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§ I. Introduction. Let p  b e  a prime number and 4  b e  a
field of characteristic p .  Let d' be the separable closure of 4  and
G , be the galois group of 4 7 4 .  We mean by a  W itt vector with
coefficients in Ll' an infinite ordered set (a „  a „  a „ • • • )  o f elements

(w =0, 1, 2, in  d'. Putting 0  (0, 0, •••), 1  ( 1 ,  0, 0, •••), p =

(0, 1, 0, •••) and p v - ( 0 , • • •  ,  0, 1, 0, •••), we write 2 a ,p v  instead of

(a 0 , a1, a 2
,
 •  •  •  )•  E . W itt introduced the sum, the difference and

the product o f two Witt vectors 2  p v  and p "  by means of
v=o v=0

a  system o f infinite polynomials 01: , ,  (X 0 , ••• , X , -1 ,  Y O  •  •  •  f YU - 1 )

with coefficients in the prime field G F (p )  as follows : ( ce„p ')±
„= 0

(  s„pl 7-±
v=0 •

( 1 ) 'Y+ , al,±13 + 0 ± ,v(a0,••• ,av - , ;  R o , •••

( 2 )' 7 . 2 + cevi&0 - 1-  O ., v(ao av - i ; $o, ,

By mean of these operations all the Witt vectors with coeffi-
cients in 4 ' forms a commutative integral domain W z .  We call
W 4 ,  the ring  o f  W itt vectors with coefficients in 4'. The ring W,

o f W itt vectors with coefficients in 4  is naturally em bedded in
W z .  Since the ring Z p  o f p -a d ic  integers is canonically isomor-

1 )  See [1] p.p. 126-128.
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phic to the ring of Witt vectors with coefficients in the prim e field
GF (p), we may consider Z p  as a subring of W z. We denote by
K y  (resp. K 4 )  the quatient field of W 4

, (resp. W4 ), then we may
-

consider IC ,  as the field of p-series 1 E a ,p v ! ae  4 1  with finite
n

negative terms. The field Qp  o f  p-adic numbers is also regarded
as a subfield of KJ.

We shall identify the galois group of K 4 '/K 4  w ith the galois

group G ,  of zr 1 z1 in  the following mean : ( ce,p =

(0-  E G ,), and consider If,/ (resp. W, , )  as a Q p [G,]-module (resp.
Z [G 4 ]-module), where we mean by galois automorphisms the
continuous automorphisms in p-adic topology. We denote by p
the meromorphism of K y  defined by

( 3 ) a = aeP''- _ - n

and mean by a  p-equation w ith coeff icients in  K 4  (resp. W 4 ) an

equation a„xP v = o  with coefficients a„ in K ,  (resp. W4 ). The

solutions in I f "  of a non-zero p-equation f (X )= 0  with coefficients
in K 4  form  a Q p -finite-dimensional Q p [G,]-submodule V f  in  K y

and conversely each Qp -finite-dimensional Q p [G,]-submodule V in
K, , is uniquely expressed as the module of solutions V„, of a
p-equation so(X) =O  such that 1° the coefficients belong to W 4 ,
2° the coefficient of the highest term is 1, 3° the coefficient of X
(the lowest term ) is  not congruent to  zero modulo pf17

4 . The
correspondence between Q p -finite-dimensional Q p [G,]-submodules
in K y  and p-equations satisfying the conditions 1°, 2°, 3° is one-
to - one (Theorem 1). For a Qp - finite - dimensional Q p [G 4 ] - submodule

V  in  IQ  w e  denote by (Ê  L p,••• , e n ,,p ')  a  Z p -base of the

intersection Vim by T v = {M (0 - ) E GL(n, Z )1 0 - E G ,} the respre-
sentation of G , by mean of the base and by F v ( p ' )  the subgroup
(ME i' v 1/1/ identity mod pl. then the galois groups of the nor-

mal extensions K 4 ( 0, " ' 0 )  / *  1P 1
7 • •  7 1111:)1, ••• •••

1-0
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E „ , p 1 )/K4 and 4(io , •-• , ••• ••• v _ i) /4  are  canonic-1=0
ally isomorphic to r v i r v ( p ) .  W e put If 4 (V )= Çj K 4 ( 1 0 , • • •  ' L P

1,---1
1 - 1

11111 , - • , 2 ).11 111 ,  • • •  ,  E i r / o l , ' • •  , 12 1 1 11 ) U l f . d ( Ê1- 0 1=0 1- 0 1-- 01 - 1

E n/P'), 4 ( V ) -- 0 ,i ( i  0 ,  • • •  , , , , 0 ,  • • •  , I , , , , • • •  ,  f l ,,,) and call K i(V )//-0 v-i
K ,  and 4(V)/4  normal extensions of finite p -ty pe .

If a  K 4 [G 4 ] -m o d u le  p has a K 4 - b a s e  ( e „  • • • ,  en) such that the
coefficients of the representation {M (o- )  Œ  E G 4 } defined by ( e - , , • • •

r rn )  = • • •  ,  en) M (Œ ) ( 0 -  E G e )  belong to a finite algebraic extension
o f Q p ,  we call a  K 4 [G 4 ]-m odule o f  fin ite  p - ty p e . We shall
determine the structure of the K A G ,J-su b m o d u le  o f K y  which is
the union of a ll semi-simple K 4 [G 4 ] - m o d u le s  of finite p - ty p e  in
K y .  The results (Theorem 3 )  i s  a partial generalization of the
existence theorem of normal base for a finite normal extension! )

§ 2 .  p-Wronskians.

A s  a n  analogy in  theory o f  differential equation we shall
define W ro n sk ia n  and g ive a  criterion o f linearly independency
over Q .  W e m eans by the  p- W ronsk ian o f a  system ( e „ • • •  , e n )

o f quantities e „  • • •  ,  en  the determinant

w p ( e „  • • •  , e „ ) =  Cl, • • •  , e „

e ,  • • •  ,

Proposition 1. Let C,, • • •  , e n be elements in  K y .  Then e „ • • •

C,, are linearly independent over Qp  if  and  only i f  w p ( e „  • • •  ,  en )  1-0 3) .

P ro o f. From the definition of p it follows that an element in
K y  is fixed by p if and only if it belongs to Q .  This shows that
i f  e „ • • •  , e „  a re  linearly dependent over Qp  t h e  p-W ronsk ian
w „ ( e „  • • •  ,  en) is zero . We shall prove the converse by the induction

2) In Part II we shall treat the analogy for p-equations of Riemann's-problem for
linear differential equations and shall determine the structure of the union of all simi-
simple Ke[Gel-submodules of finite p-type in  K e , .

3) Replacing p by pr and Q p  by the unramified extension of degree r  over Q p ,

we have the same result for pr-Wronskian as p-Wronskians.
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on n. Assume the result for n - 1  and ei o .  Suppose wp(ei , ••• ,
en )- o. Then it follows

wp(ei. , ••• , en) = fel"+"•+Pn - ' 1 , e 2ei-1
1, cemP , •-• , (eneT1 )P
1, (CeTI)Pn - 1

 ,  —  ,  ( enef i )4 2 n - '

erp,..- 4 e2e1
o, (e2eT1 )P -e2ei- 1

0, (cei-) - MTV'
((ceo) - lyn - , , ((eneTlY - e ne0Y"

= 0.

Hence, by virtue o f the assumption of the induction, there are
elements a„ ••• , a„ o f  Qp  w h ich  a re  n o t  a l l  zero  such that

a1((e 1e,7T  -e ien =  o , an d  thus ( aieieo) aiceo . This
i=2 i=2

shows that 2 a i e i eT i equals to element, say — a „ in Q .  Nam ely
i=2

these we a„ •• • , an  in  Qp  which are not all zero ai e,— 0. For

n =1  the result is obviously true, hence we complete the proof of
Proposition 1.

W e m ean  by the p-Wronskian o f  a  system ••• , „ )  of
elements • •• , the determinant :

••• fl) = •• • ,

, •••
e n - 1i , • • • , e' nn'

Then by replacing p  by p  we have the following the analogious
results as Proposition 1  by the completely same reason.

Proposition 1 '. L e t e„--  ,e„ be elements in S .  T h e n •-•
are  linearly  independent over the prim e f ield  G F (p )  i f  an d  only  i f

••• ,e„) -+  O.

§  3 . Non-commutative p-poly nomials and Q p [G ,j-
submodules in I f " .

eneo

(eneoy eneT 1

f f (etteT 1 ) P — eneT 1 ) 4)

We denote by K , <t> (resp. W,„ <t >) the ring of non-commuta-
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tiv e  polynomials in  t  with coefficients in K i  ( r e s p . WO with the
law  of multiplication :  ta — a P t, = e + '  (a E K j ;  ia ,  P> 0 ) .  We
call e lem en ts in  K  < t >  non-commutative p-p o lyno m ia ls  with
coefficients in K j  an d  m ean by the rank of a non-commutative
p-polynomials p-polynomial f  the highest degree in  t  in  f .  We

11

denote by rank f  the rank o f  f .  Each element f =  a , t '  in
v=o

I C ,< t >  acts on 1‘4 / in the following way :  f  ( )=  (  2  a ,t) (e )=  2  a e o .

For each p-equ a tio n  f ( X ) =  a , x 0  =  we mean by f  the non-
11=-0

commutative p-polynormial a„t-'.
v = 0

Lemma 1 . L e t V  be a Q p -finite-dimensional Q p -vector subsace
in  K 4 / and ( e „  • • •  , e„) be a  Z p -base of the intersection V r\
regarded as a Z p -m od u le . T hen Wp(ei, ••• en) is  a unit in  w 4

P ro o f . Assume e „  • • •  ,  er  a r e  linearly independent modulo
W ir\ V ) an d  er,,, ••• , en  a r e  linearly dependent o n  6,, •••

modulo p( W in  V ) . Obviousely 1 <r < n  Suppose for a monent
Then there exist elements a „  • • •  ,  a r , b 1 , • • •  ,b n  in  Z p  such

that a e ,+ .••+a r er —en =p(b,e,+•••+bre,i).  S in c e  6„ ••• , en a r e
linearly independent over Z p ,  we have a,=pb, , ••• a r =  P b r ,  b r + i=

••• = b _ 1 = O  and 1+ pb„ = O. This i s  contradiction, because 1  I   0
mod p .  This show s e i , ••• , en  a r e  linearly independent modulo
p (W ir■  V ) .  Since p (W 4 n V )= p W 4 'r\ V and T V ,» pW ,/ is canonic-
a lly  iso m o rp h ic  to  A ', b y  v irtu e  of Proposition 1' we have
T v p (c ,  • • •  ,  en)  j  o  mod p W z .  This proves Lemma 1.

P roposition  2. Let V be a Qp -finite-dimensional Q[G 4 ]  -module
i n  K 4 / and (e„ ••• , en) b e  a  Q p -base o f  V .  Put f ( X ) = ( -1)'t
w „ (e „  • • •  ,  e n r i  w „ ( x ,  e„ ••• , e„). T h e n  the non-commutative p -

polynomial f v
5 )  i s  an elem ent in  TV,,, <t> w ith the properties 1° f 17

does not depend on the choic o f Qp -base, 2 0  th e  highest coefficient
equals 1, 3° the consiant te rm  is  ( — i)w pe„ • • •  ,e ,0 4)- '  and  I   0
mod pW 4

6 ).

P ro o f . First we shall prove the independence of f 17 on the

4 ) ,  6 )  The situation is the same as 3).
5 )  f y is  the non-commutative p-polynom ial associated with the p -eq u a tio n  f y (X) =- O.
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choice o f the Qp -base  o f  V . L e t  A  be any non-singular n x n
m atrix  w ith  coefficients in Q p  an d  p u t ( n „ • • •  , v , , ) = ( e „  ••• , en )A.
Then it follows

( — 1 ) n  W P (n l . .•  , iin)

=  — 1 ) n I  wp(e, , ••
(_ 1)n W P(el • •

- wp(x,
• , e„) iwpcx,
1 w p (x , e, ,

•,
e
" ' 

e
n
)
1 ( 

°
A)1, en)

This proves the independence of f v  on the choice of the Qp -base.

Since for every OE in  G ,(C ,—  , cr,) is also a Q p -base o f V  and K ,
is the subfield of K 2  consisting of a ll the elements fixed by every
element in  G4 ,  we can conclude that the coefficients in f v  belong
to  K , .  From the definition o f f v  th e  highest coefficient in f v

eq u a ls  to  1. L e t  ('„ ••• " „ )  b e  a  Z p -b a se  of the intersection
V rN  W z. Then by virtue of Lemma 1 we have Wp( - 1 , ••• , t'„)  I   0
mod pW, ,  . Since the coefficient of X "  i n  W p (X, • • •  ,  t'n )  is
W p (0 ) , • •• W p g . „  •  •  ,  t '

n )P, th is shows that the constant term
in  f v .  is  ( -1 )"  W p ( ",,••• , "„)P - 1  a n d  is  n o t  congruent t o  zero
modulo p W , .  O n the other hand, since ••• , E  W z, the co-
efficients in  W p (X, • • •  ,  r n ) w ith respect to  X  are elements in
W y .  Therefore we can conclude f v  belongs to W 4  <t>, because
WP(t%, ••• t‘ ,,)  is  a  un it in  W 4 ,  and  f v  belongs to K, <t>.

For any element f  ( + 0 )  in  K , <t>  we mean by V f  the sub-
s e t  in  K„,  consisting o f a l l  the solutions e  o f  th e  p-equation

f ( X ) = 0 .  Then we have

Proposition 3. ( i )  V f  is  a  Qp [G,J-subm odule in  K 4
,  such that

dim Q p V f < r a n k  f .  ( i i )  V= V f v . ( i i i )  I f  V ' is a  Qp [G,]-subm odule
o f  V f  then there exists g  in  K , <t> such that f =g f v i .

P ro o f. Since (ae+ bq)P=ae+bie for a, b  in Q , ,  a n d  e, i i  in
K,/, we have f (ae+ bis) af (E)+ bf (I I ) for a, b e Q p . This shows V f

is a Q,,-module. O n the other hand all the coefficients in f  belong
K 4  and c o m m u te s  with every element Gr E G4 ,  hence r  (0-  E G4 )
belongs to V f  if and only if  e E Vf • This means V f  is  a
module. Let e„ ••• , en , be linearly independent elements in  V f  over
Q,,. T hen  by v irtue  of Proposition 1  w e  have Wp(e„ ••• , e„,)  I  0
On the other hand, if we write f = a , p ',  we have

1 = 0
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(a0 , a „  • • •  ,  a n )  /  e , , •  • •  ,e„ , =  (0 , 0  , • • •  , 0 )  .

, ,
1 1 , eP:

This shows m < n ,  and thus ( i )  has been proved. From Proposi-
tion 2  it follows rank f v = d im Q p  V, hence by virtue of ( i )  we have
dim Q p  V f v < r a n d  f v = d im Q iy .  On the other hand VC V, hence
V= Vf v . From ( i)  and ( ii)  we know that f v /  is  the element h  in
K, <t> with the smallest rank such that Vh  V ' .  We can choose
g  and 19 in  K4  <t> such t h d t  f = g r v i+ 0  and rank 0 < r a n k  I t ',
because rank r v i < r a n k  f. S in ce  V )  an d  V„f v , V ', we have
Vo D V '.  T h u s  ra n k  0  d i m Q p V ,> d im Q p V i=  f v /. Therefore, if

I  0 ,  th is is a contradiction. This proves 0 = 0 .

We shall now show the reverse of Proposition 2.

Proposition 4 .  L et f  be an  element o f  W, <t> such  that the
highest coefficient i s  1 and the constant term  is not congruence to
zero modulo pW 4 . Then dim Q p  V f = rank f  and f =  f .

P ro o f . L et n  b e  th e  rank  o f  f  an d  p u t f=  Ê a ,t - '. Let
v=o

x „  x,, • b e  in d e te r m in a te s  a n d  p u t  X = Ê  x 1 p ,  f (X )=

2 p v ( x . ,  x 1 , • • •  , x o p v .  It is sufficient to show that the number of
,-0
solutions of p0(x0)= 0, x )= 0  , •••  P 1 -1 (x 0 , x1, ••• , 0  in
4 ' is exactly  p 1  g. Since an =1  and a, 0  mod p W4 ,  by virtue of

a( 1 ) ,  ( 2 ) ,  ( 3 )  w e  have (Pp.(xo, ••• , xp.)  I   0 ,  a n d  th u s P ao , •••ax p ,
x 0 = 0  has no multiple root for given value &„ ••• , in 4 '.

On the other hand the degree o f q} „00,•••,,,,-,, x „.) in  x ,  is p",
hence we conclude the number of solutions of (7)0(x0)= 0, Pi(xo, x1)=-

O, ••• , Pv-i(xo, ••• , x, 1) = 0  in  d '  is exactly p1". T h i s  proves Pro-
position 4.

We now sum up the results in Proposition 2 , 3 , 4 .

Theorem 1. The correspondence V <—)fv  (X )=0  gives a bijective
map between the set of  Q p -f inite-dimensional Q p [G j-subm odules in
K 4 ,  and  the  se t of  p-equations with the properties 1 0  th e  coefficients
belong to W d , 2 °  the highest coefficient is 1 , 3

0 th e  coefficient of X
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is not congruent to zero modulo pW 4 . By this correspondence Q p [G ,]-
modules correscpond to irreducible p-equaiions and conversely.

§ 4. K4 [G 4 ] - modules o f fin ite p -ty pe in  Ky.

Defin ition . I f  a K 4 [G4 ] -module i n  K„,  h a s  a  K ,-base

• • • , en) such that the coefficients of the representation {M(0-)10-  E G,}
def ined by  (CT, • • • , )  =  ,  •  •  •  ,  eOm(, ) belong to a f inite algebraic
extension of  Qp ,  then w e call 8 a  K 4 [G 4 ]-m odule o f  f iniie p-type.

In the present paragraph we shall be concerned with K 4 [G 4 ] -
modules o f finite p-type in especially semi-simple K 4 [G 4 ]-
modules of finite p-type in

Lem m a 1 . I f  8  i s  a  K 4 [G 4 ]-m odule of  f in ite  p-ty pe  in  K , , ,
then there ex ists a  Q p - finite -dim ensional Q [G 4 ] - module V  in  K 4 /
such that % = K ,V .  I f  is simple, we can choose a sim ple Q p [G ,] -

module as  V.

P ro o f . Let b e  a  K4 [G 4 ] -module in w ith  a  Kid -base
( n „  • • •  ,  n o  such that the field A  generated  by the coefficients of
the representation {M (0 -)1 (CT, •  ,  r o = (C„  •  ,  e n )m (0-), a- E  G ,}  i s  a
finite algebraic extension of Q .  L e t  (8 „.••  ,S r )  be a Q p -base of
A and put 0 1 e  ( 1   ‹ r  ;  1 < j < n ) .  Then we have a Qp [G ]-
module V =Qpiiii+ ••• +Qpiirn—Ae, + • • • + AC 7, in K „ ,  such  that K V =
8 .  Assume i s  sim ple. T h e n  th e  envelop ing  a lgeb ra  of
{M(0- )1 o-  E G}  o ver A  i s  a simple A -algebra. H ence V  is  a direct
sum V i Ef "EE3Vr of simple Q p [G]-submodules. Since K 4 V=,13 and

is  simple there exists as V i  such  that K ,V i =% .

Theorem  2. Let b e  a K 4 [G 4 ] -m odule o f  f inite  p-ty pe  in
K 2  and A  be a  suf f ield o f  K ,  i n  which the coeff icients of  a repre-
sentation {10 7 )1 (CT, ••• , C)= (C1, •  •  ,  e o m ( , ) ,  E G ,}  o f  G ,  by  the
K ,-base • • ,  e „ )  are  contained. L e t r  be th e  degree o f A over
Q . T hen  ev ery  KA G A - module in K„ ,  isom orphic to V  is contained
in the s u m  ... = 5 ,3 +  4W r  + • • • ± K  A P "  1 )  i n  I f 4 /.

P ro o f . W e notice that A lQ p  is  cyc lic  and the galois automor-
phisms are induced  by {1, p  • • •  ,  p r - i } ,  because AC K ,  and K ,  is
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unram ified  for p .  L et 11 be a K 4 [G 4 ] -module in  K 4 / isomorphic
to and q be the isomorphism of 8 onto U . Then, putting M(a - ) —
(m, ; (0- . )) E G , ) ,  w e  h a v e  (p(ei), ••• , (p(eX )= ( (p (C ) ,  ••• , p(e7,))=

(P ( ' mii(OE)c) ( 7)21,(0-)so(f ,  ' lnin(o- )p (e i))=,_1 1=1 1=1

( q q 1 )  • • •  1  q(C10)M(a). Replacing p by p r in Proposition 1 ,  b y  the
same reason as for p, we have

• •• =

Hence putting

ei
pr er

41..) ,.(n  -1 ) pr(11-l)
o

P(C) ,9)(en)
- 1

P(C) P r

(p.
p(en)Pr
(7). ( e o p ro ,_, )

er
,

r
n -1) ,

,  e r
eproi-i)

=
1711 , ••• ,

••• an n

w e  g e t a  matrix with coefficients a i ; ( 1 < i ,  j < n )  in  K , .  Since

p(e i ) = a i i e r " - I )  (1  < i <  m )  w ith  ai i  E K ,  and( e 1) , • •• , p(e.)

generate 11 over K , ,  we conclude K 4 Z+1C 4 ZPr + ••• + K4Z P "  D  U.
We shall now cu lcu la te  the multiplicity of simple  K 4 [G 4 ] -

module in the union K 4 '  semi-simple & [ G4 ] -modules of finite
p -typ e  in  K z.

T h e o re m  3 .  Let 58 be a simple K 4 [G 4 ]-module of  f inite p-type
in  K„ ,  a n d  {M(0- )10-  E G , }  be a  representation o f  G , by a  K,-base
o f  58 such that the coeff icients in {M(0- )I o-  E G , }  belong to a  finite
algebraic extension A  o f  Qp  i n  K , .  I f  th e  envelopeng algebra of
{M(0- )10- E G ,}  ov er A  is a  f u l l  m atrix  rin g  o f  degree d o o v e r a
d iv ision  ring  and  r  i s  th e  degree o f  A  ov er Qp ,  then the  sum
i 3 = z  K dszpr K  A p r(do _ i) in  K„ ,  i s  a  d ire c t  sum  such that
every K 4 [G 4 ]-m odule in  K 4 / isom orphic to V.3 is contained in  5-8.
Nam ely  the  m ultiplicity  o f  58 in  the union  o f  s e m i - s i m p l e
K 4 [G 4 ]-moules of  fin it p ty pe is d o .

P ro o f . Let (e t , ••• , Co be a  1i-4 -base of l3 such that (Cr, •••
eT,)=(e , , en )m(0-) (o- E G , )  and put V =  Aei + • • • -1- A c , .  Since A  is
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algebraic subfield in  K ,  o f degree r  over Q , ,  A l Qi , i s  a  cyclic
extension and the galois automorphisms are induced by {1, , 9

pr- - 1 .  Since V  i s  a simple AEU -m o d u le , VPr ' (1)=1, 2 , ••-) are
a lso  simple AEU -m odu les isom orph ic  to  V , a n d  thus K ,V P r '"
(1, =1, 2 , •••) are simple K 4 [G 4 ]-modules isomorphic to =1C4 V.
This shows th a t  the sum ,s-B = K Y + ••• +K)BP' n - i ) r  i n  K 4 / i s  a
direct sum K ,V E B K ,V  e  • • • E B K ,v s t  1 ) r  w ith  a positive integer t.
The purpose of the proo f is  to  show t=  d , .  Let A A  b e  the en-
veloping algebra of {M (OE) E G4 }  o ver A  and D  b e  the division
algebra o f A ,. T h e n  [A , : D]=c1r) . Let f2  be the center of AA
and T  b e  the minimal extension of f 2  such  that D O , T  splits.
Then we have EA, : d E T  : S2]Tf2: A ] and Tn  I f , —  A .  W e put
d= do ET: W e introduce the endomorphism q of TO,K 4

, b y
b y  (a0e) 11 — a ge r  (ceE T , e E K A .  Since A  is  the subfield of K 4 ,

consisting of a ll the elements fixed by pr, the endomorphism g is
w ell defined. There exists an absolutely simple T[G 4 ]-module U
in  TO ,V , because T O ,A , is  a fu ll m atrix  algebra over T .  We
choose a T-base (v„ ••• , l i d )  o f U .  Then, since

, • • • , n d

• d,,q

• • • ,

, • • •

qd - 1

=I= O,

putting
- 1X • • • n i , • • •

f u ( x )  =  ( -1 )d x g, , • • • , '1 1 Y • • • 9

qd • d - 1 - 1qdri ld  9 71.1d
- 11 , • • •

w e know  that f u (X ) = 0  is  an irreduducible g-equation' ) with co-
efficients in  T O , K ,  and U  coincides with the T[G 4 ]-module of
of solutions of f u (X ) = 0  in T(10„K

4 '. N ext w e w rite the ( i, i)-th

unit (1<i < d )  in the full matrix ring TO,A, as follows ± TuM(Tr) 8 )

1-1
(1< i < d )  w ith 7 "  in  T  and O E , in  G , .  Assume -E"E xi i i7V- 1 =  0

7 )  The situation is  the same as 2 ).
t3) {N (a )  a E G4} is  the representation by the base (rip • •  ?ad).
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I
I 1 j-1

with X i ;  i n  T O A K 4 . Then, since (1 < i<  d )  and

cri  ( 1 < / < t )  commute w ith  q, w e  have y .  ( E x
1 = 0  ( 1 < i  < d ) .  O n the o ther hand  by v irtue of the

k=i
irreducibility of the q-equation f u (X ) =0  we know that ni, tiL •-•
til d - 1  a r e  linearly independent over TO A K ,  an d  ie  i s  a  linear
combination of ni , /7'1, ••• n V e l  w ith  coefficients in TO A K,,,. The-
fore we can conclude that ( n „  •  • •  ,  v d , •  •  •  ,  t ei , • • • , T."  , • •  •  ,  1 Ad - 1)
i s  a  (T o n l f 4 ) -b a s e  o f  (TO A KAGA-module ii----(TO A K4 )U+
(T O ,K 4 )Uq+ ••• +(TO A K4 )Uqn - 1 , and t h u s  1-1=(TO A K4 )UED
(TO A K4 )u ge  • •• ED (  T O ,K 4 )/Pl d - i . B y virtue o f Theorem 2  every
ETOAK4](G4)-module in  TO:OA K /  isomorphic to (T O A K 4 )U  is con-
tained in U . W e shall return to the culculation o f t. Since Et is
th e  center o f  A A , n O A V  is  iso m o rp h ic  to  th e  d ir e c t  sum
V,+ V 2 + ••• + V. (co= [n, : A ]) of mutually inequivalent G 4 -modules
V„ ••• , Vo,  such that V , is a sim ple S2[G4 ] - modu1e and other Vi

are conjugate o f V, over A .  Moreover TO G,AA  i s  the full matrix
rin g  over T ,  T O D V ,  i s  the [T :  0 ,]-tim es direct sum  o f an  ab-
so lutely sim p le T[G 4 ]-m odu le  U .  T h is sh o w s th a t  ( T O 0 K 4 )

(V + ••• + v r - i ) - i l  and d 2 =dimT Aig.K 4
-171= i[T : 12] dim r  U .  Since

d= do ET : and d =dim T  U ,  we conclude t = do . This completes
the proof of Theorem 3.
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