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Abstract
We show a criterion to establish the existence of solutions with pre-
scribed Gevrey wave front sets for pseudodifferential operators of finite
order.

1. Introduction

The problem of the wave front sets of solutions of differential and pseu-
dodifferential operators has been widely investigated. In particular, several au-
thors have been interested to the question whether one can find a distribution—
solution u of a given differential or pseudodifferential operator P so that Pu is
smooth or analytic or Gevrey of some order s > 1 and v has prescribed singu-
larities or prescribed wave front sets, see [2, 3, 7, 10, 12, 14, 15, 19, 21, 24] and
the references quoted therein. This question is closely related to the problems
of hypoellipticity and solvability, local or global, smooth or analytic or Gevrey
of some order s > 1. In fact, in order to prove that the differential or pseu-
dodifferential operator under study is not hypoelliptic in the category of some
function space, the corresponding method consists in showing the existence of
singular solutions (see, e.g., [22, 13] and the references quoted therein).

The purpose of this paper is to give a criterion in terms of a priori esti-
mates to establish the existence of distribution or smooth-solutions with pre-
scribed Gevrey wave front sets for pseudodifferential operators of finite order
(see Theorems 2.1, 2.3). The results are inspired by the work of Ivrii [15] and of
Duistermaat and Hérmander [7] in the C*° category and their proofs are along
the lines of [15]. We point out that the intricate topology of the Gevrey spaces
G*(Q) does not permit to simply rephrase Ivrii’s proof which relies on applying
Baire’s theorem to a suitable intersection of two Fréchet spaces. We recall that
intersections of complete metrizable locally convex spaces are again complete
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metrizable locally convex spaces. While, in the framework of not metrizable
locally convex spaces like the Gevrey spaces several topological properties of
the whole space are not stable with respect to intersections (see [1, 4]).
In the sequel, we fix some notations and give some definitions and results.
The Gevrey classes G*(Q2) and ¢°(Q) are defined as follows. Let K be a
regular compact subset of R™ (i.e., K is the closure of the set of its interior
points) and 1 > 0, s > 1; we denote by

la]
GS(K,W)={¢€C°°( )i |¢3 K, 8,m| == sup sup [0%¢(z )IZ <O<>}-

aeNg zeK ( ')S

G*(K,n) is a Banach space with respect to the norm | ; K, s, |, or equivalently
with respect to the norm

|a]
n o
s K, s,m|| :== E o =[0%¢| L2 (k)

aeNy ( )
Then we define
GS(K):indliOmGs(K,n), ¢°(K) = projlim G*(K, ),
n—

n—-4oo
G*(Q?) = projlim G*(K), 9°(Q2) = projlim ¢°(K).
KCQ KCQ

In particular G1(Q) = A(Q) is the space of all real analytic functions in €.

Ifs>1G§(K,n) = G*(K,n)NC§(K) # 0 is a Banach space with respect
to the norm | ; K, s,n|, and then the Gevrey classes G§(Q2) and g¢§(€2) can be
also defined by setting

Go(K) = indlim G§(K, ), g5(K) = projlim G5(K,7),
7747

nN—00
GH() = indlim GJ(K),  g(62) = ind lim g3 (K).

We emphasize that there are in fact many different but equivalent ways to
define these spaces; see [15], [18], [22]. We remark that the spaces G°(K) and
G§(K) are inductive limits of Banach spaces with compact linking maps and
then they are dual Fréchet—Schwartz spaces, i.e. (DFS)-spaces (a (DFS)-space
is the strong dual of a reflexive Fréchet space). While, the spaces ¢°(K) and
95 (K) are nuclear Fréchet spaces; hence ¢°(2) is a nuclear Fréchet space. We
also recall that g5(K) — G§(K) and ¢°(K) — G?(K) continuously, the first
one with dense range; hence g§(2) — G§(Q2) and ¢°(Q?) — G*(f2) continu-
ously too. Moreover, if 1 < s < s/, G§(Q) — g5 (Q) and G5(Q) — ¢*' ()
continuously.

The elements of the topological dual of these spaces are called ultra-
distributions for s > 1 and real analytic functionals for s = 1 ([18], [23]). In
particular, we denote by Dy, () = (G§(2)), Dy, (K) = (G5(K))', £,,(2) =
(G*(2))" and Eis}( ) = (G*(K))’ endowed with the corresponding strong topo-
logy; on the other hand, denote by D(, (€2) = (¢5(€2))", D, (K) = (g5(K))’,
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5(’5) () = (¢°()" and &/ (K) = (¢°(K))" endowed with the corresponding
strong topology.

Next, denote by T™ = R™/27Z"™ the n—dimensional torus. For each s > 1
let G*(T™) be the space of all G*—functions on 7", which are identified with
the G°—functions on R" that are 2r—periodic in each variable. Moreover, by
setting K, = [—m, 7|™ and

ol
G (T ) = { ¢ € G*(T™); | Knysynl = > sup |0%¢(a)| 7 < 00

aeNg TEKx (a!)s

for each 1 > 0, we have
G*(T™) = ind liom G*(T",n)
n—

when G*(T™) is endowed with the topology induced on it by G*(R"). Therefore
G*(T™) is also a (DFS)-space. We denote by E.(T") = (G*(T™))’ equipped
with the corresponding strong topology. We point out that the spaces G*(K)
and G*(T™) are endowed with the same topological structure.

Finally, we recall a Gevrey version of the Schwartz space S. We denote by
S®) the space of all f € S such that for any 7 > 0 and any integer N > 1

1fllg.n = sup sup 9'*!(al) (1 + |2|)[0° f ()] < oo,
a€eNT zeR”

We have obviuosly g§(R") C S C g*(R"). While, we denote by S the
space of all f € S such that for any € > 0 and any integer m > 1

111 = sup sup exp (e|z['/*)[0° f(x)| < oc.

|a]<m xzeR™

The Fourier transform f — f is a topological isomorphism of S onto S(s)
and, in view of the inversion formula, of S(,) onto S©). For more details on
such spaces we refer to [9, 20].

For u € Df{s}(Q) (u € D(,)(€2)) we denote by {s} — singsuppu ((s) —
singsupp u) the smallest closed subset of €2 in the complement of which u is a G*
function (u is a g° function). The set {s} —singsupp u (the set (s) —singsupp w,
resp.) is called the G®-singular support of u (the g®-singular support of w,
resp.).

Moreover, for u € D, () we denote by W Fs}(u) the {s}-wave front set
of u. For u € D, (2) we denote by W F()(u) the (s)-wave front set of u.

We recall that W Fysy(u) is the complement in Q x R"™ \ {0} (=7"(Q)\ 0)
of the set of all p = (9, &) such that there exist a neighborhood U of zg, a
conic neighborhood T of & in R™\ {0} and a function ¢ € G§(Q2) (¢ € C§°(9)
if s = 1) equal to one in U such that for some C' > 0,e >0

(1.1) [(pu)(€)] < Cexp(—cl¢|/®),  €el.
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For 1 <r <s, WF,)(u) C WFy(u) for all u € Dy, (Q).

While, W Fi,(u) is the complement in  x R"™ \ {0} (=77(2) \ 0) of the
set of all p = (g, &) such that there exist a neighborhood U of zp, a conic
neighborhood I of & in R™ \ {0} and a function ¢ € ¢§(2) equal to one in U
such that for each n € N there is (), > 0 for which

(1.2) [(pu)(€)] < Crexp(—nlé|V/?),  €e€T.

Clearly, WFs(u) C WE)(u) for all u € D’{s}(Q), and for 1 < r < s,
WF(S) (u) C WF(T) (’U,) for all u € ’Dgé)(Q)

Let s > 1 and m € R. We denote by S™°(Q2) the space of all functions
p(z,&) € C*(2 x R™) satisfying the following condition: for every compact
subset K C  there exist two constants B, C' > 0 such that

(1.3) |Dg D p(a, )| < CloH P (1) (1) (1 + [¢])™ 17!

for every a, f € Z'} and z € K, £ € R™ with 14[£| > B|3|® (see [22, Definition
3.3.1]).

The conic support of p, denoted by conesupp p, is defined by the closure
in Q x R™ of the set {(x,t{): (x,€) € suppp, t > 0}.

If p € S™3(Q), the G*—pseudodifferential operator of order m with symbol
p is defined for ¢ € G§(Q2) by

(1.4) p(, D)o(x) = (2m)~™ / ¢ Ep(a, €)(€)de.

Then P = p(x, D) defined by (1.4) is a continuous linear operator from G§(2)
to G*(£2), which can be extended as a continuous linear operator from &, ()
to Df{s}(Q), and P is {s}-pseudo-local, i.e., {s}-singsupp Pu C {s}-singsupp u
for all u € &7, (€2). We denote by OPS™*(Q2) the space of all operators of this
form. The class OPS™*(Q) is contained in the class L™ () of Hormander [13].
Actually, for every r > s, P = p(z, D) is also a continuous linear operator from
90(2) to g"(Q), which can be extended as a continuous linear operator from
E(»(Q) to D, (), and P is (r)-pseudo-local, i.e., (r)-singsupp Pu C (r)-
singsupp u for all u € E(’T)(Q).

The operator P = p(z, D) is called properly supported if P: G§(Q2) —
G&(Q), P: G*(Q) — G*(QQ), P: EL(Q2) — E.(Q) and P: DL(Q) — DL(Q) con-
tinuously.

If P = p(z, D) is a properly supported G*—pseudodifferential operator of
order m with symbol p, then for each compact subset K of 2 there exists a
compact subset K’ of  such that K € K’ and P: G§(K) — G§(K') continu-
ously.

The other notations are standard. We refer the reader for functional anal-
ysis to [17], and for the theory of linear partial differential operators to [13, 22].
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2. Statement of the main results

In the following we will give criterions in terms of a priori estimates to es-
tablish the existence of distribution or smooth—solutions with prescribed Gevrey
wave front sets for pseudodifferential operators of finite order. For this we need
further definitions.

Let Q be an open subset of R™ and s > 1. For each t € R we denote by
H'(Q) the completion of C§°(£2) with respect to the norm

jul, = ( | oa+ |s|2>t|a<s>|2ds)1/2 |

R

For u € D,(Q) and t € R, we denote by W F,(u) the H*-Sobolev wavefront
set of u. WF;(u) can be defined as the set of all p = (z,&) € T*(Q2) \ 0 for
which the assumptions a € L(Q) and au € H!(Q) imply that ag(p) = 0, where
ag is the principal symbol of a (see [13]). Clearly, WF;(u) C W F((u).

Let P € OPS™*(Q) be a classical properly supported pseudodifferential
operator of order m € R and of class s > 1, briefly P € OPS["*(Q). Then its
symbol p € §7°(Q) satisfies

oo

p(l’,f) = me—j(xag)a

3=0
where pp,—j (2, t&) = t" I py_;(z,€) for t > 0 and (z,&) € T*(Q) \ 0, py, is its

principal symbol and the characteristic manifold of P = p(x, D) is the subset
Char P of T*(2) \ 0 defined by

Char P = {(x,&) € T*(2) \ 0: pp(z,&) = 0}.

In particular, W Fy, (u) C W Fg(Pu) U Char P (see [22, Corollary 3.4.14]).

Theorem 2.1.  Lett,t,s e Ry, ' <t, s >1 and P € OPS]"*(Q) be
properly supported. Let V be a conical open subset of T*(Q)\ 0, § # N be a
conical closed subset of T*(2)\ 0 such that N C V.

Assume that it does not exists a function u € H* () such that

WF(Pu)nV =0, WE(u) NV = WF,(u) NV =N,

Then for each compact subset K of Q and n > 0 there exist pp € N and
v, 0, 0" € S%5(Q), with conesuppyp C V \ N, conesuppyp’ C V, ¢ =1 1in a
small conical neighborhood of py, and C > 0, 0,0 > n and a compact set
K’' D K, such that
(2.1)  [(z, D)ule < C(July + |o(z, D)u; K, 5,7'| + | (z, D) Pu; K, 5,1"|)

for allu € G§(K,n).
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Recalling that for s > 1 the spaces G*(K) and G*(T™) are endowed with
the same topological structure and every P € OPS!"*(T™) continuously acts
from G*(T™) into itself, Theorem 2.1 easily extends to the case s > 1 on the
n—dimensional torus T". Indeed, we have

Theorem 2.2.  Let t,t',s € Ry, t' <t, s > 1 and P € OPS)°(T™).
Let V' be a conical open subset of T*(T™)\ 0, 0 # N be a conical closed subset
of T*(T™)\ 0 such that N C V.

Assume that it does not exists a function uw € H* (T™) such that

WF{S}(PU) NV =0 WF,u)nV = WF{S}(U) NV = N.

Then for each n > 0 there exist pg € N and 9, p,¢" € S%*(T"), with cone-
suppp C V\ N, conesuppp’ CV, ¥ =1 1in a small conical neighborhood of po,
and C >0, ', 0" > n such that

(2.2)
[¥(@, D)ulex, < C(|lule,k, + lo(@, D)u; Kr, 8,0| + |¢' (2, D) Pu; Kr,y 5,1"|)

for allu e G5(T",n).

We also have the analogous result of Theorem 2.1 for the sets W F{; instead
of the sets WF;.

In order to state and show such a result, we recall that a fundamental
sequence of seminorms for the space g*(£2) can be defined as follows.

Let K, CIO(QC Ky C ... C Q be an exhaustion of 2 by compact sets (Io(g
denotes the interior of K») and choose x; € gh(K;) with0 < y; <land x; =1
on K;_;. Then the increasing sequence of seminorms defined by

(2.9 s = ([ logmiereac) "

is a fundamental system of continuous seminorms on g*(2) (see, e.g., [5, Lem-
mas 3.3 and 3.5, Proposition 4.5]). _
Observe that for every j € N the completion Hgt) (Q2) of g4 () with respect

to the norm
1/2
g o= ([ Ta@Pereag)
R’rL

is a Hilbert space which is continuously included in L*(R™) and hence in
Df{s}(Q) (also in Dés)(Q)).

In the sequel, for any ¢t > 1 we denote simply by (| |.:)ien & fundamental
increasing sequence of continuous seminorms on the Fréchet space g*(€2) defined
as in (2.3).

Theorem 2.3. Letl < s <t <t and P € OPS*(Q) be properly
supported. Let V be a conical open subset of T*(2)\ 0, 0 # N be a conical
closed subset of T*(2) \ 0 such that N C V.
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Assume that it does not exists a function u € g' (Q) such that W Fy (Pu)n
V=0, WF(t)(u) nv = WF{S}(U) NV =N.

Then for each compact subset K of Q, 7 > 0 and i € N there exist pg € N
and 1, p, " € S%%(Q), with conesuppp C V \ N, conesuppyp’ CV, 1 =11ina
small conical neighborhood of py, and C >0, j € N, n',n"” >n and a compact
subset K' O K, such that

(2.4) [(z, D)ule; < C(|ule; + (2, D)us K, 5,0 + |¢'(z, D) Pu; K', s,1")
for allu € G§(K,n).

We point out that the interesting case in Theorems 2.1, 2.2 and 2.3 appears
when N C Char P. In fact, if there exists a point pg € N \ Char P, then the
operator P is microlocally hypoelliptic (elliptic) near pg and if Pu is regular at
po the same is true with respect to w.

We also observe that Theorems 2.1 and 2.3 are local, while Theorem 2.2
is of global type. In particular, Theorems 2.1 and 2.3 will be illustrated at the
end of this paper by a simple example. More complicated examples, including
illustration of the non—local Theorem 2.2, will be given in a forthcoming paper.

3. Proof of the main results

Proof of Theorem 2.1. Let K C ) be a compact set. Since P is properly
supported, there exists a compact subset K’ C € such that K ¢ K’ and P
continuously maps G§(K) into G§(K").

Let (,)uen be a decreasing sequence of positive numbers such that 7, —
0. Then

Gy(K) = indlim G§(K,n,) and G*(K) = indlim G*(K,1n,),
I 7
S(K') = indlim G§(K',n,) and G*(K') =indlim G°(K',n,).
1 1
Let M be a conical closed set in T*(2) \ 0 such that N ¢ M C V.
Consider an increasing sequence (I',),en of conical closed sets in T%(€2) \ 0
such that V' \ M = U,enT,, and choose a sequence (¢, ), en in S%%(2) such
that T, C {p € T*(2) \ 0: ¢, (p) = 1} C conesupp p, C T',11.

Since each ¢, (z, D) continuously maps G§(K) into G°(K), there exists
() pen C (Y pen C (M) pen such that for every p e N

(3.1) ou(z,D): G5(K,m,) — G*(K,n,) continuously.
For each 1 € N we introduce the space
F = {u € &, (Q): suppu C K, u € HY (), WE((uw)N(V\M)=90,and
ou(z, D)u € G*(K,n;,) for all v € N}

and observe that G§(K,n,) C F,, (we point out that WFy.(u)NTyq1 = 0 and
conesupp ¢, C I'yy; imply that ¢, (z, D)u € G*(2) and hence ¢, (z,D)u €
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G*(K)). Indeed, if u € G§(K,7,) then suppu C K, u € H' (), WEF(gy(u) N
(VA M) =0, and by (3.1) ¢.(x, D)u € G*(K,ny,) for all v € N.

Moreover, we endow the space F), with the locally convex topology gener-
ated by the following sequence of norms

pt/7#7l’(u) = |u|t' + |<)0D(an)uv K,S,WZL veN.

Then (F,, (py puv)ven) is a Fréchet space. Indeed, let (u;)jen be a Cauchy
sequence in F,. Then (u;);en is a Cauchy sequence in HY (Q) with suppu; C K
forall j € N, and (¢, (z, D)u;) en is a Cauchy sequence in G*(K, ;) for all v €
N: therefore u; — u € HY (Q) in H' (Q) with suppu C K, and ¢, (x, D)u; —
u, € G°(K,n;;) in G*(K,ny;) for all v € N. Since the space HY(Q) (¢ means
with compact support) is continuously embedded in é'ES}(Q)7 we obtain that
uj — uin &, (Q) too. This implies that ¢, (2, D)u; — ¢, (2, D)u in D, (2)
because ¢, (z, D): 5%8} Q) — ’Df{S}(Q) continuously. On the other hand, since
G*(K,ny;) is continuously embedded in D, (), ¢y (z, D)u; — uy in D, ().
Thus, ¢, (z, D)u = u, € G*(K,n;) C G*(K) for all v € N. Consequently, for
every v € N

WF{s}(@D(an)u ) - WF{S}(SDV(‘T?D)U) o =10,

o
|K K

[e]
where K denotes the interior of K. This implies that

WE(u ) = WE(u) o
(3.2) C WFiy(ou(z, D)u)

= (Char ¢,)

P (Char ¢,)

o
\ |K

O .
| K

Since suppu C K, we have WFyq(u o) = WF(;(u) and so (3.2) yields that

Uo
|K

WEF(u)NT, C (Charg,) P r,=0

|
for all v € N; hence WF(y(u) N (V \ M) = U,(WF4(u) NT,) = 0. Thus,
u € F, and u; — uin F),.

Next, we consider an increasing sequence (I')),en of conical closed sets in
T*(Q) \ 0 such that V = U,enT",, and choose a sequence (¢),),en in S%5(Q)
such that I, C {p € T*(2) \ 0: ¢}, (p) = 1} C conesuppp,, CI', ;.

Since each ¢!, (z, D) continuously maps G§(K') into G*(K"), there exists
(7})uen C (177" uen C (Tu)pen such that for each € N
(3.3) ¢, (x,D): Gi(K',7,) — G*(K',7,/) continuously
(here we assume that P: G§(K,n,) — G*(K’,7,) continuously, where (7,,) en
is a suitable subsequence of (1,,),eN)-
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We denote by

pi={v €& (Q):suppv C K' v e HY~™(Q), WFis(v)NV =0, and
¢, (z, D)v € G*(K', 7)) for all v € N}

and observe that G§(K’, 7,) C G, (this follows as in the case of the space F),).
We endow the space G, with the locally convex topology generated by the
following sequence of norms

G —m (V) = [Vle—m + |¢], (z, D)v; K', 5 veN.

sl

Then (G, (¢t —m,pu,v)ven) is a Fréchet space (this follows by arguing as in the
case of the space F),).
Thus, the space

X, ={u€eF,: PueG,}

is a Fréchet space with respect to the intersection topology defined by the
following sequence of norms

T (W) = Pir g (W) + G- (Pu), v € N

Indeed, if (u;);en is a Cauchy sequence in X,,, then u; — v € F), in F,, and
Pu; — v e Gy in Gy It follows that u; — v and Pu; — v in E’S}(Q); hence
Pu; — v, and Pu; — Puin D}, (Q) as P: £,(Q) — D, (Q) continuously.
i i (s} {s3 1! {s}
Consequently, Pu = v so that v € X, and v; — u in X,.
Suppose that N is a compact subset of Q x §*(Q), where S*(Q2) = {{ €
molg| = 1} Then for each j € N there exists a finite set {p], = ( &) e

N: |§k| = 1}k:1 such that the sets

F‘]Jg = {p: (l’,g) ET*(Q)\O |x7wi;|+|€|§|7l 75%' < 1/]}7 k:177KJ>

form a covering of N. _ 4

Now, for each j € N and k = 1,..., K; let ¢ € S%*(2) with Fi] c{pe
() \ 0: ¢i(p) = 1} C conesupp wi C Fi. Then we introduce the following
subsets of X,

Gpar = {u € X2 ¥(w, Dyu € HY(Q), [ (w, D)ul; < M},
for M €eNand k=1,.. , K. Each set G, 37 is absolutely convex (clearly)
and closed. Indeed, if (u,a),EN C Gar converges to some u in X, then
up — u € Fy in Fy, (hence up — u in £, () and Pu, — Pu € Gy in G,
(hence Pu, — Pu in £, (Q2) and in Dj }(Q))

Moreover, ] (z, D)u, € H'(Q) and [ (x, D)u,|; < M for all r € N,
thereby implying that 17 (x, D)u, — uj, € H*(Q) weakly (eventually by passing
to a subsequence) as the bounded sets in the Hilbert space H!(Q)) are weakly
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compact, where |u{c|t < 1imr|¢i(a:,D)u,.|t < M; hence wi(x,D)ur — ufe in

Di,(€2). On the other ﬁd, the fact that_ur — u in &, () implies that

Wl (z, D)u, — ¢l (z, D)u as ¥l (x, D): &4y (Q2) — D, (Q2) continuously. Thus,
wi(x,D)u = ui € HY() and |w£(x,D)u|t < M. This means that Gar is a
closed subset of X,.

By assumption we have

K
X, = Uj,MEN Uplq ijﬁ.

Indeed, if u € X, then u € H' (Q), WF;y ()N (V\ M) = 0 and W Fy 5 (Pu) N
V = 0. Thus, WF,y(u) NV C M. On the other hand, by assumption N ¢
WE(u)NV C WFy(u) NV C M. Thus, there exists pg € N such that
po & WFy(u) NV, thereby implying that po ¢ WFi(u) as pp € N C V.
Since pg € N and py € WF;(u), we have py € 1"2] for some j € N and
ke {1,...,K;}, and hence ¥} (z, D)u € H*(Q); so [¢](z, D)ul, < M for some
M e N. —

As X, is a Fréchet space, there exist j € N, k € {1,...,K;} and M € N
such that Gj .77 is a neighborhood of 0 (recall that it is absolutely convex), i.e.,
there exist € > 0 and v € N such that

U={ueXy:ruu(u) <e} C G
This implies that there exists C,, > 0 so that
|¢£(Z‘7D)u|t S c (|u|t’ + |(,0V(J?,D)’U,, K,S,’I’]:ﬂ + |<,0/U(J?,D)PU;K/7S,T:|)

for all u € X,,, and hence for all u € G§(K,7,) (as P: H' (Q) — H'~™(Q)
continuously).

Since p is arbitrary and 7, — 0, the result follows for every n > 0.

In the case N is not a compact set of  x S*(2), we can write

N = Uzoleh R

where each NN}, is a compact set of € x S*(€2). Then we can construct a finite
covering (I'} ) 1 of Ny, for every h € N, thereby obtaining a countable covering
(F{zk)ﬁhk of N. Thus, to complete the proof we can proceed as in the case in
which N is a compact set with minor changes. O

Proof of Theorem 2.3. We would like argue as in the proof of Theorem
2.1, but we have to do some changes in the proof due to the topology of the
spaces ¢'(Q) that is generated by a sequence of seminorms.

We follow the same notations of the proof of Theorem 2.1. In particular,
we assume that (3.1) and (3.3) hold for the sequences (1) ,en C (7 ")en C
(M) pen and (7)) uen C (77 pen C (Tu)pen, where (7,),en is a suitable
subsequence of (1,)uen, and that P: G§(K,n,) — G*(K’,7,) continuously.
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For each p we define the space

F,={u€&y(Q):suppuC K, ue g% (), WE(u)N(V\M) =0, and
o (2, D)u € G*(K,n;,) for all v € N}

and observe that G§(K,n,) C F,. Indeed, if u € G§(K,n,) then suppu C K,
uwe g'(Q)ass <t WE(u) N (V\ M) = 0, and by (3.1) ¢,(z,D)u €
G*(K,n;,) for all v € N.

Moreover, we endow the space F, with the locally convex topology gener-
ated by the following sequence of seminorms

pt’7i,u,u(u) = |u|t’7i + |L,0V(.’IJ, D)u7 Ka S»W,Iﬂ 9 Z.a IS N.
Then (F,

wy
sequence in F,. Then (u;);en is a Cauchy sequence in g* () with suppu; C K

forall j € N, and (¢, (z, D)u;) en is a Cauchy sequence in G*(K, ;) for all v €

(P#r,iuw)iven) is a Fréchet space. Indeed, let (u;);en be a Cauchy

N. Therefore u; — u € ¢ (Q) in g* (Q), where suppu C K again (hence u; —
w in g§ (K) and in g§ (), and ¢, (z,D)u; — w, € G*(K,n%) in G*(K,n")
for all v € N. Since the space gf () is continuously embedded in Ei s}(Q), we
have that u; — u in 5{5}(9) too. This implies that ¢, (x, D)u; — ¢, (z, D)u
in D’{S}(Q) because ¢, (x, D) continuously maps Eis}(Q) into D’{S}(Q). Since
G*(K,n;,) is continuously embedded in D’{s}(Q), we also have ¢, (z, D)u; — u,
in D, (). Thus, gy(z,D)u = u, € G*(K,n;) C G*(K) for all v € N.
Consequently, for each v € N

WF{S}(SDV(‘T7 D)ulf%) = WF{S}(QO,,(SC, D)u)lf{ - @,

where K denotes the interior of K. This implies that

WE(u ) = WE(u) o
(3.4) C WEs(¢u(2, D)u) o U (Charpy)
= (Char gpy)‘;{.

Since suppu C K, WFg(u o) = WFgs(u), and so by (3.4)

uO
| K

WEF(u)NT, C (Charg,) P r,=0

|
for all v € N; hence WF((u) N (V\ M) = U,(WFg(u) NT,) = 0. Thus,
u € F,, and u; — uin F},.
Next, we denote by
Gu={ve&y(Q):suppv C K',ve g (), WFEy(v)NV =0, and
¢, (z, D)v € G*(K', 7)) for all v € N}
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and observe that G§(K', 7,) C G, (this follows as in the case of the space F),).
We endow the space G, with the locally convex topology generated by the
following sequence of seminorms

i i (V) = V] i + @), (2, D)v; K' s, 7|, i,v € N.

Then (G, (945,40 )i,ven) is a Fréchet space and the proof is again similar to
the case of the space F),.
Thus, the space

X,={ueF,: PueG,}

is a Fréchet space with respect to the intersection topology defined by the
following sequence of seminorms

Ti,u,u(u) = pt’,i,u,u(u) + Qt’ﬂ’wﬂ/(Pu) , v eN.

Indeed, if (u;);en is a Cauchy sequence in X, then u; — u € F), in F},, and
Puj — v € G, in G,. It follows that u; — v and Pu; — v in &, (€2); hence
Puj — v and Pu; — Pu in D}, (), where the last statement follows from the
fact that P: Eis}(Q) — Df{s}(ﬂ) continuously. Consequently, Pu = v so that
u e X, and u; — u in X,. We point out that X, # {0} because P = p(x, D)
acts also continuously from g* (€2) into g% () (and from g () into g4 () as
s<t.

Following the proof of Theorem 2.1, for a fixed ¢ € N we introduce the
following subsets of X,

Goar = {u € Xy Wl (x, D)u € Hyy (), [, (z, D)uly; < M}
for every j, M eNand k = 1,..., K, where the functions (wi)j,keN € S%5(Q)
are chosen as in the proof of Theorem 2.1.

Each set ijﬁ/? is absolutely convex (clearly) and closed. Indeed, if the
sequence (uy)reN C ijfvf converges to some u in X, then v, — v € F}, in F,
(hence u, — w in €, () and Pu, — Pu € G, in G, (hence Pu, — Pu in
&£(,y(Q) and in DY, ().

Moreover, since wi(:m D)u, € Hgt)(Q), and |1/)i(x7 D)u,|r; < M for all r €
N, there exists u{c € Hgt)(Q) such that Xiwi (z, D)u, — u{c weakly (even‘gually
by passing to a subsequence) as the bounded sets in the Hilbert space H (’t)(Q)
are weakly compact, and hence |uf€|m < li_m,|¢i(x,D)u,«|t7i < M, where the
functions y; have been defined before (2.3). This implies that x;¢7,(z, D)u, —
u], in D/, (€2) too. On the other hand, the fact that u, — u in &, (£2) implies
that wi (z, D)u, — wi (z, D)u because wi (z, D) continuously maps 5%5}(9) into
Df{s}(Q). Thus, Xiwi(x,D)u = ufc so that |¢i(a:, D)ul;,; < M. This means that

ijﬁ is a closed subset of X,. a
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By assumption we have

X, = Uj,MeN Ufzjl ijf\/?'
Indeed, if u € X, then u € g*' (Q), WE(u)N(V\M) =0 and WFg,,(Pu)N
V = 0. Thus, WF,(u)NV C (W F(Pu)NV)U(Char PNV) = (Char PNV)
and WFg(u) NV C M. On the other hand, by assumption N ¢ W Fy(u) N
V C WEFg(u)NV C M. Then there exists pg € N such that pg & W Fy(u)NV,
thereby implying that po & W) (u) as po € N C V. Since pg € N and pg ¢
W Fy(u), po € Fij for some j € Nand k € {1,...,K,}, and ¢i(x,D)u € ¢t ()
so that |’(/Ji($, D)uls; < M for some M € N.

Since X, is a Fréchet space, there exist j € N, k € {1,..., K;} and MeN
such that Gj .77 is a neighborhood of 0 (recall that it is absolutely convex), i.e.,
there exist € > 0 and ', » € N such that

U={u€ Xu:ripuv(u) <e} C G
This yields that there exists C,, > 0 so that
|¢‘]7q(a:7 D)u|t,’i S Clt <|U|t/7i/ + |§0y($, D)’U,, K7 57 ’I’]Z| + |§0/U(JU, D)P’LL, K,7 87 T: )

for all u € X, and hence for all u € G§(K,7,) (as P: g (Q) — g% () continu-
ously).
Since p is arbitrary and 7, — 0, the results follows for every n > 0. a

Example 3.1. Consider the Mizohata’s operator in R?

0 , 0
(3.5) P = e + zb(aﬁ)a—x2 ,
where b(t) = —2(n + 1)t>**1 t € R, n € Ny. Then Char P = {(0,x9;0,&) :
To € R, 52 7é 0}

Let s > 1 and p > 0. Let us consider the compact sets K = {z € R? :
21| < p, |wa| < p}, Ki = {z € R*: |21] < p/2, |xa| < p/2} of R?, and set
Hy = K\ K;. Moreover, consider the conical sets N = {(0,a;0,&) : & > 0}
where a € R, and V = T*(R?) \ 0.

For each 7 > 0 and = € R? set

(36) f‘r(‘r) = h.,.(.’l?)g(l‘) )
where h,(z) = €7@ with q(z) = —xi(nﬂ) + ixo + 5(—xi(n+1) + ixg)? for
z = (x1,22) € R

Choose € > 0 small enough such that 1 — El‘?
Moreover, suppose that

"+ S 0 for |z < p.

(3.7) g(x) = go(z1)go(r2) ,
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where go € G§(R), go(t) = 1 for t € [—p/2,p/2] and go(t) = 0 for [t| > p,
0<gg<1, fR go(t)dt = 1. Then max,cx |fr(z)| = 1, therefore implying that
(f+)+ does not converge to 0 in G*(R?) (hence in G§(R?)) if 7 — co. On the
other hand, f,—0 in G§(R?\ {(0,0)}) as 7 — oo. In order to show this, we
recall from [6, Proposition 1.3] that for every compact set H of R? and for
every 11 > € > 0 there exists ¢ > 0 such that

(38) |fh’87H777_6|Sclf787H7n||has7H7n|

for all f,h € G*(H,n) or in G§(H,n).

Since supp fr C K, it suffices to show that f, — 0 in G§(H) for every
compact subset of K \ {(0,0)}.

Let H be a compact set of K \ {(0,0)}. Then there exists 0 < r < p such
that H is a subset of the compact set H = K\ {z € K : |z1| <7, |z2| <7}
So, for every f € G*(R?)

(39) |f§3»H»77|§|f§37H777|

if |f;s, H,n| < oco.

Since ¢, g € G*(R?), we have ¢, g € G*(H,n') for some 1/ > 0; this implies
that h,, f, € GS(H,n) for every 7 > 0 and 0 <7 < 17'.

Let € > 0 such that n > e. Then by (3.8) we obtain that for every 7 > 0

(310) |fr§37H>77—€| SclhT;87H7an;S7}_]7n|7

where by [6, Proposition 3.2]

_ 11
(3.11) |h7—§57H,77| < C@a‘r+d(7n)s+dﬂs*1
with C' and d positive constants depending only on ¢, and

a= sup (=221 =Yy _ea2) <0
(a:l,:vg)GH

Thus, (3.11) yields that h, — 0 in G*(H,n) as T — oo, and hence by (3.9) and
(3.10) we have f; — 0 in G§(H,n — €) too. This means that f, — 0 in G§(H)
letting 7 — oo.

Now, observe that for every 7 > 0

Ph, = 771 Pg =0
and hence
Pfr = (Phr)g + h-(Pg) = h-(Pg),
where Pg =0 in K;. This together (3.8) imply that for every 7 > 0
(3.12) |Pfr;s,K,n—¢€| = |h:(Pg);s, Hy,n — €| < c|hs;s, Hy,n||Pg; s, Hy,n|,

where h, — 0 in G*(Hyg,7n) by (3.11) (observe that Hy is a compact set of the
same type of H above defined). Therefore, by (3.12) Pf, — 0 in G§(K,n —
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€) too. This means that Pf, — 0 in G§(K) and hence in G§(R?) because
supp Pf, C K. Consequently,
(3.13) ¢/ (2, D)Pf. — 0
in G*(R?) for every G*-pseudodifferential operator, in particular with symbol
¢’ € S5 (R?).

Next, we observe that f,(z) = €™ G (2, 7'1/72<"+1),x27'1/2) where

4(n+1) 22(n+1) 22 22(n+1)
Gr(2) =9 (e 1) et e R e
T 71/2(n+1) 7 £1/2
LA(nt+1) _2(n+1)
:g( T To ) —(z 2(n+1)+6x2) st - _9iel1 7 z2
F1/2(n+1) 7 £1/2

converges to G(g;) = e_(mf(n+1)+€$§) in S(S) (hence in S) letting 7T — oo if
e < (1/2p)>*+Y In fact, G,(z) # 0 implies % < p so that "™ <

xi(nﬂ) 2(n+1) 7 and therefore er”ﬁ(nﬂ) < et 2 (D 2t
Thus, we have
~ __n+2 ~ 61 52 — T
3.14 =7 2D 32
(3.14) (e ()

for every € = (£1,&5) € R2.

Since G; — G in Sy (so that G, — G in 8@ and hence in S), for any
1 > 0 and any integer N > 0 we have supaeNg(1+|§|N)77|“‘ (a!)=5|0% f-(€)] — 0
uniformly on any compact subset of R? and outside any conic neighborhood of
ez := (0,1) by (3.14). So,
(3.15) o(z,D)fr — 0
in G*(K) for any properly supported G°—pseudodifferential operator ¢(z, D),
in particular with symbol ¢ € S%%(R?), such that (0,e2) & WF(,(¢), hence
if conesupp C V' \ N (in such a case we have (0,e2) ¢ WF,(p)). We also
have that for every ¢t € R

52 = [ 15+ €Pyde

2
 n42 A 1 52 - T 2\t
=7 it [ |G, IR S 1 d
T + (517 \/; ) ( + |§| ) €

- 2(n+1) /|G 1—|— [77 T"+1 + (\/_7]2 +T) ]) dn

S =y /|G 21+ 7|(mr™ T ,m2) + V/Tea|?) dn,
SO
(3.16)

|f7’ ? 72t+2(n+1) =

/'G 2L+ 7l(mr 200, ) + V/Tea| ) dy — |G[12(m2)-
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We claim that (3.13), (3.15) and (3.16) imply that (2.1) does not hold.
Indeed, if we suppose that (2.1) is satisfied, we have that for every 7 > 0

(3.17)
|¥(z, D) frle < C(|frle + oz, D) fr; K, 5,0'| + |¢'(x, D)P fr; K, 5,7"]) .

Therefore, for every 7 > 0

[b(, D) f [Pr =2 2 < O (Y| fy |7 D 4
_ n+2
+ 7T 0 ([p(z, D) fri K, 5,7 + |9/ (@, D)P o K, s, ]))?
letting 7 — oo, we obtain that

n+42
limsup [¢(x, D) f, |27 22070 = 0

T—00

ift’zzl&—‘fl)ast>t’.

On the other hand, as f, € S and 9,(n) := ¥(x,n) € S’ for every z € R2,

we have
(2, D) fr(x) = / e () o (m)dy = / Fr(@)daly — z)dy

for every x € R?, where the integrals denote action of distributions; hence, for
every £ € R?

0@ D) = [ [ L )inly - 2)dody
= [ [ i)y
(3.18) = [emep iy [ 6, ()a:
= (2n)? [ )ty - €.y
= (2m) (&) + (2m) / e L () (y — €,6) — dy.
Thus, |7,ZJ(x,D)fT|§7—_2t+_2&_trzl) — (2m)"YG|]2(gny # 0 because ¢ = 1 in a
conical neighborhood of N. This is a contradiction.
Thus, we can conclude that there exists a function u € H* (R2) such that

WF(y(Pu) = 0 and hence Pu € G*(R?), and WF(u) = WF(,(u) = N and

so {s} — singsupp u = ¢ — singsupp u = {(0,a)}.
We also have, for every t € R,

2
A 11/t n42 N 1 Eo— T e/t
|Frl2s = / |Fr©Pe dg = 77 / ‘GT (sn <>27)‘ oI dg

= T_Z(Z—Jfl) / |éT(n)|2€j(n%‘rﬁ+(ﬁn2+7)2)1/2td7]

)
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SO

|fo|2 o797 ot =
(3.19) : A (27 e
p—y / |Gy () 23R T gy G2, o

if t > 2. Thus, Example 3.1 illustrates Theorem 2.3 for 2 < s < t < t/. For
t = 2, we have

lim |, [2,e9m" ot :/|é(n)|262mdn > 0.
T—00 >

We claim that (3.13), (3.15) and (3.19) imply that (2.4) does not hold. Indeed,
if we assume that (2.4) is satisfied, fixed any ¢ € N, we have that for every
T>0

(3.20)
Iw(x7D)fT|t,i < C(|f7|t’,j + |<P($aD)fr;K,8ﬂ7'| + |¢/(x’D)PfT§K/75777N|) .

Therefore, for every 7 > 0

7
L1/t 1/t

1
[frlerge 27

+ e 37 P10 (o, D) fr K, s, | + ¢ (w, DYP L K s, )

i j i /
[, D) o[ e~ 720 < (BT 4T oy

letting 7 — oo, we obtain that

limsup |¢(z, D) fr |t2’ie_”1/tq— =y 0,

T—00
as 1 <t <t ie. 7171 — 0 for T — oo.
On the other hand, |1/}(Z,D)f7-|t2)i€7i7—l
(see (3.18)): this is a contradiction.
Thus, we can conclude that there exists a function u € g (R?) (hence u €

G' (R2)) such that WFs(Pu) = 0 and hence Pu € G*(R?), and W F;)(u) =
W Fis1(u) = N and so {s} — singsuppu = (t) — singsuppu = {(0,a)}.

/t,r#tfl) — (27‘[‘)74|G|i2(Rn) ?é 0

Appendix.

Let 1 <t <2, ie,1>1>1in(3.19). Observe that
1
|fT|?,j€7jTl/tT2(+fl) =" / |é7—(7l)|26j(7ﬁ7"“+(\/?772+T)2)1/2td77
> efjrl/t/ |(;T(,7)|2ej(nffn+f1+(x/Fn2+r)2)”2tdn
n22>1

R / G () 2T VDY gy
n221
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. . —1/2
On the other hand, j(7+/7)'/* = jr/{(14+ =~ +0(r71)) as 7 — oo. Thus,

2,0 et > e%Tl/t_l/2+O(Tl/t_l)'/ |G- (n)[Pdn,
n2>1

where 2™ — 1 and fn2>1 |ér(77)|2d77 - f,72>1|@(n)|2dn as 7 — 0.
Consequently, we have B B

. a1/t n+42
lim |f,|7 777" 72040 = oo,
T—00
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