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Abstract

We determine the composition factors of the polynomial represen-
tation of DAHA, conjectured by M. Kasatani in [Kasa, Conjecture 6.4.].
He constructed an increasing sequence of subrepresentations in the poly-
nomial representation of DAHA using the “multi-wheel condition”, and
conjectured that it is a composition series. On the other hand, DAHA
has two degenerate versions called the “degenerate DAHA” and the “ra-
tional DAHA”. The category O of modules over these three algebras
and the category of modules over the v-Schur algebra are closely related.
By using this relationship, we reduce the determination of composition
factors of polynomial representations of DAHA to the determination of
the composition factors of the Weyl module Wé") for the v-Schur alge-
bra. By using the LLT-Ariki type theorem of v-Schur algebra proved
by Varagnolo-Vasserot, we determine the composition factors of wim
by calculating the upper global basis and crystal basis of Fock space of
Uq(sly) when v is a primitive ¢-th root of unity.

This result gives a different way from the determination of decom-
position number of wim by H. Miyachi or B. Ackermann via the modular
representation theory of the general linear groups.
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1. Introduction

Double Affine Hecke Algebra

The double affine Hecke algebra (DAHA) is a 2-parameter analogue of
the Iwahori-Hecke algebra introduced by I. Cherednik in [Ch1]. This algebra is
closely related to the symmetric or orthogonal polynomials. In [Ch2], Cherednik
proved the Macdonald inner product conjecture by using DAHA.

The DAHA H, ¢ - of type GL, is generated by

. +1 +1 .
Ti(lgzgn—l),Xj Y (1<j<n),

and has two parameters ¢ and 7. The generators T; satisfy the Hecke relation
(Ti - 41/2)(Ti + C*I/Z) = (0 and generate the Iwahori-Hecke algebra of type
A. The two subalgebras (T;(1 <i <n—1),X;(1 <j <n))and (T;(1 <i <
n —1),Y;(1 < j <n) are both isomorphic to the affine Hecke algebra of type
GL,,. The parameter 7 appears in some relations between X and Y.

The DAHA has a faithful representation on C(¢*/2,7)[ X . | XF1] de-
fined by difference Dunkl operators. This representation is called the poly-
nomial representation. If ( and 7 are generic, the non-symmetric Macdonald
polynomials are simultaneous Y -eigenvectors.

The category consisting of Y-locally finite modules of DAHA is called the
“category O”.

The Kasatani Conjecture

Recall that the DAHA has a faithful representation on the Laurent poly-
nomial ring, called the polynomial representation. If ( and 7 are generic, this
representation is irreducible and Y-semisimple. But if the two parameters of
DAHA specialized at (‘7" = 1, then the polynomial representation is not any
more irreducible and Y-semisimple in general.

M. Kasatani constructed in [Kasa] the increasing sequence of the subrep-
resentation of the polynomial representation by using the “multi-Wheel condi-
tion”. He conjectured that this sequence is a composition series of the polyno-
mial representation of DAHA.

Main results
In this paper we prove Kasatani’s conjecture when

(4,r) =1 and ¢ # 2.

In the rest of this introduction, we explain the strategy of our proof of this
main results.
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The DAHA has two degenerate versions, simply called the “degenerate
DAHA” and the “rational DAHA”.

Degenerate DAHA

Roughly speaking the degenerate DAHA Hde,% is obtained from DAHA
by degenerating T" and Y. This algebra is generated by the following three
subalgebras:

C[Xlil"" 7Xr:::1]7 C&,, (C[yla"' 7yn]7

and this algebra has one parameter h.

The degenerate DAHA has the category (O)?Leg consisting of y-locally finite
modules. By T. Suzuki in [Sul], [Su2], this category and the irreducible modules
are studied. Especially this category has the standard modules induced from
the irreducible representations of the symmetric group, and irreducible modules
as a unique simple quotient of the these standard modules.

Rational DAHA

Roughly speaking the rational DAHA Hra is obtained from DAHA by
degenerating 7, X and Y. This algebra is generated by the following three
subalgebras:

(C['rla"' 7'23”]’ CGTM (C[yla 7y7l]7

and this algebra has one parameter h.

The rational DAHA has also the category O*** consisting of y-locally nilpo-
tent modules. The category O}?" are studied in [GGOR]. Especially this cate-
gory has the standard modules induced from the irreducible representations of
the symmetric group, and irreducible modules as a unique simple quotient of
these standard modules.

v-Schur algebra

The v-Schur algebra S, (n) has two different definitions.

First is the quotient of the quantum universal enveloping algebra U, (gl,,)
in the tensor representation of the vector representation, introduced by A.
Beilinson, G. Lusztig, R. MacPherson in [BLM]. By using their result, J. Du
[Du] established the surjective map U4(gl,) — S,(n). Here A = Z[v,v™}]
and Uy is Lusztig’s A-form of U,(gl,,). For a partition A of n, we define a
Sy(n)-module W which has a highest weight Aje; 4+ Xogg + -+ + A, as a
representation of U4(gl,,) via the above quotient map. The dimension of W}
is equal to the number of semi-standard tableau of shape A\. We call W the
Weyl module associated to A. Specializing v at a primitive ¢-th root of unity,
W2 has a unique simple quotient L. Then {L} | A - n} gives a complete set
of representatives of the irreducible representations of S,(n).

Second definition is the endomorphism ring of the permutation module
of the Iwahori-Hecke algebra, introduced by R. Dipper and G. James in [DJ].
Moreover S, (n) is a quasi-hereditary cover of the Iwahori-Hecke algebra H,, ,,
see [Rou2]. Then the Weyl modules W,} gives standard objects of the category
Sy(n)-mod as a highest weight category in the sense of [CPS].
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Relationships of these algebras
The category O of DAHA and its two degenerate versions and the category
of the v-Schur algebra are related as seen in the following figure;

category O

xe

category @f;g

J 2)

category @:%

category S(n)-mod

W IR
S~—

(1) Varagnolo-Vasserot’s block equivalence [VV2]

The category O of the DAHA and the category of Q4 are not
equivalent. But we can consider the specialized DAHA HSf”') where
the two parameters specialized at (7" = 1 and (¢,7) = 1. Let

O be the category O of H%””). Further, we can consider the
subcategory XOQm) of OWr) consisting the modules such that all
the Y-weights of them belong to the affine Weyl group orbit of x.

And we can consider the similar full subcategory X@f;’% of @f’j%. If

X satisfies some conditions, then the categories XO(¢") and XQ, /e
are equivalent. This equivalence is a direct generalization of the
equivalence between some category of representations of the affine
Hecke algebra and the one of the degenerate affine Hecke algebra
proved by G. Lusztig in [Lus].

(2) T. Suzuki’s embedding [Sul]
T. Suzuki proved that the rational DAHA can be embedded in the
degenerate DAHA. Moreover the functor Hf:% ®pgrat, — is fully faith-

ful and exact. It is known that the standard module and its (unique)
simple quotient are sent to the standard module and its (unique)
simple quotient under the above functor.

(3) R. Rouquier’s equivalence [Rou2]
rat

R. Rouquier proved that the category O Tt is equivalent to the cat-

egory of S,(n)-mod at v = v/1 unless £ # 2. And he proved that
the standard modules are sent to the Weyl modules of the v-Schur
algebra. This had been conjectured in [GGOR).
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(4) Lascoux-Leclerc-Thibon type conjecture

Since S. Ariki proved the LLT conjecture on the decomposition
numbers of the cyclotomic Hecke algebra in [Aril], the modular
representation theory of Hecke algebras are closely related to the
representation theory of the quantum enveloping algebra and the
theory of the crystal and global basis. Moreover M. Varagnolo
and E. Vasserot proved the extended version of the LLT conjec-
ture about the decomposition numbers of v-Schur algebra in [VV1].
By this result, the decomposition numbers [W;} : L*] for v-Schur al-
gebras are described by the transition matrix of the standard basis
and the global basis of the Fock space of Uy (sly).

Therefore we can reduce some problems of the representation theory of DAHA
to some calculations of the global basis of the Fock space. The main result of
this paper is based on this strategy.

By using the above strategy, we can reduce the determination of the com-
position factors of the polynomial representations to the one of the Weyl module
W) It is again equivalent to the determination of the coefficients of the upper
global basis G"P(1) in the expansion of specific standard base |(n)) in the Fock
space. We calculate this coefficient and obtain the following

n

[W(n).Lu]{ Litp=p (0<isN=|7])
v 0 otherwise

On the definition of the partition ,ul(-n), see Definition 6.1. Note that this result

is true for £ = 2. However since Rouquier’s equivalence (3) is not proved at
{ =2, we cannot prove the Kasatani conjecture at £ = 2 by our method.

This paper is organized as follows.

In Section 2, we review the double affine Hecke algebras and Kasatani’s
conjectures for the composition multiplicities of the polynomial representations
of DAHA. In Section 3, we recall two degeneration of DAHA, the trigonometric
DAHA and the rational DAHA, and their category O. In Section 4, we describe
connections between the category O and the module category of the v-Schur
algebras. In Section 5, we recall the notion of the crystal basis and the lower

and upper global basis on the Fock space representation of Uy (sl;). In Section
6, we state and prove the main theorem of this paper.

Remark 1.  After writing this paper, the author found some prior works
for the determination of decomposition numbers via the modular representation
theory of the general liner groups.

The results for d,) (1) = [ngn) : L!] were proved in [Mi, Lemma 12.2.4
and Corollary 12.2.6]. He described the composition factors of the Steinberg
modules for the general linear groups. The g-decomposition numbers d,) ,(q)
were also conjectured in [Mi, Conjecture 12.2.19]. In not only [Mi], the determi-

nation of [ngn) : L¥] was also obtained by B. Ackermann [Ack]. He determined
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the whole Loewy (radical) series of the projective cover of the Steinberg mod-
ules.

Remark 2.  After submitting this paper, P. Etingof and E. Stoica [ES]
established Kasatani’s conjecture in full generality, especially containing the
case of £ = 2. Their approach are different from our strategy and Miyachi
or Ackermann’s studies. They used some parabolic induction and restriction
functors for rational Cherednik algebras by R. Bezrukavnikov and P. Etingof
[BE].

2. DAHA and the Kasatani Conjecture

2.1. Notations for affine root systems and affine Weyl groups

We will use the following notations for the affine root system and the affine
Weyl group of type A.

Let b be an (n + 2)-dimensional vector space over C with basis

h=EPCel & CeaCd.
i=1

Let b* be the dual space of h, where ¢;, A and ¢ are the dual basis of ), ¢ and
d;

h* =P Csi @ CAa Co.
i=1

There exists a non-degenerate symmetric bilinear form ( | ) on b defined by
(ele}) =05, (eflc) = (¢/d) =0, (cld) =1, (cle) = (d|d)=0.

The natural pairing is denoted by ( | ) : h* x h — C. There exists an isomor-
phism h* — b such that

girel, dre, Ae—d.

We denote by hY € b the image of h € h* under this isomorphism. We can
introduce the bilinear form ( | ) on h* through this isomorphism, and then

(h|k) = (h|kY) = (hY|kY) for h,k € b*.
Put
aij=¢e;—¢€j, 1<i#j<n) o=a,+1 1<i<n-1).
Then

R={ajll<i#j<n}Ch’,
Rt = {Oéij S R|Z < _]}7
II = {0513"' 7an—1}
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give the set of roots, positive roots and simple roots of type A,,_1, respectively.
Put

g = —Q1p + 0.

Then

R={a+kSla €R, ke Z} Ch*
Rt ={a+kblae Rt k€ Zso}U{—a+kélac R, keZs},
ﬁ = {05070[1, T 7an71}
give the set of real roots, positive real roots and simple roots of type Aslllh

respectively.
Let P and PV be the weight lattice and co-weight lattice defined by

P:éZei ch*, PV= éZsiV ch.
=1

i=1
We introduce the affine Weyl group of type Afllzl.

Definition 2.1. The extended affine Weyl group W, of type Ag_)l is
the group defined by the following generators and relations;

generators : Sg, 81, " ,Sn—1, Wil,

relations: s7 =1 (0 <i<n-—1),
$i8i418i = Si+18iSiv1 (1 € Z/nZ,n > 2),
si8; =858, (J#i,i+1),
ws; = Siam (i € Z/nZ),

rlr =gl =1.
The subgroup (s1,- - ,$p—1) is isomorphic to the symmetric groups &,,. The
subgroup (sg, s1,- - ,Sn—1) is called the (non-extended) affine Weyl group of

1
type AL,

We can describe the extended affine Weyl group as a semi-direct product
group. Put

Xel = TSpn—-15n—2"""S51, Xsi = 7Ti_1X517T_i+1 (2 <i< n)

Then there exists an embedding P — W,, defined by ¢; — X.,. We denote by
X, the image of 7 € P under this embedding. Then there exists an isomorphism

W,=2Px6, = <Xei (1§i§n),51,"' 73n—1>

such that
wX,ﬂUfl = X’w(n) (we 6,, neP).
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Here the symmetric group G,, acts on P by s; : €; <> €;41.
The extended affine Weyl group W,, acts on h* by

Sl(h) =h-— (Ozl|h)011 (h S b*),

X, (1) = ot @l = { alt) + 5 )G
m(e) =1 (1<i<n-—-1),

w(en) = €n — 0,

m(A) = A,

7(0) = 4.

The dual action on b is the following;

si(h') = h' —(ai|h")a;” (b € 1),

X%y = 0 0V = ) + Sl 618 e
R =l (<i<n-1)
W(EX) = €r\i -G
7(c) = ¢,
mw(d) =d.

2.2. Double affine Hecke algebra and its Polynomial representation
2.2.1. Double affine Hecke algebra of type GL,

Let K be a field C(¢*/2,7). The double affine Hecke algebra of type GL,
is defined as follows.

Definition 2.2.  The double affine Hecke algebra H,, ¢ - of type GL,, is
an associative algebra over K generated by

T, (0<i<n-—1), Y, (ne Pz, !
satisfying the following relations

Y;? =T,
(T = )T+ ¢ 2 =0 (0<i<n-—1),
LT T =T TiTi (i € Z/n7Z),
T;T; =T;T; (otherwise),
(
(

Y,, Y
T;Y, = YouTi = (¢V? - C_l/Q)# 0<i<n-—1),

nl; = Ti+17'(' xS Z/nZ),
Yy = Yo,
YoYe = Yye.

The two subalgebras

Hn( = <T17"' 7Tn71>7
Hn( - <T13"' 7Tn—17Y7] (WGP»
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are isomorphic to the Iwahori-Hecke algebra of type A,,_1 and the affine Hecke
algebra of type GL,, respectively.

Remark 3. PutY; =Y., and
X1 ZTl"'Tn_lﬂ'_l, Xz Zﬂ'i_leﬂ'_H_l.
There is another description of generators and relations as the following;

generators : T; (1 <i<n-—1), inl,Xjﬂ (1<j<n),

relations :  (T; — ¢2)(Ty +¢7V/2) =0 (1<i<n-1),
Tl =T Tl (1<i<n-1),
T = T5T; (li = j1 = 2),
T2X1+1E:Xz (]. §z§nfl),
1;X; = X;T; (J#1i,i+1),
TYT; =Y (1<i<n-1),
TY, = VT, (i +1),

X, Xey, =1,

X; <HYk>=T<HYk>Xj (1<j<n),
k=1 k=1

n(ILn>=r@IXQY3 (1<j<n),

k=1
X X;=X; X, X;X; ' =1 (1
VY =YY, Y, =1 (1

2.2.2. Polynomial representation
The DAHA 'H,, has a representation on K[zF!,--- z£!] defined by the

rn

difference Dunkl operators. This representation is called the polynomial repre-
sentation.

Proposition 2.1.

(1) The DAHA M, ¢, has a representation on Klzi!, - xF] defined by the
following,

X; — x; (multiplication),
T (M2%si + L}:UQ(& -1),
Tip1;  — 1

Y; — TJfl T T Ty,
where s; is the permutation of x; and x;11, and

(wf)(xlv"' »xn) = f(Tilxnaxla"' 7-Tn71)~

(Note that m = X; Ty - T,_1.)
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(2) This representation is the induced representation from the one-dimensional
representation of H;‘Lﬁé defined by the following,

A

Here

n—1 n-—3 n—1
2’ 2’ ) '

P(Ph"'>Pn)< -

Remark 4. If {,7 are generic, this polynomial representation is irre-
ducible and Y-semisimple, namely the action of the commutative operators
Y; (1 <4 < n) are simultaneously diagonalizable. The simultaneous eigenvec-
tors for Y;, are the non-symmetric Macdonald polynomials. For more details,
see [Kasa].

2.2.3. Category O of DAHA
Let H,, ¢, r-mod be the category of finitely generated H, ¢ -modules. Put
C[Y] to be the subalgebra of H, ¢ - generated by Y, (n € P).

Definition 2.3.  The category O is the full subcategory of H, ¢ --mod
consisting of modules which are locally finite with respect to C[Y]. Here we say
that a module M € H, ¢ -mod is locally finite with respect to C[Y] if C[Y]v
is finite-dimensional for any v € M.

Note that the polynomial representation of H, ¢ . belongs to O.
Suppose M € O. Then M has a generalized weight decomposition

M= M,

XEb*

where M, = U {v € M|(Y, — ¢))ky = 0 for any 7 € P} .
k>1

Let us set Supp(M) = {x € h*|M,, # 0}.

Definition 2.4. The category XO is the full subcategory consisting of
the modules M such that Supp(M) C W,, - x.

Note that the polynomial representation of H, ¢ r belongs to “O.

2.2.4. Specialized parameters
In this paper, we will specialize the two parameters ( and 7 at

CZTT:]. (2§€§n,1§7‘, (6770):1)

We assume that (, 7 are not roots of unity. Let Hsf’r) be the algebra H, ¢ » with
the parameters specialized as above, and V,W) the polynomial representation
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of H{"™). Generally, the representation Vi\"" is not irreducible and not Y-
semisimple in general.

Let us define the full subcategories O¢") and XO¢") of H%E’T)-mod simi-
larly to the generic case.

2.3. Kasatani’s Conjecture on the polynomial representation
of DAHA
M. Kasatani constructed in [Kasa] the subrepresentations of VTSE’T) using

“wheels” of variables with length ¢. This is called the “multi-wheel condition”.
In this section, we will recall his construction based on [Kasa).

Definition 2.5.  Let Z\*" be the subset of K contained in (21, y2n)
€ K™ satisfying the following conditions;

there exist distinct indices
i1, ,t0€{l,---,n} (1<j<m)
and positive integers
Sj1, 80 €L (1<j7<m)
such that
Zi;, =CTY2, . (1<j<m, 1<i<Y),
‘
Zsj,a:r (].S]ﬁ’ﬂl),
a=1
ij,a-i—l > Z'jﬂ if Sja = 0.
Let us define the ideals
I = {f e K[z, - 2l f(2) = 0 for all z € Z(4MY.
We call the defining relation of I,(,f’r) the multi-wheel condition.
We introduce Kasatani’s result and conjecture.
Theorem 2.1 ([Kasa, Theorem 6.3]).  Let N = |%|. The sequence
0= I(()&"‘) g Il(&"‘) g 12(5"") g_ . _I](\fﬂ") g I](\fi?_ _ V’rgﬁ,r)-

. . . . lr
is an increasing sequence of subrepresentations of 74N

We call the following conjecture the Kasatani Conjecture on the polynomial
representation of DAHA.
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Conjecture 2.1 ([Kasa, Conjecture 6.4]).  The above increasing se-
quence of subrepresentations of Vn(é’r) is a composition series, namely the quo-
tient representations

LY/ (02a <)

are irreducible. Especially note that the number of composition factors of VTEZ’T)
is equal to N +1 = L%J + 1.

3. Two degenerate versions of DAHA and their category O

3.1. Trigonometric degeneration of DAHA

In this section, we will recall two degenerate versions of DAHA and their
category @. They are called the “trigonometric degeneration of DAHA” and
“rational degeneration of DAHA”.

3.1.1. Trigonometric degeneration of DAHA
Let us define the trigonometric degeneration of DAHA, simply called de-
generate DAHA.

Definition 3.1. The degenerate DAHA Hie,gl of type GL,, is an asso-
ciative algebra over C generated by

T 50,51, Snets ygeg (n € P&®Zd)

satisfying the following relations

deg __

Yoes o+ e __d

Yoty =y, (n,& € P),

<7T:t17 S0, 51, "+ * >5n—1> = (CWna
Yoos — yoes

siygeg — yff,%sl = hmT 0<i<n-1,neP),

deg _ ,d ‘
ﬂ-y’qeg - yw%gﬂ-?
for h € C\{0}.
Recall another generators Xi,---,X,,s1, -+ ,S, of the extended affine

Weyl group W,,, namely

X1 = TMSp—-1Sp—2""*S1, Xl :7T171X17T7’L+1.

3.1.2. Standard modules and Category 0% of degenerate DAHA

Let Hi?;‘f—mod be the category of finitely generated Hi?,%—modules. Let

C[y9°®] be the subalgebra of Hi'?% generated by y3° (n € P).

Definition 3.2.  The category @ffg is the full subcategory of Hi?;‘f—mod
consisting of modules which are locally finite with respect to C[yde2].
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Suppose M € (O)?Leg . Then M has the generalized weight decomposition

M= P M,,

X€h*

where M, = U {ve M|(ygeg — (n]x))*v = 0 for any n € P}.
k>1

Let us set Supp(M) = {x € h*|M,, # 0}.

Definition 3.3.  The category X@?Leg is the full subcategory consisting
of the modules M such that Supp(M) C W, - x.

The degenerate DAHA Hie,% has the polynomial representation on

C[mlﬂ, -,z More generally, we can introduce the standard modules.

rn

Definition 3.4. Let S be a irreducible G,,-module. Then S becomes a
C6,, ® C[y?e8]-module by the following action of yd°;

deg N n—1
Y; = - Sji — 72 .
1<t

The standard module A?Leg (S) associated to S is the induced module of the
C&,, ® Cly]-module S to HyY;

deg

de Hn,
ASIE(S) = IndCGZ®C[ydeg] S.

Especially, the standard module A}dleg(triv) associated with the trivial rep-
resentation of &,, is isomorphic to the polynomial representation of H?le,%
Namely, the polynomial representation of Hie,gl is induced module from the

one-dimensional C&,, ® C[y98]-module:
sim1(1<i<n—1), yi®—p; (1<j<n).

Recall that p = (p1,--+, pn) = (=255, =252, -+, 251).

. Note that the polynomial representation A?Leg (triv) belongs to the category
P8

e

Proposition 3.1 ([Sul]).  For each irreducible representation S of &,
the standard module Aieg(S) has a unique simple quotient denoted by L?Leg(S),

3.2. Rational degeneration of DAHA
3.2.1. Rational degeneration of DAHA

Let us define the rational degeneration of DAHA, simply called rational
DAHA.
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Definition 3.5.  The degenerate DAHA H} of type G L, is the asso-
ciative algebra over C generated by

TV (’I]VEPV), 81, ,8n—1, y;at (77€P)
satisfying the following relations

Yt oyt =yt (n,£ € P)
Tyv + Ty =apvier (V€Y € PY)
<517 e ,Sn_1> = C6n7

WTV = Typyv W (w e 6,),
w3,
hsi; (if i # j)
oy =9 1-hY s (fi=j) -
ki

for h € C\{0}, where z; = z.v, yj*" = y**.

3.2.2. Standard modules and category Q"' of rational DAHA
Let ]H[fff%—mod be the category of finitely generated Hffﬁl—modules. Let
C[y**] be the subalgebra of H}?} generated by y;** (1 € P).

Definition 3.6.  The category O} is the full subcategory of H*}-mod
consisting of modules which are locally nilpotent with respect to y*t. Here a
module M € Hﬁ}l—mod is locally nilpotent with respect to y™* if for any v € M
there exists N > 0 such that (y!2")Nv =0 (1 <i <n).

The rational DAHA H!*' has the polynomial representation on
Clz1,- - ,x,]. More generally, we can introduce the standard modules.

Definition 3.7. Let S be a irreducible &,,-module. Then S becomes a
C&,, ® Cly™]-module by the following action of y!*';

y{atS =0.

The standard module Aj*(S) associated to S is the H;®,-module induced by
the C&,, ® C[y*']-module;

b QY T gt

A?La (S) - Indc@,'n(@c[yrat] S.

The standard module A} (triv) associated to the trivial representation of &,
is isomorphic to the polynomial representation of Hg“%

Note that the polynomial representation A} (triv) belongs to the category
o5t
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Proposition 3.2.

(1) Thi standard modules A}*(S) have a unique simple quotient denoted by
Lp*(S).

(2) The set {L}*(S) | S € Irr&,} is a complete set of representative of
irreducible representations of Hff%

3.2.3. Embedding to degenerate DAHA
The rational DAHA can be embedded to the degenerate DAHA proved by
T. Suzuki.

Proposition 3.3 ([Sul]).  The following homomorphism from Hff‘ﬁl to

deg - L
H,, 1, is an embedding;

Si > Si,
v

;X = X It where X1 = wsp_1 - 51,

X

T — deg n—1
gt e X g Y st 2
1<k<j

4. Relationships between category O and v-Schur algebras

In this section, we will explain the relationships of some categories.

4.1. Relationship of © and 0

The categories @ and Q98 are not equivalent. But there exists an equiv-
alence of categories between their full subcategories when the parameters are
special. The following theorem proved by Varagnolo-Vasserot [VV2] using an
analogous way by Lusztig [Lus].

Theorem 4.1 ([VV2], [Lus]). If x € b* satisfies that
(nlx) € Z and (d|x) € Z for any n € P,

then the categories XOT) of the specialized DAHA HY™ and X@f/e% of the

degenerate DAHA Hief/g are equivalent.

4.2. Embedding of 0" to Qi
By the embedding H}?}, — Hf:}%, we can define the induction functor H;®; -

mod to Hff%—mod.
Theorem 4.2 ([Sul]).
(1) The functor
O — 05 M — HE Qgray M

is fully faithful and exact.
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(2) The above functor sends the standard modules to standard modules, namely
ARE(S) = H,F @pray AR(S).
Especially, AL (triv) = Hi?% ®prar, AR (triv).
(3) The above functor sends the simple module L*3*(S) to L?Leg(S), namely
Ly (S) = H,F @pray Li?(S).

Thus we obtain [AN®(S) : LI8(S")] = [A4(S) : LE24(S")] for each irre-
ducible representations S and S’.

4.3. ov-Schur algebra S,(n)

The v-Schur algebra was introduced by Dipper and James [DJ]. They used
the Iwahori-Hecke algebra H,, , of type A. For a composition p = (p1,- - , itn)
of n, namely u € Z%, and u; + pz + --- + pp = n, let us denote by &, the

Young subgroup &,, x --- x &, . Set m, = Z Ty € H,,. We define the
weG,

left H,, ,-module M* = H,, ,m,. We call this module the permutation module

for u. We consider the direct sum M of permutation modules;

M:@M”.
"

The v-Schur algebra S,(n) is the endomorphism ring of M;

S,(n) = Endyy, , (M)°P.

On the other hand, Beilinson-Lusztig-MacPherson ([BLM]) constructed
the v-Schur algebra by using a geometry of partial flag varieties. Let us consider
the quantum enveloping algebra U, (gl,,) and its vector representation C™. Let
(C™)®" be the quantum tensor product representation;

Us(gl,) — End((C™)®").

Then the v-Schur algebra S,(n) is isomorphic to the image of this homomor-
phism, namely we have a surjective algebra homomorphism U, (gl,,) = S,(n).
Set A = Z[v,v71]. By using the above result, J. Du [Du] established the
surjective map Un(gl,,) — S,(n). Here Uy(gl,,) is Lusztig’s A-form of U, (gl,,).

For a partition A of n, the Weyl module W} is a S, (n)-module which has
a highest weight Ae1 +- -+ A&, as a representation of U4(gl,,) via the above
quotient map. Its dimension is equal to the number of semi-standard tableau
of shape \. If we specialize v at a primitive /-th root of unity, W} has a unique
simple quotient L). Then {L} | A - n} gives a complete set of representatives
of the irreducible representations of S,(n).
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The v-Schur algebra S,(n) has a cellular algebra structure in the sense
that Graham-Lehrer ([GL], e.g. [Mat]). The Weyl modules W} gives the cell
modules of S,(n).

Since the permutation module M naturally becomes an S, (n)-module, we
can define the following functor;

S :Sy(n)-mod — H,, ,-mod; given by N — M ®g ) N.

We call this functor the Schur functor.

When we specialize v at a primitive /-th root of unity, S(L}) # 0 if and
only if A is f-restricted, i.e. \;_1 —\; < £ for any i. Set D)} = S(L}). Then we
obtain the set of H, ,-modules {D) | \ : f-restricted}. This gives a complete

representatives of the irreducible representations of H,, , at v = V1.

On the other hand, we can obtain &,-modules S* for S} = S(W.) by
specializing v at 1. If A = (n), S* gives the trivial representation of &,,.

4.4. Equivalence of S,(n)-mod and Q"

R. Rouquier proved in [Rou2] that there exists an equivalence of categories
between O™ and S, (n)-mod. Set AL (N) = Af}}(S’\).

Theorem 4.3.  Let us consider the categories Q%' and S,(n)-mod at

1
v=+/1. When h = % ¢ 3 + Z, there exists an equivalence of categories
gRoud . § (n)-mod (O)i,%
such that if h < 0 the Weyl module W} are sent to the standard modules
Arat ()\)
r/el

4.5. Summary on the case of polynomial representation
We defined three functors in preceding sections:

s O 0,
ra ra de
v t : @T/té —_— @T/%7
whend : §(n)-mod — Q.

The two functors PW9s and WROU4 are equivalences of categories, and the func-
tor Ut i fully faithful and exact. The representation

p\deeg(\I/rat o \PRouq(W(n)))

is isomorphic to the polynomial representation of H%’T).

We can reduce the determination of the composition factors of the poly-
nomial representation of H'") to the one of the composition factors of S(n)-
module W™ by using the above correspondence.
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5. Global and crystal basis of fock space

5.1. Quantum enveloping algebra U, (;[e)

n —n

Let us recall the quantum enveloping algebra U, (;[g). Set [n] = %
Let the matrix A = (a;;)o<i<e—1 be the Cartan matrix of type Agl_)

if £ > 3,

1- Namely,

2 =7
a;j =4 —1 i=j+1(mod/)
0 otherwise

2 =2
A= ( 2 )
Definition 5.1. The quantum enveloping algebra Uq(;[g) is the asso-
ciate algebra over C(q) generated by

and if £ =2

satisfying the following relations
KK; = K; K,
K,E; = ¢"E;K;,
KiFj = q_aiijKi,

K, — K !
q—q!
EE; = EjE; (ifi#j+1),
F,F; =F;F; (ifi#j+1),

EiFj — FJEl = 5i,j

)

and the g-Serre relations,

if £ > 3,
E?Eiil - (q + q_l)EiEiilEi + EiilEZ-Q =0,
F}Fis1 — (q+q ")FiFia1Fy + Fi FP =0,
if =2,
E}Eip1 — [3]E?Eis1E; + B|E;iEis1 E? — E;41E? = 0,
FiSFiil - [3]Fi2FiilFi + [3]FiFiﬁ:1F7;2 — Fiﬁ:lEiQ = O’
The indices in the above relations are to be read modulo #.
U, (SA[g) is a Hopf algebra with a coproduct given by
AT (E)=10E +E oK, ',
AT(Ki) =K ® K;.
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There exists another coproduct A+ on U, (sA[n) given by
AY(E)=E®1+K,®E;,
ANE)=FeK "+1F,
AY(K;) = K; ® K;.
When we consider the lower and upper global basis, we will use these two
coproducts.

5.2. Two realizations of Fock space
_In this subsection, we will describe two realizations of the Fock space of
U,(sl;), the “Hayashi realization” and semi-infinite wedge space.

5.2.1. Hayashi realization

Let us recall some notations and definitions.

A partition A = (A1, Ae,---) is a non-increasing sequence of natural num-
bers. The corresponding Young diagram is a collection of rows of square boxes
which are left justified and A; boxes in the i-th row. Let P be the set of all
partitions.

Definition 5.2.
(1) The content of box x € A is defined by
c(z) = col(z) — row(x).

Assume that we are given a positive number ¢. The f-residue of a box x is
defined by resy(z) = ¢(z) modulo 2.

(2) If a partition p is obtained by removing a box x from a partition A, the
box z is called a removable box in A. Conversely, if a partition A is obtained
by adding a box x to a partition u, the box x is call an addable box in u. If a
removable [resp. addable] box x has residue i, we call the box x an i-removable
[resp. i-addable] box.

We will use the following notations for the description of the Hayashi
realization.

Definition 5.3. Let £ be a fixed positive number. Assume that a par-
tition A is obtained by adding a box z to a partition u.
NP\, 1) = #{y € Ay is an i-addable box below z}
—#{y € Ayis an i-removable box below z},
N\, ) = t{y € A|ly is an i-addable box above z}
—t{y € Aly is an é-removable box above x},
N;(A) = #{y € Ay is an i-addable box} — #{y € A|y is a i-removable box},

Let |A\) be a symbol associated to the partition A € P. The Fock space of
U, (sl,) is defined

F=@PCc@.

AEP
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~

In [Ha], T. Hayashi defined the U,(sl;)-action on the Fock space F.

Theorem 5.1 (the Hayashi realization of the Fock space).  The Fock
space F becomes a Ugy(sl,)-module via the following action;

EN =Y M),

resp(A/v)=i
b
Ex =3 ¢,
rese (1) N)=i
Kil\) = ¢V M) (0<i<e—1).

Note that the operator E; removes one box from A, and F; adds one box to .

A proof of this theorem can be found in [Ari2].

5.2.2. Wedge space

We will recall the realization of the Fock space as a semi-infinite wedge
space. This section is based on [KMS].

Let V = C* with basis vy,--- , v, and V(2) = V ® C(q)[z, 2~ ] with basis
Uj_aqe = 2°v;. Then U, (;[g) acts on V' (z) by the following way;

(5.1) By =6(m—1=1i mod£)um_1,
(5.2) Fity, = 06(m =1 mod £)up, 41,
(53) Kiuy, = qﬁ(mzi mod ¢)—§(m=i+1 modZ)um.

This module V (z) is called the evaluation module of U, (;[g).

Let I = (---,i2,41,499) be a semi-infinite sequence of integers such that
ig > 41 > i > --- and i, = —k if K > 0. Let u; be a semi-infinite wedge
product,

UL = N Uiy N Uiy N Uy,

This wedge product satisfies the following relations; if & > m,

U AUy, = —Um Aug, (K =m modd),
U N\ Uy = — QU N\ Ug
+(¢° = 1) {tm—i A Wi — QUi—e A Ukt + @ Ui A Upogi — -

(m—k=14 modl,0<i<).
Let vac_g be the k-th vacuum vector defined by
vac_g = AU_(p42) N U—(k+1) N U—k-

Definition 5.4. The Fock space of Uq(;[g) is defined by
F =P Clo)ur,
I

where I runs over the set of semi-infinite increasing sequences of integers such
that iy, = =k + 1 (k> 0).
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The Fock space F becomes a Uq(;[g)—module by the coproduct A~. We
have

(5.4) E;vac_; =0,
4 | vac_p—1Au_gy1 (1 = —k mod?)
(55) Fivac—y, = { 0 otherwise ’
4 | gvac_p (i=—k mod/)
(5.6) Kivacy, = { vac_,  otherwise ’

and the coproduct A~.

Proposition 5.1.  These two realizations are isomorphic as Uq(sA[n)-
modules by the one-to-one correspondence

|>\:(>\02>\1Z"')><—>"'U)\2_2/\U)\1_1/\U)\0.

5.3. Crystal basis : Misra-Miwa’s Theorem
We will use the notion of “i-good box” for the description of the crystal
structure of the Fock space F.

Definition 5.5. Let ¢ be a fixed positive number, and A be a partition.
Reading the i-addable boxes and the i-removable boxes in A from bottom up,
we can obtain the sequence of A and R. Next, delete all occurrences of AR from
this sequence and keep doing this until no such subsequences remain. Then the
i-good box in A is the corresponding i-removable box to the right most R in
this sequence.

A=(4,3,2,2,1), (=3

0 1 2 0 1

2 0 / 2 no 0-good box

1 2 0 1-good box
0 1

0
1

2-good box
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Let R be the subring of rational functions in C(g) which do not have a
pole at 0. Let

L= RN, B={)) (modqL)}.
AEP

Theorem 5.2 (Misra-Miwa [MM]).  The (L, B) is a crystal basis of F
by the following action of Kashiwara operators €;, f; (1 <i</{—1);

(1) If a partition X has no i-good boz, then é;|\) =0 (modqL).

(2) If x is ai-good box of A and p = A\\{x},

&\ = |u) (modgL), filu) = |\). (modqL).

(3) If a partition p has no i-addable box x which is i-good box in pU{x},
then f;|u) =0 (modgqL).

A proof of this theorem can be found in [Ari2].

Remark 5. The connected component of ¢ in B consists of |\) (mod ¢L)
such that A is f-restricted. This is a crystal basis of L(A1) := U, (sle)¢.

N

IIIIIIUII*’I'H:'_I [ ]

L(Ay)
A
b
! 1 |
: Vl [
1] | | :
o é»]\“_ i
Ll -
E lo o
» | il :
AP EEH 5
9 Lo 9 Xo | [ i
: |
| :
! |

EE‘T

5.4. Global basis

In this section, we will introduce the lower and upper global basis of F.
We consider the Fock space F as a wedge space.

In [KMS], the operator By, (k € Z,k # 0) on F is defined by the following;

Biur = (- Augy Aug, /\uio,gk) (o Ay A wiy ek /\Uz’o)
+(.../\ui2_gk/\uil /\uio)+'“
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Note that - - w;, ¢t A -+ Aug, = 0 for v > 0.

5.4.1. Lower global basis
First, we will introduce the bar involution on F.

Proposition 5.2 (e.g. [Kasl], [LT]).  There exists a unique bar involu-
tion ~ : F — F satisfying the following four properties;

(1) F,v=Fv (UE]:,OSiSE—l),
(2) Brv = Brv (k‘>0),

(3) vacg = vacg.

(4) @w=q"'7.

Theorem 5.3 (e.g. [Kasl], [LT]).  There exists a unique basis
{G""(n) € Flu € P}
on F satisfying the following two properties;
(1) (“bar invariance”)
G () = G ().

(2) If 1 is a partition of n, there exists some polynomials dx,(q) € qZ[q], then

G(p) =lu)+ D daul@)N),

UANEP,
where the ordering > is the dominance ordering of partitions.

This {G*%(u)} is called the lower global basis of F.

Example 5.1. We will calculate some lower global bases for £ = 2.
(0) vacg = |¢) is bar-invariant. Thus

Glow((b) _ |¢>
(1) Since Fy is bar-invariant,
Fyvacy = vac_1 Aup = |(1))

is bar-invariant. Thus
GV((1)) = [(1)).
(2) Since F is bar-invariant,
Fy(vac_q Auy) = (Fyvac—1) Aug + (Kyvac—1) A (Fruy)

=vac_g ANug A uy + gvac_i Aug

=1(1%)) +4ql(2)
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is bar-invariant. Thus

G'™((12%) = (1)) + ql(2))-
It is clear that G1°((2)) = |(2)). Therefore

D(dm)<; ‘1)>

(3) Since Fj is bar-invariant,

Fy(vac_o Aug A ug 4+ gvac—1 Aug)
= (Fyvac_a) Aug Ay + (Kgvac_2) A Fo(ug Aug) + q(Fyvac_1) A ug
+ q(Kovac_1) A Foug
=vac_gAu_1 Aug Aug + gvac_g AFp(ug Aug) + gvac_1 Aug

=vac_3 Au_1 A ug A ui +qvac_1 Aus
(1%)) +4l(3))

is bar-invariant. Thus

G((1%) = 1(1%)) +4l(3))-
Since F is bar-invariant,
Fi(vac_g Aug Auy + gvac_q Aug) = (¢ + ¢ 1) (vac_o Aug A us)

are bar-invariant. Moreover, vac_s Aug A us = |(2,1)) is bar-invariant because
(¢ + g 1) is bar-invariant. Thus

G((2,1) = [(2,1)).
It is clear that G'%((3)) = |(3)). Therefore

D= (d/\u) =

KQ O =
O = O
= o O

5.4.2. Upper global basis
Let {(\|}aer be the dual basis of {|\)}rcp with respect to the scalar
product (A|u) = dx,. The U, (sly)-module

F'=@c@n
AEP
is isomorphic to the wedge space

PDcayur

I

with the action of Uq(gln) defined by (5.4), (5.5), (5.6) and coproduct A*.



DAHA and decomposition numbers 465

Proposition 5.3 (e.g. [Kasl], [LT]).  There exists a unique bar involu-
tion — : FY — FV satisfying the following four properties;

(1) m:Fzﬁ (UEfV,OSZSE—].))
(2) Brv = B, (kj < 0),

(3) vacy = vaco.

(4) w=q'v

Theorem 5.4 (e.g. [Kasl], [LT]).  There exists a unique basis
{G"(n) € F¥|p e P}
on FV satisfying the following two properties;

(1) (“bar invariance”)

G () = G ().

(2) If X is a partition of n, there exists some polynomials d\,,(q) € qZ[q] such
that

A ="+ Y diu (@G ().

A>pEP,

Moreover di\u(q) is equal to dx,(q) in Theorem 5.3. Especially the basis
{G(u)} is the dual basis of {G'% (u)}.

This {G"P(u)} is called the upper global basis of FV.

Example 5.2. We will calculate some upper global basis for ¢ = 2.
(0) Since vacy is bar-invariant, G'P(¢) = (¢|.
(1) Since Fy(vacg) = vac_1 Auy is bar-invariant, G*P((1)) = ((1)|.
(2) Note that the action of F} is defined by the coproduct A™. We obtain
F1 (Vac_1 /\Ul) = Fl vac_1 /\Kl_lul + vac_1 /\F1U1
(5.7) = ¢ ' vac_y Aug A uy + vac_1 Aus.

This is bar-invariant, but not G"P(vac_; Aug) = G"P((2)) because the right
hand side does not satisfy the condition (2) of the upper global basis, i.e.

g " ¢ qZlg).
B_1 is bar-invariant. Thus

B,1 vacg = vac_2 Auy A ug +vac_o Au_1 A\ ug

(5.8) = —qvac_s Aug A uj + vac_q Aus
is bar-invariant.
(5.9) (5.7) — (5.8) = (¢ + ¢ 1) vac_o Aug A uy
is bar-invariant.

(5.7) — (5.9) = vac_1 Aug — gvac_g Aug A ug
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is bar-invariant. Thus

GUP((1%) = ((1*)],  G*™((2)) = ((2)| - a((1*)],
and
(2)] = G"™((2)) +qG"P((1%)).
Therefore the matrix D = (dy,) coincides with Example 5.1(2).
(3) By using the bar-invariance of Fy, F}, we can obtain the bar-invariance of

Fy(vac—a Aug Auy), Fi(vac_o Aug Auy), Fo(vac—i Aug — gvac_s Aug A uy).

It is easy to compute G"P and see that the matrix D is coincide the Example
5.1(3).

5.5. LLT-Ariki type theorem on the v-Schur algebras

We consider the v-Schur algebra S, (n). If v is a primitive ¢-th root of unity,
the Weyl modules W;} has a unique simple quotient L. The set {L) | A+ n}
gives a complete representatives of simple modules. The composition multi-
plicities

dap = [va s Ly]

are called the decomposition numbers.

Varagnolo-Vasserot proved in [VV1] that the decomposition numbers co-
incide dy,(1). This is an extended result of the LLT-Ariki type theorem of the
Hecke algebra for the v-Schur algebras.

Theorem 5.5 (Varagnolo-Vasserot[VV1]).  Consider the Fock space F

of Uq(;[g) and its lower global basis {G'* ()| € P} and crystal basis {|\)|\ €
P}. Let us consider the coefficients of

G(p) =)+ Y da(g)N).

HANEP,,
Then we have
da, = W' L] = dy(1).
6. Main Theorem
6.1. Main Theorem

We will state the Main theorem on the coefficient d,,) ,(q).
First, let us define the following partitions of n.

Definition 6.1. Put N = [%] The partitions ugn) is defined by the
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following,

w =

L] |
(n) _ (1 <i< N)
and py ' = (n).

Remark 6. These partitions of n are constructed by removing a rim
f-hook from the bottom to the first row. For example, let us consider the case
n =10,¢ = 3. Then N = 3. In this case, u(lo) (i=3,2,1,0) are the following,

7

u§ = (2%), ud? = (5,22,1), 1" = (8,2), ui'"” = (10).

10 10 10
4 4 =

Theorem 6.1.  The crystal basis element ((n)| is expanded by G*P as
the following;

|_Zunp (n)

i.€.
i — )
d _ )¢ ifp=py
(m)1(9) { 0 otherwise
Corollary 6.1.  If v is a primitive £-th root of unity, the decomposition
numbers

1 ifp=pu"
din W L =
e = | L= { 0 otherwise

6.2. Proof of Main Theorem
6.2.1. Key Lemmas

First, we can describe the action of E; on the upper global base {G"P}.
Let us set

ei(p) = max{k > 0[&;"u # 0}.
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Lemma 6.1 (Kashiwara [Kas2]).  The element E; in Uq(sAlg) acts on
G"P as the following,

EG™(n) = (]G @Em) + Y b,GW).
ei(v)<ei(p)—1
Especially, if ;(u) = 1, then
E,G™ (1)) = G* (@p).
Secondly, we have the following lemma on a property of ﬂ Ker(E;). This

J
follows from the irreducible decomposition of F e.g. [LLT], [KMS].

Lemma 6.2. For any x € ﬂKer(Ej) C FY, we have the following

J
expansion;

2= by aG"(LN).
AEP

Thirdly, we consider the coefficients of G"P(¢)) in the expansion of {(n)].

Lemma 6.3.
(1) (Kashiwara [Kasl]) The following expansions hold,

Glow(vac,m,l Agx, —m A+ A Ugay—1 A Upgx,)
= Z Qjim 15+ o (@) VAC— =1 AWy e, —m
AUyt —(m—1) N7 N Ujo
where the sum runs on the index (jm, jm—1,-- ,Jjo) satisfied
(0,6=1,2((=1),--- ,m(l = 1)) < (jm,Jm-1," " > Jo)
< (m(f—=1),(m—-1)((=1),---,0)
and
(—m,—m+1,--,0) < (Gm +m—E€m, jm—1 + A1 —L(m—1),--- | jo+E€o).
(2) For A € P such that X # (n), we have dyx (n)(q) = 0.

(7L)

Fourthly, we can describe the action of the Kashiwara operators e; on p
by using the Misra-Miwa’s Theorem 5.2.

(n

Lemma 6.4.  The action of €; on u ) is obtained by the following;

(1) Ifn#0 (mod¥), then

~, )y _J O ifj#Fn—1
€(u; ) = (1) i1
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for0<i < N.

(2) If n=0 (mod¥), then
~ )y _J O ifj£En—1
&) {ugﬁil) ifj=n-—1

for1<i < N. Andévjuén):()foranyogjgﬂfl.
(3) Especially,

0 otherwise

(_n)):{ 1 ifj=n—-1
for1<i< N. And

oy _J 1 difj=En—1andn#0
gl ) = { 0 otherwise
Example 6.1. We consider the case n = 10,¢ = 3. Then

ons’” = (5,2,2) = u?,

éons” = (5,2,1) = ut?.

' ps u
L[] L[] L[]
&5 & L
Z 2-good box
0-good box
B 0
6.2.2. Proof of Main Theorem
We set
N

D,, :=vac_1 ANu,, — Z inup(ﬂgn))

=0
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We show that D,, = 0 by the induction on n.
We assume that D; = 0 for i < n.
Then we first claim that

l—1
(6.1) Dy, € () Ker(E;).

§=0
If n =0 (mod¥), we have
Ej(vac_1 Aup) =0 (0< 5 <€—-2)
by AT and the action of E; on u,,’s at (5.1). We also obtain
E;G™ (1) =0

for0<j<f¢—2and0<4i<N by Lemma 6.1 and Lemma 6.4. For j =/¢—1,
by using A*, (5.1), (5.3), Lemma 6.1 and Lemma 6.4 again, we have

N
Ey_1(Dy) = qvac_i ANup_1 — Zinup(uf-fIl)) =qDp_1.
i=1
Then E;_1(D,) = 0 by the induction hypothesis. Thus E;(D,) = 0 for 0 <
j<{¢{—1and n=0 (mod/).
If n # 0 (mod¥), similarly as above, we have

E;(D,)=0
for j Zn —1 (mod /), and

N
Ej(Dy) = vac_1 At_1 — ¢ (") =D,_,
i=0
for j such that j = n—1 (mod¢). Then E;(D,) = 0 by the induction hypothesis.

Hence, in any cases, we deduce the claim (6.1).
By Lemma 6.2, D,, is expanded by {G"P(¢X)|\ € P};

Dp = bynGP(LN).
AEP

Note that there is no A such that uz(-") = /)X for 1 <¢ < N. Then, by Lemma
6.3, we have by, = 0 for A € P such that £\ # (n). On the other hand, note
that u" = (n). Then, for A such that £\ = (n), we have dgx () = 1 + ban.
By the upper unitriangularity at Theorem 5.4, we have b , = 0. We conclude
D,, = 0. Thus the proof of theorem is complete.
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