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On holomorphic curves in algebraic torus

By

Masaki TSUKAMOTO*

Abstract
We study entire holomorphic curves in the algebraic torus, and show
that they can be characterized by the “growth rate” of their derivatives.

1. Introduction

Let z = z 4+ y+v/—1 be the natural coordinate in the complex plane C, and
let f(z) be an entire holomorphic function in the complex plane. Suppose that
there are a non-negative integer m and a positive constant C' such that

< Cl™ (2] = 1)

Then f(z) becomes a polynomial with deg f(z) < m. This is a well-known fact
in the complex analysis in one variable. In this paper, we prove an analogous
result for entire holomorphic curves in the algebraic torus (C*)" := (C\ {0})™.
Let [z9 : 21 : -+ : 2z,] be the homogeneous coordinate in the complex
projective space CP™. We define the complex manifold X C CP" by

X={[1:z1::2,] €CP" 2 #0(1<i<n)}=(CH"

X is a natural projective embedding of (C*)™. We use the restriction of the
Fubini-Study metric as the metric on X. (Note that this metric is different from
the natural flat metric on (C*)™ induced by the universal covering C* — (C*)™.)

For a holomorphic map f : C — X, we define the pointwise norm |df|(z)
by setting

(1.1) \df|(2) == V/2|df(0/0z)| for all z € C.

Here 0/0z = 3 (8/0x — v/—18/9y), and the normalization factor v/2 comes
from |0/0z| = 1/V/2.
The first result of this paper is the following.
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Theorem 1.1. Let f : C — X be a holomorphic map. Suppose there
are a mon-negative integer m and a positive constant C' such that

(1.2) |df[(2) < Clz[™ (lz[ = 1).

Then there are polynomials g1(z), g2(2), -+, gn(z) with degg;(z) < m + 1
(1 <i<n) such that

(1.3) F(2) = [L: en() ; e02(2) L gon(2)],

Conversely, if a holomorphic map f(z) is expressed by (1.3) with poly-
nomials g;(z) of degree < m + 1, then f(z) satisfies the “polynomial growth
condition” (1.2).

The direction (1.3) = (1.2) is easier, and the substantial part of the argu-
ment is the direction (1.2) = (1.3).
If we set m = 0 in the above, then we get the following corollary.

Corollary 1.1.  Let f : C — X be a holomorphic map with bounded
deriative, i.e., |df|(z) < C for some positive constant C. Then there are
complex numbers a; and b; (1 <i <n) such that

flz)=][1: @17t pazztbe . panztbn ]

This is the theorem of F. Berteloot and J. Duval in [2, Appendice]. (I
also gave a proof of this result in [4, Section 6].) Holomorphic curves with
bounded derivative are usually called “Brody curves” (cf. Brody [3]). Hence
the condition (1.2) is an extension of the Brody condition.

Remark 1.  Let T'(r, f) be the Shimizu-Ahlfors characteristic function
of a holomorphic curve f: C — X:

"dt
10 0)= [ F [ e dedy

It is easy to see that f(z) can be expressed by (1.3) with polynomials g;(z) of
degree < m + 1 if and only if

(1.4) T(r, f) < const - 7™ (r > 1).

(See Section 4.) Hence we have to prove (1.4) under the condition (1.2). But
the direct consequence of (1.2) is

T(r, f) < const - r*™T2  (r > 1).

From this estimate, we can only prove that f(z) can be expressed by (1.3) with
polynomials g;(z) of degree < 2m+2. The proof of (1.2) = (1.4) needs a precise
analysis on the behavior of |df|, and this is the main task of the paper. The
pointwise norm |df|(z) is actually very complicated object (see the beginning
of Section 2), and one of the purposes of this paper is to develop techniques to
handle it.
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Remark 2.  If the metric on (C*)™ is the natural flat metric induced
by the universal covering C"* — (C*)™, then the statement of Theorem 1.1 is
trivial. Our theorem tells us that the same conclusion holds even if we use the
Fubini-Study metric.

Theorem 1.1 states that holomorphic curves in X can be characterized by
the growth rate of their derivatives. We can formulate this fact more clearly as
follows;

Let g1(2), g2(2), - -+ , gn(z) be polynomials, and define f : C — X by (1.3).
We define the integer m > —1 by setting

(1.5) m = —1 + max(deg g1(z),deg g2(2), - - ,deg gn(2)).

We have m = —1 if and only if f is a constant map. This integer m can be
obtained as the growth rate of |df|:

Theorem 1.2. If m > 0, then we have

i max| .|, log |df|(z) -
im sup log 7 =m

The order p¢ of a holomorphic curve f is usually defined by

: log T'(r, f)
pf = limsup ———.
r—oo log r

It is easy to see that py = m + 1 under the condition of this theorem. Hence
this theorem tells us that we can prove a similar result for the pointwise norm

|df|.

Corollary 1.2.  Let A be a non-negative real number, and let [A] be the
maximum integer not greater than A. Let f : C — X be a holomorphic map,
and suppose that there is a positive constant C such that

(1.6) df|(2) < Clz1* (|2 > 1).
Then we have a positive constant C' such that
dfI(z) < C'[P (2] 2 1).

Proof. 1If f is a constant map, then the statement is trivial. Hence we
can suppose that f is not constant. From Theorem 1.1, f can be expressed by
(1.3) with polynomials g;(z) of degree < [A]+2. Since f satisfies (1.6), we have

max|z|=r 10g|df|(2’) <\

lim sup
r—oco logr

From Theorem 1.2, this shows deg g;(z) < [A] + 1 for all g;(z). Then, Theorem
1.1 gives the conclusion. [l
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2. Proof of (1.3) = (1.2)

Let f: C — X be a holomorphic map. From the definition of X, we have
holomorphic maps f; : C — C* (1 < i < n) such that f(z) =[1: fi(z) :---:
fn(2)]. The norm |df|(z) in (1.1) is given by
(2.1)

Af2(:) = Al 1+Zn:\f.( ) (a2l 0,2
Z) = 4’/T Og p 2 = 81'2 ay2 = 8282 .

Suppose that f is expressed by (1.3) with polynomials g;(z) of degree < m+ 1.
Then f;(z) = e%(*) (1 <4 < n), and we have

WSn o I vit Y G 1 Ul 1 i/l
AL A+SAPE |
1 0L — g1 21512

S D e D i (7 e B

(2.2) L <

e e PR
o Z (1+1£?) +Z L+ £/

Z dfi* + > 1d(f:/ 1) |2

i<J

Here we have set

R L)
EirE M= E T e

These are the norms of the differentials of the maps fi, fi/f; : C — CP. (We
will repeatedly use the above (2.2) in this paper.)

We have fi(2) = exp(gi(2)) and fi(2)/f;(2) = exp(gi(2) — g5(2)), and the
degrees of the polynomials ¢;(z) and g¢;(z) — ¢;(z) are at most m + 1. Then,
the next lemma gives the desired conclusion:

|df1‘ =

ldf|(z) < ClzI™ (2| =2 1)
for some positive constant C. O

Lemma 2.1.  Let g(2) be a polynomial of degree < m+1, and set h(z) :=
e9(2) . Then there is a positive constant C' such that

L) .
> .
() = g2 <l (a2 )
Proof. We have
!
Vrldh) =~ < min(l, b < 1g')

A+ [p]=1
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Since the degree of ¢'(z) is at most m, we easily get the conclusion. 1

3. Preliminary estimates

In this section, k is a fixed positive integer.
The following is a standard fact in the Nevanlinna theory.

Lemma 3.1.  Let g(2) be a polynomial of degree k, and set h(z) = e9(2).
Then there is a positive constant C' such that

T dt
/ —/ |dh|?(2) dzdy < Cr*  (r > 1).
1t Jz<e
Proof. Since |dh|? = & Alog(1 + |h|?), Jensen’s formula gives

" 1 1
/ ﬂ/ |dh|? dedy = — log(1 + |k|?) d6 — —/ log(1 + |R|?) d6.
1 t |z|<t 47 |z|=r 4 |z|=

|=1
Here (r, ) is the polar coordinate in the complex plane. We have
log(1 + |h|?) < 2|Reg(2)| +log2 < CrF  (r:=|z| > 1).
Thus we get the conclusion. [l

Let I be a closed interval in R, and let u(z) be a real valued function
defined on 1. We define its C'-norm [ue: ;) by setting

llles 7y = sup [u(@)] + sup |u ().
xel xel

For a Lebesgue measurable set E in R, we denote its Lebesgue measure by |E|.

Lemma 3.2.  There is a positive number ¢ satisfying the following: If a
real valued function u(x) € C1[0, ] satisfies

(3.1) [u(z) = cos@erp - < ¢,

then we have

lu= ([, 1)) < 4t for any t € [0,¢].

Proof. The proof is just an elementary calculus. We choose § > 0 so that
sinz > 3/4 for all z € [r/2—6,7/2+06]. (Note that sin(7w/2) = 1.) We choose a
positive number ¢ < 1/4 sufficiently small so that for any u € C*[0, 7] satisfying
(3.1) and for any ¢ € [0, €]

u H([~t,t]) C [7/2 = 6, 7/2 + 5]

Let z; and 2 be any two elements in u=!([—t,t]). From the mean value
theorem, there exists y € [7/2 — 0, 7/2 + 0] such that

u(zy) — u(wz) = u'(y) (21 — x2).
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We have |u/(y)| > |siny| — |siny + v/ (y)| > 3/4 — e > 1/2. Hence
|21 — o] < 2|u(z1) — ulxs)| < 4t.

Thus we get
lu™ ([, 1))] < 4t.

O
Using a scale change of the coordinate, we get the following.
Lemma 3.3.  There is a positive number e satisfying the following: If a
real valued function u(x) € C[0,27] satisfies
|u(z) = coskz|cifg on < €,
then we have
lu=t([~t,t])] < 8t for any t € [0,¢].
Proof.
2k—1
u (=t 1) = |J v (=t N /b, (G + /]
j=0
Applying Lemma 3.2 to u(x/k), we have
lu™'([=t,t]) N [0,7/k] | < 4t/k.
In a similar way,
™ (=t ) Nl /k, G+ Dr/Bl | < 4t/k (G =0,1,---,2k = 1).
Thus we get the conclusion. |

Let E be a subset of C. For a positive number 7, we set
E(r) := {0 € [0,2x]| 7" € E}.
In the rest of this section, we always assume k > 2.

Lemma 3.4.  Let C be a positive constant, and let g(z) = zF +a; 2" =1 +
-+« + ag be a monic polynomial of degree k. Set

E :={z € C||Reg(2)| < C|z|}.
Then there exists a positive number ro such that

|E(r)] < SC’/rk_1 (r > ro).
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Proof. Set v(z) := Re (a12"~ + a2*~2 +--- + a;). Then we have
Reg(re’?)| < Cr <= |coskl +v(re?)/rF| < C/rF1.
Set u(f) := coskd + v(re?) /r*. Tt is easy to see that
|w(0) — cos kb cifg or) < const/r  (r > 1).
Then we can apply Lemma 3.3 to this u(6), and we get
|B(r)] = [u™ ([=C/r" =, C/rt T < 80/ (> 1),
Here we have used k > 2. O
The following is the key lemma.

Lemma 3.5.  Let g(2) = apz* + a12"~' 4+ --- 4+ ay be a polynomial of
degree k (ag # 0). Set

E = {z € C|[Reg()] < |2]}.

Then there exists a positive number ro such that
[E(r)| <

Proof. Let arg ag be the argument of ag, and set « := argag/k. We define
the monic polynomial g1 (z) by
1 —ia k
91(2) = rgleT™2) = F
|aol
Then we have
|Re g(re)| < r < |Regl(rei(9+°‘))| < r/|ag|.

Hence the conclusion follows from Lemma 3.4. O

Lemma 3.6.  Let g(2) be a polynomial of degree k, and we define E as
in Lemma 3.5. Set h(z) := e9*). Then we have

/ |dh|?(z) dzdy < oo.
C\E

Proof. Since |h| = eR¢9, the argument in the proof of Lemma 2.1 gives
Vv |dh| < |g'|min(|Rl, [h] 1) = |g'| e R,

Note that ¢’(z) is a polynomial of degree k — 1 and that we have |Reg| > |z|
for z € C\ E. Hence we have a positive constant C' such that

|dh|(z) < Clz/*~te l*l if z € C\ E and |2] > 1.
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The conclusion follows from this estimate. O

4. Proof of (1.2) = (1.3)

Let f=[1:fi: fa:-: fu] : C— X be a holomorphic map with
|df|(z) < C|z|™ (]z] > 1). Since exp : C — C* is the universal covering, there
exist entire holomorphic functions g;(z) such that f;(z) = e%(*). We will prove
that all g;(z) are polynomials of degree < m+ 1. The proof falls into two steps.
In the first step, we prove all g;(z) are polynomials. In the second step, we
show deg ¢;(z) < m + 1. The second step is the harder part of the proof.

Schwarz’s formula (see Ahlfors [1, p. 168]) gives'

1
g:(C) = —/ “ Re (gi(2))df + const, where |[¢| < r and 0 = arg z.
|z]=r

m Z —

Differentiating this equation, we get (k > 1)
ergl_(k) (0) = k'/ Re (91(2» e—k\/—_19d9 — k"/ IOg |fz(z>| e_k\/__wdé.
|z[=r |z|=r

We have
log | fil| < log(|fi+|fi| ') = log(1+]f;|*)—log |f;| <log(1+>_ |f;|*)—log]|fil-

Hence

mrtla o) <

|z|=r

log(1+ 3" 1f,1%) do - k!/ log | 3] do.

|z|=r

Since log | f;| = Reg;(z) is a harmonic function, the second term in the right-
hand side is equal to the constant —27k!Re g;(0). Since |df|> = ;= Alog(1 +
> 1£j1%), Jensen’s formula gives

1 2 1 2
T GO ST ISEr =y IR IR SIRLT

|z|=r
— [ G i) dody.
1t Jpp<e

Thus we get

k " dt
(4.1) L|g£k)(o)| g/ —/ |df|*(2) dzdy + const.

Since |df|(z) < C|z|™ (]z| > 1), the right-hand side is O(r?™*+2). Hence
ggk)(O) =0 for k > 2m + 3, and all g;(z) are polynomials (cf. Remark 1).

*11 learned the idea of using Schwarz’s formula from Berteloot-Duval [2, Appendice]. I
gave a different approach in [4, Section 6].
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Next we will prove degg;(z) < m + 1. We define E;, E;; C C (1 <14 <
n,1 <i < j <mn) by setting
deggi(z) <m+1= E;:=0,
deggi(z) >m+2= E; :={z € C||Reg;i(2)| < |2|},
deg(gi(2) — gj(2)) <m+ 1= E;; =0,
deg(gi(2) — g;(2)) 2 m +2 = Ey; := {z € C||Re (9:(2) — g;(2))| < |2[}-

We set £ := J; E; UU,; Eij. Then we have E(r) = |, Ei(r) UU,; Ei;(r)
for r > 0. From Lemma 3.5, we have positive constants 7o and C’ such that

—~ o~

(4.2) |[E(r)| < C'frm™ Tt (r > rg).

We have

(4.3)
s @ 2
/1 ; /|z|<t|df| () dedy

" dt " dt
-3/ P dedy+ [ [ df[2(2) dady.
1t JEngz<t) 1t JEengzi<)

Using (4.2) and |df|(z) < C|z|™ (|z| > 1), we can estimate the first term in the
right-hand side of (4.3) as follows:

/ |df |2(2) dady < 02/ 2L drde,
En{1<|z[<t} En{1<|z[<t}

¢
:C’Q/1 P2 E(r)|dr.

If t > ro, then

t t C«/ C«/
/ P2 E(r)|dr < C”/ rmdr = —— Mt - = _pgmtL
ro ro m+1 m+1

(4.4) / ﬂ/ |df |*(2) dedy < const - ™1 (r > 1).
1t JEnglz1<)

Next we will estimate the second term in the right-hand side of (4.3) by
using the inequality (2.2) given in Section 2:

jdf|* < Z dfil® + Y 1d(fif 1)1

1<J

If deg g;(2) < m+ 1, then Lemma 3.1 gives

|7/ P dedy < [ 5 [P dedy < const .
1t Jeenqz<ty 1t Sz
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If deg g;(z) > m + 2, then Lemma 3.6 gives

/ \dfi[2(2) dady < / \dfi[2(2) dady < const,
Een{|z|<t}

Ben{|zI<t}

The terms for |d(f;/f;)| can be estimated in the same way, and we get
r dt 2 m—+1

(4.5) — |df|*(z) dedy < const - r (r>1).
1t JEpenqzi<y

From (4.3), (4.4), (4.5), we get

Tdt
/ */ |df|*(2) dxdy < const - ™1 (r > 1).
1ty

From (4.1), this shows g™ (0) = 0 for k > m + 2. Thus g;(z) are polynomials

3

with deg g;(z) < m+ 1. This concludes the proof of Theorem 1.1. O

5. Proof of Theorem 1.2
The proof of Theorem 1.2 needs the following lemma.

Lemma 5.1.  Let k > 1 be an integer, and let § be a real number satis-
fying 0 < 6 < 1. Let g(2) = apz® 4+ a1 2*~1 +--- + ap be a polynomial of degree
k (ag # 0). We set h(z) := e9%) and define E C C by

E :={z€C||Reg(2)] < \z|5}.
Then we have
/ |dh|?(z) dzdy < oo,
C\E

and there is a positive number ro such that

B < —

_ > .
= fagrs =70

Proof. This can be proved by the methods in Section 3. We omit the
detail. 0

Let g1(2), g2(2), -+, gn(z) be polynomials, and define the holomorphic
map f : C — X and the integer m > —1 by (1.3) and (1.5). Here we suppose
m > 0, i.e., f is not a constant map. We will prove Theorem 1.2.

From Theorem 1.1, we have

|df|(z) < const - [2[™ (][ = 1).

It follows
max|z|=r log |df|(2’) <m

lim sup
r—0o log r
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We want to prove that this is actually an equality. Suppose

max| .|, log |df|(z) <m
=

lim sup
00 logr

Then, if we take € > 0 sufficiently small, there exists a positive number ry such
that

(5.1) ldf1(z) <275 (2] = o).
Schwarz’s formula gives the inequality (4.1):

rk

(5.2) el

sPons [ 5 /| P E) dody - const (2 0)
z|<t

Let 0 be a positive number such that 0 < § < 2¢. We define E; and Ej;
(1<i<n,1<i<j<n) by setting

deggi(z) <m = E; :=10),

deggi(z) =m+1= E; :={z € C||[Re gi(2)| < |2[°},

deg(gi(2) — g;(2)) < m = Ey; =0,

deg(gi(2) — gj(2)) = m+ 1 = By := {z € C| Re (9i(2) — g;(2))| < |2I’}.

We set B := J; E; UU,; Eij. Then, if we take rg sufficiently large, we have
(from Lemma 5.1)

(5.3) |E(r)] < const/r™ 170 (r > 1),

We have

/@ / (df () dudy
1t Jz<e

" dt T dt
=/ */ |df|*(2) dxdy+/ —/ \df|?(z) dady.
1 U JEngz<) 1t JEen{jz|<ty

From (5.1) and (5.3), the first term in the right-hand side can be estimated as
in Section 4:

"dt
/ —/ |df|?(z) dzdy < const - r™FT1=(2e=0) (1 > 1),
1t Jengz<n

Using Lemma 5.1 and the inequality |df|> < Y, |dfi]* + Do ld(fi) f;)]?, we
can estimate the second term:

Tdt
/ —/ |df |>(2) dedy < const - logr + const - ™ (r > 1).
1t JEenglz<ty
Thus we get

/ ﬂ/ |df|?(2) dzdy < const - r™mF1=(2=0) (1 > 1),
1t Jz<e
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Note that 2e — § is a positive number. Using this estimate in (5.2), we get
d0)=0 (k>m+1).
This shows deg g;(z) < m. This contradicts the definition of m. O
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