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Introduction

Let G  be a reduced 0-connected css group (for the definition,
see [5]) and (K , L )  be a css pair. Denote by en the unit of G„
and by e  the css subgroup of G consisting o f all en , n 0. The
set lf(K, L ; G ) of all homotopy classes of maps f  (K , L )— > (G , e)
has a natural group structure. Then, we have a filtration

( 1 ) 11 (K , L  ; G) • • • ,

by normal subgroups D,,1 (n CI) defined in § 3. On the other hand,
for each n 1, there are sequences of subgroups :

Hn - 1 (K , L ; Trn (G )) = •• •
(the reduced (n-1)-st cohomology group),

H n(K , L ; 7r,i(G)) • • • • • • Y R  =  0 ,
Hn+ 1(K , L ; 7r„(G))R .1?"1 • •• R =  0

which are defined in § 2. Our purpose o f this paper is to show
that, for 1 m < n ,  there are homomorphisms

01-  :  P

-

H n ' (K, L ; n (G )) I  R I  ,

•

-

11"(K, L ;  7 r.(G))1R 1+1

which induce isomorphisms

R , P R7.41

(§ 2, Theorem 1) and to show that
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(§ 3, Theorem 2). The homomorphisms 07„- m and 18;'„- m are  gene-
ralized cohomology operations.

In the paper [4 ] S. T. Hu gave a filtration (1) of 11(K, L ; G)
fo r  a  finite cell complex (K , L) and a topological group G . Our
filtration (1) is defined by the same manner a s  that of S. T. Hu,
i.e., M , is  th e  se t o f  homotopy classes of maps which a re  n-
homotopic with 0  relative to  L  (see (5. 2) o f [4 ] ) .  Then, our
Theorem 2 corresponds to Theorem (5. 7) of [4].

As an application, we derive some results for H(K, L; G) which
correspond to those of F. P. Peterson [6 ] in the case of cohomo-
topy groups. We assume that (K , L ) is  o f finite dimension and
11(K, L ; G) is abelian. If n (G ) and Hr(K, L) are finitely generated
for r>1, H(K, L ; G) is finitely generated (§ 4, Proposition 1). Let
C be a  class of abelian groups in the sense of J. P. Serre [ 7 ] .  If
H r(K , L; z r (G )) and  H '(K ,  L ;  z r (G ))  belong to C  fo r r< n ,

: 11(K, L;nG)--> rt(K, L ; G) induced by the injection  j : n G  G
is a C-isomorphism (for the definition of nG, see § 2). If Hr(K, L;
zr(G )) and H r"(K , L ; z r (G )) belong to C fo r r > n  and H(K, L;
G n+ 1G ) is  abelian, 11(K, L; G)—> 11(K, L; GI"H 1G ) induced by
the natural map J : G—>GI"E'G is a  C-isomorphism (§ 4, Proposi-
tion 2).

§ 1 . P re lim in a r ie s

Let G be a css group, N  be a  css normal subgroup of G, GIN
be the css factor group and q :  G  GI N  be the natural map. The
trip le (G, GIN, q ) is  a principal fibre bundle with fibre N  (IV,
Definition 2. 1 of [ 1 ] ) .  Then, there is a dimension preserving func-
tion 0 : GIN—›-G such that

(1) O a=  a , 0e0 = eo

(2) 73s1a= siR a , i> 0 ,
(3) Oai a = at 0 a , i> 0 ,
(4) i f  N  is  (n-1)-connected, 0a 0a = ac0 a  fo r  a E (GIN ) k ,

k=1, ••• ,n (IV, 2 of [1 ] ) .  Then

= (Ra 0a) - 1 (ao 8a) (E N )
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is  a twisted function o f (G, GIN, q). Let W N  be the W-construc-
tion of N  (IV, 5 o f [ 1 ] ) .  T h en  in d u ce s  a  map kt:GIN— >W N
defined by

k a  = ••• , a] (a E (G I .

Consider the case where N  is  a reduced (n — 1)-connected K (7z- , n)
(n 1 ) ,  i.e., 7-1-

n (N )= 7r , n ( N ) = O for k--kn and N " - ' = {ek , k =0, 1, • • • ,

n - 1 } . Let (K , L ) be a css pair. Since TM  i s  a K(71- , n + 1), there
is  a natural one-to-one correspondence

T: 11(K,L ; W N) H 1 (K, L ; 7 r )  ,

which is defined as fo llow s. Let t : N n —, 7-r  b e a  homomorphism
defined by

t(x ) =  the element of i t  represented by x .

Let g :  (K , L ) —  (W N , *) (* i s  the base point of W N ) be a map.
Since N is  (n-1)-reduced , g (o) is written by [e 0 , e„ • • • , gn(cr)]
for 0- E K n T h e n  the function t g :  0-  -÷  tg(u) defines a  cocycle
o f  Z l ( K ,  L ;  7 r )  w hich represents T [ g ] .  T hen k t  in d u c e s  a
transformation

: Fr(K, L ; GIN )1 -1 1 (K, L ; 7r)

which is defined by

kt = T o e  ,

where let :11(K, L; GI N)—>11(K, L ; W N ) is  the transformation in-
duced by k t .

Lemma 1. The transform ation kt is  a  homomorphism.

P r o o f .  Define a function co : (GIN x GIN )„,— >7r by

co(a x b) = t a b — ta —ta (a, bE (G/ N ) 1) .

Then co is a cochain o f C 1(G IN x G IN ,G IN v G IN ; 7-1). Define a
cochain cEC "(G IN x G IN , G IN uG IN ;71 - )  by

c(a' x b') = t((l3a/b/) - 1 (Ra')(lebi)) (a', h' E (G/ N )) .

For a, bE (G/ N) ± 1 ,  we have
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„E (— t)c(ai (a x b)) E ( — 1)i t((Sai (ab)) - ' (I3-d i a)(4a i b))

= (-1)it(a i ((,eab)'03a)(4)))i=o
+ t(( 8 30(ab)) - 1 (0a0a)(13 a0b)) —  t((30Rab) - 1 (aoRa)(aoRb)) •

Since ' -1
0 ( —1)i t(a1 ((reab)'(0a)(0b))= 0, then

( — 1)ic(ai(a X  b)) = t((1ao(ab)) - 1 (a0Rab)(a0(ab) - 1 (Raoa)(Raob)

— t((aoRab) -  i(esoa)(Raob)(Raob) - 1(Raoa) - '(aoRa)(aoRb))
= tab—  t((/3a0 b)-(4a,,a) — (a 0,8a)(0a,b))— t ( (0 0 ) - '(a000)
=

This shows that 8c =c o .  Let g, g' ; (K, L)—> (G I N , e) be two maps.
Then

co(g(0-)x g/(0- )) = 8e(g(0-) x g'(p)) f o r  G- G K,i+, •

Then 4 is a homomorphism.
Let K  be a complex with base point *. The cone C K  o f  K

is obtained from K x I  by identifying the subcomplex Kx J j  x  /
to * x O . Denote by r the identification map : K x I— >CK . Let
(K , L ) be a css pair, and  i t  be  an abelian group. A natural iso-
morphism.

T
* H a  "(CK , CL u K  ; 7r) - >  Ha (K, L ;  7 r )  (th e  reduced q-th

cohomology group) is defined as follows. Let (E, B, p )  be a fibre
complex in the sense of D. M. Kan [5] such that B  is a K(7r, q + 1)
and E  is acyclic. Then the fibre of p  is a K(7i- , q). An element

E Ila 1-1(C K ,C L uK ; 7 r )  is represented by a  map f : (C K ,C L uK )
-- .(B ,* ) . The homotopy h: K x  I defined by h= f o r  is lifted
to h' : (K x  I , L x Iv K x 1 )--->(E ,* ). Then 9-* is defined by

•r*a = the element o f Hq (K, L ; 7 r )  represented by h ' K x O.

Let N  b e  a  css group. Let W N =W N x ,N  be the twisted
cartesian product whose twisted function 97 is defined by

n[xo, x1, ••• , x1-1] = x i-,

(IV , 5  o f [1 ]). The map p :W N , W N  defined by p(w, x)= w is a
fibre map in the sense of Kan, and W N  is acyclic. Then, if N  is
a K(n- , q), the isomorphism T

* is defined by using (W N,W N, p).
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§ 2. Cohomology operations associated to a  css group

Let G be a reduced 0-connected css group. Denote by n G the
maximal css normal subgroup of G such that (" G) " 1 =  {ek , k =0, ••• ,
n - 1 } . Then we have a sequence of css normal subgroups of G :

G ••• "G •••
We put

= 'G (m  n +1 ) , B n _ h  =
Let

.M ,- .B ;„( l - 1 < m < n < D 0 ) , ; B :'- - .B ;,( l<m <n +1 <0 .0 )

be the natural map and the injection respectively. The map
is a fibre map whose fibre is B 1 . Especially, th e  fib re  o f g -i
is B : and B : is a reduced (n -1)-connected  K (z .„(G ), n ) . Let (K , L)
be a css pair. The map pz„, (m < n‹ Do) induces a homomorphism

p :  11(K, L; 11(K, L ;  B ) .

Let U L ;  BZ)->. Hm(K, L ;  7r,n (G)) be the natural isomorphism.
Then

uopzt : 11(K, L ; X ') Hm(K, L; 7r„,(G))

is a homomorphism. Denote by 7-1: (m < n < 0 0 )  the
map defined by a twisted fluction of the principal fibre bundle
(Br, B Z _1, t c , , i )  (see § 1). Then 7-1 induces a transformation
71* : 11(K, L ;  BT_ 1 ) 1 1 ( K ,  L ;  TV B :), and the transformation

= T 0 ,7 *  1 I(K , L ;  B 1 ) Hn+1 (K , L ; 7-1- „(G))

is  a homomorphism by Lemma 1. Denote by L )  the
image of p  a n d  by R = 1 2 ( K ,  L )  the im age of 9-. Then we
have a sequence o f subgroups :

Hm(K, L ; 7r,,,(G)) = • • •
H '- 1 (K, L ;  71-(G)) D R R•  •  •  D R  =  0.

The subgroups P and R :),  are natural, i.e., if f :  (K , L ')
is a map of css pairs, then

f  *(PX (K l, L ')) c P ,T (K , L )  , f * (R :,(K ', L T C  R I(K , L ) .
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T h eorem  1. For m < n ,  there is a  natural homomorpnism

0;,- na = 61 -(K , L ): H ""(K , ; 7 z - n(G))11? 1

such that the kernel of  .91- m is P  and the im age of  19:,- m is  1? 11? 1 .

P r o o f .  Consider the folloging commutative diagram :

fI(K, L ; )

i
,T +11,171*

II (K, L; .13::1=1
1
1 ) H(K, L; B7_1) Hm (K , L ; z n i (G))

T1+1 - - 7 1 #

P7-1, 9:!

H 1(K, L ; z„(G))

whose row and column are exact (see [3]). Define a homomorphism
01-- m by

01- ma = TV.(P-1,Z 1a mod. R 1 , a E PZ-.1 •

This is well defined by the exactness of the row . It is clear that
the image of 0 n  is 1?I1P7

1,,4 1  and  P<kernel 07,,- m. If =0
for a E PZ_1, there are elements OE H(K , L ; B7_1) and 7E II(K , L ;
13n 1 )  such that P_1,,0=a, .71.'°i,7-+11 'n ' *  7  '7-  B y  the exactness
o f th e  column, there is a n  element E fl(K, L  B 7 )  such that

0 =  (in i 'm * 7)(PZ1. 8 ). T h en

a = = = fiV . 8

This shows that kernel .91-7 1 1 C.13 ;','. The naturality of (91- -  is clear.

C o ro lla ry  1.
The homomorphism 6 . (m , r>1) defined in  the proof in the

above is a  generalized cohomology operation associated to G .  We
say that R17 4 T is the image of û .  If the dimension of (K , L ) is s,
i.e., Hk(K , L ; 7r)=0 for each k > s  and for any abelian group 7r,
then 0;',, is  triv ia l fo r m +r> s  and .13 7_1 = P 1,11 --- • • • = P .  I f  G  is
t-connected (t 1), O . is trival for m < t  and R = R =  •  •  „
for n > t .

Let rr* : H a "(CK , CL u K  ; *), H q(K , L ; *) be the natural iso-
morphism defined in  § 1 .  We put

=  T*PZ(CK, CL\..) K) H ' ( K ,  L ;
= T*R ;'„(CK , CL  K )  Hn(K, L ; z n (G)) .
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We define the suspension

"rn : Hfl(K, L ; 7(G))1 1-1?L i
of û m  by

= T*007„- ".7.* - 1 ( s e e  [ 2 ] )  .

C o ro lla ry  2 .  1/1 ) :,"_i/TX f-----,''R;',z/T7.41. •

§ 3 . Classification of m a p s of a c o m p le x  in to  a css group

Let G be a  reduced 0-connected css group and (K , L ) be a
css p a ir . Denoting by D ',7  (m -1 <n ) the kernel of P : L ;
"G)—>II(K, L ; 13',7), we have a filtration

II(K, L ; mG) = •••

of H(K, L ; "G ) by normal subgroups. For m< n <1+ 1, since D7
and D r are the im age of j ! » . " *  and ji.» . "  respectively, j'cr*
induces a n  epimorphism j t "  D 7 — > D r,  and j'er  *  induces an
epimorphism

D7/TY1'+1 Dr/D741.

Since the kernel of g,,T, : 11(K, L ; "G)—>I1(K, L ; 13;,) is LI",: and the
image of y o,T , is .1"' ptozo,f, induces an isomorphism

P .
Then the homomorphism

7n 'm c r , r  0 4 ; 1 : - >

is an epimorphism.

L em m a 2. The kernel o f  7 '  is  'R I ,  then

D 1 / D FT0ITZ.

P r o o f .  Consider the following commutative diagram :

11(K, L ; " -"G)—>11(K, L ; "G)—>11(K, L ; BZ)

CLu K ; L ; "G)—>H(K, L ; mG)—>n(K, L ;

FI(K, L ; 13;)
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whose rows and column are exact. H ere, a is defined as follows.
Let f :  (CL, CL K) ---> (.8;1, e) represent a E 11(CK, CL K ;
The homotopy h= for : Kx I —> B 1 is lifted to h' : (K x  I, L x  K
x1)--->(tmG, e). Then aa is represented by h'I K x  0: K--->"G. Now,
by the diagram in the above, we see that the kernel of 7"'m is

Pro,̀, (a ll(c  , C L  K  ; l'"* 11(K, L ;"'G))
C L u  K  B 1 )).

Then, the proof is complete, if the following diagram is commuta-
tive:

11(CK, CL K ; B 1)--1 1 (C K , C L  K  ; W*T m

11(K , L ; "G)  

Let a, f ,  h, h' be as above. Then ,„.(h' K x  0) represents x0,4.
71(aa).

Let 7-1: B":_1 —> W13;,' be defined by a  twisted function o f (BZ ,
PZ,..-1) a n d  be defined by a  function r& : (see §1).

Then the map / : ./3Z --> W B,,:= WB;:x „B:: defined by

(TI° PZn-lb , (0° P ibr • b)

is  a fibre preserving map, i.e., T4,ok.7.-1 = P . / .  Since

P. 1 ° , 1 1 /  =  ` 71.° . - 1 0  P noe' h'
= T1° P: , , i c  =  T .  h ,

1 0 „ o  (h' K 0) =- 1 0 pr,h  (h' Kx 0) represents T * .T * a .  Then

p (3a) 0TV a .

This completes the proof.
By Lemma 2 together with the definitions in  § 2, we have the

following theorem.

Theorem 2. L e t G  be a  reduced 0-connected css group and
(K , L ) be a css pair. Then, there is a filtration

11(K, L  G) = • ••

by normal subgroups such that

la 1 7-*
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1) 1'Ril (n _> 1) .

If  (K , L ) is o f  f inite dim ension , 1=) 1 11"(K, L ;  n (G )) is th e  inter-
section o f  t h e  kernels o f  t h e  cohomology operations 1 = 1 ,  2, ••• ,
associated to G . I f  G  is (m -1)-connected (m 1), then 13 16= ••• =
DL_1, 'Ii =0 , a n d  'R?= •-• ( n > m )  i s  t h e  im a g e  o f  t h e  sus-
pension '0"„,- "' o f  th e  cohomology operation Orn:"' associated to G.

§  4 .  Application

Let G be a reduced 0-connected css group and (K , L ) be a css
pair of finite dimension. We assume that 1I(K, L ; G ) is abelian.
Let C be a class of abelian groups in the sense o f J. P. Serre [7].

Proposition 1. I f  Hr(K, L; 7r,(G)) E C f o r  r >  1, then 11(K, L;
G) E C .  Especially , i f  7- rr (G) an d  I-Ir(K, L) a r e  finitely generated for
r 1 1 ( K ,  L ;  G) is f initely generated.

P r o o f .  The first part follows from Theorem 2. The second
part follows from Theorem 2. 2 in Appendix of [6 ].

Let p n : G-->G1' 1G be the natural map and j n :"G--->G be the
injection. The maps p n and :in  induce homomorphisms : 11(K,
L; G) --> H(K, L; GI" G ) and j: :11(K, L; "G) L ; G ) respec-
tively.

Proposition 2. (  i ) I f  H r(K , L ; r (G)) E C f o r  r < n ,  j :  i s  a
C-epimorphism.

(ii) If  11r - 1 (K, L;7r,(G)) E C f o r  r<n, j;!` is a C-monomorphism.
(iii) I f  H r(K ,L ;n -

r (G)) E C f o r  r> n ,  g  is a C-monomorphism.
( i v )  I f  Hr+1(K ,L ; n' r (G)) E C f o r  r > n  an d  H(K, L; G 1" -"G) is

abelian, g  is  a  C-epimorphism.
.*

P r o o f .  (i) S in ce  the squence ll(K, L;"G)---->H(K, L;
ri(K, L ; GInG) is exact, the image of j  i s  D .  T h e n  the pro-
position follows from Theorem 2.

a
( i i )  Since the sequence II(CK, CL  'i K; G InG) -->H(K , L  ;"G)

L ; G) is exact, the kernel of j :  is amcif, CL uK ;GInG)
and H(CK, CLv K ; GIG) E C  by Theorem 2.
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(iii) S ince the kernel o f e  i s  D „  the proposition follows
from Theorem 2.

(iv) D eno ting  by D . the kernel o f p;,,: : H(K, L ; Gln+1G)–>
TI(K, L ; G m -"G) (O m n ) ,  w e have a filtration

( 1 ) H(K, L ; Gln -"G ) =  = 0

such that p:D ;-. D " and by Theorem 2. From
the definition, the diagram

, 71" PRI

1 7-1

-,,,-,

7/
I  gr

PV /R i > 1X-11D"

is  commutative. Here, ry and y ' are isomorphisms induced by 7 "
defined in § 3 and 9/ is  the injection. Let S =  11(K, L ; G ) .  Then

( 2 ) mns
( 3  )
( 4 ) P ,/  P .  E C (by Corollary 1) ,

From the filtration (1), w e have a filtration

1I(K ,L ;GIn+ 1G)IS  = ••• = O.

Since + SI D'. + S D "± D ;_ in S , the proof is complete by
(2), (3) and (4).

Let n (G ) be fin itely generated  for r 1 .  W e assume that
71 ,(G)=0 for 1 <r<m , m < r < n  and Hr(K, L) =0  for r > n .  Then,
in the exact sequence

/P: a
IT(CK, CL v K ; G) - - - - t  .11(CK, CL v K ; Glm+1G) - - >I I ( K ,  L; "I "G)

P tI1(K, L ; G) 11(K, L ; Grn+1G )  (see [3]) ,

p,t is  on to  and Uo(f„V i *) - 1 : ]](K, L ; Grn -"G) — >Hni(K , L ; 7r, n (G))
i s  an isom orphism  by Proposition 2 , and in the commutative
diagram
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a
1I(CK, CL K ; G Im"G) L ;ni± 1 G)

a,t
Hm(CK, C L  K  ; ,n(G)) II(CK, C L  K ; mG I nG) ---> 11(K, L; nG)

1 ,7-*
I I p70,q-*

Hm (K, L ; ,„„(G)) H " -"(C K , C L  K  ; (G )) -->  H n (K ,  L; „(G )) ,

the homomorphisms denoted by a re  isomorphisms by Proposi-
tion 2  or by definition and the map

7*. o(p ,!) - 1 0T* - 1  : L; 7r,„,(G)) ---> Hn(K, L ; n- n(G))

is  th e  cohomology operation '0;; 7 4 by definition (see 2). By
putting

ip *  =
i * im*_,,ofcrz+ 1 *.(froz.,t) - 1 - , p* = 1. ,

we have the following exact sequence :
,p * '01-mC L  K  ; G) -->  H m - 1 (K, L ; n.„„(G))  Hn(K, L ; n- (G))

II(K, L ; G )  P
— L  Hm(K, L ; „ , (G ) )  - ->  O.

(cf. Theorem 3. 8 of [6]).
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