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Resultants and universal coverings

By

Kohhei YAMAGUCHI

Abstract
We construct the universal coverings of spaces of self-holomorphic
maps on the complex projective space CP™ by using the resultants, and
we study their homotopy types.

1. Introduction

Let j : S2 = CP! — CP™ be the inclusion map given by j([z : y]) =
[ :y:0:-+:0. Ifl <m<mnand f: CP"™ — CP" is a con-
tinuous map, the corresponding integer of the homotopy class of f o j in
m2(CP™) 2 Z is called the degree of f. Let Map,(CP™,CP"™) denote the space
of all continuous maps f : CP™ — CP™ of degree d, and let Map);(CP™, CP")
be the subspace consisting of all based maps f € Map,(CP™,CP"™) such
that f(e,) = e,, where e, = [l : 0 : --- : 0] € CP* is a base point
of CP* (k = m,n). Similarly, Holy(CP™ CP") C Map,(CP™ CP") (resp.
Hol;(CP™,CP™) C Map;(CP™,CP™)) be the corresponding the subspace of
all (resp. based) holomorphic maps f : CP™ — CP" of degree d. Remark that
Holy(CP™,CP™) = () if d < 0, and that any holomorphic map f : CP™ — CP"
of degree 0 is a constant map. So we always assume that d > 1.

When m > 2, we also consider the subspaces Hy(m,n) C Hol;(CP™, CP")
and Fy(m,n) C Map;(CP™,CP") defined by

(1.1) Hy(m,n) = {f € Hol3(CP™ CP") : foi =y~ "},
. Fy(m,n) = {f € Map}(CP™,CP") : foi = w;nﬂ,n},

where i’ : CP"™~! — CP™ denotes the inclusion given by i’ ([xg : -+ : Zp_1]) =
[+ @m—1 : 0] and ¥"" € Holy(CP™, CP™) is the based holomorphic map
defined by ¢]""([zo : 1 : -+t @p)) = [2d t2f -2, 20 0] Ttis

known that there is a homotopy equivalence Fy(m,n) ~ Q*™CP" ([9], [12]).

The principal motivation of this paper derives from the work of G. Segal
[13] and J. Mostovoy [10], in which they show that the following Atiyah-Jones-
Segal type homotopy (or homology) stability result holds.
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Theorem 1.1 (G. Segal, [13]; J. Mostovoy, [10]). Let 1 < m < n be
integers and let

iq - Hol;(CP™, CP™) — Map},(CP™, CP™)
Jja : Holg(CP™,CP™) — Map,(CP™, CP™)
il : Hy(m,n) — Fy(m,n) ~ Q*"CP"

be the corresponding inclusion maps.

(i) If m = 1, the inclusions iq and jq are homotopy equivalences up to
dimension (2n — 1)d.

(i) If m > 2, the inclusions iq, jq and i), are homotopy equivalences
through dimension D(d;m,n) when m < n and homology equivalences through
dimension D(d : m,n) when m = n, where |x| denotes the integer part of a
real number x and D(d;m,n) is the number given by

D(d;m,n) = (2n —2m + 1) <L%j + 1) -1
Remark. A map f: X — Y is called a homotopy equivalence up to
dimension D if the induced homomorphism f, : 7 (X) — 7 (Y) is bijective
when k < D and surjective when k = D. Analogously, it is called a homo-
topy equivalence through dimension D (resp. a homology equivalence through
dimension D) if f, : mp(X) — m(Y) (vesp. fi : Hy(X,Z) — Hi(Y,Z)) is an
isomorphism for any k£ < D.

If we recall several Atiyah-Jones-Segal type Theorems (c.f. [1], [2], [6],
[13]), we may expect that the inclusions 44, jq, and i/, may be homotopy equiv-
alences through dimension D(d;m,n) for m = n > 2, and we would like to
consider this problem. From now on, for m = n, we write

Holy(n) = Holy(CP™,CP™), Holj(n) = Hol;(CP™,CP"),
(12)  { Mapy(n) = Map,(CP", CP™), Mapj(n) = Map(CP", CP"),
Hgy(n) = Hy(n,n) and Fy(n) = Fy(n,n) ~ Q*"CP".

In order to settle the homotopy stability problem it seems necessary to un-

derstand the universal covering spaces Hy(n), Hol%(n) and Holg(n), where X
denotes the universal covering of a connected space X.

Let z, (k=0,1,2,--- ,n) be complex variables, let H4(n) denote the space
consisting of all homogenous polynomials g € C|zg, - - , z,,] of degree d, and let
X4(n) C Ha(n)" ! be the subspace consisting of all (n+1)-tuples (fo, - - , fn) €
Ha(n)" ! such that the polynomials fo, f1,-- - , f, have no common root except
0,41 = (0, ,0) € CPFL,

For (fo,+ , fn) € Ha(n)"* 1, let R(fo, -+ , fu) € C denote the resultant for
the forms of several variables of homogenous polynomials (fo,- -, f,) defined
as in [7] (see Section 2 in detail). It is known that (fo, -, fn) € Xa(n) if
and only if R(fo, -+, fu) # 0 for (fo, -, fn) € Ha(n)"™! ([7]) , and we can
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identify

(1.3) Xa(n) = {(fo,, fu) € Ha(n)" ™" : R(fo, -+, fu) # 0}.

Define the free right C*-action on X4(n) by

(14> (f07"'7fn)'a:(af07"'7afn)

for ((fo, -+, fn),a) € Xa(n) x C*. Because any holomorphic map f € Holz(n)
is represented as f = [fo : -+ - : fp] for some (fo, -+, fn) € Xa(n) (c.f. 9], [10]),
we can easily see that there is a homeomorphism

(1.5) Holy(n) = Xy4(n)/C*.

If f € Holj(n), since f(e,) = ey, it is represented as f = [fo : -+ - : f] such that
(fo, -, fn) € Ya(n), where Y;(n) C X4(n) denotes the subspace consisting of

all (n + 1)-tuples (fo,--- , fn) € Xa(n) such that the coefficient of z§ of fo is 1
and 0 in the other polynomials f (1 <k <mn).

For each integer 0 < k < n, define the subspace Wy (d) C Clzg,- - , 25| by
Wi(d) = {# +2zg:9€Han(n)} ifk#n
{919 € Haa(n)} ik =n

and consider the space Vy(n) = Wo(d) x Wi (d)x---x W, (d) C Clzg,- -+, 2n]" .
If f € Hy(n), it is represented as f = [fo : -~ : fu] such that (fo,---,fn) €
Xa(n)NVy(n), and it is easy to see that there are homeomorphisms

(1.6) Holj(n) 2 Yy(n) and Hy(n) = Z4(n),

where we write Z4(n) = Xq(n) N Vy(n).

We also denote by HFy(n) and HF(n) the homotopy fibers of the in-
clusions j4 : Holg(n) — Map,(n) and i4 : Holj(n) — Mapjj(n), respectively.
Remark that there is a homotopy equivalence HF(n) ~ HFy(n) (see Lemma
5.1). Then the main results of this paper are stated as follows.

Theorem 1.2.
(i) There exists a homeomorphism Holg(n) = R™1(1).
(ii) There are homotopy equivalences

Holj(n) ~ Ry* (1) and Hg(n) ~ Ry'(1).

Here, R=*(1), R;'(1) and Ry (1) denote the subspaces of Xq(n) given by

R_l(l) = {(f07 7f71) € Xd(n) : R(foa 7fn) = 1}7
(17) Rl_l(]') = {(f0> ,fn) € Yd(n) : R(f(b ,fn) = 1}7
R51(1> = {(f07 7fn) € Zd(n) : R(f07 7fn) = 1}
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Although we know the fundamental group actions on the universal cover-

ings Holy(n), Hol};(n) and Hy(n), we cannot determine whether they are nilpo-
tent actions or not. If these inclusions are homotopy equivalences through di-
mension D(d;n,n), HFy(n) and HFj(n) must be | %} |-connected. Although
we cannot prove this statement, we can show the weaker one as follows.

Theorem 1.3. HFj;(n) and HFy(n) are simply connected.

This paper is organized as follows. In Section 2, we construct the universal
covering of Holy(n) geometrically by using the resultant for the forms of several
variables. In Section 3 and 4, we also construct the universal coverings of
Hol’;(n) and Hg(n) by using this resultant, and finally in Section 5, we give the
proof of Theorem 1.3.

—_~—

2. Resultants and the space Hol;(n)

First, recall about resultants. For each I = (ig, - ,i,) € Zggl, we write
I =35 _oix and 27 = 2{02}" - zi». We denote by Z(d) the set

I(d) = {I = (io, - ,in) € ZE§" : |I| = d}.

If (fo, f1, s fn) € Hay(n) X Ha, (n) X - -+ x Hg, (n), each homogenous polyno-

mial fj, of degree dj can be written as fr = Z czykzl (cr,x € C). Then for
1€Z(dy)

each such possible pair of indices (I, k) with I € Z(dy) and 0 < k < n, we intro-

duce a variable Z; . Then for a polynomial P € C[Z;;, : I € Z(dy), 0 < k < n],

let P(fo, -, fn) denote the complex number obtained by replacing variable

Z1k in P with the corresponding coefficient cy .

Lemma 2.1 ([7], [[4]; Chap. 3, Theorem 2.3, Theorem 3.1]).  For each
(n + 1)-tuple J = (do, -+ ,d,) of positive integers, there exists a unique ir-
reducible homogenous polynomial Ry € Z[Z1 : I € Z(dy),0 <k < n] of degree
ZZ:O do -+ dg—1dgs1 - - - dy, which satisfies the following three conditions:

(i) Ry s an irreducible polynomial even in C[Z; - I € I(dy),0 <k < n].

(i) Ry(zg0, 2y, -, zdn) = 1.

(iil) If (fo, -+, fn) € Hay(n) X -+ X Hq, (n),
RJ(fO?“‘ 7fk—17)\fk7fk+17"' afn) = Ado“‘dkildk+1“-anJ(.f(h'" afka"' 7fn)

for any A € C*, and the equation fy = f1 =--- = f, = 0 has no solution except
Ons1 € C™H if and only if Ry(fo, -+ 1 fa) #0.

Remark. In general, the polynomial R; can be regarded as the gen-
eralization of the determinant (c.f. [4], [7]). To see this, consider the case

dy=dy = =d, =1. If (fo, -+, fn) € Hi(n)"!, each fi can be written
as fr = Y5 Cikzk (cjk € C). If Zj) denotes the corresponding variable
to ¢jr and set J = (1,1,---,1), Ry can be written as R; = det(Z; ) and

RJ(fO? T ﬂfn) = det(cj,k)'
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From now on, we always assume that dg =d; =---=d, =d > 1, and we
write

(2.1) R = RJ = R(d7d,-~- ,d) for J = (d, d, s ,d)

Because R(fo, -, fn) # 0 for any (fo, -, fn) € Xa(n), R can be regarded as
the map R : X4(n) — C*.

Let G4 be the subgroup of C* defined by G4, = {g € C* : g(nthd" —
1} = Z/(n+ 1)d", and consider the space C* x¢, , R~!(1), where we identify
[967 (va"' afn)} = [ﬁv (gf07"' 7gfn)] in C* XGan R_l(l) if g € Gd,n and
((ﬂv (fO’ e 7fn)) e Cr x R_l(l)'

Define the map ¢4 : C* x¢,, R71(1) — C* by @q([8, f]) = BTD4" for
8, f] € C* xq,., R71(1). Because R is a homogenous polynomial of degree
(n+ 1)d™ and it satisfies the equality

(22) R(\fo, -, M) = XV R(fo, - fa)
for ((fo, -+, fn),\) € X4(n) x C*, this implies the following result.

Lemma 2.2 (c.f. [13, Proposition 6.1]).
(i) There exists a C*-equivariant homeomorphism

(I)d : Xd(n) i c* XGd,n R_l(].)

such that g0 ®g =R : Xq(n) — C*.

(ii) The map R : X4(n) — C* is a fiber bundle with non-singular fibers
and structure group Ggq, = Z/(n+ 1)d™.

(iii) The monodromy T : R=1(1) — R~1(1) (i.e. the action of the generator
of the structure group) is given by T(fo, f1,- -, fn) = (€S0, &f1, -+ ,Efn), where
& is a primitive root of unity of order (n+ 1)d™.

Proof. (i) Let f = (fo, -+, fn) € Xa(n) be an element, and let o € C*
(k = 1,2) be two complex numbers such that o{""V" = o{"™" = R(f).
Consider the element F(ay) = (ak,(i—‘;,~~ ,g—z)) € C*x R71(1) (k = 1,2).
In this case, since there exists some element g € Gg4,, such that as = ga,
[F(o)] = [F(a2)] in C* xg,, R7'(1). So define the map ®4 : X4(n) —
Ccx XGan R_l(l) by (bd(.f) = [OZ,(%,"' 7%)] = [OZ, 5 for f = (fO 7fn) €
Xa(n) if V9" = R(f). Next, let [3, f] € C* xg,, R7*(1) be any element
such that (8, f) = ((fo, -+, fn), 8) € C*x X4(n). If [B, f] = |1, ] (8,51 € C*,
fih € R71(1)), there exists some g € G4, such that (61,h) = (g7 8,9 f).
Hence, 81 - h = - f and the element 5 - f = (8fo, - ,Bfn) € Xa(n) does not
depend on the choice of the representative (3, f). So one can define the map
Ga: C* Xy, RY(1) = Xa(n) by Ga([B, f]) = B+ f = (Bfor-+ » Bf).

If [8, f] € C* xg,, R'(1), because R(f) =1, R(B- f) = BV R(f) =
BV Hence, &40 Ga([8, f]) = ®a(B- f) = [5, %} = [, f], and we have
®; 0G4 =id. An analogous computation also shows that G4 o ®4; = id and so
that @, is a homeomorphism.



864 Kohhei Yamaguchi

Furthermore, if (f,3) € Xq(n) x C* with R(f) = a"*tD4" (a € C*), be-
cause R(B- f) = BOHDE R(f) = (Ba) V9" &y (8- f) = [Ba, BL] = [Ba, L] =
8- o, é] = 3 ®4(f). Hence, ¥4 is a C*-equivariant map. Because a similar
computation shows that G is also a C*-equivariant map, ®4 is a C*-equivariant
homeomorphism.

If f € Xg(n) and R(f) = a9 g0 Ba(f) = r([a, £]) = a0 =
R(f). Hence, ¢4 0 @4 = R and the assertion (i) is proved.

(ii) It follows from (i) that we may identify R with the map ¢q4. So it
suffices to prove the local triviality for the map ¢q4.

We write D = (n + 1)d™, and let 8 € C* be any element. From now on,
we choose the fixed constant 6y € R such that 8 = || exp(v/—16p), and set
ap = |8|Y/P exp(@). Then because {a € C* : aP = 3} = {gag : g € Gan},
we note that

va'(8) ={lgao, fl: g € Gan, f € R (1)} = {[ao, 9f] : g € Gan, f € R (1)}
= {lao, f]: f € RT'(1)} = R7(1).

Let ¢(r,0) denote the function ¢(r,0) = rexp(v/—10) (r > 0, 6 € R), and let
U be a sufficiently small connected open neighborhood U of /3 such that ¢|U is
injective. For example, let U be the open set given by

. 3181 58]

s m
= s -0y < — *
U {¢(r,0) T <"< 10 < 0<100}CC

If we remark the above isomorphism, we can see that the map h : Ux R71(1) —
go(;l(U) given by by h((r,0), f) = [¢(r'/P,6/D), f] is a homeomorphism. Fur-
thermore, if ¢; : U x R71(1) — U denotes the first projection, clearly the
equality ¢4 0 h = g1 holds. Hence, the local triviality is proved.

(iii) The assertion (iii) easily follows from the proof of (i). O

By using Lemma 2.2, we have the fibration sequence

(2.3) R7Y(1) S X4(n) 5 €7

We also recall from [14, Appendix] that there is a fibration sequence
(2.4) Hol’(n) - Holg(n) <% CP",
where the map ev is given by ev(f) = f(e,) for f € Hola(n).

Lemma 2.3.

(i) m(Xa(n)) = Z. o

(i) There is a homotopy equivalence X4(n) ~ R™(1), and the map R :
Xa(n) — C* ~ K(Z,1) represents the generator of the based homotopy set

[Xa(n), K(Z,1)] = HY(X4(n),Z) = Z, where )?;(_n/) denotes the universal cov-
ering of Xq(n).
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Proof. (i) Let &, = (1,0,0,---,0) € C""! and define the map év :
Xd(n) — C ! \ {0n+1} ~ G2l by €~’U(f0,--- 7fn) = (fO(én)7 afn(én))
for (fo, -, fn) € Xa(n). We also remark that there is a C*-principal bundle
C* — Xg4(n) = Holg(n) = X4(n)/C*, because (1.4) is a free action and the
local triviality is satisfied. Then if 7, : $?"*1 — CP" is a Hopf fibering, it is
easy to see that evorn = ~, oev. Hence, if Fy denotes the homotopy fiber of the
map €v, it follows from [3, Lemma 2.1] that we have the homotopy commutative
diagram

x —— Fy ——— Holj(n)

| | |

C* —— Xy4(n) ——— Holg(n)

|| évl evl
C* —, g2n+l _n Cpn
such that all horizontal and vertical sequences are fibration sequences. Hence,

there is a homotopy equivalence Fy ~ Hol}(n) and we have the fibration se-
quence (up to homotopy equivalence)

(2.5) Holj(n) — Xq(n) =% S0+,

Since S2"*1 is 2-connected and ; (Hol)j(n)) = Z ([14]), there is a isomorphism
m1(Xa(n)) = Z.

(ii) Since R71(1) is connected, by using the homotopy exact sequence in-
duced from the fibration (2.3), R. : m(Xq4(n)) — m(C*) = Z is surjective.
However, because m1(X4(n)) = Z, R, is an isomorphism and R71(1) is sim-
ply connected. Hence, there is a homotopy equivalence Xg(n) ~ R~!(1) and
R : X4(n) — C* =~ K(Z,1) represents the generator of [X4(n), K(Z,1)] =
H'Y(X4(n),Z) = Z. O

Lemma 2.4. If f=(fo, -, fn) € Xaln), fx #0 for any 0 < k < n.

Proof. It fi = 0 for some k, the holomorphic map g = [fo : -+ : fo] =
7(f) € Holyg(n) satisfies the condition f(CP™) C CP"~!. Hence, g* = 0 on
H?"(CP",Z). However, because the degree of g is d > 1, the degree of g* on
H?"(CP™,Z) is d™ # 0, which is a contradiction. O

Theorem 2.1.  There is a homeomorphism Holy(n) = R™1(1).
Proof. By using (1.5) and Lemma 2.2, there is a homeomorphism
Holg(n) = Xq(n)/C* = (C* xq,., R™'(1))/C* = Gy \R™(1).

Since C* acts on X,4(n) freely, the subgroup Gy, also acts on R™1(1) freely.
Hence, we have the covering space sequence Gg, — R71(1) — Holg(n).
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However, because m1(Holy(n)) = Z/(n + 1)d™ = Gg, and R7(1) is con-

~

nected, R~1(1) is simply connected and there is a homeomorphism Holy(n) =
R71(1). O

Corollary 2.1.  There is a homotopy equivalence Xq4(n) ~ Holg(n).

3. The space Hol}(n)

As in (1.6), we identify Holj(n) = Y4(n) and consider the map R; :
Hol}(n) = Yy(n) — C* defined by the restriction Ry = R|Yy(n). If we re-
call that (fo, A\f1, Af2, -+, Afn) € Holj(n) and the equality
(31) Rl(an >\f17 )‘f27 te 7>\fn) - Ananl(fO? e afn)

holds for any ((fo, -, fn),A) € Hol}(n) x C*, by using a complete analogous
proof of Lemma 2.2 one can show the following result.

Lemma 3.1.
(i) There exists a C*-equivariant homeomorphism

Uy : Holj(n) — C* xgy Ry'(1)
such that g o Wg = Ry : C* xgy RyY(1) — C*, where Gy, =19geC:
g""" =1} = Z/nd™. and the map 14 : C* Xas RyY(1) — C* is given by

ba([8, f]) = 6.

(ii) The map Ry : Holj(n) — C* is a fiber bundle with non-singular fibers
and structure group G ,, .

(iii) The monodromy Ty : Ry*(1) — R7 (1) is given by

Tl(an f17 t afn) = (anglfhglfQ? t aglfn)a
where &1 1s a primitive root of unity of order nd™.

Hence, we have the fibration sequence

(3.2) R7Y(1) - Holiy(n) 25 €.

Theorem 3.1.  There is a homotopy equivalence Holy(n) ~ Ry ' (1) and

there is a fibration sequence Holj(n) — Holy(n) — S2n+1,

Proof. By using the fibration sequences (2.3) and (3.2), we obtain the
homotopy commutative diagram

Ry'(1) —— R7'(1) —— "+

| | ||

Hol’(n) —S— Xy(n) —=— §2n+1

wl il l

Cc* _— C* — o«
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where all horizontal and vertical sequences are fibration sequences.

If we consider the fibration sequence Ry*(1) — R™'(1) — S?"*+! be-
cause S?"t1 is 2-connected and R~ (1) is simply connected, Ry *(1) is simply
connected. Then, because Ry *(1) is connected, by using the homotopy ex-
act sequence induced from the fibration sequence Ry '(1) — Hol%(n) LN o
Ry, : mi(Holj(n)) =m (C*) is an isomorphism. Hence, there is a homotopy
equivalence Holj(n) ~ Ry (1). Moreover, because Holg(n) ~ R~*(1), the ho-
motopy fibration sequence Ry *(1) — R™(1) — S?**! reduces to the desired
homotopy fibration sequence. O

—_~—

Remark. It is known that there is a homotopy equivalence Holy(1) ~

e~

Hol;(1) x S3 ([5], [11]). Hence, the homotopy fibration sequence given in The-
orem 3.1 is trivial if n = 1.

Since (f07afl7af27 e ,Oéfn) € HOI;(”) for any (f’ Oé) = ((.f07 e 7fn)’ Oé) €
Hol;(n) x C*, we can define the right C*-action on Hol}(n) by

(33) (va"'7fn)'a:(f03af17af27"'aa.fn)

for ((fo, -, fn),@) € Holj(n) x C*. By using Lemma 2.4, we can easily see
that (3.3) is a free C*-action.

Proposition 3.1.  m;(Holj(n)/C*) & Z/nd™ and there is a homeomor-

—_~— —_

phism Hol'y(n)/C* = RT (1), where Hol’y(n)/C* denotes the universal covering
of the orbit space Holj(n)/C*.

Proof. It follows from Lemma 3.1 that there is a homeomorphism
Holj(n)/C* 2 (C* xa;, Ri'(1)/C* = Gy, \R*(1).
Since the group G, acts on Rfl(l) freely, there is a covering space sequence
G, — Ry(1) — Holj(n)/C*. However, since Ry*(1) is simply connected,

m1(Holy(n)/C*) = G} ,, = Z/nd"™ and there is a homeomorphism Holj(n)/C* =
RyY(1). O

Corollary 3.1.  There is a homotopy equivalence Hol;(n) ~ Hol};(n)/C*.

4. The space Hy(n)

In this section, we construct the universal covering Hy(n) explicitly. For
this purpose, we identify Hy(n) = Z4(n) and consider the map Ro : Hy(n) —
C* defined by the restriction Ry = R|Hy(n).

Since (fo,- -, fn—1, Afn) € Ha(n) and the equality

(4.1) Ro(fo, s fae1s Mu) = A Ro(fo, s fuety fn)

holds for any ((fo, -, fn),\) € Hq(n) x C*, by using a complete analogous
proof of Lemma 2.2 one can show the following result.



868 Kohhei Yamaguchi

Lemma 4.1.
(i) There is a C*-equivariant homeomorphism

fd : Hd(n) i) Cc* Xden R;l(l)

such that rqo fqg = Ro : Hy(n) — C*, where Hy,, = {g € C*: gt =1}y =2 7Z/d"
and the map rq : C* x g, Ry (1) — C* is given by rq([B3, f]) = B¢".

(ii) The map Ry : Hy(n) — C* is a fiber bundle with non-singular fibers
and structure group Hg .

(iii) The monodromy Ty : Ry *(1) — Ry (1) is given by

T2(f07f17 e 7fn) = (f07 T 7fn—1a§2fn)7
where & 1s a primitive root of unity of order d™.

Let j/, : Hq(n) — Holj(n) denote the inclusion.

Theorem 4.1. Ifn > 2, j, : m(Hqa(n)) =, m(Holi(n)) = Z is an
isomorphism.

Proof.  From now on, we identify Hol}(n) = Y4(n) and Hg(n) = Z4(n) as
n (1.6). If (fo, f1) € Hol}(1) C C[zo, 21)?, it can be written as

fo = fo(z0,21) = 2§ + 2190(20,21), 1 = f1(20,21) = 2191(20, 1)

for some homogenous polynomial gi = gr (20, 21) € Clz0,21] (k =0,1). Then,
if we change z; — z, in fy and f1, we can easily see that the element

@(f(% fl) = (f0(207 Zn): Ztlia Zga e 7Zg_17 fl(ZOa Zn))

= (Zg + ano(Zo,Zn),Z?,Zg, e ,Zg—lazngl(ZOazn))

is contained in Hy(n). So define the subspace G4(n) C Hy(n) by

Ga(n) = {¢(fo. /1) : (fo, f1) € Holg(1)} = Holj(1).

Next, consider the subspace G/ (n) C Hq(n) defined by

,d = {(fOuelzllif o ,En—lzgfpfl) : fOufl S C[ZO7' o 7Zn]a€k: S (C*} N Hd(n)

Consider the subspaces Gg4(n) C G(n) C Hg(n). Since n > 2, the comple-
ment of Gg(n) in GJ(n) and that of G/(n) in Hg(n) are of codimension 1.
So the complement of Gg(n) in Hg(n) is of codimension 2, and the inclusion
Ji + Ga(n) — Hga(n) induces an epimorphism j7_ : m(Ga(n)) — mi(Ha(n)).
However, because m1(Gq4(n)) = 71 (Holj(1)) = Z by [13], there is an isomor-
phism 7y (Hy(n)) = Z/1 for some integer | > 0.

Next, because Gg(n) C Hy(n) C Holj(n), the complement of Gy4(n) in
Hol}(n) is codimension > 2 and the inclusion j/, o j// : G4(n) — Holj(n) also
induces an epimorphism j o 57 : 71 (Gq(n)) — w1 (Holj(n)). Hence, by using
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m1(Ga(n)) = m(Holy(n)) = Z ([14)), jy, 0§, : m(Ga(n)) = m (Holj(n)) is an
isomorphism. So that if we recall the composite of homomorphisms

7 = m(Ga(n) 25 m (Ha(n)) 222 my (Hol(n)) = Z

o

and recall that 7 (Hy(n)) = Z/l, we have | = 0 and j}, : mi(Hg(n)) —
m1(Holj(n)) = Z is an isomorphism. O

Since (f07 e ufnflaafn) € Hd(”) for any ((f07 e 7fn)7a) € Hd(”) X (C*a
if we identify Hy(n) = Z4(n) as in (1.6), we can define the right C*-action on

H,i(n) by

(4'2) (fO""7fn)'a:(f07"'7fn—1aafn)

for ((fo, -+, fn),a) € Hy(n) x C*. Tt is easy to see that the action (4.2) is free
by using Lemma 2.4. Similarly, consider the right GL,(C) action on Hol}(n)
given by the matrix multiplication

(43) (anf17"'7fn).A:(f07f17”.)fn) (toln (3;)

for ((fo, f1,--*,fn), A) € Holj(n) x GL,(C). By using Lemma 2.4, we can
see that the above right GL,,(C)-action on Hol};(n) is free, and we obtain the
following commutative diagram of fibration sequences

11

Cc* _ 4, Hyn) —— Hy(n)/C*
(4.4) jdlm j;ln QdJ/
GL,(C) —— Hol}}(n) —— Hol}(n)/GL,(C)

where the natural inclusions ij : C* — Hg(n) and jAd : C* — GL,(C) are
defined by

iga) = (ng T 722) To= (ngziia T »Z;jL—l’O‘Zg)a

- E, 0 . . .

Jala) = 0 (B, : (n x n) identity matrix).
«

Lemma 4.2. 7 (Hg(n)/C*) = 7Z/d".
Proof. Consider the commutative diagram of exact sequences induced
from (4.3):

.11

m(C*)  — m(Hy(n)) ——  m(Ha(n)/C*) —— 0
71 (GL,(C)) —— m(Holj(n)) —— m1(Holj(n)/GL,(C)) —— 0

Since jAd* and j/;_are isomorphisms by Theorem 4.1, g4, is so. However, because
there is an isomorphism 71 (Holj(n)/GL,(C)) = Z/d" by [14], we have an
isomorphism 71 (Hy(n)/C*) = Z/d". O
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Theorem 4.2.  There is a homotopy equivalence Hy(n) ~ Ry *(1).

Proof. It follows from Lemma 4.1 that there is a fibration sequence
(4.5) R;'(1) - Hy(n) 22 C*.
If y1o : C* — C* denotes the map given by po(a) = a?” for a € C*, it is the

d"-fold covering projection. Furthermore, for o € C*, by using Lemma 2.1,

Rooij(a) = R(z¢, -+ ,2% |, az8) =" R(z3,- -, 24) = o

rn

= pio(v).
Hence, Ry0i!] = 119 and it follows from [[3], Lemma, 2.1] that there is a homotopy

commutative diagram

Zjd" —— Ry'(1) —— Ha(n)/C*

l | H

11

C* —“ Hy(n) —— Hg(n)/C*

ol |

where all horizontal and vertical sequences are fibration sequences.

Consider the homotopy fibration sequence Z/d" — Ry (1) — Hy(n)/C*.
Since 71 (Hy(n)/C*) = Z/d" (by Lemma 4.2) and R, '(1) is connected, Ry (1)
is simply connected. Hence, by using (4.5) we also obtain a homotopy equiva-
lence Hy(n) ~ Ry '(1). O

Corollary 4.1.

(i) There is a homeomorphism Hy(n)/C* = Ry (1), where Ha(n)/C* de-
notes the universal covering of the orbit space Hq(n)/C*.

(ii) There is a homotopy equivalence Hy(n) ~ Hy(n)/C*.

Proof.  Since the assertion (ii) easily follows from (i) and Theorem 4.2, it
remains to show (i). It follows from Lemma 4.1 that there is a homeomorphism

Hq(n)/C* = (C* xp,, Ry'(1))/C" = Hyy\Ry ' (1).

By using Lemma 2.4, we can see that the group Hg, acts on R;l(l) freely.
Hence, there is a covering space sequence Hy,, — Ry (1) — Hy(n)/C*. Since
71 (Hg(n)/C*) 2 Z/d" = Hy,, (by Lemma 4.2) and Ry (1) is connected, there

is a homeomorphism Hgy(n)/C* = Ry (1). O

Proof of Theorem 1.2. The assertion follows from Theorem 2.1, Theorem
3.1 and Theorem 4.2. O

5. Homotopy fibers

In this section we give the proof of Theorem 1.3.
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Lemma 5.1.  There is a homotopy equivalence HF;(n) ~ HFy(n).

Proof.  Consider the evaluation map e : Map,(n) — CP™ given by e(f) =
f(en). Then it follows from the fibration sequence (2.3) and [3, Lemma 2.1]
that there is a commutative diagram

HF3(n) — HF;(n) —— =«

l ! |

Hol’(n) —S— Holy(n) —=— CP"

l jdln I

Map},(n) —=—— Map,(n) —— CP"

such that all horizontal and vertical sequences are fibration sequences. Then
the assertion easily follows from the diagram chasing. O

Proof of Theorem 1.3. It suffices to show that HF}] is simply connected.
If d = 1, the assertion follows from Theorem 1.1, and assume d > 2. Because
igy © m1(Hol}(n)) 3 m1(Mapj;(n)) is bijective by [14], it is sufficient to show
that ¢4 induces a surjection on 7.

Let i" : CP"~! — CP"™ denote the inclusion given by i’ ([zg : -+ : x,_1] =
[0 : +-+ : @p—1 : 0], and define the restriction map ' : Map};(CP",CP") —
Map};(CP"~1,CP") by 7/(f) = f o4”. Then we have the fibration sequence

(5.1) Fa(n) 2 Mapi(n) ~5 Map5(CP™!,CP™).

Define the map gj : Q*"CP"™ — F4(n) by

gilp) =Vo (" Ve)ou :CP" 2 cpr v g2 Pt cpry cpr Y cpn

for ¢ € Q*"CP", where V : CP" v CP" — CP" is a folding map, and
p' : CP™ — CP™ Vv S?" denotes the co-action map obtained by collapsing the
hemisphere of 2n-cell €2 in the mapping cone CP" = CP"~' U, , *". Note
that ¢/ : Q2"CP™ 5 F,(n) is a homotopy equivalence ([9]). Let ¢4 : Holj(1) —
Hg(n) be the inclusion given by e4(f, g)) = (f, g, 24, -+, 2%), where we identify
Hol};(1) with the space consisting of all pair (f,g) € C[zo,21])? of homogenous
polynomials of the same degree d with no common root except 0, = (0,0) € C?
such that the coefficient of z§ of f is 1 and that of g is 0. It is routine to check
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that the following diagram is homotopy commutative

.11

Holi;(1) —<—  Hy(n) 7T> Hol}(n)

zlm if{lm z’dln
Q2CP! Fy(n) JTl> Map}(n)
(5:2) )= )=

Qcpt ———  Q"CP"

9271T2 QQ”“/nTz

02 p2n—2
02s =

where E2"72: 83 — Q27=2627+1 denotes the (2n — 2)-fold suspension, *[d] is
the d-times loop sum with the identity map on S2, i : Hol);(1) — Q2CP! is an
inclusion and the map € is given by

e(f)(xNsaANSsA--Nsp)=[f(x):s2::8p]

for (f,z) € QZCP! x S? and s; € S (j=2,3,--- ,n).
Since Map};(CP"~1, CP") is 2-connected ([9]), the map j’ induces a surjec-
tion on ma. By Theorem 1.1, i, : mo(Hol}(1)) — mo(Q3CP!) is an isomorphism

o

if d > 3 and an epimorphism if d = 2. Because Q?E?""2 : mp(0Q253) —
7o (Q21827+1) is an isomorphism, by applying 7 to the diagram (5.2), we see
that ig, : m2(Holj(n)) — ma(Mapj(n)) is also a surjection. O

Q2n S2n+1
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