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In the following we shall prove a theorem for especial hyper-
surfaces of conformally flat Riemannian space as follows.

Theorem. I f  P an d  o n ly  P ( O <P n )  o f  conformal principal
rad ii o f  a hy persurf ace  V ' of  conformally  f lat space  are  equal
identically i n  a  neighborhood U of  V ", then U contains co"' V '',
such that V " is umbilical in  V " and the conformal curvature tens9r
o f  V I ' vanishes.

Hence V P  is conformally flat if P>,_ 4. The conformal princi-
pal radii 0-a  are defined in terms of principal radii pa  as follows.

1  ,
n  b

It is clear that the theorem holds equally well, if conformal princi-
pal radii are replaced by principal radii.

We consider a  variety V " o f coordinates immersed in a
Riemannian space V " o f coordinates y". Let 13,1(P=n+1,•-•, m)
be mutually orthogonal unit vectors normal to V" and B ,'=a3f/ax '.
Then there exist quantities 11,;" and 14(P, Q= n +1, • , m ) , such that

(1) 
(e,,-= +1)

BAJ=—y'"HB?+1;e911(1,A ,5`,

where y " are components of the fundamental tensor o f V".
If V " is conformal to a flat space and we put

1(2) =111"; — — (1'114 g, ) ,

M P= g ikM  and N,,=>1",e1'111'11144, then we have from the Gauss
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and Codazzi equations

(3) ep (WW1' —  m ) +  
 n -

1

 2  
(gh)N,k—ghkNii

+gaNk,— g,.,Nhk) 
( n - 1 )

'

— 2 )  
vf h d l d hk ,1 f

(4) WA-114,143+ E eg (A g1/4 — M  1-1,1) — 1 { y ,
n-1

+ E e(2M ,"H ,) — gik(M P,j- r HP} =0,
Q Q

(5) HAI:k — 1/Ai — ( M / W 3  M
+ E H AI I ) = 0,

where C h , J k  are  components of the  conformal curvature tensor of
V'.

K. Yano (2) shaw that the quantities M S B ;`, are invariant under
a  conformal transformation of V - . Also K . Yano and Y. Mute
prdved that a  Riemannian space V" is immersed in  a  conformally
fla t space, if  a n d  only i f  there exist MS and H (

-,P, satisfying the
equations (3), (4) a n d  (5). It should be remarked here that,
though they gave further conditions for such a space, those conditions
a re  obtained a s  consequences o f  (3 ), (4 ) a n d  (5 ) .  I f  V" is a
hypersurface o f  V -  =  n  + 1 ) ,  then (3) a n d  (4 ) a re  respectivelly
expressible in  the  following.

(6) Ch,p,= e(Mh ; M i j )  n
e

 2  (9'hi M  Ma— ghkM"Mi;

eM ,W Z " 
+ g  AIM )  — ky ih—uhm

(n -1 )  (n -2 )

1 A I 1,1;k — -r
n -1

- g i r ,M ;)  = 0 ,

A n d  (5 ) is satisfied identically.
Hereafter we assume that all of the  p rinc ipa l radii pa  o f  V'

are real and none of the principal directions are null vectors. Such
a hypersurface was called to be proper by A. Fialkow". Then there
exists an orthogonal ennuple in  V', the  unit vectors of which
are tangent to the  lines of curvature, and the fundamental tensor
g.i and H i ;  a re  expressible in  terms of 4  and fia as follows :

(7)
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thj = ea2",...a) ;$ a)5,
a

(e= +1).

Hence the tensor 111,5 are written in the similar form :

1
11

/,) = eaCraEa) i"...a)
a

where (Y„ are conformal principal radii o f  V " .  The coefficients
;- ,. of rotation of the ennuple 4 are defined by

rant. —  'ea) ijEif) ":1) •

Making use of them, the equation (7) are equivalent to the system
of equations

(9) œ b )  ï . b c =  (cr. —  (T.9)1 - acb (a. b,

(10) +  1a
crb

as„ n -1  as„

—+  
1
  >2,e, ( 0 - b —  (T ) T bcc = 0 (a+b).

n -1  <

Now we suppose first that all cy's are equal to 0- in a neigh-
borhood U  of a point O .  We have (Y= 0  by means of '(7„-0 , so

that (8 ) gives 0 and hence from (6).
Next we consider the case where (y, = • • • = C  p = a,(0<P<n ;

2=P+1, •••, n) in U .  It follows from (9 ) that

(11) 7.„,=o (p, q =1 ,• • • ,P ;p q ;À =P +1 ,• • • ,n ) .

Therefore n— P vectors .;.:,f)  (2=P+1, •••, n) are normal to a P-dimen•-
sional variety VP, contained in U , and 2;; (p =1, • , P )  constitute
an orthogonal ennuple o f  V P . Let te  be coordinates of and
put ax l/au P=B ,. The components );',!) o f vectors E,:)  in are
given by Ei f) = 4 ) /3,' and the second fundamental tensors 114 o f VP
are defined by

(12)
A

Making use of the above equation we have

6̂0,9— 4 ; ,1)■) =  ( i 2 7) ; i 1 3 :  12;/)B 8 i;5)

.)2AB:;,.e,),),,,,;=y e,H ,',44",;,)$),)A s,))g)=114);;))2;;;•

Hence, in virtue o f (11), M g  are expressed in the form

(8)
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(13) 117),'q=.

O n the other hand, if we take a= r  and b=,? in  (10), then

a 0- 1 ao-
a s ,

+  
n - 1  a s :  

+(0---crA)e,r,k,,

+ —

1  
 Ee, =0 ,n -1

from which we find e,r,„= • • • If we denote by — rdP these
quantities epr,„„, then (13) are written in the form

(14) H i iAYvq,

where rip, a re  components o f th e  fundamental tensor o f  V P. It
follows that V ' is umbilical in  V .

The space V '  may be looked upon as a  subspace o f  th e  en-
veloping space Vn+1. The n— P+1 normals o f  V ' in  V"+' are  BŒ

and CZ =4B ,5`. The second fundamental tensors and iipt o f  V '
are  given by the equations

(13—   7„ ) .

Besides, we have from (1 ) and  (12)

= (B M ), ,= et-1;;B:,B;Bcgd-EeATiptc:) ,

so that the following relations arc obtained.
'r H7,2=1-1,JBA ,

from wich we have in consequences of (14) and the definition of

Tim =1]e„( ),,E„);Eo;B;,B;= >2,er t),.E,);$r ))B2
1,B4j  = >-2,e,. Pr 7;r)7,592)q,r=1

T-14=rA Y ilq •

Substituting from these expressions in

A q Hp,j — 1  q "1 -1, •-8 /117);,=177t —  1   f; 8ifrt gp  •  

we have  immediately ii-i,t2=0, a n d  hence th e  conformal
curvature tensor C ,,  o f  V ' vanishes by means o f  (3)

Finally the theorem has been established.

Pa
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