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Introduction

Let G be a reduced O-connected css group (for the definition,
see [5]) and (K, L) be a css pair. Denote by e, the unit of G,
and by e the css subgroup of G consisting of all ¢,, #n=0. The
set 1I(K, L ; G) of all homotopy classes of maps f: (K, L)— (G, ¢)
has a natural group structure. Then, we have a filtration

(1) (K, L; G) = DyDDID DD -,

by normal subgroups D} (#=0) defined in § 3. On the other hand,
for each #=1, there are sequences of subgroups :
H" YK, L;7,(G) ="P,2'Pp/n 2 2'PL,

(the reduced (#—1)-st cohomology group),
HYK, L; 7,(G)) = PL2Pin2 - 2DP.2'R{2D'R> -« D'Rp =0,
H"'(K,L;7,(G) 2RI 2R} 2+ 2R, =0

which are defined in §2. Our purpose of this paper is to show
that, for 1<m<#n, there are homomorphisms

O P — H*(K, L; 7,(G)/ Rinr
O 2 Py — HYE, L %(G)] R

which induce isomorphisms
PPy ~ R /Rui, 'Pry)'P7~'Ry/'Rn

(§2, Theorem 1) and to show that
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D! /D! =~ P%/'R%
(8§ 3, Theorem 2). The homomorphisms 65 ™ and ’¢5 ™ are gene-
ralized cohomology operations.

In the paper [4] S. T. Hu gave a filtration (1) of II(K, L; G)
for a finite cell complex (K, L) and a topological group G. Our
filtration (1) is defined by the same manner as that of S.T. Hu,
ie., DL is the set of homotopy classes of maps which are n-
homotopic with O relative to L (see (5.2) of [4]). Then, our
Theorem 2 corresponds to Theorem (5.7) of [4].

As an application, we derive some results for 1I(K, L ; G) which
correspond to those of F. P. Peterson [6] in the case of cohomo-
topy groups. We assume that (K, L) is of finite dimension and
II(K, L; G) is abelian. If #,(G) and H"(K, L) are finitely generated
for r=1, TI(K, L; G) is finitely generated (§ 4, Proposition 1). Let
C be a class of abelian groups in the sense of J. P. Serre [7]. If
H'(K, L; =,(G)) and H""Y(K, L; =,(G)) belong to C for r<m,
j¥: I(K, L;"G)—-1I(K, L;G) induced by the injection j,: "G—G
is a C-isomorphism (for the definition of *G, see §2). If H'(K, L;
7,(G)) and H™(K, L; =,(G)) belong to C for »r >n and 1I(K, L;
G/"'G) is abelian, p}¥: I(K, L; G)—TI(K, L; G/""G) induced by
the natural map p,: G->G/""'G is a C-isomorphism (§ 4, Proposi-
tion 2).

§ 1. Preliminaries

Let G be a css group, N be a css normal subgroup of G, G/N
be the css factor group and ¢: G—G/N be the natural map. The
triple (G, G/N, q) is a principal fibre bundle with fibre N (IV,
Definition 2.1 of [17]). Then, there is a dimension preserving func-
tion 8: G/N—G such that

(1) gBa=a, Be=e,,

(2) Bs,a=sBa, i=0,

3) Bo,a=0;8a, i>0,

4) if N is (n—1)-connected, Bo,a=08a for ac (G/N),,
k=1, .-, n (IV, 2 of [1]). Then

fd = (Baoa)_l(aolea) (E N)
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is a twisted function of (G, G/N, q). Let WN be the W-construc-
tion of N (IV, 5 of [1]). Then & induces a map k:: G/N—WN
defined by

kia = [E07'a, E07~%a, -+, £a] (a€e (G/N),, .

Consider the case where N is a reduced (z—1)-connected K (=, n)
(n=1), ie., 7, (N)==, 7 (N)=0 for k==n and N"'={¢,, k=0, 1, -,
n—1}. Let (K, L) be a css pair. Since WN is a K(w, n+1), there
is a natural one-to-one correspondence

T: 1(K,L; WN)— H"(K, L; =),

which is defined as follows. Let ¢#: N,—= be a homomorphism
defined by

t(x) = the element of = represented by x.

Let g: (K, L)—(WN, %) (x is the base point of WN) be a map.
Since N is (n—1)-reduced, g(o) is written by [e,,e,, -, €,_:, €a(9)]
for o€ K,.,. Then the function fg,:o—tg,(o) defines a cocycle
of Z**Y(K, L;n) which represents 7[g]. Then k; induces a
transformation

ki: T(K, L; G/N) — H""(K, L; =)
which is defined by
ki = Tok¥ ,

where k¥ : TI(K, L; G/N)—1I(K, L ; WN) is the transformation in-
duced by k.

Lemma 1. The transformation ki is a homomorphism.
Proof. Define a function ©: (G/NxXG/N),,,—= by
w(axb) = téab—tEa—tEb (a, € (G/N)pi1) -

Then  is a cochain of C*"(G/NxG/N, G/INUG/N ;7). Define a
cochain c€ C(G/NXG/N, G/NUG/N ; =) by

c(@'xb) = t{(Ba'b') (Ba)BY))  (a’,b'€(G/N),).
For a, b€ (G/N),.,, we have
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nt1

Z;]; (=1ye(@i(ax b)) = 2 (—1)t((Boab))~'(82;a)(Bo:b))

i=0

= 1 (—1)it(:((Bab) (Ba)(Bh)
+ H(82,(ab)"(82,a)(82,)) — H(2Bab)(2La)(@,30) -

Since 'go‘(—1)ft(a,.((6ab)-l(6a)(ﬁb)):o, then

é (—D)ic(oax b)) = H(Bo,(ab))"*(0,8ab)(3.8ab) ~(B2,a)(B3,b)
— 1((948ab) " (B0,a)(Bob)(0,b) *(189,a) ~'(9,8a)(343b))
= t€ab— 1((Bob) (o) (948a)(Bo,b)) — H((B,h) ~'(245b))
= téab—tEa—tEb .

This shows that éc=w. Let g, g’; (K, L)—(G/N, e¢) be two maps.
Then
o(g(o) X g(0)) = dc(g(c)x g'(p))  for o€ K,,,.

Then k} is a homomorphism.

Let K be a complex with base point x. The cone CK of K
is obtained from K xI by identifying the subcomplex KX Iwvx X[
to *xX0. Denote by #» the identification map: KxXI—CK. Let
(K, L) be a css pair, and = be an abelian group. A natural iso-
morphism,

*: H*'(CK, CLVUK; =) - H*(K, L; =) (the reduced g¢-th
cohomology group) is defined as follows. Let (E, B, p) be a fibre
complex in the sense of D. M. Kan [5] such that B is a K(=, g+1)
and E is acyclic. Then the fibre of p is a K(#, ¢). An element
ae H**'(CK, CLuK ; =) is represented by a map f:(CK,CLuUK)
— (B, *). The homotopy %#: KXI—B defined by h=for is lifted
to i : (KxI, LxIvKx1)—(E, %x). Then o* is defined by

7*a = the element of HY(K, L; =) represented by 2'| K xO.
Let N be a css group. Let WN=WNx,N be the twisted

cartesian product whose twisted function # is defined by
ﬂ[xO) xl) tt xi—l] = Xi

(IV, 5 of [1]). The map p: WN—WN defined by pw, x)=w is a
fibre map in the sense of Kan, and WN is acyclic. Then, if NV is
a K(r, q), the isomorphism =* is defined by using (WN, WN, p).
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§2. Cohomology operations associated to a css group

Let G be a reduced O-connected css group. Denote by *G the
maximal css normal subgroup of G such that (*G)"'= {e,, k=0, ---,
n—1}. Then we have a sequence of css normal subgroups of G:

C=CDOCD-D"C>D-.
We put
By ="G/""'G m<n+l), BZ2="G.
Let

DPam: Bi—BL (I-1=m=<=n=<oo), ji':Br—>B((=m=n+1=c0)

be the natural map and the injection respectively. The map p} .
is a fibre map whose fibre is B™*'. Especially, the fibre of p7,._,
is By and Bj is a reduced (#—1)-connected K(=,(G), n). Let (K, L)
be a css pair. The map p, (m<n<oo0) induces a homomorphism
puk: WK, L; By)— 1K, L; By).

Let U:1I(K, L; B?)— H"(K, L; =,(G)) be the natural isomorphism.
Then

DPum = Uopp 1K, L; BY) - H™(K, L; =,,(G))
is a homomorphism. Denote by % : B?,—WB! (m<n< ) the
map defined by a twisted fluction £ of the principal fibre bundle
(B®, Br., pr._1) (see 8§1). Then . induces a transformation
¥ II(K, L; B®,)—II(K, L; WB), and the transformation

7ot = Torp* : I(K, L; Bir,) > H™'(K, L; 7 ,(G))
is a homomorphism by Lemma 1. Denote by P?=Pp(K, L) the
image of prt and by RiL=Ry(K, L) the image of =% Then we
have a sequence of subgroups:

H™K,L; ,(G)) =Pr2Pr.2 2P,
H*'K,L;7,(G) DRI DR} > -+ 2DR;=0.

The subgroups P;} and R}, are natural, i.e., if f: (K, L)—(K’, L)
is a map of css pairs, then

SHPHK, L) S PRK, L), fHRWK, L)< RWK, L).
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Theorem 1. For m< n, there is a natural homomorpnism
O™ = O5(K, L): Py — H (K, L; w,(G))/ Rivex
such that the kernel of 0™ is Py and the image of 057™ is Ry /Rp.:.
Proof. Consider the folloging commutative diagram :

H(K) L; BZL) ~. m &

-~ n,m
m K
jm+11'm* l pn.n—l \\
I(K, L; By =—— (K, L; Bpy) — H™(K, L; =,(G))
;”\\”‘\ i N n—1,m
Tm+1 "

Y
H™ (K, L; 7,(G))
whose row and column are exact (see [3]). Define a homomorphism
6;’;'—"& by
O = Thto(piam) '@ mod. Ry, @€PR,.

This is well defined by the exactness of the row. It is clear that
the image of 0% ™ is Ry/Ry.,, and P} Tkernel 65 ™. If 65 ™a=0
for ¢€ P ,, there are elements B¢ II(K, L; B™,) and yeII(K, L;
Br™*) such that P, tB=«a, shfojmitm* oy =qu*3 By the exactness
of the column, there is an element &€ II(K, L; B™ such that
B= (¥ o)(pi8). Then
a = p:?—l.:s/g = ﬁ,’;’_l,7§°i>??.n_"i3 = 155?."‘33 .

This shows that kernel 8, ”<P;*. The naturality of 8% ™ is clear.

Corollary 1. Pp,/PP~R}/R)..

The homomorphism 6 (m, r =1) defined in the proof in the
above is a generalized cohomology operation associated to G. We
say that Rj*'" is the image of ¢;,. If the dimension of (K, L) is s,
ie., H¥K, L; #)=0 for each k~>s and for any abelian group =,

then @7, is trivial for m+7r=s and P? ,=PP=...=P7", If G is
t-connected (t=1), 0, is trival for m<t¢ and R?=Rj}=--- =R",,
for n_>t.

Let =+ : H"'(CK, CLUK ; x)— H?K, L ; ) be the natural iso-
morphism defined in §1. We put
'Pr = «*P™CK, CLUK)Z H" YK, L ; =, (G))
'Ry = 7*R%(CK, CLUK) Z HYK, L; =,(G)).
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We define the suspension

O P — HY(K, L; 7,(G))/"Rin
of &5™ by

g = qEo @l Mok 71 (see [2]).

Corollary 2. 'Pp.,/'Py~'Ry/'Ry,:1.

§ 3. Classification of maps of a complex into a css group

Let G be a reduced O-connected css group and (K, L) be a
css pair. Denoting by D™ (m—1<n) the kernel of P™ }:I1I(K, L;
"G)—1I(K, L ; B™), we have a filtration
IK,L;"G) = Dna2Dn2Dnn2
of TI(K, L ; "G) by normal subgroups. For m<n</+1, since D}
and D7 are the image of jL''"* and ji''™* respectively, ji™*
induces an epimorphism j%™*: D?—D?7, and j%™* induces an
epimorphism
ayle D?/DZLH - DT/DTH .
Since the kernel of pi*:1I(K, L;"G)—II(K, L; B}) is D} and the
image of p& f=Uopr¥* is Pv, pt} induces an isomorphism
B,:Dy_1/D; ~ P%.
Then the homomorphism
Y = aymoyt t P — Dy o [Dy
is an epimorphism.
Lemma 2. The kernel of v*™ is 'RY,, then
D?-l/D:? =~ PZZ/’RZ .
Proof. Consider the following commutative diagram :

(K, L; "'G)—~1(K, L;"G)—~I(K, L; By

j::l.n* ~
o
I(CK, CLVK ; By )= 1I(K, L; "G)—=1I(K, L;"G)—1KK, L; Bi,)
ek

(K, L; BY)
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whose rows and column are exact. Here, 9 is defined as follows.
Let f:(CL,CLUK)— (B, e) represent a€ ll(CK, CLVK; B} ,).
The homotopy k= for: KxI— By, is lifted to #': (KxI, LxI VK
x1)— ("G, ¢). Then o« is represented by #'|Kx0: K—"G. Now,
by the diagram in the above, we see that the kernel of v*™ is

P A@INCK, CLUK ; Bily)-ft " * (K, L ; ""'G))
— pni@I(CK,CLUK; B"))).
Then, the proof is complete, if the following diagram is commuta-
tive :

1(CK, CLUK ; B)) -7 II(CK, CLUK ; WB})
Tm
(G) Tk

el

K, L;"G) ———" >1I(K, L; BY).

Let «, f, h, ' be as above. Then p~ ,o(#'| Kx0) represents p~*(oc).
Let 77, : B»,— WB: be defined by a twisted function & of (BZ,
Br ., pr._1) and & be defined by a function B: B™ ,— B™ (see §1).
Then the map /: B®—WB}= WB:x ,B" defined by

() = (Thopru-b, (Bopiu_1b)~"+b)
is a fibre preserving map, i.e., Thopr._1=pol. Since

polopﬁ,"oh/ = '7':;°17::n—1°pm,n°h/

= Tpopa 10k’ = Thoh,
lopm o(W | KX0)=/[op? ,o(h'| KX 0) represents v*orp*a, Then
P25(B) = Tromkar.

This completes the proof.

By Lemma 2 together with the definitions in §2, we have the
following theorem.

Theorem 2. Let G be a veduced O-comnected css group and
(K, L) be a css pair. Then, there is a filtration

(K, L;6) =D 2Di2Dy 2 -

by normal subgroups such that
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Dao/Di~PL’RY  (n=1).

If (K, L) is of finite dimension, P.H*(K, L ; =, G)) is the inter-
section of the kernels of the cohomology operations 6., [=1,2, .-,
associated to G. If G is (m—1)-connected (m=1), then Dy= - =
m1, 'R?=0, and 'R%= --- ='R% (n_>m) is the image of the sus-
pension '0%™ of the cohomology operation 6% ™ associated to G.

§4. Application

Let G be a reduced O-connected css group and (K, L) be a css
pair of finite dimension. We assume that II(K, L; G) is abelian.
Let C be a class of abelian groups in the sense of J. P. Serre [7].

Proposition 1. If H (K, L; 7, (G))€C for r=1, then TI(K, L ;
G)e . Especially, if = (G) and H' (K, L) are finitely generated for
r=1, I(K, L;G) is finitely generated.

Proof. The first part follows from Theorem 2. The second
part follows from Theorem 2.2 in Appendix of [6].

Let p,: G—G/""'G be the natural map and j,: "G—G be the
injection. The maps p, and j, induce homomorphisms pF: II(K,
L; G)—-1I(K, L; G/*""G) and jf:1I(K, L;"G)—11(K, L;G) respec-
tively.

Proposition 2. (i) If H'(K,L;=,(G))eC for r<_n, j¥ is a
C-epimor phism.

(ii) If H YK, L;7,(G))€C for r<m, j¥ is a C-monomor phism.

(ii) If H'(K,L;#,(G))€C for r >n, p¥ is a C-monomorphism.

(iv) If H*(K,L; =, (G)€C for r >n and 1I(K, L; G/*"G) is
abelian, p¥ is a C-epimorphism.

% *
Proof. (i) Since the squence H(K,L;"G)LII(K,L;G)ES

II(K, L ; G/"G) is exact, the image of j*¥ is D._,. Then the pro-
position follows from Theorem 2.

C)
(ii) Since the sequence II(CK, CLUK ; G/"G)——1I(K, L ; "G)
Pk

j”—»H(K, L ; G) is exact, the kernel of j¥ is OII(CK, CLUK ; G/"G)

and 1I(CK, CLVK ; G/*G)€ C by Theorem 2.
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(iii) Since the kernel of p¥ is D}, the proposition follows
from Theorem 2.

(iv) Denoting by Dj;, the kernel of p.%:1I(K, L; G/""'G)—
(K, L; G/""'G) (0<m<mn), we have a filtration

(1) IK, L;G/*™'G) =Dy 2D 22D =0
such that p*¥D!< D/ and P:/'Ri~D/_,/D, by Theorem 2. From
the definition, the diagram

Pr//Rr ______) Dl I/Di

l ” , lpi’.‘
PR, — > D!_\/D!

is commutative. Here, v and v’ are isomorphisms induced by "
defined in §3 and # is the injection. Let S=p¥11(K, L;G). Then

(2) D’f\S=P2‘D5,
(4) ,Z/PZ,GC (by Corollary 1),

From the filtration (1), we have a filtration
(K, L;G/"'G)/S = D{+S/SDD+S/S> - 2D;,+5/S=0.
Since D._,+S/D.+S=~D._,/D,+D,_,nS, the proof is complete by
(2), (3) and (4).
Let 7,(G) be finitely generated for »=1. We assume that

7, (G)=0 for 1<r<m, m<r<nand H (K, L)=0 for » >n. Then,
in the exact sequence

I(CK,CLUK; G)—%H(CK CLUK; G/"’“G)—»H(K L;™9G)
]m+1 pm

— (K, L; G)— 1K, L; G/""G) (see[3]),

% is onto and Uo(jmA*)™': II(K, L; G/""'G)—>H™(K, L ; = ,(G))
is an isomorphism by Proposition 2, and in the commutative
diagram
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9
ICK, CLUK ; G/""'G) — (K, L; ""'G)
~ Ijz'fl*"l’ff.m"i ~ Ijg;mﬂ *
Du-rm

G,
H"(CK,CLUK; =, (G)) — I(CK,CLUK;"G/*"G)—>1I(K, L;"G)

~ |3
~ 1 T* l 'T';u” -~ l :,n
*

H" (K, L;=,(G)) H"(CK,CLVK;7,(G)) —T~—> H"(K, L;7,(G)) ,

the homomorphisms denoted by =~ are isomorphisms by Proposi-
tion 2 or by definition and the map

T*oryFo(pram) tom* T H" (K, L ; 7,(G)) — H*(K, L ; =,(G))

is the cohomology operation ‘¢, ™ by definition (see §2). By
putting

pF = wHo iy Ko(prmit) To(Fmin*) o
J* = Jmbaofum o (PR )7, p¥ = Uo(fmii®)'oplk,
we have the following exact sequence :

PN 3 rQn—m
II(CK, CLUK; G) Lo H" (K, L ; 7,(G)) —"—> H(K, L ; =.(G))

J* p*
— 1K, L; G) — H™(K, L; 7, (G)) —> 0.

(cf. Theorem 3.8 of [6]).

Kyoto Technical University
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