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1. Introduction

The aim of the present paper is to characterize increasing
Markov processes on the line under certain conditions. A Markov
process is called increasing if its sample functions are almost always
non-decreasing. We shall consider a class JIT of increasing Markov
processes all of whose states are instantaneous, and whose Green’s
operator G, maps bounded continuous functions vanishing near + oo
into continuous functions, so that these Markov processes are strong
Markov. Let us recall that the Green’s operator is the Laplace
transform of the semi-group H,, determined by the transition pro-
babilities of the process. We shall show (Theorem 5.1) that to
each process in I corresponds in a 1-1 way a family #»(a, db) of
measures with the following properties :

1) n(a, (—oo, @))=0, and n(a, db) has no point masses ;
2) Sn(a, db)f(b) is continuous in @, whenever f is continuous and

vanishes near +oo (i.e. in an interval of the form [N, + ));
3) n(a, db) has the maximum property ; namely, if f is continuous

and vanishes near + <o, and u(a)zg n(a, db)f(b), has a maxi-
mum at a=ga,, then f(a,)>0.
We shall show that if the process is in addition, additive, then
n(a, db) has an explicit representation (Theorem 8.1). In section
9 we shall show that an increasing strong Markov process with

continuous paths is deterministic.
It does not seem to be easy to obtain an adequate characteriza-
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tion of JIU by a direct appeal to the Hille-Yosida theorem, since
we know nothing more about the domain of the infinitesimal
generator than the fact that it is dense. We shall, however, show
by using Dynkin’s formula [3, Section 2] that the infinitesimal
generator exists and has a dense domain, a part of which is com-
pletely determined.

A crucial step in the whole proof is the solution of the integral
equation (Lemms 5.1):

f+a|nia, abse) - g,

where n is the characteristic measure of the process (see § 3) which
is concentrated in a half-line. The technique for solving this con-
sists in breaking up n(a, db) into smaller measures by using Dini’s
theorem on the uniform convergence of a monotone sequence of
continuous functions to a continuous function [2, p. 1217.

Finally it will be obvious from the proof that the correspond-
ing results hold good in R* In this case, one can, for instance,
define an increasing process by the property

Pa(xt6 Ka) = 1

for every ¢, where a=(a,, -, a,), K,=(:b,>a,).

The problem was suggested to the author by Professor K. Ito.
His help cannot be overestimated. Thanks are due to Professor
K. Chandrasekharan for constant encouragement and to Dr. K.
Balagangadharan for valuable discussions and a critical reading of
the manuscript.

2. Notations

For generalities on Markov processes see [3]. We recall a
few notions.
M will denote a Markov process

M=(S, W, P,, acS),

where S is the state spase, W the sample space consisting of all
right continuous functions on [0, o) —S and P, probabilities on



On increasing Markov process 337

W with the Markov property

P,[w; € B,, w;€B,] = E,[P.,(B,): we B,] 2.1)
where x = x,(w) = w(t),
wi(s) =wl+s), s=>0,
wi(s) =witns), s>0, tAs=min(,s),

and B,, B,€ B(W), the Borel algebraon W. fe(B(W)) will mean
that f is B(W)-measurable.
We shall write for fe (B(S)),

H,f(@ = E.Lf=)] = | P o dbf®) 2.2)

where P(t, a, db)=P,[x,€ db]. H, defines a semi-group on the set
of bounded Borel functions on S. The Green’s operator G,(c >0)
is defined by

u(@) = G, f(@) = |" B, Lt . @.3)

G, satisfies the resolvent equation
G,—Ge+ G Gela—B) =0. 2.4

In this paper we consider Markov processes on the real line
R satisfying
(A.1) almost all sample functions are right continuous and in-
creasing ;
and
(A.2) G,f(a) (a>>0) is continuous for any bounded continuous
function f vanishing near + oo,

Let C be the class of all continuous functions that vanish
near+oo (but might be unbounded near —oc). (A.1) and (A.2)
will imply

G,CCC. 2.5)

Using the typical argument, we can easily see that (2.5) implies
the strong Markov property of our process.

It is easy to see that G,: C—G,C is one-to-one. The infini-
tesimal generator G is defined by
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Gu =au—G,'u

where the domain D(G) of & is G,C. This definition is inde-
pendent of @ because of the resolvent equation.

Let &¢ be the generator of M; for {=1.2. If then &G'= g
M,=M,.

Define for b€ R

o,(w) = inf {¢: x,(w) >0} .
Then o, is a Markov time, i.e.
(c,>1€B, = {B: (B= (w: w; € B)), Be BW)},

where B, is the stopped Borel algebra at ¢, o, increases with &.
If the paths are continuous it is the first arriving time at & if the
starting point is to the left of 6. We shall classify points of .R
in the following way.

1. ais a trap if E [e °v]=0, for every b>a;
2. a is an exponential holding time point if

0<limE,[e 7] <1;
bia
3. a is instantaneous if
limE,[e ] =1.
biya

We shall call a regular if it is not a trap.

3. Characteristic measure of the process.

Proposition 3.1. If a is not a trap, there exists a neighborhood
Ula) of a such that E [o,]<co for c, be Ula).

Proof: If for every u€ D(G), Gu(a)=0 then the fact that
aG, f(a)=f(a) for every f with compact support implies that
H,f(@) = E,[f(x)] = f(a@)

for every ¢, i.e. a is a trap. Hence there exists #€ D(EF), € >0
and U(e) such that Gu(c) >¢€ for c€ U(a). From Dynkin’s formula,
viz.

E. [S” gu(x,)dt] = E.[u(xs)]—u(c) ,
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one gets
E.[o,1 <24,

where ||u||=sup|u|.
The set of regular poins is thus open. Let (A, #) be one of
the component intervals.

Proposition 3.2. If A<a<b<p, then

E,[op] <. @1

Proof: We have only to use Proposition 3.1 and the fact that if
a function is bounded in a neighbourhood of each point, then it
is botnded in a cornApact set.

We shall assume hereafter that there are no traps. Then we
see that the measure

n(a, db) = g” P, a, db)dt 3.2)
exists in the sense that for every b,

g“ P@, a, (—oco, b])dt < oo

Evidently this integral is equal to E,[o,]. This is the probabilistic
meaning of #(a, db). Note that E,[s,] is bounded for @ in a
compact set.

Proposition 3.3. If f is continuous and has support in
(—oo, N for some N, then

u(a) = | n(a, ab) £(b)

is continuous and vanishes in (N, +oo), i.e. u€ C, G, f(a) converges
to u(a) uniformly in a_>—n for evey n.

Proof: Let M be such that
Ea[(rN]<M) _N<a’ (3. 3)

Then if —N<a,

P,lo]1< 2. 3.4
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If g(a)=E,[on], we see that
[ Blgenat = B[] ewpat|<m, -N<a. @5

It follows, using the Markov property, that
E,[s3]1<2M’, —N<a. (3.6)

Now

&) —Gufl@)| = | E, | fx)dt—Guf(a)

[ et rat |

[ eyt e pxpat ||
[ @ enat ]

= 111 B [ =225

Also x>1—¢* for x>0 and x—(1—e¢ %)< a* for x<1. We have
therefore

N
51111

a

N
&y

a

[24
< Bulow: oy >M+E[oy— 12070 0y <]
< B (73] Palow >N+ B, [on— 125771 oy <0

Choose A large so that——<8 and then choose « such that
arx<_1. We then have
2 .2
Ea[o-N 1- i ]<8+E [a';N: 0N<x]<8+a7x2.

Therefore G, f(a) converges to u(a) uniformly in a_>— N for every

N and the continuity of G,f implies that of «.
We shall call this measure characteristic measure of the process.
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We defined G, only for «>>0. Now we shall define G, by

G.f@ = B, ([ rwyat) = | n(a, ab)f@®.
Then Proposition 3.3 implies that, if f€C, then G,f(a) converges
to G,f(a) uniformly in a_>—n for every n and G,f € C.

Proposition 3. 4.
PG =GC;
Gu=—f  for u=G,f.
Proof: Letting 8|0 in the resolvent equation
Gof—Gof+(a—B)G,Gof =0  (feC).

We have
G, f—G,f+aG, G f=0. 3.7
Letting 80 in G,Gg=GgG,, we have
GG, = GG,
and so we have, by (3.7),
G, f—G, f+aGG,f=0. 3.8
Thus we have
G f = G,(f+aG,f) 3.9)
and
Gof = G,(f—aG,f). (3.10)

G, CG,C follows from (3.9) and G,CCG,C from (3.10), and so
we have

GC=G,C=929).
Using (3.9) we can see that, if #=G,f, then
Gu = au—(f+aG,f) = —f.
4. Properties of n(a, db)

Proposition 4.1. If M, and M, are two Markov processes with same
characteristic measures, they are identical.

Proof: Let G¢ and G{ correspond to M;, i=1,2. We have
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W =Gif, feC
by our assumption. If z€ D(&"), then u_d—G}, f for some feC, and
so we have '

=G fed(9Y)
and
Gu=—f=G%u.

Therefore &? is an extension of &'. Similarly &' is an extension
of G? and therefore &'=¢G?. Hence the processes are identical.

Proposition 4. 2. n(a, db) has the maximum property, i.e. if

(@) = S n(a, db)f(),

f vanishing in [m, ) has a maximum in [—n, m] at a,, then

f(a) >0.

Proof: If
E, || rwat| > B[ [ rwiat]  v>a,
then ‘
£ [[ g £ [ [ seaa]
so that
B[, rwaat] > B, Lrtat,
ie.

[ B Lra1ae>o0.
Divide by s and let s—0.
Corollary 1. r f(®)n(a, db)=0 implies that f=0.

Corollary 2. ™ f)n(a, dby+7@ || > (™ rt)nta, av)|

a>0, where || || denotes the supremum norm considered in fixed
compact set.

Proposition 4.3. The set of functions u of the form
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u={" f@n av) 4.9

is dense in the space of continuous functions vanishing at + o
provided with the compact uniform topology.

Proof: 1If f decreases and tends to zero at +oo, then as a@—0
aG,f tends to f uniformly in compact sets, by Dini’s theorem
[2, p. 121]. 1t follows that this is true if f is continuous and
tends to zero at +oco. Let f vanish beyond some N. Then, as

a— o,
@ [" B [G.f )1 ds—a || B[ fe)]ds—r

uniformly on compact sets.

Proposition 4.4. If f vanishes at +oo then E,[ f(x,)] is con-
tinuous.

Proof: Let A be fixed and consider the process only [A, ). Let
E denote the Banach space of continuous functions in [A, o)
vanishing at +co. From Proposition 4.3 the resolvent G, has its
range in E. The Hille-Yosida theorem then gives a strongly con-
tinuous semi-group of operators 7, : E— E such that

S” e Tdt = G,.

0

But
Gof = | e ELrxat.

Since E[ f(x,)] is right continuous in # we deduce

T.f(a) = E,Lf(x)],

if f vanishes at + oo and is continuous in [A, o). Since A was
arbitrary the proposition is proved.

Proposition 4.5. #(a, db) is a continuous measure i.e., has no point
mass, if and only if there are no exponential holding time points.
Proof: If a is an exponential holding time point then

Pa[xt:a]:e_)\at> 0<>\'a<oo'
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It follows that
r P.[x, = aldt = -

a

Now suppose that
n(a, {6}) >0
for some b>a. Then

|"P.Lx = 10t >o0.
For an uncountable number of { we should have
P,[x, =b]>>0.
It follows that for some ¢, s, ¢ >s,
P,[x,=b, x,=0]>0.
Using the Markov property
Pylx,s = 0]1>0,

i.e, b is an exponential holding time point.

5. The main theorem

We have seen that to a Markov process with increasing paths
which go to + oo with probability one there corresponds a charac-
teristic measure #n(a, db), which has the maximum property.

We shall now prove a partial converse to this. As we have
proved above, all the following properties are true in the general
case except perhaps (4), because #(a, db) may have point masses ;
Proposition 4.5 shows that this can happen only when there are
exponential holding time points.

Theorem 5.1. Let n(a, db) be mesure on R such that

1) n(a, (o0, a])=0; n(a, (a, a+h) >0, h=>0;

@) gw fb)n(a, db) is continuous if f is continuous and for
a_>c for .sa'ome c;

@) if u(a)=r F(BYn(a, db) has a maximum in [A,c] at a,
then f(a,)>0; '
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(4) n(a, db) is continuous, i.e. it has no point masses. Then
there exists an increasing process for which n(a, db) is the charac-
teristic measure.

For the proof of the theorem, the following lemma is fundamental.

Lemma 5.1. Let n(a, db) be measures on R' satisfying condi-
tions (1), (2) and (4) of Theorem 5.1. Let A be fixed and consider
a continuous function which vanishes beyond N. Let aa”>0 be given.
Then there exists a function g continuous in [ A, ) and vanishing
outside [ A, N such that

2(a) +a SIAV g®)n(a, db) = f(a), A <a<N. G.1)

Proof: Consider the function n(a, b)=wn(a, (A, b)). Since n(a, db)
has no point masses, this is continuous non-decreasing in b, for
fixed a. Since r n(a, db)x(b) is continuous and since #(a, db) has
no point masses we see that n(a, b) is continuous in « for fixed b.
From Dini’s theorem one deduces that n(a, b) is continuous in (&, b).

From Dini’s theorem again it follows now that there exists a

>0 such that
na, (b, b+ W) < grg if <8, A<a b<N. (52)

(we use again the fact that »(a, db) has no point masses).
If for ge Ey= {the set of functions continuous in [A, o) with
support in [A, N}, we define

Lg = SZ”’ g(bn(a, db), 5.3)

then the equation
g+alg =1 (5.4)

has a solution for every k€ Ey, because |laL||< 1.

Consider a subdivision (A +ik, 0<l{i<n) of [A, #] into, say, »
equal parts with 2/2<3.

Let f,€ Ey such that

fi@ = fla), A+n—Dh<a<N;
fi@ =0, a<lA+n—2h+h,, h<h.
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Then there exists g, € E, such that
-

g@+a| " g®na db) = f@), A<La<N. (.5

A+Cn—2DhHhy
Let f,€ Epvcu-1n be such that
A+(H=2Dh+hy

fo= f—f‘fl—ag g®n(a, db), A+n—-2)h<a<N;

A+Cn=Dh+hy

=0, a<l A+n—3)h+nh,.
We can find g,€ Eic,-»» Such that

g@+a ("7 gome a) = (@, A<a<N. (.6
Adding (5.5) and (5.6) we see that
g@ra@+al  [g®)+a®ne d)]na db) = fi+1.,

A<a<N;

since f,+f,=f for A+(n—2)h<la<(N, we see that g=g+g,
satisfies
N

g(a)+a$ gbma, db) = £, A+n—-2h<a<N. (5.7)

A(n-3dhthy

It is clear how to complete the proof by proceeding backward in
this fashion.

Now let us fix A, N and consider [A, N]. Proceeding exactly
as in the Lemma 5.1, we can prove that given f€ C[A, N] (ie.
continuous functions on [A, N7) there exists g€ C[A, N] such that

N
oy =a n, ae®+g(-). ©.9)
Proposition 5.1. The g in the above equation is unique.

The proof depends on this following lemma.

Lemma 5.2. Let X be a compact Hausdorff space, f,, f€C(X)
anb f,— f uniformly. Let A be the set of maximum points of f
and U be an open set containing A. Then there exists at least one
n such that f, has at least one maximum point in U.

Proof: Let A, be the set of maximum points of f,, and K
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the closure of \ /A,. It is obviously enough to show that KN A==¢.

n>1

Suppose that KnA=¢. Let
0<{8 = sup|f(x)] .

Since B8— f(x) >0 on K we should have 8— f(x) >€ for some € and

for all x€ K. Choose n with [|f,,—fll<{§ for m>>n. Then if
x€A,, yEA,

& & & &

@) > fuld) = > FlD— 5 > f0) % = -5

This is a contradiction.

Proof of Proposition 5.1. Suppose that
a S:g(b) n(a, db)+g(a)=0.

Let u(a)=c g:vg(b)n(a, db) and suppose that sup # >0, and that the
supremum is attained at @,. Then since #(N)=0 we should have
a,<.N and then g(a,)< 0. Choose g, such that g,=g for
a <N with support in [A, N +%] and decreasing to g. Then

N+1/n

as; g,(b)n(a, db) | « SN g(b)n(a, db). The convergence is there-
A

fore uniform. Let A be the set of maximum points of . A is

compact and N ¢ A. Further g(a)<0 for a€ A. According to the
above lemma there is at least one g, such that

N+1/n
u,—a " g, (), db)

has at least one maximum point in U. It then follows the positive
maximum property of n(a, db) that g,(¢) >0 at least at one point
of U. Since g,=g in U this is a contradiction.

Replacing g by —g and arguing in the same fashion we see
that u=0. Hence g=0.

For every f€C[A, N define

Gof = | ne, db)g.), 5.9)

where g, is given, by virtue of Lemma 5.1, by (5.1):
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f@ = a | 1 dg.O+8.@.

Proposition 5.2. G,f thus defined satisfies the resolvent equation

Gm_Gﬂ_*_(a—ﬁ)GaGB =0,
and laG,l| <1, G,f>=0 f>0.

Proof: Integrating the equation defining g,, we get

[ ron@ av =l n@ an) " 0@, do)g.©+ | g.0)n(a av),
so that,

Ga[ (" r@nc, an] = ("ne, av) [ 0, dogao),

proving thereby that

G| ronc, ap] = nc., 4G ()
Further, if

£ =8{"n d)g0)+2@,

then operating on both sides by G,, we see that

N
Gof = B{ 1@ dD)G.ga(0)+Gat(@).
so that

GiGuf = " n(a, dDC.ga®) = G, [ n(a, 1) u®)] = G.Gor
But
GiGaf = G| 1 ab) )] = " n(a, d0)Goga ).

Hence G,gs=Ggg,.
Finally,
N
Gaf =BG | n(a, db)gs(®)]+Guga

= BGGpf+Gags,
and
Gﬁf = aG,»pr"‘ Gpgq ’
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so that we have the resolvent equation
Gmf_Gﬂf+ (a_B)GwGBfEO .

Let u=G,f. Suppose that sup ¥ _>>0. Then it must be attained
in [A, N) and at least at one such point a, g(@)>>0. Thus f_>asupu
ie., ||fl|>«asup u.

If inf G,f<0, at some such point, g(e)<C0 so that f< 0. The
proposition is completely proved.

Proof of Theorem 5.1. Define for fe C[A, N,
R.f(@) = Guf@+fN) | ~Coe@]| A <a<N, (.10

where e(@)=1, A<la<{N. Since 0<Gwe(a)<% and G,f>0 for

F>0, we see that 0<CaR,f<1, if 0<f<1 and R1=-1. One

easily verifies that
R,— R+ (a—B)R,R; = 0.

It is trivial to see that the set
{u:u =R1f’ f>0}

separate points of [A, N]. Now from a result of Ray [5, Theorem
17 we see that there exists a transition function @, :

Qf@ = | Q@ dnse), >0, (5.11)

(A,N]

where @, f(x) is right continuous in ¢ for £ >0 and
[[ea.r@at - Ruf@.

Also lim @R, f=g exists for every f€C[A, N] and if pg,=p is

@>co

defined by

ga) = S 1(a, db)F(b), (.12)
then ’
|g(®)—f()| »(a, db) =0, (5.13)

¢, W)
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and

[ @@ anr®) =1im | Q. atyar.s®)

[A,N] [A,N]

= [ @@ arew) = | @) | 1@ e 0.

(AN] [(AN] [(AN]
The last equation holding for every f€ C[A, N] implies that

| @@ airo-ewi-o0, recra N1,

[A,N]
with g(b)=lim aR,f(b).
Suppose that f(N)=0. If

f@) = e n(a, db)g.0)+2.@),

and
a[ sup n(a, [A, N]D]<1,
a€lAN)

then evidently
8o = f—aLf+a&Lif— -,
where

N
Li@ = G, as@.
Hence lim g,=f uniformly. This implies that

["n@ ang.0)— (" n(a av s,

uniformly in [A, NT].
Since from (5.10), R,p=G,p if (N)=0 we have if f >0,

lim ] ¢-+Qufdt = tim Guf = tim [ n(e, a0, 0)
- S:’n(a, db) F(b) .
This proves that if f(N)=0 and feC[A, N],
[ @urat = (" (., anr® = | ne, avr@.

We shall now prove that lim aG,f=f for every f€C[A, N]
>
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with f[N]=0. Note that from the results of Ray [5, Theorem 1]
quoted above, if

g =limaG,p,
then
N N
["n@ avg® = | n@ ap®.
Hence if g(@) = an(a, ab) f(b),

then from (5. 12),
[ ka@e® - g@.

Fix a,€[A, N]. Choose f such that f,(a)=1 for a<la,+6h where
0<1, and f,(@)=0 for a_>a,+h. We have

N N
[ m,@ [ 1006 do =" fi@na, d,

[AN]

so that

n(ao,(anl, a,+ b)) [ o) S:"th(c)n(b, dc)

AN 0

1 Go+h
= n(a,, (@,, a,+h)) Lo fu(e)n(a,, dc).

n(ao’ (aO’ a0+0h))
n(ao’ (ao’ a0+h))
It is clear that by choosing suitable f,, § etc., we can show that

The right side exceeds >%, if @ is close to 1.
gy (@) == 0.

It follows that for every a,€[A, N], #,(a)>0. Hencs

lim @G, f(@) = f(a) for every a€[A, N); since by (5.13)

[ @) r®-2®)1=0, g=1limaG,s.

By routine patching methods one gets a system P (¢, a, db) such
that
1. 0P a, db)<1;

2. P(t+s, a, dc) = S P(t, a, db)P(s, b, de) ;
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3. Sm P(t, a, (— oo, b])dt =n(a, (—oo, b]) for every b;

1. 1im | P@, @, @) F®) = F@;

t>oo

5. ("eat(- Pt o abs) = | ne de.®);
6. P(t, a, (—oo, a)j =0 for every ¢.

In the next article we shall construct the process and this will
complete the proof of Theorem 5. 1.
6. Construction of the process

We shall prove the following
Theorem 6.1. Let P(¢, a, db)< 1 be measures on R such that
1) P a, (—o°, a)) =0;

@) S: P, a, db)P(s, b, dc) = P(t+s, a, dc);

@ " re e db)Hl P, @ a7 P, b, dorf)| -0

as 6—0 for every t, if f is continuous and vanishes at + co.
Then there exists a Markov process with incrveasing paths having
P(t, a, db) for its transition measures.

Proof: Add +oo to R and say oo _>a for every a€ R. Let I'=
{the set of all functions on the set of non-negative rationals into
Ryuo}. Using routine methods one can get probabilities on I’
such that if %, is the co-ordinate at 7,

f)a[-xr;e Ei: 1<i<n] :SF P(rh a, d(l)"' SE P(rn_rn—n [/ dan) .
From (1) and the Markov property we see that
P,[% > Z%,, for every », s with »r >s] = 1.
Putting =0 in (3), we get
[" P6. a a1 7O~ rs@I—0 (3)

From (3"), we have
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P,[|%—a|>€]—0 as 6—0.

Since
Pa[ lxt+8_xt|>8] = SP(t’ d, dal) SP(B’ al’ daz)F(au az)’
with F(a,, a,) =0, if |a,—a,|<éE,
=1 if |a1_azl>8»
we have

P,[1%s—%,|>]—>0 as 8-0. 6.1)

One cannot conclude from (6.1) in general that Z. is right con-
tinuous at 7 with probability 1. (6.1) only shows that given a
sequence 7, | 7, X,,— X, a.e. for some subsequence of »,. Since in
our case %, >Z; a.e., ¥ _>s, we should have right continuity at every
rational ». Thus

P,[W = {z, is increasing, right continuous at every r}] = 1.

Given any right continuous increasing function %, on the rationals
we get a right continuous function on [0, o) into Ruoo if we
define

R
Il
—_
B
h
=

N

>t

Let W be the set of all right continuous increasing functions
on [0, ) into Rvoo. The map

X —x.

gives a 1-1 map of W onto W. This is cleary measurable and we
get a probability P, on W. We shall show that this satisfies the
Markov property.

Let f,, -+, f,, f be bounded continuous functions. @ We have

Ea [fl(xtl) e fn (xtn)f(xl)] = }l_gl Ea [fl (xrl) e fn (xrn) f(xr)] »

7>t

where

ti<ri<ti+u t,,<r,,<t<r.
And

Ea [fl(xrl) oo fn(xrn)f(xr)] = Ea [fl(xrl) e fn(xrn)E-”rn(f(xr—rn))] .
Letting r;—¢;, 1<i<n—1, r—1t, we get
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ELfi(x:) = fulx:) f(x)] = E Lfi(%:) -+ F(%,,)Exn (f(2:-,,))]
Now the proof is completed by using (3).

Remarks. If SP(t, a, db) f(b) is continuous in a as in our case, then
(3) follows from (3’).

(2) One can also use Doob’s theorem on paths of a semi-martingale
[1, Theorem 11.5], for constructing the process.

(3) The idea of the proof above can be combined with a modifica-
tion of certain results of Nelson [4, §4] to give more general
constructions.

It is very natural to expect that if

[ #ta, @b 7®) = { wav) 0+, (6.2)
then the process is additive. We have

Theorem 6.2. The process is additive if and only if

S n(a, db) F(b) = S n(db) F(b+a) .

Proof: We see from the hypothesis that

S n(a+b, dc) flc) = S: n(a, dc) f(b+c),
ie, wLf=Lr.f,
where Lf(b):Sn(b, do)f(c) and =, f(B)=fla+b). If F=aLg,+g.,
then
Tof = QLT 80+ To 80>

so that G,r,f=7,G,f, i.e.
S“’ - dt S P(t, b, de) fla+c) = S“’ o-dt S P(t, a+b, deo)f(c) .

we get S P(t, b, de) fla+c) = S P(t, a+b, de) fic)

ie., SP(t, a, dc) f(c) = S P(t, o, dc) fla+c).

This together with the Markov property implies that
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P(t+s, 0,dc) = P(t, o, dc) x P(s, o, dc) . 6.3)
Suppose that ¢,<¢,<---<f,. We have only to prove that
Plx, €E,, x,,— %, €EE,;, -, %,— %, EE,]
=P, [x,—x:;_ € E;].
One easily gets this using the Markov property and (6. 3).

7. Examples

Example 1. Let M be a strictly increasing function and

[ rona, av) = | rerame.
If  is differentiable with respect to M then u€ D(&) and

_du
Gu = il
Example 2. Let M and N be strictly increasing and M bounded.
Define

u@) = | na, av)s®) = | am(y) | anv@ 1)
If for every b>a,, , ’
w(a)) > u(b),
then
| amey) | anv@r@- | ame) | av@ s >0,

tag,*) Lag,) la,%) 16,9

ie. S aM(y) | daNG) f(z)+[ S dN(2) f(z)] dM(b, 00) >0.

lag,b) lag,¥) lag,a

If f(a,)<0, for b near a,, f(b)< 0 so that the term on the left side
The conditions of the main theorem are thus satisfied.

Example 3. For the Poisson process with mean A~>0, it can be
easily seen that the characteristic measure is concentrated on the
non-negative integers, the mass at the point # being A", n_>0.

8. Additive increasing processes

The characterization of a Markov process given by a Lévy
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process is much simpler and in this case the characteristic measure
has, in a sense, an explicit representation. In fact we have

Theorem 8.1. An additive increasing Markov process is charac-
terised by a measure m for which

[ 521 mdh) < oo, @ 1)

in the sense that if P(t, db)=Pyx,€ db), then
S“’ P(¢, db)e-* — exp [—Kta— [ (l—e“’"’)m(db)] (8.2)

where K>0 is a constant ; and conversely, and K_>0 and m satisfy-
ing (8.1) give rise to a Markov increasing additive process. Further,
if n is the corresponding characteristic measure (§3), we have, if
K=0

(m(u, oo)du) * n(du) = du , (8.3)
Proof: We prove the last statement. Consider equation (8.2)
with K=0; then integrating both sides,

S'” o~ S“’ P@t, db)dt — [g” (l—e“‘”")m(a’u)]

and by Fubini’s theorem

-1

b

S:e‘“”n(db) = [aS: e “m(u, c>o)du:|_l

b

i.e. [Sw e“”"n(db)] [S:e“”"m(u, m)du] = S: e du ,

0

i.e. S“ e~ " [m(u, oo)du * n(du)] = SM e~ "du ,

0

which is equivalent to (8. 3).
Now we turn to the proof of the theorem. Suppose first P(¢, db)
that corresponds to an additive increasing Markov process. Since

[Fempi+s, an - [S” eoP(, db) | P s, db)]
we see that _

Sm e P(t, db) = ¢~ *F™ |
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where F(a)>0 and continuous. We have

[1- e~ bP(t, db) _ 1—¢
o b t o

bP(t, db)
t

This shows that the family of measures is uniformly

bounded on [0, o). There exists then, by Helly’s theorem, a

measure M such that S M(db)< e~ and for every continuous func-
0

tion with compact support in [0, o),

S M) £) = lim |~ 2P @)
1—e
b

for some subsequence #,. Since —0 at + oo, we see that

[ 12 sy = tim | P A1 g,

b t b
[0,00) 0,00)

. 1—e¢ ™ .

ie. aM(0)+ S 2 M(db) = F(@.

(0,00

Put —A%db) =m(db), then

aM(0) + S (1— =) m(db) = F(a).

(0,0)

X (1—e *)ym(db) < oo is equivalent to S ) m(db) < oo,

€0,%)

Now we shall prove the converse. This part of the proof is
modellled on K. Ito’s proof [3, Section 4] of the structure theorem
for Lévy processes.

Let a measure n(du) on (0, =) be given and a constant m_>0
that such S i +un(du)<oo Then we shall determine a temporally

homogeneous Lévy process x, such that

E(e~®%) = exp [—amt—t S (l—e“”")n(du)]'

Let S— {(,u)y: s>=0, u>0},
={suw): N>s>0, u>0},
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and o(dsdu) the product measure on B(S) of the Lebesgue measure
and n(du). Consider the space Q=[0, =]% and let A be the
algebra of all sets of the form ((x(E,), -+, x(E,)) € B*) where
B”e B(R™), for all » and all n-tuples of sets E,, ---, E,. We shall
now define an elementary probability measure on A, which for fixed
E,, -+, E, gives a probability on B(R"). We then appeal to Kol-
mogoroff’s existence theorem to get a probability on [0, oo 5,
- We give the details below.

For any Ee€ B(S), define

PLx(E) = n] = 2 ZET ip o) < oo
=0, if o(E) = oo;
P[x(E) =] =1, if o(E) = o,
Let E=E,v.--UE, where E,, ---, E, are disjoint. Then

—'T(EIU‘"UE,) [O—(El \vj ""UE,)]”
n.

P[x(E)=n]=c¢

g~ (TCED+ +0(E,)]

= T (B + - o (BT

n!
_ g~ (TED++ (E,)] Z (n ‘) O-(El)ilg'(Ez)iz O'(E,)"'
n! T AEARRYA!

= > P(x(El) = Z:)P(x(Ez) = 1,) e P(x(E,) =1,).

;'l+‘..+,"=n

Let now E,, ---, E,€ B(S). We have
EI\J"'UE”: \j (E‘_ \/E])U [E,AE]_ \_/Ek] \j [E‘f\Ejf\Ek
i i i%] k1,1 itk
- U El'”\j(ElnEz'"r\En)

11,7,k

= E, UeeuE,,, say.

In general r(n)=2". Then E‘l, - E,(,,), are disjoint and each set
E; is the disjoint union of some of the sets E;. Let

frE) =14, if EPAE; is non-empty ;
=0 otherwise. (8.5)
Let B€ B(R™) and define
PL(x(E)), -+, x(E,))€E B] =

ST PLaE) = k1% [ F @k, - DS @OR)], (86)

Eysesky gy £=1 i
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where X is the characteristic function of B. From this definition

of P it is clear that if = is a permutation of 1,2, ---, # then

PL(x(E.)), =+ 2(E.c)) € TB] = P[(x(E)), -+, x(E,)) € B],
where =B is defined in the obvious way. Let F,, --+, F,, be such
that F;=FE;, 1<i<n. Define the sets F,, ---, ', in the same
way as in (8.4). We have

Lx(EY, -+, 2(E)) € B] = [(»(F)), -+, x(F,,)) € B],
where B’ = {¢,, -~ &) &, -, E)E B},
and Xg’[(&p Tty é:m)] = XB[(‘fl’ Tty Sn)] .

From formula (8.6) above, we have, if g?(j) is defined in a
similar way as in (8.5), then

P[(x(F1)’ o, 2(F,)) € B’]
= 3 I PLEE) = LI (S, - S gD

lp"’J (mm =1

r(m) A . ey -
=l ;) ]El P[(x(F]) = lJ]XB'[(gg/(])l,m R ng (])ZJ)] .
Also each of the Ej’s can be expressed as a union of the F}’s and
since the ﬁ?,-’s are disjoint each Fk can occur in at most one of the
unions. Let #i(j)=1 if F; occurs in the union for E; and zero

otherwise. Then since E‘,:some union of sets Fy,

A r(m) ~
Plx(E) =k]= > I PLx(Fy) =1].
k=R 5=
Therefore noting that each Fk can occur in at most one expression
or, equivalently, %4i(j) for fixed j is not zero for at most one i

ST PGED) = X[ F Ok, -, S FOR)]

ki, ookrny j=1 i

Eiyeskr(n) k1=§: h/(j)lj'r"':kr(n)=§ M (F);

T PLeE) = L% [ S6) SR, 0 S0 B HGD

ks Ern b= B k= S0 O

(f_l) PLx(F;) = 1;]X, (&g Gy - 2Zg"(Dip],
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r(n)
since ;fﬁ(i)h"(j)=g”(f),

= 3 TPLa) = 1% LS G - DO,

aeenslrom) 7=1

ie. P[(x(E)), -+, x(E,)) € B] = P[(x(F)), -+, x(F,,))€ B"].

Now suppose that ((x(E,), -+, x(E,)) € B,)=((x(F,), -+, 2(F,,)) € B,)
and consider G?, G3, *++, G.,., With Gi=FE;, 1<i<» and G,.;=F};,
1<j<lm. Also consider G}, ---, G%,, with Gi=F;, 1<i<m and
Ghi;=FE;, 1<j<n. Define

Bi = (&1, s Epin) t (&1, 0, E)EBY),
B = (&) Emen) 1 (6 0, EW EBY).
From the above it then follows that
PL(x(E), -+, x(E,) € B/] = P[(x(GY), -+, %(G+4) € Bi],
PL(x(F.), -+, x(F,)) € B,] = PL(x(GY), -+, x(G},1,)) € Bf].
Since  (%(GY), -+, #(Gpun) € BY) = (X(E)), -+, x(E,)) € B))
= ((x(F), -+, x(F,)) € By) = ((%(GY), -+, x(G,+4)) € BY),
and G?=G/;, where = is the permutation +(j)=n+j, 1<G<m;
Tv(m+f)=j, it follows that +B}=Bj and hence

PL(x(E)), -+, 2(E,)) € Bi] = PL(x(F)), -+, x(F,))) € B,].

P is thus uniquently defined on A and defines a probability
measure on B(R") for fixed E,, -+, E,. We can then extend P to
B(A). From the formula (8.6), then, if E,, ---, E, are disjoint,
x(E), -+, x(E,) are independent. Further, if E=E,v-VE,,
E,, -+, E, being disjoint, then x(E)=x(E,)+--++x(E,) with pro-
bability 1.

Let us understand by an elementary figure, a finite disjoint
union of closed rectangles with rational vertices and contained in
S. An elementary figure is always compact and is contained in
S¥ for some N. If EC S~ and is at a positive distance from the
t-axis,

SEa(dsdu) = Sa’sn(u: (s, )€ E)< oo,

since Sm zﬁ n(du)< oo. Therefore, E[x(E)]= SF o(dsdu)< oo i.e.
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x(E)< oo with probability 1. The set of all elementary figures is
countable so that

P[x(E)< o, for all elementary figures E] =1.

Also if E, E,, -+, E, are elementary figures E,, -+, E, disjoint and
E:‘\ij1 E; then x(E)=2l x(E;) with probability 1, the set of pro-
babillity 0 depending ;)n the tuple (E, E,, --+, E,). The set of all
such finite #-tuples being again countable we have
P,) =1,
where
Q,={w: we = [0, =59, such that *(E)< oo and x(E)
is additive on all elementary figures)} .

Define for U open UCS,
(U, w)=sup x(E, w),
UcE

E running over all elementary figures; and for B€ B(S)

p(B7 w) =U inf p(U! w) .

> B,U open

We can then show that for we Q,, p(B, w) is a measure on B(S)
which is finite on compact sets (since x(E, w)< oo for E an ele-
mentary figure). Since the class of all elementary figure is counta-
ble p(U, w) is measurable in ¢, for every open set U. Then by
the usual monotone-class argument and the fact that p(., w) is a
measure on B(S), we can prove that p(B, w) is measurable for
every Be B(S).

Since x(E) is a Poisson process, we can prove, using
E(x(E))=0o(E), that if E,€ B(S), E, 1 E, then

P[lim x(E,) = x(E)] = 1.
Let U be open. For every elementary figure EC U,
Px(U)>x(E)] =1,

so that P[x(U)_>x(E) for every elementary figure EC U]=1. It
follows that P[x(U)>p(U)]=1. Let E, 1 U be elementary figures,
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Then
P[li'{n x(E,)=xU)]=1.

But lim x(E,)<p(U) for all w. Therefore

Plx(U) =pU)] =1.
Again by using the monotone class argument, we can prove that
P[x(B) = p(B)] =1, for every B€ B(S).

The finite dimensional distributions, therefore, of {p(B, w)} are
identical with those of {x(B, w)}. By considering simple functions,
etc., we can show that

E [e —am,N]{(o'm)uP(deu)] = exp [_ S (1—e=™) O-(deu)]

[0, 71X (0,50)
= exp [—NSM (l—e“”")n(du)]

Since the right hand side is positive,

P[ S wumm<w}>m

10,5715 (0,%0)

We can see (by considering simple functions etc.) that y, =

up(dsdu) are independent random variables. From
(1 +11x10, 51 -
the above X y,= S up (dsdu)< oo, on a set of positive pro-

n=0

[0, V1% (0,°°)

bability. Hence

P[ S wumm<m]=L

10,71 % (0,%)

so that P[ S up (dsdu)< oo for every t>0]= 1. Finally
[0,¢1%(0,0°)

define,
x(w) = mt+ S up (dsdu) .

0,£1:2(0,00)

It is not difficult to verify that x,(w) is a Lévy process and
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E(e %) = exp (— mia—t Sm A—e) n(du)>

9. Continuous increasing processes
In this case the problem is relatively simple. We have

Theorem 9.1. [f a process with increasing continuous paths is
strongly Markovian then it is deterministic, i.e.

P,[{w}] =1,

where the paths w, are such that
Wy x(S) = Wo(t+S5) .

Proof: Let, as before, o, =inf {¢: x,2>b}. Then, by continuity
x(0p) =b, if o,< 0. We will prove that P,[c,< co]=1 or 0
Suppose that P,[o,< cc]=0. Then for large ¢,

P,[x,>b0]>0, for t>1¢,.
Since the paths increase, if a<Cb, then
P, [x,>b] =P, [x. >c, x,2>b] = P[0, <t x, >0]
<P, [o.< oo, 2,20l P, [0, < o0, %45, >b]
= Pa [Gc<oo]Pc[xt>b]'
Thus
P, [, >b]< P [x,>0b], alc<b.
We have
P, (%, >0] =P, [x, >b]+E,[x,<b: Pxx, > )]
>P,[x,>b]+P,[x,<0]P,[x, >0].

Letting s—oc we see that

P lo,< ool Z>P,[%: > 0]+ P, [x, < b] P, [0, <],

ie., P,[6,<>=]=1 or O.
We can prove that [3, Section 6]°if P,[c,< cc]=1, then
Ea [O-b] < .

From this we see that (see proposition 3, 4)
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Ea [a-b] < 0.
Again, if a<lc,<c,<--<c,=b,

Pyoc, 1, o, —0, <ty oy 0c,— 0, < 1,]
=P, [o,<4L]1P, [0, <0t] Pe,  [oc,<t,]
=P, [o,<t]1P,[oc,— 0, <t,] P,loc,—0c, ,<1,].
Thus o,, a<lc<b, is an additive process. It is easily seen to be
continuous. An appeal to Lévy’s representation theorem or to

Theorem 1, Section 4 in [3] shows tha o, is a constant. This is
what we set out to prove.

Remark. In general in this case
G, does not map C into C.
If this is the case and A,(?) is defined by
P, [, =2®]=1,
then n(a, db) is the measure induced on [¢, «) by the mapping of

[Ov 00) g [a) OO) ’
given by t—x,(f).
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