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In parts I and II of this series [4], we developed a systematic
discussion of imbeddings of the Schwarzschild space-time into a
pseudo-euclidean space of six dimensions. We have already obtain-
ed the stationary imbeddings of three types (i), (ii) and (iii) in the
first paper, which will be called elliptic, hyperbolic and parabolic
respectively in the present paper. In this paper, first of all, we
shall discuss these imbeddings in detail and illustrate by figures.
It should seem difficult to find explicit functions of imbedding
except for the stationary cases, and the remainder of this paper
will be devoted to considerations of various imbeddings of the
Schwarzschild space-time.

At the end of this series we wish to express our sincere
thanks to Dr. Y. Akizuki and Dr. S. Sasaki for their continued
encouragements. Our thanks go also to the members of the
seminar for the differential geometry in Kyoto University and the
members of the Research Institute for Theoretical Physics, Hiro-
shima University who have kindly helped us by frequent dis-
cussions.

§1. The equation of (f, r)-geodesics.

The equations of a geodesic in the Schwarzschild space-time
V* are given by

d't 2mdt dr _

du? vr® du du
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where the parameter » is a special one [8, p. 7], and we have
further the condition g;;dx’dx’=&k’du’, namely

1.2) fy(dt)2~%(dr)2—r2 [(d6) + sin*0(dp)*] = Ek*du? ,

where the k is a constant and the & the indicator for a timelike
or spacelike geodesic; the geodesic is a null geodesic if £=0.

We consider the two-dimensional subspace S in the V' such
that the coordinates 6 and ¢ are constant. A null geodesic of
the V* which is contained in the above S, is given from (1.1)
and (1.2) as follows.

a't omdt dr _

du’ yr du du
d¥r  my dt>2 m (dr\®
24y - Iz -] =0,
duw’ r* <du fyrz<du>
YA(dty—(dr) = 0.
These equations are immediately integrated and we have the

equation of such a null geodesic. If we choose a direction of the
parameter ¢ suitably, the equation is written

1. 3) t =r+2mlog (r—2m)+t,,

where the £, is a constant. For some constant {, we shall call the
geodesic the (¢, )-geodesic and denote by G,. It should be
remarked that the parameter # can take all real numbers as the
variable 7 runs from 2m+0 to + oo.

§ 2. The elliptic imbedding.

In this section we shall treat the imbedding (i) of part I,
which was called to be of elliptic type, and was the same
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essentially as the one obtained by E. Kasner [6]. By this im-
bedding the surface S of the V' is realised in the pseudo-euclidean
3--space as follows.

(2.1) x=+/vsint, y=+/vcost, z=f(@),

where x, ¥ and z are rectangular coordinates, and we took k=1
and 2m=1, so that y=1—7"'. The function f(»)is determined by

ar\  4r°+1 . _
2.2) (EJ‘“LR;:B’ Hm f(r) = 0.

It follows from (2.1) that
2.3) +y =1,

x
(2. 4) X — tant.
Yy

We illustrate the xy-, yz- and zx-projection of the surface S
and draw the projections of f-line (»=const.) C, and 7»-line (=
const.) C,. It is clear that the surface S is a surface of revolu-
tion and the axis of rotation is the z-axis. The meridian on the
zx-plane is

(2.5) x=Vv, z=f).

This plane curve is shown as OAA’ in Fig. 1. The equation (2. 3)
shows that a curve C, is a parallel, whose radius /v starts from
0 and tends to 1. On the other hand we see from (2.4) that a
curve C, is a meridian. For #==/2 we have the curve OAA’ on
the zx-plane, and along the curve we have

lim % — lim V4751 = V5 .

w=0 dx =140

Next we consider a (¢, r)-geodesic G, , which will be written

with bold strokes in Fig. 1 and 2. For »r=1+0 the xy-projection
of a G,, turns round and round about the origin O and tends to
0 as the logarithmic spiral. For various values of £, a curve G,,
will be obtained from a fixed G, by rotating the whole about the
z-axis by the angle ¢,.
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As a result we can say that the singularity r=1+0 of the
metric of the V* is represented as a single point, namely the
origin O, if we deal with the elliptic imbedding.

§3. The hyperbolic imbedding.

We noticed in part I that the imbedding obtained by C.
Fronsdal [3] was a special case of our hyperbolic imbedding. By
this imbedding the surface S is realised by

3.1) x=2V7 sinh%, y=2\/7cosh%, z2=g(r),

where the function g(r) is

(3.2) (ng _ L i g) = 0.
dr 7,3 r=140

Following C. Fronsdal we took k=2 and 2m=1 again. It follows
from (3.1) that

(3.3) Y —x" = 4y, y >0,
(3. 4) * —tanh L.
y 2

We first consider a #-line C,, and see from (3.3) that each C, is
a half of a hyperbola on the plane z=g(r) and its xy-projection
has the common asymptotics y==+x (Fig. 5). The vertices of
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those hyperbolas move along the curve OCC’ (Fig. 4) as the para-
meter » varies. The y of the curve OCC’ starts from 0 and
approaches to 2.

Next we treat a r-line C,. It follows from (3.4) that the
xy-projection of a C, is a half of the straight line issuing from
the origin (Fig. 5). Along a C, we get

de _ N Trr])  dz _ NpPireD)
dx sinht & cosh L
2 2
and hence the zx-projection contacts with the x-axis except when
t=0, and the yz-projection with the x-axis for all ¢.
Now we consider a (¢, r)-geodesic G, , the equation of which
is given by (1.3). Along this curve we have easily

1+to>

lim y = —1imx=exp<— 5

r=1+40 r=140

from which it follows that each G, tends to the point
A,0<—exp(—1;t°>, exp(—%’)) for r=1+0 (Fig. 5). Thus we

get the pictures of those G, , which are written with bold strokes
on each coordinate plane (Fig. 3, 4, 5). The broken lines A, T,
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on the yz-plane are used to x 1

denote that the x is negative = =~ AN
on the arcs. 7, N A
Consequently we can say ,/ T, N Ao

that the singularity of the S Qe

2 z 1 A1
metric of the V* is distri- Y — N
buted densely on the half of < B/ T~ NN
the straight line y= —ux, if 1o P

we are concerned only with

the hyperbolic imbedding. Fig. 5

§4. The parabolic imbedding.

The parabolic imbedding was found first by authors in part I,
which was given by

z1=t2;1\/7+h(r), 2=t

2
z3=tzil\/7+h(r), 2, =rsinfsinp,

2, = rsiné cos @ , 2, =rcosf.

For the purpose of examining the behavior of the surface S in
this imbedding, it had better to introduce new orthogonal coordi-
nates x, y and z instead of z,, 2z, and z, as follows.

V2z,=x—2, 2=y, V22 =x+2z.
Then the surface S is represented
4.1) x:fd%+¢7mﬁ,y=nri z=V%,
where the function /A(r) is determined by

dh 7 : _
4.2) ar VT ,Iig,lo h(r) =0.

It follows from (4.1) that
4.3) Y= V2y(x—/2 h(r)),
(4.4) % =\V2t,
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We shall proceed in similar manner with the previous sections,
and consider first a #-line C,. By means of (4.3) we see that
each C, is a parabola on the plane z=+/y/2 whose vertex is the
point (/2 &, 0, \/y/2) as in Fig. 6. The locus of the vertices are
shown as OCC’ in Fig. 7. Along this curve we have '1=i¥£10 (dx /dz)=A4.

The curve OCC’ is a »-line for =0, and we see from (4.4)
that the yz-projection of a general »-line C, is a half of a straight
line issuing from the origin (Fig. 8).
Along a C, we have

lim %% = 244

r=140 2

Finally we consider a (Z, 7)-geodesic
G;,. Making use of (1.3) we have lirr}] x
r=1+

=lim y=1im 2=0. The pictures of G,
r=1+40 7=1+0

are written in Fig. 6, 7 and 8 with bold
strokes, and the broken lines on the zx-
plane show that y<{O at those parts of
curves. On the other hand the broken

lines on the xy-plane mean that those Bobe
parts slip under the lower part of the X
surface S. Fig. 6
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Thus we may say that the singularity is then the single point O
as for the parabolic imbedding.

§ 5. Impossibility of a certain imbedding of the V* in E°.

We recall the process in part II. We considered there the hyper-
surface V¥(¢) of the Schwarzschild space-time V* which was defined
by ¢=const., and showed that the V*¢#) was imbedding in an
euclidean 4-space. Making use of this imbedding we saw that
the V* was thought of as a hypersurface of the space V° of five
dimensions, the metric being

(5.1) ds® = rya’tz—i—rfdrz—(a'z‘)z—(dzs)z—(dz‘i)2 .

Therefore our imbedding problem of the V* was reduced to the
one of the V? of two dimensions, whose metric was

2 __ 2_2_771 2
(5.2) ds* = vdt' 2.

We concluded part II by a remark that the stationary imbeddings
corresponded to the special case for b,,=0, where b;; (i, 7=0, 1)
were second fundamental quantities of the V? when it was looked
upon as a surface of a pseudo-euclidean 3-space. The geometrical
meaning of b,=0 is that f-lines and r-lines on the V? are lines
of curvature.

Though our imbedding problem of the V* was reduced to the
simpler one, it should seem rather difficult to obtain imbedding
functions of the V? explicitly except for the stationary case.
However, from the geometrical and perhaps physical points of
view we are interested in a special imbedding of the V* such that
a certain family of geodesics of the V* is represented as a family
of straight lines in E° similar to the case for the empty universe
of De Sitter [8, pp. 261-264]. But we shall prove a negative
result as follows.

Theorem 1. There exists no imbedding of the Schwarzschild
space-time V* in a pseudo-euclidean 6-space E° such that the V*
contains a straight line of the E°.



On the imbedding of the Schwarzschild space-time IIl. 263

Proof. We saw already that the V* was imbedded in the V®
of the metric (5.1), and the imbedding functions were given by

°=x°, y' =2x', 3 = x'sinx’sinx’®,
(5. 3)

y* = x'sin x*cos x*, ' = x'cos x*,

where we putted (¢, 7, 6, p)=(° x', % x*) and (¢, 7, 2,, 25, %)=
% ¥, ¥4 9% ). Hence if C: y'=3°(u), a=0,1, 2, 3, 4, is a curve
of the V® drawn on the V* we have

dy* _ oy*dx’ a,bc=0,1,2 34
du oxidu ’ ,7=01,2, 3,
(5. 4) o .
d’y dy a4y _ ye dxTdx _aE_H‘, dx’ dx*
du’ " du du Ydu du  \du? Fdu du ax"

where (Y};) is so-called the Euler-Schouten’s tensor of the V*
defined by
2,.a
iaj = _a_y .+ l-‘a ay ay _l-"kj ay )
oxfox? ox ox’ ox*

and the I}, and I'¢, are Christoffel’s symbols of the second kind
of the V* and V° respectively. Therefore if the C is a geodesic
of the V* then the C satisfies (1.1), and in terms of the coordi-
nates (¢, 7, 3%, »°, ') of the V*® the C is written in the form

d2t+2_md_tﬂ=()’

du*  yr* du du

%%+m—3 j—i—) m dr — r[( )+51n20< ]

d’y?
d

(5.5)

+sin 0 sin pA(u) = 0, ZJ; +sin 8 cos pA(u) = 0,
u

+cos 0A(u) = 0,

where by definition

400 = () ) 2 [ () -0 (G2)

Next, the V° is imbedded in a pseudo-euclidean 6-space E°,
and the imbedding is given as the result of the one of the V?
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the metric being (5. 2), in a pseudo-euclidean 3-space E°. Let y(¢, )
be an imbedding vector of the V? which is a solution of the
system of equations II (21), (22), (23) and (24), in which (b, b,
b,,) is a system of solutions of the Gauss equation II (19) and the
Codazzi equations II (20). If we express y=(2'(t,7), 2, 2), 2(t, 7)),

then the imbedding functions of the V° in E° are given by
Z=2r), 22=2z{r), 2=20r)),

(5' 6) { 4 2 5 3 6 4
=y, &=y, 2=Yy.

Then the curve C is looked upon as a curve in the E° along
which we have

dz® _9z°dy  a=1,23456,
du 2y du’ a,b,c=01,2 34,
az’ @ dy dy d2 T dyb dy
zL =72 o ey

au’ "du du du’ “du du>

where (Z2,) is the Euler-Schouten’s tensor of the V° such as

(5.7

oy’

. _ O g 02
ooy oy

The second equations of (5.7) are written in virtue of (5.5)

d’z® « dy* dy’ o dxi dx? 0z°
d'2" _ za &4V |y
dw’ "du du “du du 9y°
_‘_(@ I, dx’ dx*\2y” 0z°
dwt *du du/ox oy°

Since the C is a geodesic, the term in the parenthesis vanishes,
and it follows from (5.5) that we get

d2 my 92° > dt 92" _ m 22%\dt dr
e = . +2 pudd
(81.‘2 r® or <du> otor yr’ ot /dudu

+?ﬁ$$) o) ] () +sima(Gr) |5
(5.8) =123,
o

Zz +sin §sin pA(u) = 0, d—zersin 0 cos pA(u) = 0,
u

Zz +cos 0A(u) = 0.
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Making use of the equations II (21), three terms in the parenthesis
in the above equations are written in the forms

2 0 2 @
9z _mfyaz fy_ai+b00m,,,
ot? v: or 2r or
’2*  m oz®
_ MmO _ o, a=1,273
(5.9) otor wr*ot "
o2, m 29z° _ 1 09z°
+—= == —=-4+b,m
o orior  2ror ultt

Now, supposing that the geodesic C of the V* be represented as
a straight line of the E°, and then d’z*/du’=0 and hence we obtain
first A(#)=0 from (5.8). This fact and (1.2) give us

'ydtz—%drz - %—Skzduz,
(5.10) .
do*+sin*0dp* = —é}—zékzduz .

Substituting from (5.9) and (5.10) in (5.8), we have
(5.11) bodt®+ 2b,,dtdr+ b, dr* = 0.

On the other hand, the equations (1.1) of a geodesic are easily
integrated once by means of (1.2), and we have

(5.12)

c? dp ¢

-2 () toe
= — = a*+-Lb—Ek%y,
du v’ r? v
b
s

AN
(%) -
where a, b and c are constants. Substituting from (5.12) in (5. 10)
the condition b=(1/3)6k%* is derived, and hence k=0 or r=7,
(const.) because of b=const. If k=0, the curve C is a null geodesic.
On the other hand, if »r=7», C>2m), we have from (5.12)

PR
du 3r 7o sin®0

(Z;) 0= a"’—%ekz(l—%%)‘

- N ) > .
r*sin’9’ du  r’sin®d’

The second equation gives €=1 and we have k=c=0, because we
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should consider only a real geodesic. Thus we have k=0 in this
case also. Consequently &, b and ¢ vanish, and (5.12) are written

%‘—_—%, %:na, n==x1, a=0,
do _ dop _
du du
Substitution of the above equations in (5.11) leads to
(5.13) b+ 2bymy+b,v* = 0.

The second fundamental quantities &;; in (5.13) are not
arbitrary but must be determined by II (19) and (20). From the
algebraic equations (5.13) and II (19) we deduce that

boo = (ﬂ'b—’?box)')’ , o

S _ p/2m

bu = ( ]b ]bo1) y , b 5,5
and, substituting from these in II (20), we have (b/2r)—db/dr=0,
which is clearly not satisfied. Consequently we establish the

theorem 1.
Now we consider generally a null geodesic C of the V* Then
the equations (5.12) (k=0) are satisfied, and for the C we have

A(w) = —"p,
7
o dxidx? v dxtdy? 3y
A _ oy 4 S,
“du du ‘du du 27
-{dx"@c_f' _ 3msinﬁsianb Y?dx"di" _ 3msinc9cosq)b
Y du du rt Y du du rt ’
@.d_x"d_x{'ZBmcosf)b
Y du du rt

Therefore it is easily seen that a null geodesic C of the V* is a
null geodesic of the V*® as well if, and only if, the constant &
vanishes. Such a real geodesic C is then given by

ﬂ:i) @:ﬂa’ ‘)7: :t]., a:*:O,
(5.14) du v du
' o _dp _

du du
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It follows from (5.8), (5.9) and A(x)=0 that the geodesic is ex-
pressed in the E°® as follows.
d’z®
(5.15) | du’
2 = d'u+ b, A=4,56,

2
= (boo+ 2bo, 7y + buff)%mw, a=1,273,

where @* and b are constants. The result seems worthy to state
as a theorem.

Theorem 2. There exist null geodesices of the Schwarzschild
space-time V* which are also null geodesics even in the V°, the metric
of which is (5.1). In terms of the coordinates (t,r, n, ) of the V*
those geodesics are givem by (5.14). Furthermore, in terms of the
coordinates (2', 2°, 2°, 2%, 2°, 2°) of a pseudo-euclidean 6-space envelop-
ing the V*, those geodesics satisfy the equations (5.15), where b;;
(¢, 7=0,1) are a system of solutions of II (19) and (20).

§ 6. Impossibility of an imbedding of the V* in S°.

It is well known that a Riemannian space V” can not be
imbedded in a pseudo-euclidean space E”*' of (n+1) dimensions,
if the Ricci tensor R;;=R;*.;. is equal to zero [5], [2, p. 200].
Therefore the Schwarzschild space-time V* is not realised as a
hypersurface of E°. We should also pay attention to the paper
by C. B. Allendoerfer [1], in which he studied the necessary and
sufficient condition that an Einstein space V” of non-vanishing
scalar curvature can be imbedded in a pseudo-euclidean (n+1)-
space. Further we are interested in the paper by H. Takeno [9],
who investigated an imbedding of a spherically symmetric space-
time in a pseudo-euclidean 5-space.

One of the authors developed in 1953 the theory of imbedding
of a Riemannian space V” in a space S**' of constant curvature
K [7], in which he gave a system of algebraic equations by means
of which the curvature K is determined only from quantities of
the V”. If we apply the result, we can discuss an imbedding of
a V” in a S for the case where the Ricci tensor K;; vanishes
or is equal to (R/m)g;;. In this final section we shall prove a
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negative result as follows.

Theorem 3. There exists no Riemannian space of constant
curvature in which the Schwarzschild space-time is imbedded as a
hypersur face. '

Proof. If a space S**' of the constant curvature K can enve-
lope a given V?”, the curvature K has to be found as a solution
of the system of equations [7, (4.8)]

(6.1) Aiiy) jrgnt kaboksks " K= 2Ri 01 170 otegey = 0

in which components of the tensors A and R are defined in terms
of the fundamental tensor g;; and the curvature temsor R,;, of
the V”* as follows.

A iy jrin) ikt = (Biyjia10,810028 5200 Rijrar60812a:8 1,0,
a@1azb by

+ Riyirasss€iian8ies — Rizirar8irar€isss) Ok bokahe. »
2734

1 @1azb by
Rilizl Fidg | kikaksky — z (RixilﬂblRizfzazbz_ RilfzalbzRizflasz) 8k1k2k3k4 ’

where &'s are the generalised Kronecke’s deltas. The equations
(6.1) themselves are somewhat complicated formally, but if the
V* is an Einstein space, namely R;;=(R/n)g;;, then we can reduce
a simpler system of equations from (6.1). That is, contracting
(6.1) by gi*sgi2* and making use of the equations R;;=(R/n)g;;,
we have

(6.2) [‘Izi(gx'kgjl _gilgjk)_GRijkl]K

R? R a
= 'lg(gikgjl_gilgjk)_ERijkl_Ri'kle}-la
+R:'z-1bR?-ka,+ Rg-ingﬁel ’
where we changed indices and restricted already to the case n=4.
Now we return to the consideration of the Schwarzschild

space-time, so that the scalar curvature R vanishes, and it is easily
seen that the above equations have a solution

6.3 K=-m".
©.3) 2r®
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However this K is not constant unfortunately, and thus we have
the theorem 3.

Though our attempt to imbed the V* in a S° has gone to
waste, we obtain a by-product that the curvature tensor of the V*
is decomposed as follows.

(6. 4) Rijp = K(g:r8j1—8:1&ir) — birbji—b:1b 1)
i’j)k’l: 0, 1’ 2’3’

where, referring to the coordinates (¢, 7, 6, @), components of the
tensor b are defined by

bo— %fy _/3m 1
00 — o3 ) 11 0.3
(6.5) ud o
b, = — g—:ﬁ”z» by = by, sin’d, biiZO’ ie-7.

The equations (6.4) are of the same form as the Gauss equations
of the V* provided that the V* be imbedded in a S° [2, p. 211].
It should be noted that the tensor b;; is proportional to the funda-
mental tensor g;; of the V* to within algebraic sign.
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