the definition of W (X (a),Y (a, b)), we take

There exists Q" € Vx(q)
W(X(a),Y(a,b")) =< Q € Vx(a)| such that Q" # Q and
EY(a,b’)X(a)(Q) = EY(u,b’)X(u)(Q/)

Then clearly we have W (X (a),Y (a,b’)) C W(X(a),Y (a,b)) = Uj_, W;. Since
each (W; —Uj) is a (Q-)Zariski closed set in Vx(q), we obtain W (X (a), Y (a,b’))
c (U] (W, — U )) u (Us+1<1<r Wj). Hence we have dim W (X (a), Y (a, ')
<dimW(X(a),Y (a,b)).

By an induction, we can choose ¥ = Y (a, 6) with some integral ideal b
(C a) in such a way that Ey (@) is set theorically an injective map from Vi q)

to Vé_m).

Since Ey X(a) is injective, we can define the inverse rational map E;;{ (@)
on EYX(a)(VX(a))’ which is regular on some non-empty Zariski open sub-
set of Ey v (o (Vx(a)). Hence Ey y ) (Vx(a)) contains some non-empty Zariski
open subset of Ey y () (Vx(a)). This implies that Ey ) (Vx(q)) is dense in
W with respect to the topology of Vém) as a complex manifold,

since By v () (Vx(a)) I8 a variety.
Obviously we can get

(‘Pgn))71 (ny(a) VX(a) ) U voes(®D
yer{™
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Each yoe5(®) is an analytic set in $2, whose dimension is equal to that of .

For 1,7, € F;m), if v115(C x (a)) N2l (x(a)) = ¢, then y10e5(D)Ny20e5(D) =
(m)

¢ holds (since the map Ey X(a) is injective and any non-scalar element of FY

has no fixed points in $32,.)
Now we have

) By Vx@)) = U 7o),
VEFgm
(

since goAm) is locally biholomorphic. (The bar in the right hand side means
the closure with respect to the topology of $2 as a complex manifold and

that in the left hand side denotes the Zariski closure in Vém).) Clearly each

voes(D) is an analytic set in $2,. Moreover, the set U«/eF;’") voes(D) is also

an analytic set in $2 of same dimension. Now we can prove that there exists
no limit point of infinitely different v o 5(®). If such a point exists, it must
be contained in infinitely different v oe5(®) by using an analytic continuation,
and this contradicts the disjointness of different yoes(D) (stated above). Since
each yoe5(®) is closed in $2, and there is no limit point of infinitely different
voes(D), we have

U rees@ = |J voes(®).

(m) (m)
vely vels

This implies Ey v () (Vx(a)) = Ey x(a)(Vx(a))- Moreover, at each z € ypo0es(D)

(with vo € F;m)), we can take an open neighborhood U, of z in $2 which
satisfies U, Nyoes(D) = ¢ for any v € Fg,m) so that vIs(I'x(a)) 7 Y0Is(I'x(a))-
This implies Ey X( u)(VX(u)) is a non-singular subvariety of V}A(,m), since gog/m) is
locally biholomorphic and the Jacobian of €5 is non-zero at each 3 € ©.

From the definition, it is clear that Ey y ) = Lp;m) ogso @5(1(0), and the
Jacobian of the right hand side is non-zero at each @ € Vx(q). Hence EYX(a)

is a biholomorphic map from Vx4 to EYX(u)(VX(u))' This implies E};;(G)
is regular on whole EyX(a)(VX(a)), since the variety Ef,X(a)(VX(a)) is non-

singular. 0
5. The construction of a Galois action

In this section we will construct a certain Galois action on holomorphic
modular forms with respect to arbitrary unitary groups. This is a generalization
of the main theorem of [15].

Let K, F be as above and T' € K] be a “normal” skew-hermitian matrix

with respect to a CM-type ¥ = (¥,),ca as in (1.1). We define CM-types
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U(T,1),¥(T,2),...,9(T,m —2q) as in Section 1. Set

o € Aut(C),
ao

ai
€ (K )m—2a+1,
Cir,w)(C) =4 (0;T,¥;0) : (Ky) ’

IS
I

Gm—2q
where ag € gy(0),
and a; € gy(r,j)(0) for 1 < j <m —2q

where K}° denotes the non-archimedean component of the idele group K.

Note that, for any o € Aut(C), there exists some (0;7,¥;a) € Ci7,4)(C). If

(0;T,V¥;a) € Cr,p)(C), we can easily see that (pop;T,V;a”) € Cr,u)(C),

ag
ay

where a” =

afn72q

For any (0;T,¥;a) € C(r,)(C), take B(o;T,V;a) € GL(m, Kp) as

apal apal
+ 7501, (3= =51

(

N [=

B(o;T,V;a) =

P P
(4 - 2y, 4+ 25y,
The following theorem is the main theorem of this paper.

Theorem 5.1.  Let T be a “normal” skew-hermitian matriz with re-
spect to a CM-type W, which is ezpressed as in (1.1). For any (0;T,¥;a) €
O(T»‘I’)((C); take T € K™ as

(o, a)T - 14
L(J7 al)tl

~:
I

L(O’, am—2q)tm—2q
(o, a9)T” - 14

Then T is a “normal” skew-hermitian matriz with respect to the CM-type Vo
Given any f € My (T, V), take an open compact subgroup Dy, of U1(T, ¥)n so
that f € My(T, V) (Uy(T,¥)a x DL) NU(T,¥)). Then there exists f(71-¥:0)
€ Myeo (T, Wo) which satisfies the following property.

(i) In case g >0, for any & € U(T7 Vo), we have

(5.1) (fOTYD e d)eo(T, Vo) = ((flea)leo(T, V)7
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Here o € U(T, W) is an element such that
(5.2) an € D}, - B(o; T, V; a)anB(o; T, U5 a) b
The action of o in the right hand side of (5.1) is as defined in (2.2).
(ii)  In case ¢ =0, for any & € U(T,¥o), we have
(f Y10 a)(0) = {(f1r)(0)}7,
where a is as in (5.2).

Remark 1.  Using Lemma 3.1, we can easily prove that T is “normal”
with respect to Wo. Moreover, the dimension of a maximal isotropic subspace
with respect to 7' is also g, the signature of —v/—1 - TV ig (ry, 8y) for each
v € a, and we obtain W(T',j) = U(T,j)o for 1 < j <m — 2q.

Remark 2.  The map ¥, — B(0;T,V;a)inB(o; T, U;a)~! gives an iso-
morphism of U(T, ¥o)y, onto U(T, ¥)y. It is because we have

B(o:T,V;0)Th' B(o; T, W5 0) = x(0)Th,
where Th and Ty, denote the non-archimedean components of T and T.

Remark 3.  Clearly the modular form f(77-¥) is uniquely determined,
since the set sey(7,w0) @0€0(H7) (or {d(O) ’07 e U(T, ¥o) } if g = 0) is dense
in O(T, Vo).

Remark 4. For any & € U(T,¥o), there exists o € U(T, ¥) which
satisfies (5.2). Indeed, this follows from the strong approximation property of

Uy (T, @), since we have ( det(a) 1 ) € U(T,¥) and
m—1

det(&) -t
B(a;T,fo;@ahB(a;T,w;g)l( et(d ) € UL(T, W),

1mfl

Before proving this theorem, we need some preparation. First, for (o; 7, ¥; a)
€ Crr,0)(C), take A(o;T,V;a) € GSp(m, F)ay and C(0; T, V;a) € GSp(m —
2q,F) a4 as

Gy Cs
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where
ai1+af
2
az+ab
2
Cl - )
aWL*2q+afn72q
2
tix(o)(a1—al)
2a1af
tax(o)(az—af)
2azab
CQ - 9
tm—?qX(o-)(am—2q_afnfzq)
pr— -
t7 (a1 —af)
2 -1
ty (az—af)
2
03 = )
i1, (a —a’ )
m—2q m—2q m—2q
2
x(o)(a1+af)
2a1af
x(o)(az+af)
2aza}
Cy=
X(U)(amf2q+afn72q)

I3
2am -2y, o4

Then we have v(A(o; T, V;a)) = v(C(o; T, ¥;a)) = x(o) and hence A(o; T, ¥; a)
€ gﬂ”% C(o;T,¥;a) € Qimfzq). By a computation, we obtain

53) I5(T, ) (B(o; T, ¥;a)Zn B(o; T, ¥;a) ")

. = A(0; T, 9; a)I5(T, Vo) (Zn)Alo; T, U;a) "L,
for any #, € U(T, ¥o)y. It is obvious that

(5.4)
A(o; T, W;a) =

-1
]-m 0 ]-m72q 0 - -
< 0 X(U)1m> ann—2q7q (12113 < 0 X(U)lqu) C(O’,T,\II,Q),12(I> .

We have the following lemma.

Lemma 5.2. (i) In case q > 0, take Y. Y € 2 U, U € Z9 and a
congruence subgroup T4 of Sp(q, F) so that

Y = A(o; T, V;a)Y A(o; T, 50) Y,

" = (% o )7 (G x(£)1q>_l’
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and

OXT@ 5 Fgl) =UNGSp(q. F),

-1
- 1, 0 s ((1g 0
Lym—20a <p<q>,12m4q,< g ) p(q)( o g ))

C Fg?m) =Yn GSp(m, F).

For z,z € $5 which satisfy
@ @ (1 o N\ (o]
Dizy | 7la q q
vy () = [JUU << 0 x(0)l, ) ) (¢ (z))] ’

T T, :0) (607 (5(T, W) 0 0(T, W) (2) ) )

= o\ (e5(T, W) 0 (T, W)(2))” .

we have

(ii) In case ¢ = 0, we have
T (A(eyT \I/'a))( (m) (g (T \IW)(O))) = o™ (e5(T, 0)(0))°
vy y Ly ¥y 6 QOY o\, Py s\4, )
where Y, Y € Z0™ are as in (5.5).

We can easily prove this lemma combining (5.4), Lemma 3.4 and Lemma
5.3 below.
Lemma 5.3.  Put
(YT
(T,2)
ty a
c0 = . € f)m—2q7

W (T,m—2q)

tm—2q

(1o, ar)ty) VTV

z:O = .. € ﬁ?nf2q'
(¢(o, amf2q)tmf2q>ql(T7m72q)

Then for any Y € Z(m=29) we have
m—2 m—2 X m—2 ~N\NO
Jf/f/ q)(C(UQTa‘I’;Q)) (tp% q)(zo)) = <p§f q)(zo) ,

where Y = C(0;T,V;a)YC(0; T, U;a) " € Z20m20),
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This lemma is easily verified by using Proposition 3.2 and Lemma 3.4.
Now, using Lemma 5.2, we obtain the following proposition.

_Proposition 5.4.  For any X e Z(T, Vo) and Y € Z2M o that
Is(T,%o)(X) CY, we have

(AT 0 a) (Brx (V7)) = (Brx (7))
Here the bars mean the Zariski closures in Vém) and V}Sm), and

Xn = B(0;T,9¥;0) XpB(o; T, ¥;0) 7,
Y = A(0;T, \I/;Q)}}A(O';T, U;a)~! e zm),

where Xy and X denote the non-archimedean components of X € Z(T,¥)
and X € Z(T, Vo) respectively.

Proof. Note that Ey ¢ (Vy), By x(Vx) are subvarieties of V(m) V(m)
dim (EY/)"((V)"()> = dim (EYX(VX)). In case ¢ > 0, consider the set

p= {a(so(f, Vo) (2)) 'z € %2, ae U(T, Vo) } .

Then P is dense in ’D(’f’, Uo). In the same way, take a dense subset P of
D(T, V) as

P ={a(eo(T,¥)(2)) |z € H2, a € U(T,¥) } .

Using (5.3) and Lemma 5.2, we easily obtain
T (AT, 0:)) (94 (5T, 0)(P)) ) = [0 (s w)(P))]

Hence we obtain our assertion since P, P are dense in D (T, ¥o) , D(T, ).
In case ¢ = 0, we can prove this proposition in the same way, since the set

{d(O) ‘d e U(T, \IIJ)} is dense in D(T, ¥o). O

Proof of Theorem 5.1.

From now on we will prove Theorem 5.1 when ¢ > 0. The proof in the
case where ¢ = 0 is easier.

First take any 6 € ./\/lgm)(@) such that 0les(T,¥) # 0 and consider
g(A(@ T Wa),0) ¢ ./\/l(m (Q) (where the action of (A(c;T,V;a),0) is as de-
ﬁned in Proposition 3.5.) It is possible since v(A(o;T,¥;a)) = x(o). For
0,70 € 92 _y, as in Lemma 5.3, take h € M 2q)((@) so that h(Zy) # 0.
Then this implies h(C(T¥:2).0) (7)) =£ (.
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We first prove this theorem in case f € M,.1(T,¥) where & is a positive
even integer. For such an f, define f € A,.1(T, Vo) by

F3) = ox ((20) /2 0les(T,0)/2) o (By k)
(5.6) 0 IV (A T, Wia)) o (9" (e(T, ¥0) 5)))
« p(C(o:T,T50),0) 2 —K/2 o ((Q(A(UT\IJ a |E (T \IIJ)) (3))K/2.

Here X € Z(T, V), X € Z(T,¥o) and Y,Y € Z(™ which satisfy the following
conditions (1)—(6).
(1) Xp = B(o;T,%;a) ' XwB(0; T, ¥;a), where X}, and X}, denote the non-
archimedean components of X and X.
(2) Y = A(0; T, ¥;0) 'Y A(0; T, U3 a).
) I;i(T,0)(X) C Y, I;(T,¥o)(X)C Y.
4) K*T'x/K* and Fxl"(m)/FX are torsion free.
) Eyx(Vx) = Eyx(Vx) and EYX is regular on whole Ey x (V).
)

(3
(
(5
(6) h(Z0)"/%f(0les(T,¥))~"/2 (€ Ao(T, ¥)) is written as

i (h(éo)“/Qf(0|55(T ¥))~"/2) 0 px with a rational function

®x (h(Z0)~/2f(0les(T, ¥))~"/?) on V.

We can take such X,X,Y,f/ by virtue of Theorem 4.1. Now we have

constructed a regular morphism
(5.7) (EYX) o J(m)(A(U;T,\IJ;Q)) oEyg: Vg — Vg

(for any o € Aut(C)), which is essentially same as the one constructed in [6].
Clearly f does not depend on the choice of X, X,Y,Y. Moreover, using
Lemma 5.3, we easily see that f is independent of h. Let us prove that f is
also independent of 6.
It suffices to prove

[©x ((01es(T, ¥))/(B:les(T, ¥))) © By k]
(5.8) o J}(/“;/)(A(O'; T,¥;a))o0 (pg:n) oes(T, Vo)
_ (egA(O';T,\I/;Q),U) /0&4(0 T, g),o‘)) oes (j—,’ \I/O')
on ®(T,Wo) for 61,0, € ./\/l(lm)(@) so that 01|es(T, W) £ 0, O2|es(T,¥) £ 0.

Note that QEA(U;T"P;Q)’U) les(T, Wo) # 0 then. The content in the square blacket

of (5.8) is equal to the restriction of @@m)(el/(b) on Fyx(Vx). We can easily
verify (5.8) since we obtain

(I)Ym) (01/92)0 o J}(/T‘;) (14(0_7117 \I’,Q)) o (pg/ H(A(U T,%;a),0 /Q(A(a T, W5a),0)

from (6) of Proposition 3.5.
At each3e®D(T, ¥o), take f € M({”) (Q) so that gATV:9).9) (e (T Wo)(3))

#0. Then 6les(T,¥) is non-zero on <p;{1 (Eygf o {J;n;) (A(o;T,¥;a))
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. ~ ~
(gof;,m) (65(T, Vo) (j)))] ) for sufficiently small X, X,Y,Y satisfying the con-

ditions in (5.6). This implies that f is holomorphic at . Hence we have
fEMea(T, Vo). }

Let us prove that the modular form f satisfies the property required for
fleT¥sa)  pyg

(00 eqm—24q)(21,22,28) = Y 01i(21)02,i(22)03.:(23),

=1

with 0y ;,03, € MSQ) (Q) and 0y; € M(lm_2q) (Q). Then from (5.4) and Lemma
3.3, we have

(OAETTDN 0 oy g) (21,20, 28) = D07 ,(21)085 7T (29)08 4 (25).
From (2.4) and (2.5), we obtain
((Bles(T, ©))|eo(T, U)) 2922 70)01.4(2)03.4((—6%)2),

where (—6%) = ((—=62),)vea € R? and the both sides are viewed as modular
forms with respect to z € $3. Using Lemma 3.3 and Lemma 5.3, we can get

59) POET Y0 (Z)71 (AT ¥ D0 ey (T, Wa)) oo (T, Wo)
= {n(Z0) " (0les (T, W) |eo (T, ¥) }*

where the action of ¢ in the right hand side is as defined in (2.2). Substituting
£0(T, Wo)(z) for 3, we view (5.6) as a function in z € $H2. Take 0 € ./\/l(lm)(@)
so that (0les(T, ¥))[eo(T, ¥) # 0 on §Hj. Then from (3.1) and Lemma 5.2, we
have

(fleo(T, o))/ (h(C(U;T&;g)’U) (Z0)~* ((Q(A(U;T’\P;g)’”) les(T, Wa))|eo(T, \IJU)) ) "
= (FleolT 1))/ [{h@o)*lwleém Dleol, 1)y

Note that ((A@T:¥:0).9) |cs(T, Wa))|eo(T, o) # 0 because of (5.9). Combin-
ing this with (5.9), we obtain

(5.10) (Fleo(T o)) = (Flzo(T, 9))"
Fix 0 € ./\/lgm)(@) and take an open compact subgroup D] (resp. W)

of Uy(T, )y, (resp. Sp(m, F)n) so that f € M1 (T, ¥)((Uy(T,¥)a x DL) N
UL(T, ), § € M{™ ((Sp(m, F)a x W) N Sp(m, F)) and I5(T, ®)(D},) € Wh.
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For such D}, Wy, and any & € U(T, Wo), take o € U(T, ¥) as in (5.2). Then
fleaa and 8|11s(T, ¥)(«) are independent of the choice of a. Moreover, we
obtain

(011 15(T, W) () HTT2:0) = AT V)0, [T, Uo)(a),

from Proposition 3.5 and (5.3). Substituting f|..1c, 0115(T, ¥)(a) for f, 0 in
(5.6) (and taking X, Y in (5.6) sufficiently small), we obtain fle1c instead of
f. This means

(fle1@)leo(T, ¥o) = {(flaa)leo(T, ¥)}7 .

Hence we have proved that f satisfies the property of f(e:T-¥a),

Given f € My(T,¥) of an arbitrary weight k¥ € Z?, let us prove the
existence of f(@T"%@)  To prove this, we need to construct an example &, €
Myt2s,1(T, V) such that there exists &(,U;T’\P;g) € Mergsvl(ﬂ Vo) for each
V€ a.

Put |a] = [F : Q] and express a as a = {v1,vs,...,V}a }. In Section 3 of
[15] (or essentially in [9]), we constructed a Cg:;l—valued holomorphic function
A on $H2 which satisfies

ui (v, 2)
(H det (™) 3 >> AG2).

vEa (m)

U\a\ (77 )

for any v € T where I'™ is a certain congruence subgroup of Sp(m, F').
The Fourier coefficients of A are all Q-rational. Express A in the form

Ay,
Ay,

Av\a\

with C70 -valued functions A, (v € a) on H2. Then, for each v € a and any
o€ Aut((C) we have
A7 = Avo’a

v

where the action of ¢ in the left hand side is that on each Fourier coefficient
(in the sense of (2.2)). At each zy € $H2,, we can choose such A so that

det(A(zp)) # 0 (which is shown in section 3 of [15]).
The function A, satisfies

(H det (™ ( ,z))) M (7, 2) Ay (2)

v'ea
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for any v € T'™. For each v € a, we define the Cm‘a‘ -valued holomorphic
function A, on ®(T, ¥) by

Am#lﬂ{@iﬁq@wwwu@wmﬁﬂmmﬁ]

X wy (3) N T )™ (C(T,0) 7 e5(5)) Au(es (3))-
Using (2.3), we obtain

ANMDZ{HdMMﬁWW}(M%w M&”)Am>

v'ea

for any o € ', where I' is a certain congruence subgroup of Uy (T, ¥).
For each v € a, take é(lﬂ,) = (é(l,v),v’)v’eaa 2’(1}1,) = (2(1}1,)7@/)1/.53 S 573‘?.,”_(]
and 2(2,1}) = (Q(Q,v),v’)v’Eaa 2(2,1}) = (Q(Q,v),v’)v’Ea € ﬁ;,—q as

- Faw O = Zaw O
0 ( 0 2@ ) ’ ( 0 2w /'

where 7y and 7, are as defined in Lemma 5.3. Moreover, we define
Cirwy (0T, W) € GV, Oy (03T, Wia) € G by

0

Cawma Caw
Ciiwy (03T, Ws5a) = ( (1,v),1 C(l, ),2 >
(1,’0)73 (1,’[})74

. . Ciovyi Crve
C'(271)) (07 T, \I’,Q) = ( CEQ ;; 5 CEQ Z; A )

where Cr1)1, Caw)zy Cawys Cawya € (Fa)t—d and Cuoyas Cl)2s

Ty —q
C(Q’ru)73, 0(271,)74 € (FA)z"_g so that
Cai 0 Caw)2 0
C(o;T,¥;a) = 2.), (2.),
( @) Ci)3 0 Cliv)4 0
0 C2,0),3 0 Cia)a

Clearly we have
V(C1,0)(0;T,V;a)) = v(Crawy(0; T, ¥50)) = x(0).

Take h(y.) € ./\/l(r“ 9 (Q) and h2,v) € MU“:’_; q%(Q) so that h ) (21,0)) # 0
and h(2.)(2(2,0)) 7é 0. We construct a holomorphic function &, on D(T, ¥) by

1 —a o
&) = (—57“’”) det(Z2.0),0) " h(1,0) B1) " Rz ()

x det ((oig 157,)&(5)62) ,
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with any Q € Q7 where 05v denotes the zero matrix of size s, X 7.
Then we can easily verify &, € Myyos,.1(T,¥). At each 30 € D(T, V), if

det(A(es(30))) # 0, we can take Q € leal so that &,(30) # 0 (since the rank
of A, (30) is exactly m then). R
In the same way as the definition of A, we define the C™

~ m|al
A, on (T, o) by

H {(_%5‘1’#”) h det (w ()~ 1,u,(Jm)(C(T7 5)_1,56(5))) }]

v'€a

X Wi (3) IV 7 e (C(T,8) 1, e5(3)) AT Y217 (25(3)),

-valued function

A,G) =

where 3 € ©(T, Vo), e5 means e5(T, ¥o), and the action of (A(c; T, ¥;a),0) is
as in Proposition 3.5 (on vector-valued modular forms, stated in 10.2 of [14]).
Take C-valued function &, on (T, ¥o) as

; ((L(Ua ag)7) "7

—q
£.6) = ) detCGaaan)

(C(1,0y(0;T,¥3a),0) (C(2,0) (03T, W50a),0) X _
X h(1(vl) : Gaw)” lh(z,(;) : (Z2m) ™

x det (072 1.,)A0()Q)

where () is same as in the definition of £,. Note that th“) w(eiT.¥a), U)( 210)) #

Ca.0) (0T, ¥5a),0) , % . ~
0 and hEQ,(vz)y ) ) ) )(Z(g}v)) 7{0 simce h(l,v)(z(l,v)) 75 0 and h(g’v)(Z(g}v)) 75 0.
It is clear that &, € Mygy2s,.1(T, Yo).
Now let us prove that &, satisfies the property of £77"Y%) . First let us

consider &,|eo(T, ) and &,|e0(T, o), which are holomorphic modular forms
on 7. By a computation, we have

(&l£0)(2) = h(10) E10)) " hia Gaw) ™
0s»—7 (Q%*”"7 1 0sv—4
x det <( ql OII 1 0;}“ 1 5‘1’% 1, ) Ay (es oso(z))Q) .

q Ty —q Sy—q

In the same way as in Lemma 3.3, we can put

z
0sv+—¢ 0°%*"7 1 0sv—4 21
det 4 To—q Coemd a A
( ool ol 5%-1(1) v 2 ©

= h1i(21)ha,i(22)gi(2),

i=1

where hy; € M(T” 9 (Q), ha,i € iji;’;q{(@), gi € Miﬁ%v,l(@) and z € 97,
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21 € N, _q)» 72 € O, _y)- Then we have

Osqu OSv*q 1 Osv q
q Tv—4q Sv—q
det < 1, 07 _, 0of 5%0-1q>

Tv—4q Sv—q

z
o 21
x A o Q
(—6°)z
= Z hi’z(zl)hgl(@)gf(z)

=1

Hence we obtain

0sv—¢ (%12 1. _ 0sv—4

e (70T L )
l, ol _, ol _ . 6%,

x ALAET¥50).0) 1 Q

(—6%)z

C1,v)(0;T,¥5a),0 C,v) (0T, ¥;a),0 o
_Zh( (1) D0)(, 1)h;,¢(2 )( ) )(22)% (2).

Combining these, we obtain
(&oleo(T, ) (2) = h(1) (1) e (Baw)

X Z h1i(Z10))h2,i(22,0))9i(2),
i=1
and

~ ~ (C(1,v)(o;T,¥50a),0) (C(2,0)(0;T,W5a),0) % _
(&oleo(T', ¥o))(2) = h(l ) ) g (Z2w)~"

(Clv (3T, %;a),0) (C(2,0) (03T, W3a),0) o
th o (Zam)hg, " (R (2),

for z € YJZ‘. From Lemma 3.4 and Lemma 5.3, we have

(Ca,v) (03T, ¥50),0) —1; (Ca,0) (05T, %50),0)
(1,(1;1)) ((1 )) 1h '(1 ) ‘ (

z Z1.0))
= {h0) (Gaw) " hi(2 (u))}”,

E

)~

C2,v)(0:T,¥5a),0 Clo.0)(0:T,W5a),0
BT o) M T (B )

(2,v)
= {h(2,v) (2(2 v) h2 1(2(2 1)))}0 .
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Hence we obtain
(5'11) évlgO(Tv \IJO') = (§v|€0(Tv \I/))g

For any o € U(T,¥) and & € U(T7 Uo), let us consider &,|y42s,.10 and

(Is(a),1) ( (A(U;T7‘I’;Q)15(5t)70)) for A, (

§U|M+25v 10 Substituting Ay resp. Ay

AGATTE2)0)y o g0t €[ yras,.100 (TeSP. Eulvor2s,.16) instead of &, (resp. &,).
Take open compact subgroups D}, Wy of Uy (T, ¥)y, Sp(m, F)y respectively,
satisfying the following conditions (1)—(3).

(1) & € Mysas, 1 (T, ¥)(Ur(T, ¥)a x DL) N UL (T, ¥)).

(2) Ig(]ﬁ!P)(l)ﬁ) C Wh.

(3) A = A, for any v € (Sp(m, F)a x Wn) N Sp(m, F).

For such D}, Wy, take o € U(T,¥) and & € U(T,¥o) as in (5.2). Then we
obtain

resp.

(Eoloot20,18)|20(T, W0) = {(&]ut2s,10) |20 (T, ¥)}7
instead of (5.11), since we have

AgA(U;Tﬁl’;Q)Is(d)ﬂ) — Agfa(a)A(o;Tﬂl’;g),a).

This means that &, satisfies the property of &7 %)

For any k € Z® and any f € My(T, V), take I = (I)vea € (NU{0})? so
that £+ 3 ., lu(v+2s, - 1) = k- 1 for some positive even integer x. Taking
(non-zero) (&y)vea as above, we define

f= (fde)(U;TM < (sfomve) ™

vea vea
Note that ¢y € a) are non-zero since so are &,. Hence we have
f € Ago (T, ¥o). Let us prove that f does not depend on the choice of (&,)yea.
Take different couples (&1.,)vea and (€2,4)vea for (§,)vea. Put

g=/T1 (nehn) € Mapan(@ 0),

veEa

Then both of

(03T, %30) L
(5.12) (f 11 5%) I (E%T,w;g))

veEa vEa
and
(0;T,%;0) .
(5.13) (f H gé’jv> . H ( ﬁf;T,\If;g)) "
vea vEa

satisfy the property of g(7T-¥2)

shows our claim.

. Thus the two functions above coincide, which
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Next let us prove that f is holomorphic. At each j € D(T, Vo), take
(€v)vea so that T, .. (T8 (3 £ 0. Tt is possible if we take A so that
det (AMA@T¥:2).9) (5(5))) # 0, and choose suitable @ € Q! for each v € a.
Then f is holomorphic at 3. Hence we have f € Mo (T, Uo). We can easily
prove that f satisfies the property of f(@T"%%) gince we can take (&,)yea SO
that ] (7 T-%:9) i3 non-zero at a given point in (T, Vo). d

vEa SV

The following lemma is an immediate consequence of the theorem above.

Lemma 5.5.  For any f € My(T,¥), take an open compact subgroup
D} of Uy(T,¥)n so that f € My(T,¥)(U1(T,¥)a x D) N U (T, ¥)). Then
we have

(f|kﬂ)(0;T,\I';@) — f(U;T7\I';g)|kUﬂN’
for any B € U(T, W) and B € U(T, Vo) so that

Bn € Dy, - B(o; T, ¥;0) BuB(o; T, ¥;0) 71,

where By and Bn denote the non-archimedean parts of B and .

6. Relation with Hecke operators

In this section we will define Hecke operators and prove that the Galois
action constructed in the previous section is compatible with them.

First of all, we need to define cusp forms. For k € Z?, we denote by
Sk(T, ¥) the set of all f € M (T, ¥) such that (f|ra)leo(T, ¥) are cusp forms
in ./\/lfcq) for any a € U(T,¥). In case ¢ = 0, we set Si(T, V) = My (T, P).
Then this definition of cusp form is equivalent to that of Section 10 in [12].
Obviously we have Sy (T, ¥)(@T¥2) = S, (T, Vo).

We also need to define inner products of modular forms. There exists
a unique measure d3, on (T, ¥), which is invariant under the action of
U(T,¥),, up to positive constant multiples. Take a measure d3 =[], .., d3, on
D(T, V). Then dj is clearly invariant under the action of U(T, ¥),.

Let f,g € My(T,¥) and assume that either f or g belongs to Si (7T, V).
Take a congruence subgroup I' of U(T, ¥) so that f,g € My (T, ¥)(I") and put

vea

(f. g) = meas(T\ D(T, ¥)) ! /

\D(T,¥

) mg(éi) {H det(n, (3))1% } dj,

vea

where 7, is as in section 1 and

meas(I' \ D(T, ¥)) = / d;.

I\D(T,¥)

Note that (f, g) is independent of the choice of I'. It is clear that

(61) <f|kaag|ka> - <fag>
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for any o € U(T, ).

To define Hecke operators, we have to consider adelized modular forms.
Let D be a subgroup of U(T, ¥) 4 which is written as D = U(T, ¥), x Dy, with
some open compact subgroup Dy, of U(T, V). For any k € Z?, we denote by
My (T, ¥)(D) the set of all functions f : U(T, ¥) 4 — C satisfying the following
conditions (1)—(3).
(1) f(zdn) = £(z) for any dy, € Dy,.
(2) £(Bx) = f(x) for any § € U(T, ¥).
(3) For each p € U(T, V), there exists an element f, € My(T, ¥) such that
f(py) = (fplky)(0) for any y € U(T, ¥)a.

Then we easily have f, € My(T,¥)(pDp~' N U(T, ¥)). Using the strong
approximation property of Uy (T, ¥), we can take a finite subset B of U(T, ¥)y
so that

(6.2) U(T,¥)4 = | |U(T, ¥)bD  (disjoint union).
beB

Then the map f — (fy)en gives a bijection from My (T, ¥)(D) onto
[Tyes Mi(T, ®)(bDb~ NU(T, ).

We write simply f < (f,)p or £ < (fi)pen to indicate that f, (resp. fy) is
determined by f for each p € U(T, V) (resp. b € B) by (3) above. We denote
by Si(T, ¥)(D) the set of all f — (f,), € My(T,¥)(D) so that f, € Si(T,T)
for each p € U(T, ¥)p.

Let £ < (f)oeB, 8 <« (gb)peB € My (T, ¥)(D) and assume that either f or
g belongs to Si(T, ¥)(D). Then we define the inner product of f and g by

<f7g> = |B|71 Z<fbagb>a

beB

where |B| denotes the number of elements in B. We can easily verify that (f, g)
is independent of the choice of B.

The Galois action can also be constructed on the space of adelized modular
forms.

Theorem 6.1.  For any f < (f,), € My(T,¥)(D) and any (o;T, V; a)
€ Cir.v)(C), there exists @10 — (f5)5 € Myo (T,N\Ila)(D) such that f; =
fISU;T’N\IJ;Q) if p = B(o;T,%;a) 'pB(0;T,¥;a). Here T is as in Theorem 5.1
and D is a subgroup of U(T, Vo) 4 defined by D = U(T, Vo), X Dy, where

Dn = B(0;T,¥;0) ' DuB(0; T, ¥;a)  (C U(T, Wo)y).

Proof. Take B as in (6.2) and put £ < (f3)pen. Set

B= B(o;T,¥;a) 'BB(0; T, ¥;a) C U(T7 Uo)p.

Then clearly

U(T,¥o)a = |_| U(T, ¥o)bD (disjoint union).
beB
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We take £V o (fi); o so that f; = £ if b = B(o; T, ;a)~'b
B(o;T,V;a).

Next let us consider f, for any p € U(T,¥)n. Because of (6.2), p can
be written as p = (nbdn with some b € B, d, € Dy, and non-archimedean
component By of some 8 € U(T,¥). Then we have f, = fp|3~'. Put p =
B(J;T7\I/;Q)_1P~B(J;T7\I/;Q) € U(T7 Vo). From the strong approximation

property of Uy (7', W), we can write p as p = Bnbdp with b= B(o; T, V; a)~th
B(o;T,W¥;a), some dp € Dy, and non-archimedean component (3, of some
B € U(T, Vo) so that det(3) = det(83). Then we have

fﬁ = fg|kvﬁ71,
where f(77%:9) < (f5);. Then clearly
Bt € (bDpb~ N U (T, ¥)y)B(o; T, ¥;a) 6y, ' B(o; T, W5 a) L.
Using Lemma 5.5, we obtain

f5 = filue 871 = (folu DY) = f;SU;T’\I’;Q)~

Obviously, f(@T"%:9) ¢ Si. (T, Wo)(D) if and only if f € S (T, ¥)(D).
For D as above and any y € U(T, ¥)y, put

DyD = |_| Dn (disjoint union),
ney
where Y is a finite set contained in U(T, ¥)y. For f € My (T, ¥)(D), we define
f|DyD by
(6.3) (f|DyD)(x) = Y f(an™")

ney

for any = € U(T, ¥)4. Note that f|DyD does not depend on the choice of Y,
and f|DyD € My (T, ¥)(D). By a computation, we obtain

(6.4) (f|DyD)(0;T,\I/;g) — f(osT, W) |ﬁg[)

for any (037, %;a) € Cir,9)(C), where § = B(o;T,¥;a) 'yB(o;T, ¥;a) €
U(T7 Uo)p, and D is as defined in Theorem 6.1. The following lemma is proved
in 11.7 of [12].

Lemma 6.2. Let f,g € My(T,V)(D) and assume that either f or g
belongs to Sk(T,¥)(D). Then we have

(f|DyD,g) = (f,g|Dy ' D),

for any y € U(T, ¥)y,.



684 Atsuo Yamauchi

Hecke operators with respect to unitary groups are defined in Section 11
of [12]. Let V be a vector space over K of finite dimension and ¢ be a non-
degenerate hermitian form on V over K. For each non-archimedean prime p of
F, put

V, =V ®o, O,.

Take an Og-lattice L in V. We denote by p4(L) the fractional ideal of Op gen-
erated by {¢(l,1) |l € L}. Put O, = Ok ®0, Oy and take an Ok, -lattice Lin

V. We denote by u¢(ﬁ) the fractional ideal of O, generated by {g{)(l, l) ‘l el }

An Og-lattice L in V' is called maximal if there exists no O-lattice L'inV
such that L G L' and pg(L) = pg(L'). Similelurly, an OKp—latticeAL in Vj is
called maximal if there exists no OKp -lattice L/ in V,, such that L ; L’ and
pe(L) = pg(L').

For an Of-lattice L in V, define the Ok, -lattice L, in V,, by L, = L ®0,.
O,. Then the following lemma is proved in 8.10 of [12].

Lemma 6.3.  Take an Og-lattice L in V. For each finite prime p of
F, we have py(Ly) = py(L)y, where py(L), denotes the fractional ideal of Oy
generated by ps(L). Moreover, L is mazimal if and only if L, is mazimal for
each finite prime p of F.

For an Og-lattice L in V and « € GLk (V) 4, there exists a unique Ok-
lattice Lz in V' which satisfies (Lz), = Ly, for each finite prime p of F', where
x, denotes the p-component of z. This is proved in 8.3 of [12]. Clearly, we have
(Lxy)xe = L(x122) for any 1,29 € GLE (V) 4.

For a “normal” skew-hermitian matrix 7" with respect to a CM-type ¥ and
s € K* so that s” = —s, we define a hermitian form ¢, on K} as

or,s(y1,y2) = 1 (s7'T)'yh (y1,y2 € K.

Let L be a maximal Og-lattice in K}, with respect to ¢rs. For any x €
U(T, )4, Lemma 6.3 shows that Lz is also a maximal Og-lattice with respect
to ¢r,s. Moreover, for any (0;7,¥;a) € C(r,9)(C), we can easily verify that
the lattice LB(c; T, ¥;a) is a maximal Og-lattice with respect to ¢, where
T is as defined in Theorem 5.1.

As stated in 11.10 of [12], we can take a maximal Og-lattice M in K}
(with respect to ¢r,) such that pg, (M) = Op. Take the dual lattice M of
M with respect to ¢r s, that is,

M = {z e K}, |75 (2, M) C '},

where 0 denotes the different of K relative to F. For any integral ideal ¢ of
Op, take a subgroup D = D(c¢, M) of U(T, ¥)4 as

Mz =M and Mp(xp — 1) CepM,
D=D(¢,M)=< 2 €U(T,V)4| for any finite prime p of F
such that p|c
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For such D and any finite prime p of F', put
Z)P:ZIDFWLKJZ‘D)P
where U(T, ¥), denotes the p-component of U(T, ¥) 4. Then we have

D=U(T,¥)a x [] Dy,
pEhp

where hr denotes the set of all finite primes of F'. We define a subgroup X of
U(T> \II)A by

Xnh ={y € U(T,¥)n |y, € D, for every p|c},
X = U(T, ¥)a x Xn.

Let R(D, X) be the free Z-module generated by the set {DzD |x € X}. This is
the so-called Hecke ring. (For details, see 11.10 of [12].) An element of (D, X)
acts on My (T, ¥)(D) by (6.3).

Next let us consider the action of (037, ¥;a) € C(r.g)(C). Put M =
M - B(o;T,¥;a). Then M is a maximal Og-lattice in K}, with respect to
(bf,s' In the same way, we take

M= {ac € K}, ’¢T7S(x,]\;[) C 0_1}
=M - B(0; T, V;a),
D = D(c, M)
) M = M and My(Fp — 1) C cp M,

T € U(T,Yo)a| for any finite prime p of F
such that p|c

We can easily verify D = U(T, U0 ), X [loen, D,, where D, = DNU(T, ¥o),.
Moreover, we have

H bp :B(O';T7\I/;Q)7l H Dy | B(o;T,%;a),
pchp pEhp

and hence D coincides with that defined in Theorem 6.1. Put
Xn=1{7€U(T, Vo) ’ﬂp € D, for every p|c}

= B(o;T,¥;a) ' XnB(0; T, V5 a),
U(T,\IJO')a X :%h-

x

W;a)D (where xp, € Xp)

Hence the map DxyD — DB(o;T,V;a) 'ayB(o; T,
).

gives a ring isomorphism from 9R(D, X) onto R(D

)
i

T
x
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For any Ok-ideal a, we denote by ¥(a; D, X) € R(D, X) the operator T'(a)
defined in 26.10 of [14], corresponding to D and X. In the same way, we denote

by %(a; D, X) € (D, %) the operator T'(a) corresponding to D and X. Now, if

T(a; D, X) ZD:th

then we easily see

(6.5) T(a”; D, X) ZDm;lD
and
(6.6) T(a;D,X) = DB(0;T,¥;a) 'wnB(0; T, ¥; ) D.

Combining (6.5) and Lemma 6.2, we obtain
(6.7) (f]%(a; D, X), g) = (f, g[T(a”; D, X)),

if f,g € My(T,V)(D) and either f or g belongs to Si(T, ¥)(D). We have the
following proposition.

Proposition 6.4.  Take any f € My(T,¥)(D) and (0;T,¥;a) €
Cir,w)(C), and let T and D be defined as above. Then the following asser-
tions hold.

(1) For any Ok-ideal a,

(£]%(a; D, %))\ 7T = T Vi) |5 (q; D, X).

(2) Assume f|Z(a; D,X) = Ma)f with some Aa) € C. Then we have
T V9| T(q; D, X) = A(a) £ T V0,

The asssertion (1) follows immediately from (6.4), and (2) is an immedi-
ate consequence of (1). From this proposition, we easily obtain the following
lemma.

Lemma 6.5.  Take an Og-ideal a. Assume that £|%(a; D, %) = A(a)f
with some non-zero £ € My (T, ¥)(D) and A(a) € C. Then A(a) is an algebraic
number.

Proof. For any o € Aut(C/Q), we can take (o; T, ¥; 1 729T1) € C (1 ¢)(C),
1

1

where 1m~24tt = [ | (€ (K})™ 24T!). Then we have B(o;T,¥;1m20t1)
1

= 1, flosTw;1m =20ty My (T, ¥)(D), and

f(U;T’W;17n72q+1)|{Z(a;D,}:) _ /\(a)af(a;T,\Il;1m72q+1)'
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Since My (T, ¥)(D) is a finite dimensional vector space (over C), T(a; D, X)
has only finitely many eigenvalues. This means that {A(a)” |0 € Aut(C/Q) }
is a finite set. If A(a) is not algebraic, it is an infinite set. Hence we have

Aa) € Q. O
We have more precise results about Hecke eigenvalues as follows.

Theorem 6.6.  Take 0 # f € Si(T,¥)(D) and assume that £|T(a; D, X)
= Ma)f with X(a) € C for any Ok-ideal a. Then the field Q({\(a)},) is a
CM-field or a totally real algebraic number field of finite degree over Q.

Proof. TFirst let us prove that each A(a) is contained in a CM-field. From
Lemma 6.2 and (6.5), we have

(f]%(a; D, X), ) = (£, £|Z(a”; D, X)).

Since f is a common eigenform of all T(a; D, X), we obtain A(a) = A(a”). For
any (0;T,V;a) € Cr,w)(C), take D and X as above. Then we have

£V T (. D, X) = A(a)7f(@TVia)
£V g (P, D X) = (\(a))7 £V,
On the other hand, we have

(o) | g(q. D, X), floT W)y — (pleiT¥ia) g(oiT¥ia) |\ qe. D X)),

Hence we have A(a)? = (A(a))? for any o € Aut(C). This means that each
field Q(A(a)) is a CM-field or a totally real algebraic number field since A(a) is
algebraic.

Next we will prove that the field Q({\(a)},) is finite degree over Q. Let K’
be the Galois closure of K over Q. Then K’ is also a CM-field. Let h’ be the
set of all non-archimedean primes of K’ and we denote by Kj, (resp. K'p,) the
non-archimedean component of the adele ring K, (resp. idele group K’ 1) The
archimedean component of K, (resp. K'}) is denoted by K’ (resp. K'%).

] For o € Aut(C/K’) and b € K'}, (C K'}) so that [b~1, K] = olk:,, we
define

N\,I/(T,l) () NK’/K* (b)

W(T,1)

Nr,w)(b) = € (K)m—2att,

N‘/I’(T7m*2‘I) © NKI/K;/(T,'HL72q) (b)

Then we have (o; T, ¥; Ni7.¢)(b)) € Crr,w)(C). Moreover, we obtain ¥o = ¥,
B(o;T,V; Ny (b)) € GU(T, ¥)y and fT N ®) e My (T, ) for any
feMg(T, ).

Take an open subgroup Pp of [[, . Op (C K'})) so that B(o;T,¥;
Ner,w)(b)) € KD for any b € Pp and o € Aut(C/K’) corresponding to b.
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Then PpK’* K'% /K'* K’ is an open subgroup of K’} /K'*K'% , where the
bars mean the closures in K’ ;. Let K/, be the finite abelian extension of K’ cor-
responding to Pp K'*K'’ /K'* K'’,. For any o € Aut(C/K),), take b(c) € Pp
so that [b(0) ™", K] = 0|k, and consider the action of (o; T, ¥; N(7,4)(b(0)))
on My (T, ¥)(D). Then its image is also contained in My (T, ¥)(D), since we
have T =T, o = ¥, k% = k and D = D from B(o;T,V; Nep,w (b(0))) €
KX D. Moreover, we also have X = X in this case. Hence, if f € S(T, ¥)(D)
satisfies £|T(a; D, X) = A(a)f with A(a) € C for each a, then

(6'8) £ T Wi N (T 0 (b(0))) |T(Cl; D, _’{) — )\(a)Uf(U;T7‘I’;N(T,\I/)(b(a)))

for any a. The space Si(T, ¥)(D) is of finite dimension over C and common
eigenforms of {T(a; D, X)}, are mutually orthogonal if they have different eigen-
values for some a. Hence there are only finitely many common eigenforms in
Sk(T, ¥)(D) whose eigenvalues are different. Now, the equation (6.8) implies
that Q({\(a)},) is finite degree over KJ,, and hence over Q. O

In a certain case (if ¢ is sufficiently small), the Hecke ring (D, X) is
commutative and hence the space Si (T, ¥)(D) is spanned by common eigen-
forms of {ZT(a;D,X)},. (For details, see §20 of [12].) In this case, for any

(0;T,V¥;a) € Cp,p)(C), and corresponding T, D, % as above, we easily see
that S- (T, ¥o) is also spanned by common eigenforms of {T(a; D, .’%)} , since
-~ a
R(D, X) is isomorphic to R(D, X). )
We can easily see that B(o;T,¥;a) ' B(pop; T, ¥;a”) € U(T,¥o)y. For
f € My (T, ¥)(D), we define f(@T-¥2):~ € M. (T, Vo) (D) by

flTWie) = (z) = feorT e (3(B(o; T, ¥;0) "' Blpop; T, ¥; 0”))
for each & € U(T, Vo) 4. Then we have the following conjecture.

Conjecture. Let 0 # f,g1 and g2 € Si(T,V)(D) be common eigen-

forms of {%(a;D,X)}, having the same eigenvalue for each a. For any
(0;T,V;a) € Cir,u)(C), we have (flosTWa),— f(TW5a)) £ () gnd

<g§o;T,‘I’;g)7—7gév;T,‘I’;g)>: (g1,82) T
(f(@Ta),— f(oT,V5a)) (f,f)
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